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General Inertia and Circle Criterion
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In this paper we extend the well known Kalman-Yacubovic-Popov (KYP) lemma to the case of matrices with general regular
inertia. We show that the version of the lemma that was derived for the case of pairs of stable matrices whose rank difference is
one, extends to the more general case of matrices with regular inertia and in companion form. We then use this result to derive
an easily verifiable spectral condition for a pair of matrices with the same regular inertia to have a common Lyapunov solution
(CLS), extending a recent result on CLS existence for pairs of Hurwitz matrices that can be considered as a time-domain
interpretation of the famous circle criterion.
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1 Introduction

In recent years many publications [1, 2] have appeared that deal with the existence of common quadratic Lyapunov functions
(CQLFs) for families of stable linear time-invariant (LTI) dynamical systems. Formally, for the case of a pair of systems, the
CQLF existence problem amounts to determining necessary and sufficient conditions for the existence of a positive definite
symmetric matrix P = PT > 0, P ∈ Rn×n that simultaneously satisfies the matrix inequalities

AT
1 P+PA1 < 0 , AT

2 P+PA2 < 0 (1)

where A1,A2 ∈ Rn×n are Hurwitz. When there exists a P = PT > 0 satisfying the above inequalities, then the scalar func-
tion V (x) = xT Px is said to be a CQLF for the dynamical systems ΣAi : ẋ = Aix i ∈ {1,2}, and the matrix P is a common
Lyapunov solution (CLS) for the Lyapunov inequalities. The existence of CQLFs is of considerable importance in a number
of engineering problems and consequently the CQLF existence problem has assumed a pivotal role in research on stability
theory. Although it is often difficult to determine analytically the existence of a CQLF for a finite set of LTI systems, in certain
situations elegant conditions for the existence of a CQLF may be obtained when restrictions are placed on the system matrices.
Recently, one such result was obtained for a pair of Hurwitz matrices A1 and A2 with rank(A1−A2) = 1; in this case a CQLF
exists for ΣA1 and ΣA2 if and only if the matrix product A1A2 does not have any real negative eigenvalues [3]. Furthermore, it
has been shown in [1] that this result can be seen as a time-domain version of the Kalman-Yacubovich-Popov (KYP) lemma.
The KYP lemma has played a key role in stability theory and has led to a number of important results on Lyapunov function
existence for dynamical systems including the Circle Criterion [4]. In this paper, we shall extend the KYP lemma from clas-
sical stability theory to matrices with regular inertia and show that, in analogy with the classical case of Hurwitz matrices [4],
this extension leads to elegant conditions for CLS existence for matrices with regular inertia also.

2 Mathematical Preliminaries

The inertia of a matrix A ∈ Rn×n is the ordered triple In(A) = (i+(A), i−(A), i0(A)) where i+(A), i−(A), i0(A) are the number
of eigenvalues of A in the open right half plane, the open left half plane, and on the imaginary axis, respectively. We say
that A has regular inertia if i0(A) = 0. We further denote by σγ[0,∞)[A1,A2] the parameterized family of matrices of the form
{A1 + γA2 : γ ∈ [0,∞)}.

One of the most fundamental results on the stability of dynamical systems in the engineering literature is the Circle Criterion
[4]. The relevance of the Circle Criterion in our present context stems from the fact that it provides a necessary and sufficient
conditions for two fixed Hurwitz matrices in companion form to have a common Lyapunov solution. Formally, the result can
be stated with the following theorem which follows from the single input single output (SISO) KYP lemma;

Theorem 2.1 [1, 3] Let two Hurwitz matrices A, A−ghT be given in Rn×n with rank-1 difference, where g,h are vectors
in Rn. Then a necessary and sufficient condition for the existence of a common Lyapunov solution for the matrices A, A−ghT

is that

1+Re{hT ( jωI−A)−1g}> 0, ∀ω ∈ R. (SISO Circle Criterion) (2)

Moreover, the strict positive real condition (2) is equivalent to the matrix product A(A−ghT ) having no negative real eigen-
values.
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The principal contribution of the present paper is to extend Theorem 2.1 to the case of pairs of matrices with the same
regular inertia. First we recall some fundamental facts on the existence of solutions to the Lyapunov inequality for a single
matrix with regular inertia.

Theorem 2.2 General Inertia Theorem [5]
Let A ∈ Rn×n be given. Then there exists a symmetric matrix P = PT in Rn×n such that AT P + PA < 0, if and only if A has
regular inertia. In this case, In(P) = In(−A). Furthermore, if λi + λ j 6= 0 for all eigenvalues λi, λ j of A, then for every
negative definite Q = QT < 0 in Rn×n, there is a unique P = PT with In(P) = In(−A) and AT P+PA = Q < 0.

3 Main results

In this section we extend the classical Lefschetz [6] version of the KYP lemma to the case of companion matrices with regular
inertia in Theorem 3.2. We then give a simple algebraic condition in Theorem 3.3 that is equivalent to CLS existence for a
significant class of pairs of matrices in companion form, and with the same regular inertia.We shall first start with the statement
of the following lemma that is instrumental in obtaining the extension of the KYP lemma in Theorem 3.2.

Lemma 3.1 [7] Let A ∈ Rn×n be a nonsingular matrix such that for all pairs λi,λ j of eigenvalues of A, Re(λi + λ j) 6= 0.
Further suppose that g,h are column vectors in Rn such that for any h, the matrices A, and A− ghT can be transformed to
companion forms using similarity transformations. Then Re{hT ( jωIn−A)−1g}= 0, ∀ω ∈ R implies that h = 0.

Making use of this lemma, and following Lefschetz’s [6] way of proof, one can extent the classical KYP lemma to the case
of matrices with regular inertia, which is given in the following theorem.

Theorem 3.2 [7] Let A ∈Rn×n be a companion matrix with regular inertia such that Re(λi +λ j) 6= 0 for all λi,λ j ∈ σ(A),
and let g,h ∈ Rn be vectors such that A−ghT is also in companion form. Moreover, let D = DT > 0 in Rn×n and τ > 0 in R
be given. Then the following two statements are equivalent:

(i) There exists a symmetric matrix P = PT in Rn×n with In(P) = In(−A), a vector q ∈ Rn and a scalar ε > 0 such that

AT P+PA =−qqT − εD, and Pg−h =
√

τq (3)

(ii) τ +2Re{hT ( jωIn−A)−1g}> 0 for all ω ∈ R.

Now employing Theorem 3.2 we can obtain simple algebraic conditions for CLS existence for a significant class of pairs
of matrices with the same regular inertia in Rn×n which is stated in the following theorem.

Theorem 3.3 [7] Let A, A−ghT be two matrices in Rn×n in companion form and with the same regular inertia, In(A) =
In(A− ghT ) = (n+,n−,0), where g,h are vectors in Rn. Further, assume that for any pair of eigenvalues, λi,λ j, of A,
Re(λi +λ j) 6= 0. Then, the following statements are equivalent:

(i) There exists a matrix P = PT in Rn×n with In(P) = In(−A), and positive definite matrices Q1 > 0, Q2 > 0 such that

AT P+PA =−Q1, and (A−ghT )T P+P(A−ghT ) =−Q2. (4)

(ii) All matrices in the parameterized families σγ[0,∞)(A,A−ghT ) and σγ[0,∞)(A−1,A−ghT ) have the same regular inertia.

(iii) The matrix A(A−ghT ) has no real negative eigenvalues.

(iv) 1+Re{hT ( jωIn−A)−1g}> 0, ∀ω ∈ R.
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