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g W 5 , >=^`@DMD:l7 - <\g\7\^DT8g\^`7?5 >lv+g W 5[<?5 <?58g?<cA W 23y W 0323y W g\23@`y g W 5F7?>=0]5 _`0q: - 5[M ,N- g W 58237 y65[>=JL58g\7 -
23@ g W 5 _`7?>.>lv < >lv g W 5 J :l23@ 7?5[<\^`03g?< >lv 5c:l7\032]587 T W :l_`g?587?<cE ��5�:l0]<?>�yU23465�<?>=JL5 g\23JL5 g?>
:�M 2]<?T8^D<?<\2]>=@*>lv W >�5 g W 5R5t>=743	_`7?5[<?58@.g?5[M W 587?5 v >=7 <45 23g?T W 5[M 0323@D5c:l7 < - <\g?58JL< J : - , 5
5+* g?58@DMD58M g?> g W 51@D>=@ ki0323@D5c:l7 Tc:=<?5UA :l@DM M`5[<?T87\2 , 5F: @.^`J , 587 >lv�>=_ 58@ _`7?> , 0]58JL<t7?580q:lg\23@`yrg?>
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g W 5 5j>=743 >lvXg W 5[<\2]< g W :lg1< W >=^D03M v >=7\J g W 5 , :=<\2]<1>lv+v ^`g\^`7?5 7?5[<?5c:l7?T W Ejop23@P:l030 - 23@;h W :l_`g?587
8.5j5 7?584.2]575�g W 5 T[>=@.g?58@Ng?<1>lv+g W 5 g W 5[<\2]<1:l@DM _`7?5[<?58@.g >=^`71T[>=@DT803^D<\2]>=@D<cE
Z W 5 5t>=743 M`5[<?T87\2 , 5[M	23@ g W 5 g W 5[<\2]< W :=< 0]5[M g >�: @.^`J , 587 >lvF_`^ , 032]Tc:lg\2]>=@D< 23@ 23@Ng?587\@P:uk
g?23>=@ :l0tT[>=@ v 587?58@DT[5 _`7?>NT[5[5[M 23@`y6< :l@DMR_ 5[587mki7?584.2]575t58M �m>=^`7?@P:l0]<cE 1 @R_P:l7\g\2]T8^`0q:l7cA 5j>=743 W :=<
, 5[58@;_`7?5[<?58@.g?5[M�:lgFg W 5 1 o G1h 5t>=7\0]M T[>=@`yU7?5[<?<cAag W 5HG1JL587\2]Tc:l@Rhj>=@Ng\7?>=0jhj>=@ v 587?58@DT[5UA g W 5
wX^`7 >=_ 5c:l@�hj>=@Ng\7?>=0 hj>=@ v 587?58@DT[5�:l@DM	g W 5 1 wdwdw ht>=@ v 5Q7 5Q@PT85�>=@ YF5[T82]<\2]>=@*:l@DM*hj>=@Ng\7?>=0
� & M`A 0 6+6`A �.�.A � & A 0 6 I 
 AX:l@DM � M+8 
 W :=< , 5[58@	:=T[T[58_`g?5[M�v >=7x_`7?5[<?58@.g :lg\2]>=@	:lgrg W 5 0 & g W 1 @ k
g 5Q7?@P:lg\2]>=@P:l0dS - J _a>U<\23^`J�>=@ 9;:lg W 58J :lg\2]Tc:l0XZ W 5[>=7 - >lv�,e58g 5j>=743 <F:l@DM S - <\g?58JL<rI 9 Z), S
6+N+N I O8EFG10]<?>Lv >=^`7��m>=^`7\@P:l0p_P:l_a587?< � 0 6+Q`A &�I A#�B8 A 0 6+M�
 W :[4N5r5823g W 587 :l_`_ 5c:l7?5[M >=7 , 5[58@�:=TQk
T[58_`g?5[M v >=7d_`^ , 032]Tc:lg\2]>=@D5 W 230]5 � �BQ 
 W :=<d7?5[T[58@Ng\0 - , 5[58@ :=T[T[58_`g?5[M v >=7d_`^ , 032]Tc:lg\2]>=@ 23@@O 23@D5c:l7
Ge0 y65 , 7Q: :l@DM 23g?< G1_`_`032]Tc:lg\2]>=@D<cE

� �



� �  %$ ��
 � �

���  �� ���X��� � � ) ��� �����	��

� �X�X��
  �

��������

� �

L-� ."�3�,+D�%���%�E.0�%$-G�5��D13��� � � +%5 �/.C�%��� 1?� �"� � ��$ +%&@+�.0�%8K+D�@+ 5��%�"� �@+9."��=@+*�D./&%���%+
= ND+%.C�3A%�"� �/./&	."����.B+-�����"� �-=��E�-�%$%� �3+I."�3$2=���<@��=���. ."���I."���-+%�,+*OKL-� �M1M1��/./��=���GB5��

1��,+J���3+-+ � ����8?A2�%$ = N6� $2=3A%�#�%8K+ �2=���� �2�J.0� 1 5 �"."� ."���	+�.C�3A%�"� �/./& = N +%5 �/.C�%��� 1

� �"� �2��$ +%&@+�.0�%8K+����E1 � $2=�)*��13��� A%$%�C�/N $2�%)*�C�%5 = N ."��� 4 �E=�5 � $2�-+%��� ."+ =�� ."���
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G 3N5 - 2]<?<\^D5X23@ g W 5n<\g\^DM - >lvD<45 23g?T W 5[Mx< - <\g?58JL< 2]<Bg W :lg+: < - <\g?58J T[>=@D<\g\7\^DT8g?5[M ,.- <45 23g?T W 23@`y
, 58g 5j5[58@ :F@.^`J , 587t>lv 23@DM 234.2]M ^P:l030 - <\g : , 0]51<\^ , < - <\g?58JL<nTc:l@ , 5[T[>=JL51^`@D<\g : , 0]5 v >=7nT[587\g :l23@
<45 2 g T W 23@`yH_P:lg\g?587\@D<cEXwd<?<?58@.g\2q:l030 - A.g W 5e2 @.g?587 :=T8g\2]>=@ >lvBg W 5e<45 2 g T W 23@`yHJL5[T W :l@`2]<\J 5 23g W g W 5
23@DM`2 4.2]M ^ :l0jM - @P:lJ 2]T JL>NM`5[<rTc:l@�0]5c:=M�g?> 23@D<\g : , 230323g - E 1 gx2]< g W 2]< vi:=T8g g W :lgr_`7?>c4.2]M`5[<xg W 5
JL>=g?2 4U:lg\2]>=@rv >=7�Jr^DT W >lvDg W 5 5j>=743 _`7?5[<?58@Ng 58Mr23@rg W 2]<�g W 5[<\2]<cE 1 @ vi:=T8gcA=>=^`7p_`7\23J :l7 - T[>=@DT[587\@
g W 7?>=^`y W >=^`gF< W :l0 0 , 5 5 23g W JD@DM 23@`y T[>=@DM 23g\2]>=@D< >=@ vi:lJ 23032]5[<F>lvn<\^ , < - <\g?58JL< g W :lge7\^`0]5r>=^`g
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g W 5 _ >U<?<\2 , 230323g - >lv1g W 2]<rg - _ 5 >lv , 5 W :[4.2]>=^`7*�ng W :lgH2]< 5 23g W M`58g?587\J 23@`23@`y�T[>=@DM 23g\2]>=@D<Hg W :lg
yU^ :l7 :l@Ng?5[51g W 5e<\g : , 230323g - >lvBg W 51>u46587 :l030a< - <\g?58J A6237\7?5[<\_ 5[T8g\234N51>lv W >�5�:l@DM	5 W 58@ <45 23g?T W 23@`y
>.T[T8^`7?<cE 1 @ g W 2]<XT W :l_`g?587cA$5t5t23@Ng\7?>.M ^DT[5 g W 5 M`5KJD@`23g\2]>=@D<d@D5[T85[<?< :l7 - v >=7n:1v >=7\J :l0`g\7?5c:lg\JL58@.g
>lv`g W 5X2]<?<\^D5[<B7?580q:lg?5[M g?> g W 2]< �N^D5[<\g\2]>=@BE 1 @ _P:l7\g\2]T8^`0q:l7cA=J :lg W 58J :lg\2]Tc:l0 M`5KJD@`23g\2]>=@D<+:l7?5dyU234658@
v >=7 <45 23g?T W 5[M;0 23@D5c:l7 < - <\g?58JL< :=< 5t58030d:=<ev >=7Fg W 5r7?580]584U:l@Ng @D>=g\2]>=@D< >lvj<\g : , 230323g - EHS.>=JL5 >lv
g W 5 J :@�m>=7	�N^D5[<\g\2]>=@D<Hg W :lgL:l7\2]<?5 23@Rg W 5 <\g\^DM - >lve<\g : , 230323g - g W 5[>=7 - v >=7 <45 23g?T W 5[M 0 23@D5c:l7
< - <\g 5QJL<1:l7?5 M`5[<?T87\2 , 5[M�:l@DM�: , 7\2]5 vd<\^`7\465 - >lv+7?5[T[58@.g 7?5[<\^`03g?< 23@ g W 5 :l7?5c:H2]< _`7?>u4.2]M`5[M E
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1 @�g W 2]<H<?5[T8g\2]>=@ 5t5 M`5KJD@D5 g W 5 T80q:=<?<r>lv +%5 �/.C�%��� 1 � �"� � ��$:+%&@+�.0�%8K+8A+:=< 5t58030 :=<r: @N^`J , 587
>lv , :=<\2]T @D>=g\2]>=@D< 7?580q:lg?5[M g?>Hg W 5[<?5 < - <\g?58JL<tg W :lg?5t5 < W :l030B@D5[5[M 23@�>=^`7 0q:lg?587 M`23<?T8^D<?<\2]>=@D<cE
� W 2 0]51<?>=JL5 >lvag W 5 M`5KJD@`23g\2]>=@D<nyU234N58@ , 580]>�5*:l7?5 �N^`23g?5tv >=7\J :l0iAN23gn< W >=^`0]M , 5
3N58_`gd23@LJ 23@DM
g W :lgcA`5[<?<?58@.g\2q:l030 - AP:H<45 23g?T W 5[M 0323@D5c:l71< - <\g?58J 2]<1:H< - <\g?58J >lv+g W 5Fv >=7\J

ẋ = A(t)x,

5 W 587?5
A(t)

Tc:l@ <45 23g?T W , 58g 5t5[58@ <?>=JL51yU234658@@JD@`23g?5eT[>=03035[T8g\2]>=@ >lvBJ :lg\7\2]T[5[<
A1, . . . , Ak

23@
R

n×n
E Z W ^D<cAp: <45 23g?T W 5[M 0323@D5c:l7x< - <\g?58J�2]< > , g :l23@D5[M ,.- <45 23g?T W 23@`y , 58g 5j5[58@R: @N^`J , 587

>lv 0323@D5c:l7Lg\23JL5Qki23@N4U:l7\2q:l@.g;I�O Z 1 OH< - <\g?58JL<
ΣAi

: ẋ = Aix
A

1 ≤ i ≤ k
An7?5Qv 587\7?5[M g?>�:=<

23g?< T[>=@D<\g\23g\^D58@.g < - <\g?58JL<F>=7eJL>.M`5[<cE
��5r< W :l030 , 5HT[>=@D<\2]M`587\23@`y < - <\g?58JL<eg W :lg :l7?5xv 7?5[5rg?>
<45 2 g T W 23@	: JL>=7?5 >=7x0]5[<?< :l7 , 23g\7 :l7 - J :l@`@D587 , 58g 5t5[58@ g W 58237HT[>=@D<\g\23g\^D58@.g < - <\g?58JL<cAX:l@DM
5t5ey658@D587 :l030 - :=<?<\^`JL5eg W :lg g W 5e_`7?5[T82]<?5 <45 23g?T W 23@`y _P:lg?g?587\@BA`M`58g?587\J 23@D5[M ,.- g W 5eJ :l_`_`23@`y
t → A(t)

2]<n@D>=g�3.@D>�5 @BE �e>�5t5846587cAG5j5eM`>x7?5 �N^`237?51g W :lgt>=@DT[5eg W 5e< - <\g?58J <45 23g?T W 5[<j23@.g?>H:
yU234N58@ JL>.M`5UA 23gt7?58J :l23@D< 23@ g W :lgtJL>.M`5ev >=7 :r<\_ 5[T82 JP5[MDJD@`23g?5Fg\23JL5UA�5 W 2]T W Tc:l@ , 5FT W >U<?58@
g > , 5 :l7 , 23g\7 :l7\230 - <\J :l030C� g W ^D< 5+*`T803^DM 23@`y g W 5e_a>U<?<\2 , 230323g - >lvp23@�JD@`23g?580 - vi:=<\gt<45 23g?T W 23@`y :l@DM
58@D<\^D7\23@`yLg W :lge>=@`0 - : JD@`23g?5 @.^`J , 587e>lvd<45 23g?T W 5[<1Tc:l@ >NT[T8^`7123@ : JD@`23g?5 g\23JL5UE ,e>=g?5 g W :lg
: <45 23g?T W 5[M 0323@D5c:l7x< - <\g?58J�Tc:l@ g W ^D< , 5Hg W >=^`y W gx>lv :=<x: v :lJ 230 - >lvj0323@D5c:l7 g\23JL5Qki4U:l7 - 23@`y
< - <\g 5QJL<r> , g :l23@D5[M :=<xg W 5LJ :lg\7\2 *.ki4U:l03^D5[M�v ^`@DT8g\2]>=@

t → A(t)
4U:l7\2]5[<r>u46587H:l030 :l030]>)5 : , 0]5
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<45 2 g T W 23@`yL_P:lg\g?587\@D<cE���5 < W :l030B@D>)5�J :�365 g W 5[<?5F2]M`5c:=< JL>=7?5Fv >=7\J :l0iE
S.^`_`_ >U<?5 g W :lg 5t5 :l7?5 yU234658@ :;<?58gL>lveJ :lg\7\2]T[5[< A = {A1, A2, . . . , Ak}

23@
R

n×n
E ��5

@P>)5 23@Ng\7 >NM ^DT[5 g W 5 <?58gr>lv J :lg\7\2 *.ki4U:l03^D5[MRJ :l_`_`23@`y6<cA
PC(A)

g?> v >=7\J :l032 �c5 g W 5 @D>=g\2]>=@
>lvj:l@ :l0303>�5 : , 0]5r<45 23g?T W 23@`y _P:lg\g?587\@BE

PC(A)
2]<1M`5KJD@D5[M g?> , 5xg W 5x<?58ge>lvdJ :lg\7\2 *.ki4U:l03^D5[M

v ^`@PTQg?23>=@P<
t → A(t)

v 7?>=J
R
23@.g?>Hg W 5 <?58g A 5 23g W g W 5Fv >=0 0]>�5 23@`yL_`7?>=_a587\g\2]5[<cE

IK2KO
A(.)

2]<j_`2]5[T[575 2]<?5 T[>=@D<\g :l@.g :l@DM T[>=@Ng\23@.^D>=^D<tv 7?>=J g W 5e7\23y W gcEdZ W 2]<tJL5c:l@D<tg W :lgjv >=7
5c:=T W

i ∈ {1, . . . , k} Aag W 5 <?58g >lv t
23@

R
<\^DT W g W :lg

A(t) = Ai

2]< : M 2]<��m>=23@Ng ^`@`2]>=@
>lvt23@.g?587\4U:l0]<x>lvtg W 5Hv >=7\J

[s0, s1)
5 W 587?5

s1 > s0
ELwd<?<?58@Ng\2q:l030 - A

A(t)
2]< <45 23g?T W 23@`y

, 58g 5t5[58@ g W 5 J :lg\7\2]T[5[< 23@ A E
IK232KO�Z W 587?512]<j<?>=JL51T[>=@D<\g :l@.g

τmin > 0
A.<\^DT W g W :lgjyU234658@ :l@ - g 5j>x_ >=23@.g?<

t, s
23@

R
<\^DT W

g W :lg
A(t) 6= A(s)

A |t− s| > τmin

EXZ W 2]<tyU^P:l7 :l@.g?5[5[< g W :lg 5c:=T W >lvpg W 5F23@Ng?587\4U:l0]< 23@
IK232KOF:l7 5 >lvj0]58@`yUg W :lg 0]5[:=<\g

τmin

ErZ W 5 T[>=@D<\g :l@.g
τmin

2]<F23@DM`58_a58@DM`58@Ngr>lv
t, s

:l@DM
J : - , 5 :l7 , 23g\7 :l7\230 - <\J :l030iE

Z W 5x<45 23g?T W 5[M�0323@D5c:l7e< - <\g?58J
ΣA
A :=<?<?>NT82q:lg?5[M g?> A AD2]< @D>�5|M`5KJD@D5[M�g?> , 5 g W 5 vi:lJ 230 - >lvg?2 JL5Qki4U:l7 - 23@`y < - <\g?58JL<cA M`5KJD@D5[M�>=@

R
n A yU234N58@ ,.-

ẋ(t) = A(t)x(t) t ≥ t0, x(t0) = x0
I 6 E 0 O

5 W 587?5
t0 > 0

:l@DM
x0
:l7?5 23@`23g\2q:l0Pg\23JL5[<j:l@DM <\g :lg?5[<X7 58<\_a5[T8g\2346580 - :l@DM

t → A(t)
, 580]>=@`y6<ng?>

PC(A)
E ,e>=g?5 g W :lg 5j5H:l7?5xM`5KJD@`23@`y

ΣA
g?> , 5xg W 5xT[>=030]5[T8g\2]>=@ >lvdg\23JL5Qki4U:l7 - 23@`y < - <\g?58JL<

>lv+g W 5x: , >c4N5ev >=7\J%> , g :l23@D5[M�:=<
t → A(t)

4U:l7\2]5[< >u46587e:l030B580]58JL58@.g?<1>lv
PC(A)

E
� ��F FH�G�;�)���

Z W 5L: , >c4N5 M`5KJD@`23g\2]>=@�2]<B� ^D<\g :Lv >=7\J :l032 �u:lg\2]>=@�>lvjg W 5H2]M`5c:=< g W :lg 5j587?5 M`23<mk
T8^D<?<?5[MR:lgxg W 5 , 58yU23@`@`23@`y;>lv g W 5 <?5[T8g\2]>=@BE C - T[>=@D<\2]M`587\23@`y J :l_`_`23@`y6<

t →

A(t)
23@

PC(A)
A!5j5x:l7?5 58@D<\^`7\23@`yLg W :lgcb

IK2KO
t → A(t)

2]< _`2]5[T[575 2]<?5 T[>=@D<\g :l@Ng �
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IK232KO g W 587?5 Tc:l@L>=@`0 -r, 5�JD@`23g?580 - J :l@ - <45 23g?T W 5[<X23@ :l@ - JD@`23g?5tg\23JL5Qki23@.g?587\4U:l0iE
� ���������=�����G�;�	�[}E���)�GFH���
oP>=7 5c:=T W

i ∈ {1, . . . , k} A`g W 5 O Z 1 < - <\g?58J

ΣAi
: ẋ(t) = Aix(t)

2]< 7?5Qv 587\7?5[M�g?>*:=< g W 5
ith

T[>=@D<\g\23g\^D58@Ng;< - <\g?58J'>lv g W 5�<45 23g?T W 23@`y*< - <\g?58J#I 6 E 0 OQE�Z W 5
>u4N587 :l030e< - <\g?58J I 6 E 0 O 2]< T[>=@D<\g\7\^DT8g?5[M ,N- <45 23g?T W 23@`y , 58g 5j5[58@�g W 5�T[>=@D<\g\23g\^D58@.g < - <\g?58JL<
ΣA1

, . . . , ΣAk

E
� A�� ��/@�=�)*BA"�����H��������{�<n{���� �)�'�E���G��*$� �
�F2 4N58@�:rv ^`@DT8g\2]>=@

A(.)
23@

PC(A)
:l@DM <?>=JL5F23@`23g\2q:l0�g\23JL5

t0
A!5j5 Tc:l@�M`5KJD@D5x:r_`2]5[T[575 2]<?5

T[>=@D<\gQ:l@Ng v ^`@DT8g\2]>=@
σ : [t0, +∞) → {1, 2, . . . , k} ,.-

A(t) = Aσ(t)
v >=71:l030

t ≥ t0.

1 @ 365[58_`23@`y 5 23g W g W 5 <\g :l@DMD:l7?M�_`7 :=T8g\2]T[5 23@�g W 5 0323g?587 :lg\^`7?5 � 6+8`A & Q 
�5j5 < W :l030jTc:l030
σ
g W 5

+%5 �/.C�%�3�"��<:+%�><��E��� E
oD^`7\g W 587\JL>=7?5UA�5t5 Tc:l@ v >=7\J g W 5 <?5 �N^D58@DT[5 >lvX>=7?M`587?5[M _P:l237?<

(t0, i0), (t1, i1), . . . , (tN , iN ), . . .
I 6 E 66O

5 W 587?5
tN ∈ [t0, +∞)

A
iN ∈ {1, . . . , k} v >=71:l030 N ≥ 0

:l@DM

A(t) = AiN

v >=7
tN ≤ t < tN+1;

A(tN+1) 6= A(tN )
v >=71:l030

N ≥ 0.

1 @ g W 5L<\_`237\23g >lv � 0)L 
 5j5 < W :l030d7?5Qv 587 g?> g W 2]< <?5 �N^D58@DT[5 :=< g W 5 <45 23g?T W 23@`y�<?5 �N^D58@DT[5UE Z W 5
g?2 JL5[<

t0, t1, . . . , tm, . . .
:l7?5 3.@D>)5 @ :=< g W 56+%5 �/.C�%�3�,��<?�"��+�.C���E�-�-+8E

Z W 5L<45 23g?T W 23@`y <\23yU@P:l0jTc:l@ , 5 g W >=^`y W gr>lv1:=<r:l@�23@`_`^`gxg W :lgrM`58g?587\J 23@D5[<xg W 5 <45 23g?T W 23@`y
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:l0]<?>�_ >U<?<\2 , 0]5 g?> 23@.465[<\g\23yN:lg?5@5 W 58g W 587 >=7x@D>=g I 6 E 0 OF2]<r<\g : , 0]5Lv >=7r<?>=JL5L7?5[<\g\7?23T8g?5[M T80q:=<?<
>lvj<45 23g?T W 23@`y <\23yU@P:l0]<cAa:l@DM;<?>=JL5x>lvng W 5x7?5[<?5c:l7?T W >=@;<45 23g?T W 5[M;< - <\g?58JL< W :=< v >.T8^D<?<?5[M�>=@
2]M`58@.g\2 v - 23@`y <45 23g?T W 23@`y <\23yU@P:l0]<1g W :lg17?5[<\^`03g123@ <\g : , 230323g - E ��5x< W :l030p< : - JL>=7?5x>lvdg W 2]<10q:lg?587
23@ g W 5 T W :l_`g?587cE
� � � �����G�����K{�<j{���� � �[}�F����)������* 9;�c{! ���<��=�Q} �
Ct5Qv >=7?5 _`7?>.T[5[58M`2 @Dy 5j5L< W >=^`0]M @D>=g?5 g W :lgcA v >=7 <45 23g?T W 5[M 0323@D5c:l7x< - <\g?58JL<cA g W 5 @D>=g\2]>=@D<x>lv
yU0]> , :l0 ^`@`2 v >=7\J :lg\g\7 :=T8g\234.23g - An^`@`2 v >=7\J :=< - J _`g?>=g\2]T <\g : , 230323g - :l@DM ^`@`2 v >=7\J�5+* _a>=@D58@Ng\2q:l0
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<\gQ: , 230 23g - :l7?5 :l030 5 �N^`234U:l0]58@.g � I 
 E 1 @�vi:=T8gHg W 2]<H7?5[<\^`03gH2]<r_`7?>u4658@ v >=7 W >=JL>=y658@D5[>=^P<�IK@D>=g
@P58T[5[<?< :l7\230 - 0323@D5c:l7QO <45 23g?T W 5[Mx< - <\g?58JL<cEBZ W 5d5 �N^`234U:l0]58@DT[5d>lv ^D@`2 v >=7?J 5+* _ >=@D58@.g\2q:l0.<\g : , 230323g -
:l@PMH^`@`2 v >=7\J :=< - J _`g?>=g\2]T <\g : , 230323g - W :=<j:l0]<?> , 5[58@ 5[<\g : , 032]< W 5[M 23@�� 6�� 
 A$5 W 587?5 g W 51:l^`g W >=7?<
^P<?5�g W 5 g?587\J�0323@D5c:l7 _a>=0 - < - <\g?58J�v >=7 g W 5;<45 23g?T W 5[M*0323@D5c:l7 < - <\g?58J I 6 E 0 OQE 1 @*4.2]575�>lv
g W 2]<L5 �N^`234U:l0]58@DT[5UA�5j5 < W :l030 <\_a5c:�3 >lvFg W 5 ^`@`2 v >=7\J�5+* _ >=@D58@.g\2q:l0e<\g : , 230323g - :l@DM	^`@`2 v >=7\J
:=< - J _Dg?>=g\2]T <\gQ: , 230 23g - >lvX<45 23g?T W 5[M 0323@D5c:l71< - <\g?58JL< 23@Ng?587?T W :l@`y65c: , 0 - E
� ���"���"���#"K��� ���E�. ���"���"���#" ���E� ���E��� � ' �@, � ���c{! ���<��=� } �
Z W ^D<nvi:l7cA.g W 5eM`5KJD@`23g\2]>=@D< g W :lg�5t5 W :c465FT[>=@D<\2]M`587?5[M T[>=@DT[587\@ g W 5e^`@ v >=7?T[5[M < - <\g?58J�I 6 E 0 OQA
5 2 g W >=^`grg :�3.23@`y 23@Ng > :=T[T[>=^`@.g :l@ - 23@`_`^`g >=7r>=^`g\_`^`g <\23yU@P:l0]<cE 1 @�_`7 :=T8g\2]T[5 >lveT8>=^D7?<?5UAp23g
2]<1@D5[T[5[<?< :l7 - g?> :l030]>�5 v >=7eT[>=@Ng\7?>=0p23@`_`^`g?<cAa:l@DM�g?> M`5c:l0"5 23g W g W 5r<\g : , 230323g - 2]<?<\^D5[<F:=<?<?>NT82 k
:lg 58M 5 23g W 23@`_`^`gmk >=^`g\_`^`gr< - <\g?58JL<cE 1 g 2]<F23@ g W 2]< T[>=@.g?5+* g g W :lg g W 5 23J _ >=7\g :l@.g @D>=g\2]>=@�>lv
, >=^`@DM`5[M.ki23@`_`^`g , >=^`@DM`5[M.k >=^`g\_D^`gHI C 1 C / Oj<\g : , 230323g - A!5 W 2]T W 5t5F@P>)5�23@Ng\7?>.M ^DT[5UA :l7\2]<?5[<cE
�F2 4N58@ g W 5d<?58g?<B>lv J :lg\7\2]T[5[< {A1, . . . , Ak} ⊂ R

n×n, {B1, . . . , Bp} ⊂ R
n×m, {C1, . . . , Cq} ⊂

R
p×n

A`T[>=@D<\2]M`587 g W 5 <45 23g?T W 5[M 23@`_`^`gmk >=^`g\_`^`gF5 �N^ :lg\2]>=@D<

ẋ = A(t)x + B(t)u
I 6 E I O

y = C(t)x.

�F5Q7 5
x(t) ∈ R

n
2]<�g W 5j<\g :lg?5d4N5[T8g?>=7cA

u(t) ∈ R
m
2]<�g W 5n23@`_`^`gcA

y(t) ∈ R
p
2]<�g W 5j>=^`g\_`^`gX:l@DM

A(t), B(t), C(t)
<45 23g?T W , 58g 5j5[58@ g W 5eJ :lg?7\2]T85[< 23@ g W 5F<?58g?< {A1, . . . , Ak}

A {B1, . . . , Bp}
A

{C1, . . . , Cq}
7?5[<\_ 5[T8g\234N580 - Aj23@ <\^DT W : 5 : - g W :lgLg W 5 J :l_`_`23@`y

t → (A(t), B(t), C(t))< :lg?23< J 58<j_`7?>=_ 587\g?235[< :l@P:l0]>=y6>=^D<tg?>xg W >U<?5123J _ >U<?5[M >=@ g W 51J :l_`_`23@`y
t → A(t)

23@ g W 5eM`5KJ`k
@D2 g?23>=@�>lvpg W 5F^`@ v >=7?T[5[M <45 23g?T W 5[M 0323@D5c:l71< - <\g?58J�I 6 E 0 OQEjS�5 23g?T W 23@`y <\23yU@P:l0]<1:l@DM <45 23g?T W 23@`y
<?5 �N^D58@DT[5[<jTc:l@ , 51M`5KJD@D5[MLv >=7n23@`_`^`gmk >=^`g\_`^`g < - <\g?58JL<d2 @ Jx^DT W g W 51< :lJL5?5 : - :=< 5j5 W :c465
MD5 JP@D5[M g W 58J v >=7 g W 5 < - <\g?58J�I 6 E 0 OQEdZ W 5 2]M`5c: , 5 W 23@DM g W 5 M`5KJD@`23g\2]>=@�>lvXC 1 C /
<\g : , 230323g -
2]<ng W :lgt: , >=^`@DM`5[M 23@`_`^`gt<\23yU@P:l0

u
< W >=^`0]MLyU23465 7\2]<?5 g?>r: , >=^`@DM`5[M >=^`g\_`^`gt<\23yU@P:l0

y
^`@DM`587

g W 5 :=<?<\^`J _`g\2]>=@�>lv �c587?> 23@`23g\2q:l0�<\g :lg?5UE
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�R�$� �����)�����*~ � � � � �����6�"��� ��. � =���. � ��. +%&@+�.0�%8 � 
�O � � �,+6����� N�=�$%86� &���L�� � +�.C�3A%�#�:� N6."���%$-�

� ���,+%."+(�!��=@+%�/./�")��(�-=���+�.C��� .
η
+%���%�?."����.3N�=�$(����&9�"���/./������./�"8?�

t0
G7����&6A2=����E13� 1K�"��� ��.�+%�><��E���

u
���E1 ����&I+%5 �/.C�%�3�"��<I+%�><��E��� G�."��� � �%$ = �C+�.C��.0�9$-�-+0��=���+*�

y
+J��./�,+����-+

sup
t≥t0

‖y(t)‖ ≤ η sup
t≥t0

‖u(t)‖

1 @ : <?58@D<?5UA�2 v1: < - <\g?58J�2]<xC 1 C / <\g : , 0]5UA�g W 2]<xJL5c:l@D<xg W :lgH:l@�23@`_`^`gr<\23yU@P:l0jTc:l@`@D>=g , 5
:lJ _D0 2 JP5[M ,.- :evi:=T8g?>=7dyU7?5c:lg?587jg W :l@ <?>=JL5
JD@`23g?51T[>=@D<\g :l@Ng

η
A623@L_P:=<?<\23@`y g W 7?>=^`y W g W 5 < - <mk

g 5QJ E ��5x< W :l030�@D>=geM`5c:l0+5+* _`032]T823g\0 - 5 23g W C 1 C /
<\g : , 230323g - 23@�g W 2]<1g W 5[<\2]<cA , ^`g 5 23030�7Q:lg W 587
T[>=@DT[58@.g\7 :lg?5 >=@�g W 5 23@.g?587\@P:l0j<\g : , 230323g - _`7?>=_ 587\g\2]5[<r>lv g W 5L< - <\g?58J�I 6 E 0 OQE �F>)5t5846587cA�23g 2]<
23J _a>=7\g :l@.gHg?> 365[58_ 23@RJ 23@DMRg W :lgHg W 587?5 :l7?5 <\g\7?>=@`y T[>=@`@D5[T8g\2]>=@D< , 58g 5j5[58@	g W 5 :=< - J _ k
g >=g\2]TL>=7x5+* _ >=@D58@.g\2q:l0j<\g : , 230323g - >lvxI 6 E 0 O :l@DM g W 5LC 1 C / <\g : , 230323g - >lvxI 6 E I O � 0+0 8`A�8 L 
 E 1 @
_ :l7\g\2]T8^`0q:l7cA62 vag W 5 < - <\g?58J I 6 E 0 Op2]<+^`@`2 v >=7\J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5UA6g W 58@ g W 5 T[>=7\7 58<\_a>=@DM.k
23@`y 2 @D_`^`gmk >=^`g\_`^`gF< - <\g?58J I 6 E I O 5 23030 , 5 ^`@`2 v >=7\J 0 - C 1 C /
<\g : , 0]5 _`7?>u4.2]M`5[M g W 5 J :lg\7\2]T[5[<
B(t), C(t)

:l7?5�^`@`2 v >=7\J 0 -	, >=^`@DMD58M*23@ g\23JL5UE�Z W 2]<@5 23030F>lv T[>=^`7?<?5 , 5 g W 5�Tc:=<?5R5 W 58@
B(t), C(t)

<45 23g?T W , 5Qg 5t5[58@ : JD@`23g?5Fvi:lJ 230 - >lv+J :lg\7\2]T[5[<cE

�
	��
	 � � ��� � ����� ����� 	�� � ���
	 � � �
	 � � � ����� ��� ����� ���
	 � �
� ���
	 �

oP>=71:l@ O.Z 1 < - <\g?58J

ΣA : ẋ(t) = Ax(t) A ∈ R
n×n,

5[<\g : , 0 2]< W 23@`y 5 W 58g W 587
ΣA

2]<B^`@`2 v >=7\J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5d>=7�@D>=g�2]<B7?580q:lg\2346580 - <\g\7 :l23y W gmk
v >=745 :l7?M E 1 @ vi:=T8gcAB23g 2]< 5t58030 k 3.@D>)5 @�g W :lg

ΣA

2]< ^`@`2 v >=7\J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5H2 v :l@DM
>=@D0 - 2 vt:l030X>lvng W 5H5823y658@.4U:l03^D5[< >lvng W 5H< - <\g?58J J :lg\7\2 *

A
032]5x23@;g W 5H>=_a58@;0]5Qv g W :l0 vt>lvng W 5

T[>=J _`0]5+*R_`0q:l@D5 � 0+0 8`A L N 
 E;SN^DT W J :lg\7\2]T[5[<L:l7?5@3.@D>)5 @	:=< � ��$%5 �/. �xJ :lg\7\2]T[5[<cE��1@ v >=7\g\^ k
@ :lg?580 - Auv >=7p<45 23g?T W 5[Mx0323@D5c:l7+< - <\g?58JL<�>lvDg W 5Xv >=7\J I 6 E 0 O g W 5n<\23g\^P:lg\2]>=@r2]<pT[>=@D<\2]M`587 : , 0 - JL>=7?5
T[>=J _`032]Tc:lg?5[MBE 1 @ _P:l7\g\2]T8^`0q:l7cA g W 5H5+* _ >=@D58@.g\2q:l0X<\g : , 230323g - >lvj5c:=T W >lvng W 5HT[>=@D<\g\23g\^D58@Ng O.Z 1
< - <\g 5QJL<

ΣA1
, . . . , ΣAk

2]<j@D>=g <\^10 T82]58@Ng g?>H58@D<\^D7?5eg W :lg g W 5F>u46587 :l030B< - <\g?58J 2]<t^`@`2 v >=7\J 0 -
V �
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5+* _a>=@D58@.g\2q:l0 0 - <\g : , 0]5nv >=7d:l7 , 23g\7 :l7 - <45 23g?T W 23@`y <\23yU@P:l0]<cE+Z W 2]<pvi:=T8g W :=< , 5[58@LM`58JL>=@D<\g\7 :lg?5[M
,.- <?5846587 :l0p5+*D:lJ _`0]58<1_`7?5[<?58@.g?5[M 23@ � & Q`A�6+8 A &�I 
+:l@DM 580]<?575 W 587?5UE 1 @ vi:=T8gcAD23g 2]< @D>=ge>c4N587\0 -
M`2 0 T8^`03gtg?> JD@DM 5+*D:lJ _`0]5[<t>lvB< - <\g?58JL<nT[>=@D<\g?7\^DT8g?5[M ,N- <45 23g?T W 23@`y , 58g 5j5[58@ 5+* _a>=@D58@Ng\2q:l030 -
<\gQ: , 0]5 O.Z 1 < - <\g?58JL<cAav >=7 5 W 2]T W g W 587?5L5+* 23<\g <45 23g?T W 23@`y�<\23yU@P:l0]<Fg W :lg 7?5[<\^`03g 23@�M 234N587\y658@Ng
g?7 :@�m5[TQg >=7\2]58<cE
� �E�)�[{� "<��R��/@�=�)*+A"�����H�[}E���)�GF /@�=��A>���c{! �<�� *$���������=�����G���	�[}E���)�GFH���

� � {�F��"<�� ~ � � ��&�� =���+%��13�%$9."���D./5�=I+*�2�2=��E1 =�$ 13�%$�� � L +%&@+�.0�%8K+
ΣA1

G
ΣA2

57���%$-�

A1 =









4.4908 −35.1122

41.8926 −6.2049









, A2 =









−5.3169 64.9156

−22.0802 4.0163









.

L�. �,+ � �@+%�"� & �%��� �%4��21 ."����. A2=�."�
A1

���E1
A2

��$-� � ��$%5 �/. �:+J= ."����. ."����� � LK+%&@+�.0�%8K+
ΣA1

���E1
ΣA2

��$-�9����� N�=�$%86� &F���%��=�� �%� ./�����"� &?+�.C�3A%�#�*O � =�5��%)��%$-G�� N 5��D$%��� �:+%�"86���>��./��=�� = N9."���

+%&@+�.0�%8

ẋ = A(t)x A(t) ∈ {A1, A2},

+�.C��$�./�"��< ��.
t = 0

5 �/."�
A(0) = A1

���E1
x(0) = (0.7, 0.3)

���E1 +%5 �/.C�%�3�"��< �%)��%$�&
π/80

+*�2�2=��E1@+95��K=3A�.C���"� ."���9$2�-+%��� ."+ +-��=�5 � �"� � �><���$2� 
�O��FA2�%�>=�5�O

V �
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−1
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8
System trajectory diverges
even though individual modes
are stable! 

x1

x
2

(
)+*�,�-/. � 2�� 3�4 >
? @BABC�? R��UT�;Q@H>�;J;JR <H@B57T�: ; <�G	<H@I;J6U<
AJ57R : ;E5 D @IM9? R%<H@B57T�? : ? @HG

� �#� ��$%� &@GBN%=�$	."�3�,+K����$�./�������>��$ +%5 �/.C�%�3�"��< +%�><��E��� GK."��� +%5 �/.C�%���21 +%&@+�.0�%8 �,+F����+�.C�3A%�#�-G:�%)��%�

."��=���<@��."���K�2=���+�./�/./���%� . +%&@+�.0�%8K+
ΣA1

G
ΣA2

��$-�6���%��=�� �%� ./�����"� &:+�.C�3A%�#�*O

Z W 5 @D5+* ge7?5[<\^`03gcAPg :�3N58@�v 7?>=J � 0 M+N�
+M`5[<?T87\2 , 5[< :L<\23J _`0]5rT[>=@DM 23g\2]>=@ >=@ :Hvi:lJ 230 - >lvj5+* _ >lk
@P5Q@.g\2q:l030 - <\g : , 0]5 <\^ , < - <\g?58JL<+g W :lgXyU^P:l7 :l@.g?5[5[<dg W 5 5+* 2]<\g?58@DT[5 >lvB:FM`5[<\g : , 23032 �[23@`yr<45 23g?T W 23@`y
<\23yU@P:l0iA`<\^DT W :=<jg W :lgt23@ g W 5 : , >c4N5F5+*D:lJ _`0]5UANv >=7tg W 5 :=<?<?>NT82q:lg?5[M <45 23g?T W 5[M 0323@D5c:l7 < - <\g?58J E
� A��������GF ~ � � ��& � ��.

A1, . . . , Ak

A2� � ��$%5 �/. � 8:��./$%���%�-+ �"�
R

n×n
+J=:."����. ."���D�@+-+J=*������.0�21

� � L:+%&@+�.0�%8K+
ΣA1

, . . . , ΣAk

��$-� ���%��=�� �%� ./�����,� & +�.C�3A%�#�*O � � �M��=@+*�	."����.D."���%$-� �����#+�.D�E=�� �

� �C<M��./�")��D$-� ��� ����8?A2�%$-+
α1, . . . , αk

G��E=�.����"� � �%$2=@G +%���%��."����.
α1A1 + α2A2 + · · · + αkAk

���@+D��� �%�><3�%��)@��� ���
λ
5 �/."� �E=�� �0� ��<M��./�")��9$2�2��������$�.0O6�����%� ."���D�@+-+J=*������.0�21I+%5 �/.C�%��� 1:� �"� �2�@$

+%&@+�.0�%8 � 
�O ��� �,+��E=�.D����� N�=�$%86� & ���%��=�� �%� ./�����"� & +�.C�3A%�#�IN�=�$ ��$*A%�/./$2��$%& +%5 �/.C�%�3�"��< +%�><��E��� +*O

� ��$�."���%$%8:=�$2�-G � N
α1A1 + α2A2 + · · ·+ αkAk

���@+9��� �%�><3�%��)��@� ���95 �/."�D��=@+%�/./�")�� $2�2��������$�."G

."���%� ."���%$2�I�����,+�."+D�9���%$%��= 1����9+-5 �/.C�%�3�"��<:+%�><��E����."����. $-�-+%��� ."+9�"� � 1��")��%$�<3�%� .B./$ ���J�2�J.C=�$%&3O

� ��F FH�G�;�)���
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,e>=g?5;g W :lg 23g 2]< _a>U<?<\2 , 0]5 g?> ^D<?5;Z W 5[>=7?58J 6 E M E M , 5803>�5�g?> < W >�5�g W :lg 2 v
g W 587?5�5+* 2]<\gLT[>=@D<\g :l@.g?<

α1, . . . , αk

<\^DT W g W :lg
α1A1 + · · · + αkAk

W :=< :l@
5823y658@.4U:l03^D5 23@ g W 5 T80]>U<?5[MR7\23y W g W :l0 ve_`0q:l@D5UAXg W 58@ g W 5 < - <\g?58J!I 6 E 0 O 2]<r@D>=g
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|ã(i)
pq | 1 ≤ p, q ≤ n, p 6= q

�,+D����� �08:��./$%� �3OI�����%� ."���%$2�9�,+D� ��� � � N�=�$9."��� +%&@+�.0�%8K+
ΣA1

, . . . , ΣAk

O

1 gF23<F_ >=23@.g?5[M;>=^`gF23@ � Q 0 
 A g W :lgF2 vng W 5rJ :lg\7\2]T[5[<
A1, . . . , Ak

Tc:l@ , 5H<\23Jr^`03g :l@D5[>=^D<\0 - _`^`g
23@.g?> g\7\2q:l@`yU^`0q:l7Fv >=7\J A g W 58@;g W 5HT[>=@DM 23g\2]>=@D< >lvtZ W 5[>=7?58J M E & E I :l7?5 < :lg\2]< JP5[M ExZ W ^D<cAag W 5
T80q:=<?<1>lvn< - <\g?58JL< T[>u46587?5[M ,.- Z W 5[>=7?58J M E & E I 2]< 0q:l7\y6587eg W :l@�g W >U<?5 T[>u46587?5[M ,.- Z W 5[>=7?58J
M E I E 0 E
�d} {����"���G# � � ���l{��)���@*$�������=�����������
��5 @D>�5 0]>.>B3�:lgxT[>=@DM 23g\2]>=@D<xv >=7Hh)( OBo�5+* 2]<\g?58@DT[5Lg W :lgr:l7?5 5+* _`7?5[<?<?5[M 23@�g?587\JL<x>lv g W 5
O - :l_`^`@D>u4 >=_a587 :lg?>=7?< LA

At23@.g\7?>NM`^DT[58M*23@�S.5[T8g\2]>=@-M E 6R: , >u465UE|S 5Q4N587 :l0e7?5[<\^`03g?< >lv g W 2]<
y658@D587 :l0Bg - _ 5 W :[4N5 , 5[58@ _`^ , 032]< W 5[M ,.- /e> , : :l@DM oD^`@P: W :=< W 2 23@ g W 5F<?5 �N^D58@DT[5 >lvp_P:l_a587?<
I � 0 N 0 
 A � Q+Q 
 A � 0 N+N�
 OQE 1 @ � 0 N 0 
 Apg 5t>�<\23J _`0]5 <\^10 T82]58@.gHT[>=@DM 23g\2]>=@D<xv >=7 g W 5 5+* 23<\g 5Q@PT85 >lv1:
h ( O�o v >=7 :L_P:l237 >lvj5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5.O Z 1 < - <\g?58JL<

ΣA1

A
ΣA2

:l7?5r_`7?5[<?58@Ng?5[M E Z W 5
3N5 - 2]M`5c: , 5 W 23@DM , >=g W >lvpg W 5F7?5[<\^`03g?<t23@ g W 2]< _P:l_ 587 2]<tg W :lg

ΣA1

:l@DM
ΣA2

W :c465 :Lh)( OBo
2 ve:l@DM�>=@`0 - 2 v g W 587?5 2]<x<?>=JL5L_a>U<\23g\23465 M`5KJD@`23g?5

P ∈ Pn

<\^DT W g W :lg LA1
L−1

A2
(P ) ∈ Pn

A
5 W 587?5

Pn

2]<1g W 5xT[>=@D5r>lvd_ >U<\23g\234N5xM`5KJD@`23g?5xJ :lg\7\2]T[5[<e23@
R

n×n E Ct5Qv >=7?5x<\g :lg\23@`y g W 5 @D5+* g
7 58<\^D0 guAe7?5[Tc:l030 g W :lg v >=7�: < - J JL58g\7\2]T 0323@D5c:l7�>=_ 587 :lg?>=7

L
>=@�g W 5 <\_P:=T[5�>lv < - J JL58g\7\2]T

J :lg?7\2]T85[<
Sym(n, R)

A g W 5H@D>=g :lg\2]>=@
L > 0(< 0)

JL5c:l@D< g W :lg 〈L(H), H〉 > 0(< 0)
v >=7

� �



�S��� 
 ��� � !������ � 
�����!#�%!H
���� �B
�� ��� � � ���&!�� �	����� �

:l030X@D>=@ k �c587?>
H ∈ Sym(n, R)

A;5 W 587?5 〈H, K〉 = trace(HT K)
2]<eg W 5H23@`@D587F_`7?>.M ^DT8g >=@

Sym(n, R)
E

� A��������GF � � $ � � � ��.
A1, A2 ∈ R

n×n
A-� � ��$%5 �/. �K���E1I+%� �M��=@+*�D."����.

LT
A2−A1

LA2−A1
− (LT

A1
LA1

+ LT
A2

LA2
) < 0.

I M E 6+66O
� �����

ΣA1

G
ΣA2

����)��6� ��� � � O
,F>=g?5Fg W :lg g W 5 T[>=@DM`2 g?23>=@ I M E 6+66Oj2]< 5 �N^`234U:l0]58@.g g?>

LT
A1

LA2
+ LT

A2
LA1

> 0.

G <?5[T[>=@DM <\23J 230q:l7pT[>=@DM 23g\2]>=@x23@N4N>=034.23@`y g W 5dT[>=J Jr^`g :lg?>=7+>lv LA1

:l@DM LA2

2]<�:l0]<?> _`7?5[<?58@Ng?5[M
23@ � 0 N 0 
 E � W 230]5 , >=g W >lvng W 5[<?5HT[>=@DM 23g\2]>=@D< Tc:l@ , 5HT W 5[T 365[M;@N^`JL587\2]Tc:l030 - Aa@D5823g W 587 >=@D5r2]<
T[>=@D<\g?7\^DT8g\23465UE�G10]<?>`Aj23g 2]<L23J _ >=7\g :l@.g g?>H365[58_ 23@ J 23@DM g W :lg g W 5�T[>=@DM 23g\2]>=@D< :l7?5�>=@`0 -
<\^�0 TQ2]58@.gFv >=7rh)( OBo�5+* 2]<\g?58@DT[5L:l@DM�Tc:l@�>=@`0 -�, 5H^D<?5[M :=<x: g?5[<\gFv >=7Fg 5j> < - <\g?58JL<

ΣA1

A
ΣA2

E
Z W 5L< :lJL5 :l^`g W >=7?< W :c465LMD5Q7?2 4N5[M�JL>=7?5Ly658@D587 :l0j46587?<\2]>=@D<x>lv g W 5[<?5Lg 5t> 7?5[<\^`03g?< 23@ � 0 N+N 

:=<?5t58030+:=< g W 5 v >=030]>)5 23@`y T[>=7?>=030q:l7 - g W :lg17?580]:lg 58<1g W 5x5+* 2]<\g?58@DT[5x>lvn: h)( OBo v >=7

ΣA1
, ΣA2g >Lg W 5x@D>=7\J�>lvdg W 5xT[>=J Jr^`g :lg?>=7

A1A2 − A2A1
E 1 @�g W 5r<\g :lg?58JL58@.gF>lvdg W 5x@D5+* g17?5[<\^`03gcA

v >=7e:rJ :lg\7?2 *
A ∈ R

n×n
A ‖A‖2 = 〈A, A〉 A!5 W 230]5Fv >=7e:r0323@D5c:l7e>=_ 587 :lg?>=7 L

>=@
Sym(n, R)

A
‖L‖s

M`58@D>=g?5[< g W 5 >=_ 587 :lg?>=71@D>=7\J 23@DM ^DT[5[M ,.- ‖.‖ EXZ W ^D<cA ‖L‖s = sup‖A‖=1 ‖L(A)‖ E

� ������<�<K{!�u} � � $ ��& � ��.
A1, A2

A2� � ��$%5 �/. �98:��./$%���-�-+9�"�
R

n×n
O � � �M��=@+*�D."����.

‖A1A2 − A2A1‖ <
1

2‖L−1
A1

‖s‖L−1
A2

‖s

.
I M E 6+M6O

Z W 58@
ΣA1

A
ΣA2

W :c465x:Lh)( OBotE
G(M 2�� 587?58@Ngeg - _ 5x>lvn<\^10 T82]58@NgFT[>=@DM 23g\2]>=@BA :lyN:l23@ , :=<?58M >=@ O - :l_`^`@D>u4 >=_a587 :lg?>=7?<cADv >=71g W 5
vi:lJ 230 - >lv O Z 1 < - <\g?58JL<

ΣA1
, . . . , ΣAk

g?> W :[4N5 : h)( OBo 5 :=< M`587\234N5[M 23@	� Q+Q�
 EdCt5Qv >=7?5 5j5
� �



�S��� 
 ��� � !������ � 
�����!#�%!H
���� �B
�� ��� � � ���&!�� �	����� �

<\gQ:lg?5ng W 5nJ :l23@H7?5[<\^`03g+>lvPg W :lgp_ :l_ 587cAB5t5n@D5[5[Mrg?>123@.g\7?>NM ^DT[5tg W 5n@D>=g\2]>=@ >lva:1<?58J 2 ki_ >U<\23g\234N5
J :lg?7\2 *R23@

R
n×n

E	SN23J _`0 - _`^`gcAj: <?58J 2 ki_a>U<\23g\23465 J :lg\7\2 * 2]<L: J :lg\7\2 * g W :lg J :l_D< <?>=JL5
4N5[T8g?>=7�5 23g W _ >U<\23g\234N5158@.g\7\2]5[<jg?>r:l@D>=g W 587t465[T8g?>=7�5 23g W _a>U<\23g\23465e58@Ng\7\2]5[<cEX9 >=7?5 v >=7\J :l030 - A.2 v
5t5?5 7?2 g 5

R
n
+

v >=7ng W 5eT[>=@D5e>lvB465[T8g?>=7?<n23@
R

n :l030a>lvE5 W >U<?51T[>=J _a>=@D58@Ng?< :l7?51_ >U<\23g\234N5UANg W 58@
A ∈ R

n×n
2]< <?58J 2 ki_a>U<\23g\23465 2 v+g W 587?5 2]< <?>=JL5

x ∈ R
n
+

<\^DT W g W :lg
Ax ∈ R

n
+

E
�F2 4N58@Hg W 5 �1^`745 23g�� J :lg\7\2]T[5[<

A1, . . . , Ak

23@
R

n×n
Alv >=7X5c:=T W

i, j
5 23g W

1 ≤ i, j ≤ k
AUM`5KJD@D5

g W 5F@.^`J , 587
µij

g?> , 5

µij = λmin(LAi
L−1

Aj
(In)),

I M E 6 I O
5 W 587?5

λmin(A)
M`58@D>=g?5[< g W 5eJ 23@`23Jr^`J 5823y658@N4U:l03^D5 >lv+:r< - J JL58g\7\2]TFJ :lg\7\2 *

A
A`:l@DM

In

2]<
g W 5

n × n
2]M`58@.g\23g - J :lg\7\2 * E ��5 g W 58@ W :c465 g W 5 v >=030]>)5 23@`y <\^10 T82]58@.grT[>=@DM 23g\2]>=@�v >=7 g W 5

< - <\g 5QJL<
ΣA1

, . . . , ΣAk

g?> W :[4N5 :Lh)( OBotE

� A��������GF � � $ � $ � ��.
A1, . . . , Ak

A2� � ��$%5 �/. � 8:��./$%���-�-+!�"�
R

n×n
G7���E1613��� � � ."��� 8:��./$%� �

M ∈ R
k×k

A%&

M = [µij ]1≤i,j≤k

I M E 6 L O
57���%$-�I."���

µij

��$-� <��")��%� A%& � ��O�
 � �MODL"N
M

�,+D+*�%86� �#��=@+%�/./�")��-G!."���%�
ΣA1

, . . . , ΣAk

����)��:�

� � � � O

� ��F FH�G�;�)���

1 @ >=7?M`587jg?> ^D<?5 g W 51T[>=@DM 23g\2]>=@ 23@ Z W 5[>=7?58J M E & E & AN23gn2]<d@D5[T[5[<?< :l7 - g?> , 5e: , 0]5
g?> g?5[<\gj: J :lg\7\2 * v >=7n<?58J 2 ki_a>U<\23g\234.23g - E � W 230]51<?>=JL5e:l03y65 , 7 :l2]TeT[>=@DM 23g\2]>=@D<t:l7?5
3.@D>�5 @ g W :lgHyU^P:l7 :l@.g?5[5 <?58J 2 ki_a>U<\23g\234.23g - � � 
 AX2 @ y658@D587 :l0 23gH2]<r@D5[T[5[<?< :l7 - g?>
_a587mv >=7\J%g W 2]<1g?5[<\g1@N^`JL587\2]Tc:l030 - E �e>�5j584N587cAD2 v 5t5xTc:l@RJD@DM : 4N5[T8g?>=7

x ∈ R
n
+<\^DT W g W :lg

Mx ∈ R
n
+

Ajg W 58@ 23gL2]< 5+* _`0q:l23@D5[M 23@ � Q+Q�
 W >)5%g?>�T[>=@D<\g\7\^DT8g :
h)( OBo v >=7eg W 5r< - <\g?58JL<

ΣA1
, . . . , ΣAk

E ��5x< W :l030+58@DT[>=^`@.g?587 g W 5x@D>=g\2]>=@ >lv
� �



�S��� � $&� ��� � � ����
 � �H��� ����� � 
�� � ������� ��� 
 � ��� �	�%!�� ���

<?58J 2 ki_a>U<\23g\234.23g - :lyN:l23@�23@R: 0q:lg?587xT W :l_`g?587cA+:l@DM�<?5[5 g W :lg g W 587?5L2]<x: <\g\7?>=@`y
T[>=@`@D5[T8g\2]>=@ , 58g 5j5[58@Rg W 5L_`7?>=_ 587\g\2]5[<H>lv <?58J 2 ki_ >U<\23g\234N5LJ :lg\7\2]T[5[<H:l@DM�g W >U<?5
>lv+g W 5 O - :l_`^`@D>c4 >=_a587 :lg?>=7?<cE

Ct5Qv >=7?5 JD@`2]< W 23@`y	g W 2]< <?5[T8g\2]>=@BA123g 2]< 5j>=7\g W @D>=g\23@`y	g W :lg�:�@.^`JL587\2]Tc:l0 g?5[<\g v >=7 h)( OBo
5+* 2]<\g?58@DT[5 , :=<?5[M >=@RO - :l_`^`@D>c4 >=_a587 :lg?>=7?< W :=< 7?5[T[58@.g\0 - , 5[58@ _`^ , 032]< W 5[M 23@	� 6+N�
 E

� ��� � ���	��� ��	 ��� � � � � � � 
 
 � ��
 � ��
 � � 
�� ��� ��� 	


 � � � � �

ht5Q7?g :l23@�T[>=@.465+*�<?58g?< >lvrJ :lg\7\2]T[5[<�:l7\2]<?5 �N^`23g?5;@P:lg\^`7 :l030 - 23@�g W 5 T[>=@D<\2]M`587 :lg\2]>=@ >lvrg W 5
h ( O�o 5+* 2]<\g?58@DT[5x_`7?> , 0]58J%v >=7?JD@`23g?5 vi:lJ 23032]5[<e>lvn<\g : , 0]5 O Z 1 < - <\g?58JL<cA :l@DM 23g12]<1_ >U<?<\2 , 0]5
g >�:l_`_`7?>6:=T W g W 5 _`7?> , 0]58J�g W 7?>=^`y W <\g\^DM - 23@`y g W 5 _`7?>=_a587\g\2]5[<r>lv g W 5[<?5L<?58g?<cE Z W 587?5 :l7?5
5[<?<?58@.g\2q:l030 - g 5j> M 2]<\g\23@DT8g 5t: - <F>lvtT[>=@D<\2]M`587\23@`y g W 5 �N^D5[<\g\2]>=@�>lv h)( OBo�5�* 2]<\g?58@DT[5H23@;g W 2]<
0323y W gcEjSN_a5[T82 JPTc:l030 - ADg W 5ev >=030]>�5 23@`yLg 5j>LT80q:=<?<?5[< >lv+J :lg\7\2 * T8>=@P58< W :c465 , 5[58@�<\g\^DM 2]5[M E

IK2KO�oP>=71: < - J JL58g\7\2]T J :lg\7\2 *
P ∈ R

n×n A`M`5KJD@D5
AP = {A ∈ R

n×n : AT P + PA < 0}. I M E 6 & O
��5 Tc:l@ g W 58@ 7?5[Tc:=<\g g W 5rh)( OBo	5+* 2]<\g?58@DT[5 _`7?> , 0]58J 23@ g W 5Fv >=0 0]>�5 23@`y	5 : - E

�B�")��%��."��� � ��$%5 �/. � 8:��./$%���-�-+
A1, . . . , Ak

�"�
R

n×n
G 13��.0�%$%86�"� � � N ."���%$-�

�����,+�."+?+J=�8?�9��=@+%�/./�")��F13��� ���/.0�
P ∈ R

n×n
+%���%� ."����. {A1, . . . , Ak} ⊆

AP

O

oP>=7 : yU234658@*< - J JL58g\7\2]T
P
Atg W 5�<?58g AP

2]< :�T[>=@.465+* T[>=@D5�>lv J :lg\7\2]T[5[< g W :lg 2]<
T80]>U<?5[M 5 23g W 7?5[<\_a5[T8gpg?>1J :lg\7\2 *x23@N4N587?<\2]>=@BEXSN^DT W <?58g?<p>lvDJ :lg\7\2]T[5[<cAB3.@D>)5 @ :=<pT[>=@.465+*
23@.46587\g\2 , 0]5 T[>=@D5[< Iih 1 hj<QOQA W :[4N5 , 5[58@ <\g\^DM 2]5[M ,N- hj> W 58@ :l@DM OB575
36>�5 2]T � 23@ � 6+6 A
6+M`A &+L 
iA :l@DM*:;@.^`J , 587 >lv g W 58237@3N5 - _`7?>=_ 587\g\2]5[< W :[4N5 , 5[58@ 2]M`58@.g\2 JP5[M E 1 @ g W 5

� V



�S��� � $&� ��� � � ����
 � �H��� ����� � 
�� � ������� ��� 
 � ��� �	�%!�� ���

_P:l_a587�� M 
 A6G1@DM`> W :=<d:l0]<?>e23@.465[<\g\23yN:lg?5[MHg W 5t_`7?>=_ 587\g\2]5[<n>lvPg W 5[<?5tT[>=@D5[<cAN:l@DMHM`587\234N5[M
:l@�: , <\g\7 :=T8g T W :l7 :=T8g?587\2 �u:=g\2]>=@�>lvr<?58g?< >lvxg W 5�v >=7\J AP

E 1 @ vi:=T8gcA W 5 MD58<?T87\2 , 5[<
@D5[T[5[<?< :l7 - :l@DML<\^10 T82]58@.gjT[>=@DM 23g\2]>=@D<dv >=7t:FyU234658@ <?58gn>lv J :lg\7\2]T[5[<ng?> , 51>lv g W 5tv >=7\J
AP

v >=7j<?>=JL5 _a>U<\23g\23465eM`5KJD@`23g?51J :lg\7\2 *
P
E �e>�5j584N587cANg?>xMD:lg?51g W 517?5[<\^`03g?<j> , g :l23@D5[M

g W 7?>=^`y W g W 2]<+0323@D5 >lva7?5[<?5c:l7?T W W :c465 , 5[58@L0q:l7\y6580 - : , <\g\7 :=T8gcAN:l0 , 5823gX4N5Q7 - 23@Ng?587?5[<\g\23@`yDA
23@ @P:lg\^`7?5UAD:l@DM W :[4N51@D>=gt0]5[M g?>H5c:=<\230 - 46587\2 J : , 0]5 T[>=@DM 23g\2]>=@D<jv >=71h)( OBoR5+* 2]<\g?58@DT[5UE
Z W 5H<?58g?< AP

:l7?5H:l0]<?> M 2]<?T8^D<?<?5[M�23@ g W 5r<\^`7?465 - � I N 
X>lvng W 5x7 >=035r_`0q: - 5[M ,N- T[>=@D5[<
23@��N^D5[<\g\2]>=@D< >lv+J :lg\7\2 * <\g : , 230323g - E

IK232KO�G1@ :l03g?587\@P:lg\23465UA :l@DM JL>=7?5xM 237?5[T8gcAP:l_`_`7?>6:=T W g?> g W 5rh)( OBo _`7?> , 0]58J ADg W :lg 2]<1:l0]<?>
, :=<?5[M >=@ <\g\^DM - 23@`y T[>=@N4N5+* <?58g?< >lv+J :lg\7\2]T[5[<cA`2]< g?> <\g\^DM - g W 5 <?58g?< PA

23@Ng\7?>.M ^DT[5[M
23@ S.5[T8g\2]>=@ M E 6 E 1 @Rg?587\JL< >lveg W 5[<?5 <?58g?<cA+g W 5 h)( OBo
5+* 23<\g 5Q@PT85 _`7?> , 0]58J Tc:l@ , 5
<\g :lg?5[M�:=<tv >=030]>)51<cE

�B�")��%� ."��� � ��$%5 �/. �?8:��./$%���%�-+
A1, . . . , Ak

�"�
R

n×n
G913��.0�%$%86�"� �?� NI."���

�"� .0�%$-+*� �J./��=��

PA1
∩ PA2

· · · ∩ PAk

I M E 6��UO
�,+ �E=�� � �%8(�E./&3O

Z W 2]<L2]< g W 5 5[<?<?5Q@PT85 >lvFg W 5�:l_`_`7?>6:=T W g :�3N58@ ,.- S W >=7\g?58@*:l@DM ,F:l7?58@DM 7 :;g?> g W 5
h)( OBo _D7?> , 0]58J v >=7F<?5[T[>=@DM;>=7?M`587 < - <\g?58JL<e23@ � 0 M+M�
 A :l@DM JL>U<\gF>lvng W 5 5j>=743�g W :lg
5t5 < W :l030 , 5t_`7?5[<?58@Ng\23@`y 23@ g W 2]<Xg W 5[<\2]<n:l7\2]<?5[<+v 7?>=J T[>=@D<\2]M`587\23@`y g W 51h)( OBo;_`7?> , 0]58J
23@ g W 2]< 5t: - E+Z W 5 �N^D5[<\g\2]>=@ >lv�M`58g?587\J 23@`23@`y.5 W 58@ g W 5F: , >u465123@Ng?587?<?5[T8g\2]>=@�I M E 6��UOX2]<
@D>=@ k 58J _`g - W :=<p:l0]<?> , 5[58@H:=M`M 7?5[<?<?5[M 23@ � 6+6 A�6 I 
 :l@DM 23@ � 0 Q�
 E 1 @ g W 2]<B0q:=<\gB_P:l_ 587cAlg W 5
:l^`g W >=7F_`7?>c4.2]M`5[< : T W :l7 :=T8g?587\2 �u:lg\2q>=@ >lvdg W 5r<?58g?< PA

g W :lge2]<e5[<?<?58@.g\2q:l030 - , :=<?5[M >=@
g W 5F> , <?587\4U:lg\2]>=@ g W :lg : J :lg\7\2 *

P = P T > 0
23@

R
n×n

< :lg\2]< JP5[<
AT P + PA < 0

2 v
:l@DML>=@`0 - 2 vag W 587?5 2]<d<?>=JL5 >=7\g W >=y6>=@P:l0PJ :lg\7\2 *

T
23@

R
n×n <\^DT W g W :lg P̃ = T T PT

2]<
M 2q:ly6>=@P:l0 :l@DM

(T T AT )T P̃ +P̃ (T T AT ) < 0
EpC :=<?5[MH>=@ g W 2]<XT W :l7 :=T8g?587\2 �u:lg\2q>=@BA623g+2]<

< W >�5 @ g W :lg g W 5 5+* 2]<\g?58@DT[5 >lvd:Lh)( OBoRv >=71:xvi:lJ 230 - >lv O Z 1 < - <\g?58JL<t2]< 5 �N^`234U:l0]58@.g
� �



�S��� ��� � � � � � $&� ��!�� � ��� �	� �E��!�� � � �����

g?> : 7?580q:lg?5[M Jr^`03g\2 ki4U:l7\2q: , 0]5 23@Ng?58yU7 :l0 , 5823@`yR_a>U<\23g\23465UE Z W 5�7?5[<\^`03g\23@`y T[>=@DM 23g\2]>=@
:l_`_a5c:l7?< g?> , 5 M 2 0 T8^`03gcAD2 v+@D>=g 23J _ >U<?<\2 , 0]5 g?>LT W 5[T 3 W >)5t5846587cAP:l@DM @D>L5+*D:lJ _`0]5 >lv
23g?<t^D<?512]<tyU234658@ 23@�� 0 Q 
 EXG�JL>=7?5Fg\7 :=T8g : , 0]5 T[>=@DM 23g\2]>=@ v >=7t<?5[T[>=@DM >=7?M`587 < - <\g?58JL<j2]<
M`587\234N5[M 23@ g W 5L< :lJL5H_P:l_a587cELZ W 2]< W :=<x:l037?5c:=M -;, 5[58@�M 2]<?T8^D<?<?5[M;23@RS.5[T8g\2]>=@ M E L E 0
: , >c4N5UE

��5 @D>=g?5xg W :lg17?580q:lg?5[M 5t>=743 >=@ y658>=JL58g\7?23Tc:l0+_D7?>=_ 587\g\2]5[< :=<?<?>.T82q:lg?5[MR5 23g W g W 5 O - :l_`^`@D>u4
5 �N^P:lg?23>=@ W :=< , 5[58@ 7?58_a>=7\g?5[M 23@ g W 5 _P:l_ 587?< � M+N A 0)L N 
 E

� ��� ��� ��	 � 	 � ��� 
�� � � ��� 
 � 	 
�� � � � � � �

/1^`7;M 2]<?T8^D<?<\2]>=@ g W ^D< vi:l7 W :=< 5+*`T803^D<\234N580 - v >NT8^D<?<?5[M >=@|g W 5�Tc:=<?5�>lv T[>=@.g\23@N^D>=^D<mkig\23JL5
<45 2 g T W 5[M 0323@D5c:l71< - <\g?58JL<1:l@DM A`T[>=@D<?5 �N^D58@.g\0 - >=@ g W 5rh)( OBo	5+* 2]<\g?58@DT[5 _`7?> , 0]58J v >=7tvi:lJHk
23032]5[<L>lv T[>=@Ng\23@.^D>=^D<mkig\23JL5 O.Z 1 < - <\g?58JL<cE	/ v T[>=^`7?<?5UAj<\2 J 230q:l7L2]<?<\^D5[<Hg?>;g W >U<?5 M 2]<?T8^D<?<?5[M
Tc:l@ :l0]<?>�:l7\2]<?5 23@�M 2]<?T87?58g?5Qkig\23JL5UAX:l@DM 5t5L< W :l030 , 5L_`7?5[<?58@Ng\23@`y�7?5[<\^`03g?< v >=7xM 2]<?T87?58g?5Qkig\23JL5
< - <\g 5QJL<t:=< 5t58030 :=<jT[>=@.g\23@N^D>=^D<mkig\23JL5 < - <\g?58JL<cE 1 @ g W 2]<cANg W 5?JD@P:l0a<?5[T8g\2]>=@ >lvBg W 2]<tT W :l_`g?587cA
5t5e23@.g\7?>NM ^DT[5Fg W 5 h)( OBo 5+* 2]<\g?58@DT[5e_`7?> , 0]58J v >=7jvi:lJ 23032]5[< >lvpM 2]<?T87?58g?5Qkig\23JL5 O.Z 1 < - <\g?58JL<cA
23@DM`23Tc:lg?5Fg W 5e7?580]584U:l@DT[5F>lv�g W 2]<j_`7?> , 0]58J 23@ g W 5FT[>=@Ng?5+* g >lvpM 2]<?T87?58g?5Qkig\23JL5 <45 23g?T W 5[M 0 23@D5c:l7
< - <\g 5QJL<cAP:l@DM yU23465x: , 7\2]5Qvd>c4N587\4.2]575 >lv+g W 5 0323g?587 :lg\^`7?5x>=@ g W 5rh)( OBo 5+* 2]<\g?58@DT[5 _`7?> , 0]58J
23@�M 2]<?T87?58g?5Qkig\23JL5UE

�
	��
	�� � �����
�
	 � � ��� ��� � � � ��� �	� � 	�� � ���
	 ��� � � � � 	������ � ��� 	 �

�F2 4N58@	: J :lg\7\2 *
A ∈ R

n×n A+23gH2]< 5t58030 k 3.@D>)5 @	g W :lgrg W 5 :=<?<?>NT82q:lg?5[M M 2]<?T87?58g?5Qkig\23JL5�O.Z 1
< - <\g 5QJ

Σd
A : x(j + 1) = Ax(j), x(j0) = x0

I M E 6+86O

� �



�S��� ��� � � � � � $&� ��!�� � ��� �	� �E��!�� � � �����

2]<r5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5L2 ve:l@DMR>=@`0 - 2 ve:l030j>lv g W 5 5823y658@N4U:l03^D5[<H>lv
A
032]5 23@D<\2]M`5Lg W 5 ^`@`23g

T8237?T80]5 23@
C
� 0+0 8`A L N 
 �=E SN^DT W J :lg\7\2]T[5[<x:l7?5.3.@D>�5 @�:=< � �%�3��$1J :lg\7?23T[5[<cEHGe<F2]<Fg W 5HTc:=<?5

5 2 g W T[>=@Ng\23@.^D>=^D<mkig\23JL5e< - <\g?58JL<cA6g W 51<\23g\^P:lg\2]>=@ , 5[T[>=JL5[<tT8>=@P<\23MD5Q7Q: , 0 - JL>=7?51T[>=J _`032]Tc:lg?5[M
5 W 58@�5t5 T[>=@D<\2]M`5871<45 23g?T W 5[M < - <\g?58JL< � 6 A�M�� 
�>lv+g W 5Fv >=7\J

Σd
A : x(j + 1) = A(j)x(j), A(j) ∈ {A1, . . . , Ak}.

I M E 6+Q6O
�F5Q7 5 g W 5 <45 23g?T W 5[M�< - <\g?58J 2]< T[>=@D<\2]M`587?5[M g?> , 5 g W 5 v :lJ 230 - >lvn:l030Bg\23JL5Qki4U:l7 - 23@`y < - <\g?58JL<
> , g :l23@D5[M :=< 5t5 :l030]>�5�g W 5FJ :lg\7\2 *.ki4U:l03^D5[M v ^`@DT8g\2]>=@

A(.)
g?>r4U:l7 - >u465871:l030a_`2]5[T[575 2]<?5 T[>=@ k

<\gQ:l@NgxJ :l_`_`23@`y6<xv 7?>=J�g W 5 23@Ng?58y6587?<x23@.g?> g W 5 <?58g A = {A1, . . . , Ak}
I�5 W 587?5 <45 23g?T W 23@`y

Tc:l@ g :�3N5r_`0q:=T[5L:lgFg W 5Hg\23JL5[<
j0, j0 + 1, j0 + 2, . . .

OQExZ W 5r4U:l7\2]>=^D< g - _a5[< >lvj<\gQ: , 230 23g - :=<
5t58030n:=<Fg W 5HT[>=@DT[58_`g?< >lvt<45 23g?T W 23@`y <\23yU@P:l0]< :l@DM <45 23g?T W 23@`y�<?5 �N^D58@DT[5[<ev >=7LI M E 6+Q6OeTc:l@ , 5
MD5 JP@D5[M�:l@P:l0]>=y6>=^D<\0 - g?> g W 5 T[>=@Ng\23@.^D>=^D<mkig\23JL5 Tc:=<?5UE�,e>=g?5 g W :lg g W 5 <\g : , 230323g - �N^D5[<\g\2]>=@D<
v >=7 M 2]<?T87?58g?5Qkig\23JL5L<45 23g?T W 5[M;0323@D5c:l7 < - <\g?58JL<FTc:l@�:l0]<?> , 5rg\7?5c:lg?5[M 5 23g W 23@ g W 5xv 7 :lJL575t>=743
>lv+0323@D5c:l7eM 2�� 587?58@DT[5 23@DT803^D<\2]>=@D<1>lv+g W 5ev >=7\J�� M�� 


x(j + 1) ∈ {A1x(j), . . . , Akx(j)}. I M E M+N6O
GF< 5 23g W <45 23g?T W 5[M;0323@D5c:l7x< - <\g?58JL<e23@�T[>=@.g\23@N^D>=^D< g\23JL5UA g W 5 < - <\g?58J I M E 6+Q6OeJ : - @D>=g , 5
^D@`2 v >=7?J 0 - 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5 v >=7 :l030p<45 2 g T W 23@`y <\23yU@P:l0]<cA 584658@ 2 vj:l030+>lvdg W 5x23@DM 234.2]M ^P:l0
< - <\g 5QJ J :lg\7\2]T[5[<

A1, . . . , Ak

:l7?5eS.T W ^`7cE��e>�5j584N587cA62 v�: T[>=J JL>=@ O - :l_`^`@D>u4Hv ^`@DT8g\2]>=@ 5+*.k
2]<\g?<Bv >=7�23g?<pT8>=@P<\g\23g\^D58@Ng+< - <\g?58JL<

ΣA1
, . . . , ΣAk

Aug W 58@rg W 5n< - <\g?58J I M E 6+Q6O%5 23030 , 5d^`@`2 v >=7\J 0 -
5+* _a>=@D58@.g\2q:l0 0 - <\g : , 0]5xv >=7 :l030X<45 23g?T W 23@`y <\23yU@P:l0]<cE 1 @ _P:l7\g\2]T8^`0q:l7cAB2 vt: T[>=J JL>=@��N^P:=M 7 :lg\2]T
O - :l_`^`@D>u4 v ^`@DT8g\2]>=@ Iih)( OBodOQA

V (x) = xT Px
AD5+* 2]<\g?< v >=7

Σd
A1

, . . . , Σd
Ak

ADg W 58@�g W 5x5+* _ >lk
@P5Q@.g\2q:l0�<\g : , 230323g - >lv+g W 5x:=<?<?>.T82q:lg?5[M <45 23g?T W 5[M 0323@D5c:l71< - <\g?58J�I M E 6+Q6Oj2]< yU^P:l7 :l@.g?5[5[M E
oP>=7\J :l030 - A

V (x) = xT Px
2]<�:1h)( OBo v >=7 g W 5X<\gQ: , 0]5XM 2]<?T87?58g?5Qkig\23JL5 O Z 1 < - <\g?58JL<

Σd
A1

, . . . , Σd
Ak2 vd:l@DM >=@`0 - 2 v

P = P T > 0
:l@DM

AT
i PAi − P < 0

v >=7
1 ≤ i ≤ k.

I M E M 0 O
��� C�;JR D	? <IAQO%<I<�? R�� D	? <IAQPI;Q@I; � @I? 69;&<�G	<H@I;J6U<

�
> ;&<�C%57: :�O%<�;S@IC�;�<�O�8�;JPB<IAQPI? 8	@�� D�� ? R9M PBD	;JP�@IM=5 � M ? D

AQM R	LNO%<�? M R >
? @ICF@IC�; AQM R�@I? R O�M O%< � @I? 69; AJ5 <�;	�

� �



�S��� ��� � � � � � $&� ��!�� � ��� �	� �E��!�� � � �����

� A��H9��)�G� � �����'�E��{�<��=� } �
oP>=71: <\23@`yU0]5FJ :lg\7\2 *

A
23@

R
n×n

A`g W 5F23@D5 �N^P:l0323g -
AT PA − P < 0

I M E M+66O
2]< 3.@D>)5 @�:=<eg W 5LSNg?5823@ 23@D5 �N^P:l0323g - � M L 
 AB:l@DM W :=< : @.^`J , 587 >lvj_`7?>=_ 587\g\2]5[<x:l@P:l0]>=y6>=^D< g?>
g W >U<?5H>lvtg W 5 T[>=@Ng\23@.^D>=^D<mkig\23JL5	O - :l_`^`@D>u4;5 �N^P:lg\2]>=@ I M E 0 OQE 1 @ _P:l7\g\2]T8^`0q:l7cABg W 5rv >=030]>)5 23@`y
7 58<\^D0 g W >=0]M`< � 0+0 8 A L N 
 E
� A��������GF � � � ��& � ��.

A ∈ R
n×n

A2� <��")��%� OD�����%$-� �����,+�."+B����=@+%�"./�")�� 13��� ���/.0�
P = P T > 0

�"�
R

n×n +J��./�,+/N-&��"��<

AT PA − P = Q
I M E M+M6O

5 �/."�
Q = QT < 0

� N ���E1 =���� &:� N
A
�,+ � �%�3��$*O!� =�$2�2=�)��%$-G�� N

A
�,+ � �%�3��$-G�."���%� ."���%$-�9�,+9�

����� ����� +%&�868?��./$%���!+J=�� ��./��=��
P
.C= � ��O�� � ��N�=@$ �%)��%$%&D+%&�868 ��./$%���

Q
G7���E1

P
5 �"�"� A2����=@+%�/./�")��

13��� ���/.0�9� N ���E1 =���� &:� N
Q
�,+ � �C<M��./�")��K13��� ���/.0�*O

� A��  "� <������N{!�@�����x{6}�<��6} �)�l{����)
 ���BF �

GF< 23@DM 2]Tc:lg?5[MR: , >c4N5UA�g W 587?5L2]<x:l@�23@Ng\23J :lg?5 7?580]:lg?23>=@P< W 23_ , 58g 5t5[5Q@Rg W 5	O - :l_`^`@D>c4�5 �N^P:uk
g?23>=@�I M E 0 O 23@RT[>=@.g\23@N^D>=^P<mkig\23JL5 :l@DM�g W 5 SNg?5823@ 5 �N^P:lg\2]>=@�I M E M+M6O 23@ M 2]<?T87?58g?5Qkig\23JL5=E;Z W 2]<
7 5Q0q:lg\2]>=@D< W 2 _�2]<eJ :=M`5rJ :lg W 58J :lg\2]Tc:l0]0 - v >=7\J :l0+g W 7?>=^`y W g W 5 , 230323@D5c:l7 g\7 :l@D<mv >=7\J � M L A L N 

MD5 JP@D5[M ,N-

C(A) = (A − I)(A + I)−1.
I M E M I O

S._ 5[T82 JPTc:l030 - A`2 v
A
2]< :HS.T W ^`7tJ :lg\7\2 * A g W 58@

P
2]< :x<?>=03^`g\2]>=@ >lv�g W 5 SNg?5823@ 5 �N^P:lg\2]>=@�I M E M+M6OQA

2 vd:l@DM >=@`0 - 2 v
C(A)T P + PC(A) = Q′

5 2 g W
Q′ = 2(A+ I)−T Q(A+ I)−1 E+Z W ^D<n23@ _P:l7\g\2]T8^`0q:l7cA.23gdv >=030]>)5 <ng W :lg AT PA−P < 02 vj:l@DM�>=@`0 - 2 v

C(A)T P + PC(A) < 0
EtZ W 5 23@N4N587?<?5x>lvXg W 5 , 230323@D5c:l7eg\7 :l@D<mv >=7\J%2]< yU234N5Q@

,.-
C−1(A) = (I + A)(I − A)−1 v >=7 A ∈ R

n×n E
� �



�S��� ��� � � � � � $&� ��!�� � ��� �	� �E��!�� � � �����

�
	��
	 � � ��� � � ��� ��� � � � � � � � 	������ � ��� 	 � ��� �	� � 	�� � ���
	

�F2 4N58@ g W 5�<\g\7?>=@`yRT[>=@`@D5[T8g\2]>=@D< g W :lg 5+* 2]<\g , 58g 5j5[58@*g W 5 O - :l_`^`@D>u4 :l@DM�SNg?5823@ J :lg\7\2 *
5 �N^P:lg?23>=@P<cA 23gF2]<e@D> <\^`7\_`7\2]<?5xg W :lgFJ :l@ - >lvjg W 5x7?5[<\^`03g?<ev >=7eg W 5HT[>=@Ng\23@.^D>=^D<mkig\23JL5 h)( OBo
_D7?> , 0]58J W :[4N5r:l@P:l0]>=yU^D5[<F23@ g W 5HM 2]<?T87?58g?5Qkig\23JL5HTc:=<?5UEeop237?<\gF>lvj:l030iA�5t5x@D>=g?5xg W :lgeg?5[<\g\23@`y
5 W 58g W 587x>=7 @D>=gx: vi:lJ 2 0 - >lvtM 2]<?T87?58g?5Qkig\23JL5@O.Z 1 < - <\g?58JL< W :=<x: h)( OBo�Tc:l@ , 5 W :l@DM 0]5[M
@.^`JL587\2]Tc:l030 - 23@ g W 5 < :lJL5 5 : - :=<tv >=7 T[>=@Ng\23@.^D>=^D<mkig\23JL5x< - <\g?58JL<cE
�R�"FH���B��*6{�<j{�� �"���P{!*BA���� " �dz ' ���

Z W 5 T[>=@DM 23g\2]>=@D<FI M E M 0 O�v >=7
V (x) = xT Px

g?> , 51:xh)( OBo;v >=7Xg W 5tvi:lJ 230 - >lvBM 2]<?T87?58g?5Qkig\23JL5
O Z 1 < - <\g?58JL<

Σd
A1

, . . . , Σd
Ak

M`5KJD@D5 :;< - <\g?58J >lve0323@D5c:l7 J :lg?7\2 * 23@D5 �N^P:l0323g\2]58< I�OB9 1 <QO 23@
g W 5 4U:l7\2q: , 0]5

P
EXGe< 5 23g W g W 5Fh)( OBo�_`7?> , 0]58J v >=7tT[>=@Ng\23@.^D>=^D<mkig\23JL5F< - <\g?58JL<cA6g W 23<jJL5c:l@D<

g W :lg1JL>NM`587\@;>=_`g\23J 2 �u:lg\2]>=@ 7?>=^`g\23@D5[<FTc:l@ , 5 ^D<?5[M g?>Lg?5[<\g v >=71g W 5x5+* 2]<\g?58@DT[5x>lvn: h)( OBo
23@ M 2]<?T87?58g?5Qkig\23JL5 � 0 6�
 E��e>)5t5846587cA g W 5F2]<?<\^D5[< :=<?<?>.T82]:lg 58M�5 23g W ^D<\23@`y	OB9 1 <j23@ T[>=@.g\23@N^D>=^D<mk
g?2 JL5 I M 2]<?T8^D<?<?5[M 23@�S.5[T8g\2]>=@ M E M6OL<\g\23030F:l_`_`0 - A1:l@DM g W 5�M`58g?587\J 23@P:lg\2]>=@�>lv M - @ :lJ 23Tc:l030 -
JL5c:l@`23@`y=v ^`0iAe:l@DM 4N5Q7?2 Ja: , 0]5=A T[>=@DM 23g\2]>=@D< v >=7 h)( OBo 5+* 2]<\g?58@DT[5 2]< :=<L23J _a>=7\g :l@Ng 23@ g W 5
M`23<?T87?58g?5Qkig\23JL5xTc:=<?5x:=< 23g
5 :=<tv >=7 T[>=@.g\23@N^D>=^D<mkig\23JL5x< - <\g?58JL<cE
���G*+�G�)�c{!�u} {���� ����� *����G��� *$�������=���������	���>�����)*$���$�)�." ����FH� �
,F58T[5[<?< :l7 - :l@DM <\^10 T82]5Q@.g T[>=@DM 23g\2]>=@D<Fv >=7xh)( OBo�5+* 2]<\g?58@DT[5L:l7?5 3.@D>�5 @ v >=7 : @.^`J , 587 >lv
T80q:=<?<?5[< >lvXM 2]<?TQ7 5Qg 5 kig?2 JL5 O.Z 1 < - <\g?58JL<cE+Ge<t23@ g W 5 T[>=@.g\23@N^D>=^D<mkig\23JL5xTc:=<?5UA 2 vpg W 5FJ :lg\7\2]T[5[<
A1, . . . , Ak

:l7?5R3.@D>�5 @ g?> W :[4N5�T[587\g :l23@�<\g\7\^DT8g\^`7?5[<cA g W 58@ g W 587?5 5 23030 , 5;:Rh)( OBo(v >=7
Σd

A1
, . . . , Σd

Ak

_`7?>c4.2]M`5[MRg W :lg
Ai

2]< S.T W ^`7Hv >=7
1 ≤ i ≤ k

E�SN_a5[T82 JPTc:l030 - Adg W 5 v >=0 0]>�5 23@`y
7 58<\^D0 g <1:l7?5 3.@D>�5 @BE

IK2KO �e234N58@ g W 5 < - J JL58g\7\2]T J :lg\7\2]T[5[<
A1, . . . , Ak

23@
R

n×n
A g W 5 M 2]<?T87?58g?5Qkig\23JL5 O Z 1 < - <mk

g?58JL<
Σd

A1
, . . . , Σd

Ak

W :c465 : h)( OBo 2 vd:l@DM >=@`0 - 2 v
Ai

2]<eS.T W ^`7 v >=7
1 ≤ i ≤ k

E
IK232KO �e234N58@ g W 5e@D>=7\J :l0aJ :lg\7\2]T[5[<

A1, . . . , Ak

23@
R

n×n
A.g W 5eM 2]<?T87?58g?5Qkig\23JL5 O Z 1 < - <\g?58JL<

Σd
A1

, . . . , Σd
Ak

W :[4N5 :Lh)( OBo 2 vd:l@DM >=@`0 - 2 v
Ai

2]<eS.T W ^`7 v >=7
1 ≤ i ≤ k

E
� �



�S��� ��� � � � � � $&� ��!�� � ��� �	� �E��!�� � � �����

1 @ , >=g W >lv g W 5 : , >c4N5 Tc:=<?58<cA�5 W 58@	: h)( OBo|5+* 2]<\g?<cA�23gHTc:l@ , 5 g :�3N58@�g?> , 5Lg W 5 ^D<\^P:l0
wX^DT8032]M`5c:l@ @D>=7\J%>=@

R
n
A
V (x) = xT x

E
Z W 5ev >=030]>)5 23@`y M 2]<?T87?58g?5Qkig\23JL5 4N587?<\2]>=@ >lv+Z W 5[>=7?58J M E I E 0 v >=7 < - <\g?58JL< g W :lg Tc:l@ , 5 <\2 Jr^`0 k
gQ:l@D5[>=^D<\0 - _`^`g 23@.g?>Hg\7\2q:l@`yU^`0q:l7 v >=7\J 5t:=< < W >�5 @ ,N- 9 >=7\2iAD9 >=7\2�:l@DM �F^`7?>N5 23@	� Q+N�
iE

� A��������GF � � � � ~ � ��.
A1, . . . , Ak

A-� � �%�3��$:8:��./$%���-�-+:�,�
R

n×n
O � � �M��=@+*�?."����. ."���%$-�:�,+

� +%�"��<��#�?�E=�� �C+%�"��<����>��$
T ∈ C

n×n
+%���%� ."����.

T−1AiT
�,+?� �M���%$ � �>=�5��%$�� � ./$%������<����>��$ N�=�$

1 ≤ i ≤ k
O �����%� ."��� �@+-+J=*������.0� 1 1��,+J��$2��.0� � ./�"8?� � � L +%&@+�.0�%8K+

Σd
A1

, . . . , Σd
Ak

����)�� �

� � � � O

� ��F FH�G�;�)���

/ vpT[>=^`7?<?5UA.23gnv >=030]>)5 <nv 7?>=J Z W 5[>=7?58J M E 8 E 6 g W :lgt2 vBg W 51J :lg?7\2]T85[<
A1, . . . , AkT[>=J Jr^`g?5 _P:l23745 2]<?5UA+g W 58@�g W 587?5 2]<r: h)( OBo�v >=7

Σd
A1

, . . . , Σd
Ak

E G <\23J 230q:l7
<\g :lg?58JL58@.ge:l_`_`032]5[< g?> g W 5 Tc:=<?5 5 W 587?5

A1, . . . , Ak

y658@D587 :lg?5r:H<?>=034U: , 0]5 O 2]5Qk
:l03y65 , 7 : � M�� 
 E

,F58T[5[<?< :l7 - :l@DM <\^10 T82]58@.geT[>=@DM 23g\2]>=@D< v >=71:H_P:l237e>lvX<?5[T[>=@DM�>=7?M`5871M 2]<?T87?58g?5Qkig\23JL5 O.Z 1 < - <mk
g 5QJL< g?> W :[4N5 : h)( OBo W :[4N5 , 5[58@�M`587\23465[M ,N- G 3U:l7 :l@PM ,F:l7?58@DM 7 : 23@ � 6 
 ExZ W 5[<?5HT[>=@ k
M`2 g?23>=@P<F:l7?5 5+* _`7 58<?<?5[M 23@�g?587\JL<e>lvXJ :lg\7\2 * _ 58@DT8230]<e2 @�g W 5x<\_`237\23ge>lvXg W 5xT[>=@.g\23@N^D>=^D<mkig\23JL5
7 58<\^D0 g < _`7?5[<?58@Ng?5[M 2 @ � 0 6�� A 0 M+M�
 E
� ���;#��$� �)�$�)�	��
 F�{��)�B��*$�����
/ vjT[>=^`7?<?5UA 23ge2]<F:l0]<?> _ >U<?<\2 , 0]5xg?> :l_`_`7?>6:=T W g W 5 h)( OBo*5+* 2]<\g?58@DT[5x_`7?> , 0]58J v >=7FM 2]<?TQ7 5Qg 5 k
g?2 JL5e< - <\g?58JL<dg W 7?>=^`y W <\g\^DM - 23@`y :l@P:l0]>=y6>=^D<t<?58g?<n>lvBJ :lg\7\2]T[5[<jg?> g W >U<?5 ^D<?5[ML23@ g W 512 @.4N5[<mk
g?2 yN:lg?23>=@ >lvpg W 5FT[>=@.g\23@N^D>=^D<mkig\23JL5 _`7?> , 0]58J E 1 @ g W 2]< T[>=@`@D5[T8g\2]>=@BA 23g < W >=^`0]M , 5e@D>=g?5[M g W :lg
Ge@DM`> W :=< > , g :l23@D5[M :HT W :l7 :=T8g?587\2 �u:lg\2]>=@;>lvX<?58g?< >lv+g W 5Fv >=7\J

Ad
P = {A : AT PA − P < 0}

� 	



�S��� � 
�����������!I��� �����������
�

v >=7 <?>=JL5 I W 2]M`M`58@ O
P = P T > 0

23@;g W 5r_P:l_ 587 � M�
 EFoD^`7\g W 587\JL>=7?5UA 23@�:l@P:l0]>=y - 5 23g W g W 5
T[>=@.g\23@.^D>=^D<mkig\23JL5xTc:=<?5UA.v >=71: S.T W ^`7 J :lg\7\2 *

A
23@

R
n×n

A�5t5 Tc:l@�M`5KJD@D5 g W 5 <?58g Pd
A

:=<

Pd
A = {P = P T > 0 : AT PA − P < 0}.

Z W 5j_`7?>=_a587\g\2]5[<d>lv g W 5[<?5 <?58g?<�v >=7nS.T W ^D7+J :lg\7\2]T[5[<d23@
R

2×2 :l7?5 <\g\^DM 2]5[MH23@Hg W 5t_P:l_a5Q7 � 07I 8 
 A
5 W 587?5 :x@D5[T[5[<?< :l7 - :l@DM <\^10 T82]58@Ng T[>=@DM 23g\2]>=@ v >=71: vi:lJ 230 - >lv+<?5[T[>=@DM >=7?M`587 M 2]<?T87?58g?5Qkig\23JL5
O Z 1 < - <\g?58JL<ng?> W :c4N5e:rh)( OBo�2]<jM`587\234N5[M EXZ W 5F:l_`_`7?>6:=T W :l@DM g W 51T[>=@DM 23g\2]>=@D<t_`7?5[<?58@Ng?5[M
23@ � 07I 8�
p:l7?5 T80]>U<?580 - 7?580q:lg?5[M g?> g W 5 5t>=743 >=@�T[>=@.g\23@N^D>=^D<mkig\23JL5x< - <\g?58JL< 23@	� 0 Q�
 E

� ��� ����

� � �

�� 
�� ��� ��� ��� �

1 @ g W 2]< T W :l_`g?587cAE5t5 W :[4N5H23@Ng\7?>.M ^DT[5[M g W 5H_`7?> , 0]58J�>lv h)( OBo�5+* 2]<\g?58@DT[5rv >=7Fvi:lJ 23032]5[< >lv
5+* _a>=@D58@.g\2q:l0 0 - <\g : , 0]5@O Z 1 < - <\g?58JL<cA+:l@DM�<\^`7\465 - 5[M g W 5L7?5[<\^`03g?<xg W :lg W :[4N5 :l_`_ 5c:l7?5[MR>=@
g W 2]<H_`7?> , 0]58J 23@	g W 5 J :lg W 58J :lg\2]T[< :l@DM	58@`yU23@D5[587\23@`y�0323g?587 :lg\^`7?5[<cE ��5 W :[4N5 :l0]<?> W 23y W k
0323y W g?5[M g W 5 @D5[5[M v >=71:ryU7?5c:lg?587 ^`@DM`587?<\g :l@DM 23@`y >lv+g W 5Fg W 5[>=7?58g\2]Tc:l0+:=<\_a5[T8g?< >lv+g W 5rh)( OBo
5+* 2]<\g?58@DT[51_`7?> , 0]58J g W :l@ 23<jT8^`7\7?58@.g\0 - :c4U:l230q: , 0]5UE 1 @ _P:l7\g\2]T8^`0q:l7cAG5t5 W :[4N5 _ >=23@.g?5[M >=^`gjg W 5
23J _a>=7\g :l@DT[5H>lvn^`@DM`587?<\g :l@DM 23@`y W >)5(T[>=@D<?587\4U:lg\23465 h)( OBo*5+* 23<\g 5Q@PT85r2]<F:=<F: T87\23g?587\2]>=@ v >=7
5+* _a>=@D58@.g\2q:l0N<\g : , 230323g - v >=7B<45 23g?T W 5[M 0323@D5c:l7�< - <\g?58JL<cAl:l@DM >lv 2]M`58@Ng\2 v - 23@`y1T80q:=<?<?5[<B>lv`<45 23g?T W 5[M
0323@D5c:l7 < - <\g?58JL<dv >=7 5 W 2]T W h)( OBoR5+* 2]<\g?58@DT[512]<n@D>=gtT[>=@D<?587\4U:lg\234651v >=7j<\g : , 230323g - EXZ W 512]<?<\^D5[<
>lvBM`587\234.23@`yx4N587\2 J : , 0]5UA.M - @P:lJ 2]Tc:l030 - JL5c:l@`23@`y=v ^`0aT[>=@DM 23g\2]>=@D<dv >=7th)( OBo�5+* 2]<\g?58@DT[5UA :l@DM >lv
yN:l23@`23@`yL23@D<\23y W g?<t23@.g?>Hg W 5e0323@!3 , 58g 5j5[58@;h)( OBo 5+* 2]<\g?58@DT[5 :l@DM g W 5 5+* _ >=@D58@.g\2q:l0�<\g : , 230323g -
>lvj<45 23g?T W 5[M�0323@D5c:l7 < - <\g?58JL<cAP< W :l030 , 5xJ :@�m>=7eg W 58JL5[<e23@ g W 5 v >=7\g W T[>=J 23@`y T W :l_`g?587?<cE ��5
W :[4N5 :l0]<?>H_`7?>u4.2]M`5[M , :=T 3.yU7?>=^`@DM�:l@DM�: , 7\2]5Qv+0323g?587 :lg\^`7?5 7?584.2]575 >=@ g W 5rh)( OBo	5+* 2]<\g?58@DT[5
_D7?> , 0]58J v >=7 M 2]<?T87?58g?5Qkig\23JL5x< - <\g?58JL<cE

� �



� �  %$ ��
 � �

� � � � 

� & ����� ��� ����
 � � " �


����X� ��
(�!��
 $ � � � �+

�

L-� ."�3�,+ �%���%�E.0�%$-G:5�� 13�-+J��$%�CA-� � �E=�)��%� �%�M� $ = �M�%� .C= ."��� ��� � � �����,+�.0�%�E�-�

� $2=3A%�#�%8 N�=�$?�:�����"$?= N � � LK+%&@+�.0�%8K+*O ����� �-+-+J���E�-� = N:."�3�,+?�%�M� $2=*�M�%� �,+?.C=

�-=���+%��13�%$ ."��� 8:��$C<��"�E���E+%�/./����./�/=�� = N � �����"$9= N � � L!+%&@+�.0�%8K+
ΣA1

G
ΣA2

G�."����.

��$-� =�� ."����� A =����E1M��$%& ;�= N6����)*�"��< � ��� � � �"� ."���:+*�%��+*� ."����. ."���%$2� �,+:�E=

��� � � N�=�$
ΣA1

G
ΣA2

G A%��.!."���%$-�I�,+I�6��=@+%�/./�")��K+*�%86� � 13��� ���/.0�
P = P T ≥ 0

5 �/."�

AT
i P + PAi ≤ 0 i = 1, 2.

�I�!� $2�-+*�%� .B�?$-�-+%��� .�."����."G����E13�%$K�?86�"�>1 �M1M1��/./��=��E��� �@+-+%��8(�E./��=���G�13�-+J��$%�CA2�-+
+%�"8(� �#�I��� <3�*A%$ �����?�-=��E1��/./��=@��+K."����.B86�3+�.!A2�K+J��./�,+���� 1 �"� ."�3�,+9+%�/./����./��=�� OF�����

�"8(� � ���-��./��=���+?= NI."�3�,+:$2�-+%��� .7N�=�$:."���?$2�%�>��./��=���+-�3� � A2��./5��-�%� ��� � � �����,+�.0�%�E�-�

���E1 ."���:+�.C�3A%�"� �/./& = N6+%5 �/.C�%���21�� �"� �2��$I+%&@+�.0�%8K+ ��$2� 1��,+J���3+-+*� 13O���+%�"��<	+%�"86� �
�>��$9.0�2�%�3��� �����-+-GB� �2=�$%$-�-+0��=��E1��"��<?$2�-+%��� .��,+913�%$%�")��21(N�=�$ ."��� ��� � � �����,+�.0�%�E�-�

� $2=3A%�#�%8 N�=�$D1��,+J��$-��.0� � ./�"8?� +%&@+�.0�%8K+D��� +J=3O

	 �



�&��� �����	��

�������	
��	�K�����������
�

�
��� 	 
 
 � ��

�
� 
�� ��� ��� ��� ��� �

YF5[<\_`23g?5�g W 5 T[>=@D<\2]M`587 : , 0]5�:lJL>=^`@Ng >lv 5t>=743	g W :lg W :=< , 5[58@�M`>=@D5 >=@*g W 5
�N^D5[<\g\2]>=@�>lv
h ( O�o�5+* 2]<\g?58@DT[5UA�>=^`7 ^`@DM`587?<\g :l@DM 23@`y�>lvtg W 5 _`7?> , 0]58J�2]< <\g\23030X46587 - vi:l7Fv 7?>=J�T[>=J _`0]58g?5UE
1 @ vi:=T8gcA :l_P:l7\g v 7?>=J%g W 5Hhn237?T80]5Hhn7\23g?587\2]>=@ :l@DM g W 5xT[>=@DM 23g\2]>=@D<FM`587\23465[M v >=7e<?5[T[>=@DM�>=7?M`587
< - <\g 5QJL<cA+JL>U<\gH>lv1g W 5 g W 5[>=7?58g\2]Tc:l0 7?5[<\^`03g?<HT8^`7\7?58@Ng\0 - :c4U:l230q: , 0]5 :l7 5 5823g W 587Hg?>N> : , <\g\7 :=T8g
g > , 5H>lvj_`7 :=T8g\2]Tc:l0X^D<?5UA >=7 580]<?5rJL587?580 - yU234N5H<\^10 T82]58@Ng T[>=@DM 23g\2]>=@D<Fv >=7 : h)( OBo*g?> 5+* 2]<\g
v >=7 :�vi:lJ 230 - >lv O.Z 1 < - <\g?58JL<cER9 >=7?5[>c4N587cAj:=<LM 2]<?T8^D<?<?5[MR23@	g W 5 _`7?584.2]>=^D<LT W :l_`g?587cAng W 5
@.^`JL587\2]Tc:l0 :l_`_D7?>6:=T W 5[< g?>�g W 5 _`7?> , 0]58J�_`7?>u4.23MD5�0323g\g\0]5;>=7 @D>�23@D<\23y W g 23@.g?>�g W 5�h)( OBo
5+* 2]<\g?58@DT[5 _`7?> , 0]58J�:l@DM 23g?< 7?580q:lg\2]>=@D< W 23_ 5 23g W g W 5 <\g : , 230323g - >lvd<45 23g?T W 5[M 0323@D5c:l7e< - <\g?58JL<cE
hj035c:l7\0 - AF23g�5j>=^`0]M , 5 M`5[<\237 : , 0]5 g?> W :[4N5�:Ry658@D587 :l0 v 7 :lJL575j>=743C5 23g W 23@-5 W 2]T W 23g�5t:=<
_a>U<?<\2 , 0]5eg?>HM`587\234N51v ^`7\g W 587t7?5[<\^`03g?<tyU234.23@`yH4N587\2 J : , 0]5F@D5[T[5[<?< :l7 - :l@DM <\^10 T82]58@Ng T[>=@DM 23g\2]>=@D<
v >=7 h)( OBo
5+* 2]<\g?58@DT[5 g W :lgLTc:l@ , 5 23@Ng?587\_D7?58g?5[M	M - @P:lJ 2]Tc:l030 - E � W 230]5 23gH2]<H032 36580 - g?> , 5
5+* g\7 5QJL580 - M 2 0 T8^`03gcA�2 v @D>=g 23J _ >U<?<\2 , 0]5UA�g?> M`587\23465 <\^DT W T[>=@DM 23g\2]>=@D< v >=7 y658@D587 :l0dvi:lJ 23032]5[<
>lv O Z 1 < - <\g?58JL<cA.23g J : - , 5 _ >U<?<\2 , 0]5 g?> > , g :l23@ ^D<?5Qv ^`0 7?5[<\^`03g?<tv >=7t_D7 :=T8g\2]T[:l030 - <\23yU@`2 JPTc:l@Ng
< - <\g 5QJ T80q:=<?<?5[<cE
9;>=g\234=:lg 58M ,N- g W 5�: , >c4N5;T[>=@D<\2]M`587 :lg\2]>=@D<cAF23@�g W 2]< T W :l_`g?587�5t5;M`5[<?T87\2 , 5�:R@D>c4N580 5 : -
>lvx:l_`_`7?>6:=T W 23@`yRg W 5;h)( OBo 5+* 2]<\g?58@DT[5 _`7?> , 0]58J A , :=<?5[M >=@ g W 5 g W 5[>=7 - >lv T[>=@N4N5+* <?58g?<
>lv1J :lg\7\2]T[5[<cAj:l@DMR2 @ _P:l7\g\2]T8^`0q:l7L>=@Rg W 5 5+* 2]<\g?58@DT[5 >lve<?58_P:l7 :lg\23@`y W - _ 587\_`0q:l@D5[<Hv >=7r@D>=@ k
23@.g?587?<?5[T8g\23@`y�T[>=@N4N5+*R<?58g?<cE;Z W 2]<L:l_`_`7?>6:=T W 2]<r4N587 - y658@D587 :l0t23@ @P:lg\^`7?5UAn:l@DM�v >=7HT[587\g :l23@
< - <\g 5QJ T80q:=<?<?5[< Tc:l@ , 5 ^D<?5[M g?>�M`587\234N5�M - @P:lJ 2]Tc:l030 - JL5c:l@`23@`y=v ^`0FT[>=@DM 23g\2]>=@D< g W :lg :l7?5
@P58T[5[<?< :l7 - :l@DM <\^10 T82]58@NgBv >=7ph)( OBo 5+* 2]<\g?58@DT[5UE 1 @Fvi:=T8gcA�5j5d< W :l030N<?585X23@ 0q:lg?587pT W :l_`g?587?< W >�5
g W 5 :l_`_`7?>6:=T W M`584N580]>=_ 5[M W 587?5HTc:l@ , 5r^D<?5[M g?> M`587\234N5 :lg\g\7 :=T8g\23465 T[>=@DM 23g\2]>=@D<Fv >=7xh)( OBo
5+* 2]<\g?58@DT[5 v >=7H23J _ >=7\g :l@.gL< - <\g?58J T80q:=<?<?5[<cAd:l@DM W >)5 23gH_`7?>c4.2]M`5[<L:�^`@`2 v - 23@`y�v 7 :lJL575t>=743
5 2 g W 23@ 5 W 2]T W g?>F4.2]575	<?>=JL5 >lv g W 5jJ :@�m>=7X7?5[<\^`03g?<+_`7?584.2]>=^D<\0 - _`7?5[<?58@Ng?5[M 23@Hg W 5t0323g?587 :lg\^`7?5UE
1 g 2]< 5t>=7\g W @D>=g\23@`yLg W :lg g W 5 :l_`_`7?>6:=T W M`5[<?T87\2 , 5[M 23@ g W 2]< T W :l_`g?5871Tc:l@ , 5 :l_`_`032]5[M g?>Hg W 5
h ( O�o*5+* 2]<\g?58@DT[5H_`7?> , 0]58J�v >=7 T[>=@Ng\23@.^D>=^D<mkig\23JL5L< - <\g?58JL< :l@DM;M 2]<?T87?58g?5Qkig\23JL5L< - <\g?58JL<e23@
:l@ 2]M`58@.g\2]Tc:l0 v :=< W 23>=@�E 1 @ vi:=T8gcA`5[<?<?58@Ng\2q:l030 - g W 5 < :lJL5 :l7\yU^DJL5Q@.g 2]<t^D<?5[M g?>r_`7?>u465Fg W 5Fg 5t>

	 �



�&����� �&
 � � � ��� ����
����%$��	
 ��� � � ���&!�� �	����� � � ��$&� �����&� � �#�&!�����!��&� ���

J :l23@ 7?5[<\^`03g?<L>lveg W 2]<LT W :l_`g?587cAj>=@D5 T8>=@PT8587\@D2 @Dy�g W 5 T[>=@.g\23@N^D>=^D<mkig\23JL5;h)( OBo(5+* 2]<\g?58@DT[5
_D7?> , 0]58J�:l@DM g W 5r>=g W 5871g W 5rT[>=7\7?5[<\_ >=@DM 23@`y _`7?> , 0]58J%v >=7eM 2]<?T87?58g?5Qkig\23JL5H< - <\g?58JL<cE G 3N5 -
_a>=23@.g : , >=^`g g W 5[<?5 7?5[<\^`03g?< 2]< g W :lg g W 5 - _`7?>u4.2]M`5UA 23@*g W 5[>=7 - Ae:�JL5c:l@D< >lvx2]M`58@.g\2 v - 23@`y
< - <\g 5QJ�T80q:=<?<?5[<Fv >=7 5 W 2]T W <\23J _`0]5UABJL5c:l@`23@`y=v ^`0jT8>=@PM 23g\2]>=@D< v >=7rh)( OBo�5+* 2]<\g?58@DT[5LTc:l@ , 5
> , g :l23@D5[M Ed9 >=7?5[>u46587cA`g W 5 - :l0]<?> yU23465 23@D<\23y W g 23@.g?>Hg W 5 T[>=@D<?587\4U:lg\2]<\J%>lvnh)( OBo	5+* 2]<\g?58@DT[5
:=< :RT87\23g?587\2]>=@�v >=7 g W 5 <\g : , 230323g - >lvr<45 23g?T W 5[M�0323@D5c:l7 < - <\g?58JL<cE ��5 < W :l0 0 <?5[5 23@�0q:lg?587
T W :l_`g?587?< W >)5 <\23J 230q:l7 2]M`5c:=< g?> g W >U<?5 M`5[<?T87\2 , 5[M W 587?5LTc:l@ , 5L^D<?5[M g?> <\g\^DM - �N^D5[<\g\2]>=@D<
7 5Q0q:lg?5[M g?> >=g W 587 g - _ 5[< >lv O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D<e:l0]<?>`E

�
��� � 
�� � � � �	� ��� ��� � � 
�� ��� ��	 ��
 � � 
 � 

� � 	 
����
��


��	� � � � 
�� � 
�� � �

/1^`7 > , �m5[T8g\234N5r23@ g W 2]< <?5[T8g\2]>=@ 2]<Fg?> M`5[<?T87\2 , 5UA 23@�:l@ 23@ v >=7\J :l0 5 : - Aag W 5r_D7\23@DT82 _ :l0X2]M`5c:=<
, 5 W 23@DMxg W 5j:l_`_`7?>6:=T W g?> g W 5th)( OBo�5+* 2]<\g?58@DT[5d_`7?> , 0]58J g W :lg�2]<B_`7?5[<?58@.g?5[M 23@xg W 2]<pT W :l_`g?587cE
� W 2 0]5 g W 5 M 2]<?T8^D<?<\2]>=@ W 587?5 J :l23@`0 - v >.T8^D<?<?5[< >=@	g W 5 T[>=@.g\23@N^D>=^D<mkig\23JL5�Tc:=<?5UAj:l030 >lvFg W 5
7 5QJ :l7 3 < >lv g W 2]< <?5[T8g\2]>=@�Tc:l@ , 5�5c:=<\230 - g\7 :l@D<\0q:lg?5[M g?>R:l_`_`0 - g?>�g W 5 h)( OBo 5+* 2]<\g?58@DT[5
_D7?> , 0]58J v >=7 M 2]<?T87?58g?5Qkig\23JL5x< - <\g?58JL<1:l0]<?>`E
f15[Tc:l030Pg W :lgd23@ S.5[T8g\2]>=@ M E �.A623g 5t:=<nM`5[<?T87\2 , 5[M W >)5 g W 5eh)( OBo�5+* 2]<\g?58@DT[5 _`7?> , 0]58J v >=7dg 5t>
>=7 JL>=7?5 O.Z 1 < - <\g?58JL< Tc:l@ , 5 Tc:=<\g 23@ g?587\JL<1>lv+g W 5 T[>=@D5[<

PA = {P = P T > 0 : AT P + PA < 0}.

o+2 7 <\gd>lvB:l030iA6yU234658@Lg W 5 �1^`745 23g�� J :lg\7\2]T[5[<
A1
A
A2
23@

R
n×n

AUg W 587?5 5+* 2]<\g?<n:xh)( OBo v >=7
ΣA1:l@PM

ΣA2

2 vag W 5 g 5t> T[>=@D5[< PA1

A PA2

W :c4651:F@D>=@ k 58J _`g - 23@Ng?587?<?5[T8g\2]>=@BEdZ W 2]<d2]<X230303^D<\g\7 :lg?5[M
23@�op23yU^`7?5 I E 0 E

	 V



�&����� �&
 � � � ��� ����
����%$��	
 ��� � � ���&!�� �	����� � � ��$&� �����&� � �#�&!�����!��&� ���

PA1

PA2

(
)+*�,�-/. ��2+0�3 ��� � � ; �	? <H@B< LNM P
ΣA1

� ΣA2

� PA1
∩ PA2

? <SR�M R � ;J698	@HG

/1@ g W 5 >=g W 587 W :l@DM An2 v PA1

A PA2

M`>;@D>=gL23@Ng?587?<?5[T8gcAjg W 58@	g W 587?5 2]<H@D>�h)( OBo|v >=7 g W 5
< - <\g 5QJL<

ΣA1

A
ΣA2

EXZ W 2]< <\23g\^P:lg\2]>=@�2]< 2 0303^D<\g\7Q:lg?5[M 23@ o+2 yU^D7?5 I E 6 E

PA1

PA2

(
)+*�,�-/. ��2�� 3���� � ��D	M	;E<SR�M7@
; �	? <H@
LNM P
ΣA1

� ΣA2

� PA1
∩ PA2

? <S;J698	@HG

Z W 5 3N5 - 2]M`5c:L^`@DM`587\0 - 23@`y >=^`7F:l_D_`7?>6:=T W g?> g W 5Hh)( OBo*5+* 2]<\g?58@DT[5x_`7?> , 0]58J%v >=7eg 5t>DO.Z 1
< - <\g 5QJL<+2]<+g?>FT[>=@D<\2]M`587Xg W 5t0323J 23g\23@`y Tc:=<?5 >lvPg 5t>F< - <\g?58JL<

ΣA1

A
ΣA2

g W :lgd:l7?5 >=@ g W 5 � , >=7mk
MD5Q7?0 23@D5 � , 58g 5j5[58@;g W 5r<?T[58@P:l7\2]>U<FM`58_`2]T8g?5[M 23@;op23yU^`7?5 I E 0 :l@DM op23yU^`7?5 I E 6 EeZ W 2]<e0323J 23g\23@`y
Tc:=<?5 2]<e:l0]<?>Hg W 5x<\23g\^P:lg\2]>=@R5 23g W 5 W 2]T W g W 5 J :l23@ 7?5[<\^`03g?<1>lv+g W 2]<1T W :l_`g?587F:l7?5 T[>=@DT[587\@D5[M E
�F5Q7 5=A g W 5 T80]>U<\^`7?5[< I�5 23g W 7 58<\_a5[T8g g?>rg W 5Fg?>=_a>=0]>=y - >=@

Sym(n, R)
23@DM ^DT[5[M ,.- g W 5F^D<\^P:l0

23@`@P5Q7x_`7?>NM ^DT8g I M E & O\OF>lv PA1

:l@DM PA2

W :c465 : @D>=@ kig\7\234.2q:l0n23@Ng?587?<?5[T8g\2]>=@�IKJL5c:l@`23@`y�g W :lg
g W 587?5 2]<e:H@D>=@ k �c587?> 580]58JL58@.g123@ g W 5 23@.g?587?<?5[T8g\2]>=@ O , ^`g1g W 5 <?58g?< g W 58JL<?5803465[<e:l7?5xM 2]<��m>=23@NgcE
Z W 2]< 2]< M`58_`2]T8g?5[M 23@�op23yU^`7?5 I E M E

	 �



�&����� �&
 � � � ��� ����
����%$��	
 ��� � � ���&!�� �	����� � � ��$&� �����&� � �#�&!�����!��&� ���

PA1

PA2

P

(
)+*�,�-/. ��2�� 3���� � � ; �	? <H@I;JR%AQ; ��5 : ? 69? @I? R�� AJ5 <�;

oP>=7\J :l030 - A g W 5x<\23g\^P:lg\2]>=@;M`58_`2]T8g?5[M�23@ op23yU^`7?5 I E MLTc:l@ , 5xM`5[<?T87\2 , 58M;:=< v >=030]>�5 <cE Z W 587?5x2]<
@P> h)( OBo v >=7eg W 5H< - <\g?58JL<

ΣA1

A
ΣA2

A , ^`gFg W 587?5HM`>.5[<F5+* 2]<\g :L@D>=@ k �c587?> _a>U<\23g\23465H<?58J 2 k
MD5 JP@`23g?5

P = P T ≥ 0
<\^DT W g W :lg

AT
i P + PAi ≤ 0

v >=7
i ∈ {1, 2} E Z W 5LJ :l23@R7?5[<\^`03g?<>lvjg W 2]< T W :l_`g?587 < W >)5(g W :lgF23@;g W 2]< <\23g\^P:lg\2]>=@BA ^`@DM`587 J 230]M�:=M`M 23g\2]>=@P:l0n:=<?<\^`J _Dg\2]>=@D<cAag W 5

< - <\g 5QJ�J :lg\7?23T[5[<
A1
A
A2

< :lg\2]<mv - <\23J _`0]5L:l03y65 , 7 :l2]TLT[>=@DM 23g\2]>=@D< g W :lg Tc:l@ , 5H23@.g?587\_`7?58g?5[M
M - @P:lJ 2]T[:l030 - E	o`^`7\g W 587\JL>=7?5UAj23@	g W 5 @D5+* gLT W :l_`g?587cA 5t5 < W :l030 < W >)5 W >�5 g W 5 7?5[<\^`03g?<L>lv
g W 2]<xT W :l_`g?587HTc:l@ , 5L^D<?5[M�g?>�M`587\23465 M - @P:lJ 2]Tc:l0 0 - <\23yU@`2 JPTc:l@.gr@D5[T[5[<?< :l7 - :l@DM�<\^10 T82]58@Ng
T[>=@DM`2 g?23>=@P< v >=7eh)( OBo	5+* 2]<\g?58@DT[5Fv >=7 T[587\g :l23@�< - <\g?58J T80q:=<?<?5[<cE
Ct5Qv >=7?5 JD@`2]< W 23@`y g W 2]<F<?5[T8g\2]>=@BA 2 ge2]<123J _a>=7\g :l@NgFg?> 58J _ W :=<\2 �c5xg W :lg :l030+>lvdg W 5H: , >c4N5xM 2]<mk
T8^D<?<\2]>=@	:l_`_`032]5[<rg?> g W 5 h)( OBo 5+* 2]<\g?58@DT[5��N^D5[<\g\2]>=@�v >=7rM 2]<?T87?58g?5Qkig\23JL5 < - <\g?58JL<r:l0]<?>`E 1 @
vi:=T8gcAN23@ M 2]<?T87?58g?5Qkig\23JL5 5t5?5t>=^`0]M T[>=@D<\2]M`587jg W 510323J 23g\23@`yHTc:=<?5e>lvBg 5t>x5+* _a>=@D58@Ng?2]:l030 - <\g : , 0]5
M`23<?T87?58g?5Qkig\23JL5 O.Z 1 < - <\g?58JL<

Σd
A1

A
Σd

A2

g W :lg W :[4N5 @D>;h)( OBotA , ^`g v >=7 5 W 2]T W g W 587?5L2]<r:
J :lg?7\2 *

P = P T ≥ 0
< :lg\2]<mv - 23@`y

AT
i PAi − P ≤ 0

v >=7
i = 1, 2.

/1@DT[5 :lyN:l23@H5t5L< W :l030d<?5[5 g W :lgcA�^`@DM`587 J 230]M�:=M`M 23g\2]>=@P:l0t:=<?<\^`J _Dg\2]>=@D<cAB23@�g W 2]<x<\2 g?^P:lg\2]>=@
g W 5x< - <\g?58J%J :lg\7\2]T[5[<

A1
A
A2

< :lg\2]<mv - 46587\2 J : , 0]5H:l@DM M - @P:lJ 2]Tc:l030 - JL5c:l@`23@`y=v ^`0d:l03y65 , 7 :l2]T
	 �



�&��� 
 
 � � ��� ��$&����� ��!�� � � ����� ��!���!��&���%!#���

T[>=@DM`2 g?23>=@P<cEpCt5Qv >=7?5XJL>c4.23@`y1>=@ g?> M`587\234.23@`y123@ M`58g :l230Ng W 5X_`7\23@DT823_P:l0N7?5[<\^`03g?<�>lv g W 2]<�T W :l_`g?587cA
23@;g W 5H@D5+* gF<?5[T8g\2]>=@ 5j5r_`7?5[<?58@.g : @.^`J , 587 >lvj_`7?580323J 23@P:l7 - g?5[T W @D23Tc:l0Xvi:=T8g?<eg W :lg 5 23030 , 5
@P585[M`5[M 0q:lg?5871>=@BE

�
��� � ��� � ����
���� ����
�� � � � ����� ��� �	� 
�� � � � �

1 @Rg W 2]< <?5[T8g\2]>=@ 5t5 MD58<?T87\2 , 5 : @.^`J , 587 >lv1_`7?580323J 23@P:l7 - 7?5[<\^`03g?<HT[>=@DT[587\@`23@`y g W 5 h)( OBo
5+* 2]<\g?58@DT[5 _`7?> , 0]58J 23@�T[>=@Ng\23@.^D>=^D<mkig\23JL5r:l@DM M 2]<?T87?58g?5Qkig\23JL5UE
��5 < W :l030p:l0]<?>H_`7?5[<?58@Ng1<?>=JL5
vi:=T8g?< : , >=^`gL_P:l7 :lJL58g?587\2 �u:lg?2]>=@D< >lv W - _a587\_`0q:l@D5[< 23@	g W 5 <\_P:=T[5 >lvF< - J JL58g\7\2]T J :lg\7?23T[5[<cA
Sym(n, R)

A g W :lge:l7?5 T87\^DT82q:l0 v >=7 Jr^DT W >lv+g W 5F0q:lg?587?5t>=743 >lv+g W 5 g W 5[<\2]<cEXZp> , 58yU23@R5 23g W A
5t5 <\g :lg?5 :H@.^`J , 5871>lv , :=<\2]T 0]58J J :=<1>=@ g W 5rh)( OBo	5+* 2]<\g?58@DT[5 _`7?> , 0]58J v >=7 T[>=@.g\23@N^D>=^D<mk
g?2 JL5 < - <\g?58JL<cE
� ���;�����%������� " ����FH���"���G<���F ����{!�B�������
Z W 5ev >=030]>)5 23@`y	5j58030%3.@D>�5 @ 0]58J J : � 0 M+M`A 0 6+Q 
B_`7?>c4.2]M`5[< <\23J _`0]5F@D5[T[5[<?< :l7 - T[>=@DM 23g\2]>=@D< v >=7
h ( O�o	5+* 2]<\g?58@DT[5ev >=71:H_P:l2371>lv O.Z 1 < - <\g?58JL<cE
� �GF F�{ � � � � & � ��.

A1, A2
A2� � ��$%5 �/. � 8:��./$%���%�-+ �"�

R
n×n O � � �M��=@+*� ."����. ."��� +%&@+ �

.0��8K+
ΣA1

G
ΣA2

����)�� � ��� � � O �����%� A2=�."� = N:."���:8:��./$%� �:�����E���"� +
σγ[0,∞)[A1, A2]

���E1

σγ[0,∞)[A1, A
−1
2 ]

��$-� � ��$%5 �/. �%G ���E1 ���%�E�%� �E=�� �C+%�"��<����>��$*O H � +J=@G?."��� 8:��./$%� � � $ = 1@���*."+

A1A
−1
2

���E1
A1A2

����)��D�E=:� �C<M��./�")��9$-� ���7�%�><3�%��)@��� ���-+*O

� ���%��
 � OB58g
V (x) = xT Px

, 5 :Lh)( OBoRv >=7
ΣA1

A
ΣA2

EdZ W 58@BA ^D<\23@`y Z W 5[>=7?58J M E 6 E 6.5j5
W :[4N5Fg W :lg

AT
1 P + PA1 < 0, AT

2 P + PA2 < 0, A−T
2 P + PA−1

2 < 0.

Cj^`g g W 58@BAXv >=7L:l@ -
γ > 0

AX23gHv >=030]>)5 <Hg W :lg
(A1 + γA2)

T P + P (A1 + γA2) < 0
:l@DM

(A1 +γA−1
2 )T P +P (A1 +γA−1

2 ) < 0
A.:l@DM W 58@DT[5UA6v 7?>=J Z W 5[>=7?58J M E 6 E 0 A

A1 +γA2
:l@DM

A1 + γA−1
2

:l7?5 , >=g W �1^`745 23g�� v >=71:l030
γ > 0

E
	 �



�&��� 
 
 � � ��� ��$&����� ��!�� � � ����� ��!���!��&���%!#���

,F>)5
A1 + γA2

2]< @D>=@ k <\23@`yU^`0q:l7 v >=71:l030
γ > 0

2 vd:l@DM >=@`0 - 2 v
det(A1 + γA2) = det(A1A

−1
2 + γI)det(A2) 6= 0,

v >=7 :l030
γ > 0

E Cj^`g :=<
A2

2]< �1^`745 23g��6A1:l@DM W 58@DT[5 @D>=@ k <\23@`yU^`0q:l7cA g W 2]< 2]< 5 �N^`234U:l0]58@.g
g >

det(A1A
−1
2 + γI) 6= 0

v >=7 :l0 0
γ > 0

A�5 W 2]T W :lJL>=^`@Ng?<Hg?> < : - 23@`y g W :lg
A1A

−1
2

W :=<
@P> @D58yN:lg\234N5r7?5c:l0X5823y658@N4U:l03^D5[<cE G1@ 2]M`58@Ng\2]Tc:l0n:l7\yU^`JL58@.g < W >�5 <eg W :lg

A1 + γA−1
2

2]<e@D>=@ k
<\23@`yU^D0]:l7Hv >=7L:l030

γ > 0
2 v :l@DM >=@`0 - 2 v

A1A2
W :=<H@D> @P5QyN:lg?2 4N5 7?5c:l0 5823y658@.4U:l03^D5[<cE�Z W 2]<

T[>=J _`0]58g?5[<1g W 5F_D7?>N>lv\E
� ��F FH�G�;�)���

OB58J J : I E M E 0 < : - < g W :lg 23@�g W 5;<\23g\^P:lg\2]>=@�M`58_`2]T8g?5[M�23@�op23yU^`7?5 I E 0 A , >=g W
>lvjg W 5HJ :lg\7\2 *;_ 58@DT8230]<

σγ[0,∞)[A1, A2]
:l@DM

σγ[0,∞)[A1, A
−1
2 ]

:l7?5��1^`745 23g��6A
:l@DM W 58@DT[5t@D>=@ k <\23@`yU^`0q:l7cA :l@DMHg W :lg , >=g W >lv g W 5t_`7 >NM ^DT8g?<

A1A
−1
2

:l@DM
A1A2W :c465 @D> @D58yN:lg\234N5 7?5c:l0n5823y658@.4U:l03^D5[<cE Z W 2]< 2]< T80]>U<?580 - T[>=@`@D5[T8g?5[M�g?> g W 5 7?5Qk

<\^`03g >lv+Z W 5[>=7?58J 6 E M E 0 E 1 @ vi:=T8gcA 23gjv >=030]>�5 <jv 7?>=J Z W 5[>=7?58J 6 E M E 0 g W :lg 2 vpg W 5
_a58@DT8230

σγ[0,∞)[A1, A2]
2]< @D>=@ k �1^`745 23g��6Atg W 58@ g W 5 <45 23g?T W 23@`y�< - <\g?58J T[>=@ k

<\g\7\^DT8g?5[M ,N- <45 23g?T W 23@`y , 58g 5t5[58@
ΣA1

:l@DM
ΣA2

2]< @D>=g 5+* _a>=@D58@.g\2q:l0 0 - <\g : , 0]5
v >=7H:l7 , 23g\7 :l7 - <45 23g?T W 23@`y <\23yU@P:l0]<cAX:l@DM W 58@DT[5Lg W 587?5 T[>=^`0]M�@D>=g , 5 : h)( OBo
v >=7ng W 2]<d_P:l237j>lvEO Z 1 < - <\g 5QJL<n>=7dv >=7dg W 5 7?580q:lg?5[M _P:l237

ΣA1

A
ΣA−1

2

E+oP>=030]>)5 23@`y
<\23J 230q:l7 7?5c:=<?>=@`23@`y 5j5 Tc:l@	< W >)5 ^D<\23@`y Z W 5[>=7?58J 6 E M E 0 g W :lgH2 veg W 5 _a58@DT8230
σγ[0,∞)[A1, A

−1
2 ]

2]<F@D>=g
�1^`745 2 g �UA g W 58@ g W 587?5H2]<e@P> h)( OBo v >=7Fg W 5r_P:l237 >lv
< - <\g?58JL<

ΣA1

A
ΣA2

>=7tv >=7 g W 5 _P:l237
ΣA1

A
ΣA−1

2

E
,F5�* g T[>=@D<\2]M`587 g W 5 <\23g\^P:lg\2]>=@�>lv+g 5t> O Z 1 < - <\g?58JL<

ΣA1

A
ΣA2

g W :lg1M`>H@D>=g W :c465 : h)( OBo
I op23yU^`7?5 I E 66OQEpZ W 5nv >=030]>)5 23@`y 0]58J J :eM`5[<?T87\2 , 5[<+g 5j> 5t: - <+>lva:=M�� ^D<\g\23@`yeg W 5j< - <\g?58J|J :lg\7\2 *
A2

<?>�:=< g?> T[>=@D<\g\7\^DT8g : 7?580q:lg?5[M _P:l237L>lv < - <\g?58JL<Hg W :lg M`> W :c4N5 :�h)( OBotEdZ W 5 vi:=T8g?<
MD58<?T87\2 , 5[MR23@ g W 2]<r0]58J J : 5 23030 , 5 ^D<?5[MRg?>;:l_`_`0 - g W 5 J :l23@ 7?5[<\^`03g?<H>lveg W 2]<HT W :l_`g?587Hg?>
MD5Q7?2 4N5 @D5[T[5[<?< :l7 - :l@DM�<\^10 T82]58@.g T[>=@DM 23g\2]>=@D< v >=7 h)( OBo 5+* 2]<\g?58@DT[5�v >=7 4U:l7\2]>=^D< < - <\g?58J
T80q:=<?<?5[<cE

	 �



�&��� 
 
 � � ��� ��$&����� ��!�� � � ����� ��!���!��&���%!#���

� �GF F�{ � � � � ~ � ��.
A1

G
A2

A-� � ��$%5 �/. �I8:��./$%���-�-+6�"�
R

n×n
G ���E1 +%� ����=@+*�I."����.!."���%$2�I�,+

�E= ��� � � N�=�$9."��� +%&@+�.0�%8K+
ΣA1

G
ΣA2

O � ��.
B = A2 − A1

O6�����%���

� � ��N�=�$
α > 0

+%� � ���C�%� ./� &:�>��$�<3�-G
ΣA1

���E1
ΣA2−αI

����)��K� ��� � ���
� �"� � ."���%$-�9�,+ +J=�8?�

k
5 �/."�

0 < k < 1
+%���%�	."����.

ΣA1

G
ΣA1+kB

����)��K� ��� � � O
� ���%��
 �

I 2qO h W >.>U<?5;<?>=JL5
P = P T > 0

<\^DT W g W :lg
AT

1 P + PA1 < 0
:l@DM�T[>=@D<\2]M`587

Q2 =

AT
2 P + PA2

E OB58g
λmax

, 5 g W 5 J : * 23J :l0 IK7?5c:l0KOx5823y658@.4U:l03^D5 >lv
Q2
Ad:l@DM

µmin

, 5 g W 5
J 23@`23J :l0a7?5c:l0 5823y65Q@.4U:l03^D5F>lv

P
EXZ W 58@BA ,N- :=<?<\^DJ _`g\2]>=@BA

µmin > 0
:l@DM

λmax ≥ 0
E 1 gn@D>�5

v >=030]>�5 < g W :lg v >=71:l@ -
α > λmax

µmin

A�5t5 W :c465

(A2 − αI)T P + P (A2 − αI) < 0.

Z W ^D<cA
V (x) = xT Px

2]<1:Lh)( OBoRv >=7
ΣA1

A
ΣA2−αI

EXZ W 2]< _`7?>c4N5[< g W 5x:=<?<?587\g\2]>=@ 23@RIK2KOQE
I 2 2KO Ge<L23@|IK2KOQA T W >.>U<?5�<?>=JL5

P = P T > 0
<\^DT W g W :lg

AT
1 P + PA1 < 0

E�G�<\23J _`0]5
:l7?yU^`JL58@NgcA , :=<?5[M >=@ g W 5 T[>=@.g\23@N^D>=^D<1M`58_ 58@DM`58@DT[5 >lvpg W 5 5823y658@.4U:l03^D5[< >lvX:xJ :lg\7\2 * >=@ 23g?<
58@.g\7\2]5[<1< W >)5 < g W :lg g W 587?5 2]< <?>=JL5

δ > 0
<\^DT W g W :lg v >=7

0 < k < δ
A

(A1 + kB)T P + P (A1 + kB) < 0.

�F5Q@PT85UA`_`7?>u4.2]M`5[M
0 < k < δ

A`g W 587?5 2]<1:Lh)( OBoRv >=7
ΣA1

:l@DM
ΣA1+kB

EXZ W 2]< _`7?>c4N5[<xIK232KOQE
� ��F FH�G�;�)���

OB58J J : I E M E 6 g?58030]<d^D<dg W :lgcANyU234N58@Lg 5j>x< - <\g?58JL<
ΣA1

A
ΣA2

g W :lgjM`> @D>=g W :c465
:�h)( OBo I o+2 yU^D7?5 I E 66OQAn23gH2]< _ >U<?<\2 , 0]5 g?> T[>=@D<\g\7\^DT8g 7?580q:lg?5[M < - <\g?58JL<Hg W :lg
M`> W :[4N5 :�h)( OBo I op23yU^`7?5 I E 0 Or5823g W 587�IK2KO ,N- JL>u4.23@`y g W 5 5823y658@.4U:l03^D5[<L>lv
A2

<\^10 T82]58@Ng\0 - vi:l7 23@.g?>Lg W 5 0]5Qv g W :l0 vX_`0q:l@D5x>=7HIK232KO ,.- 7?58_`0q:=TQ23@`y
A2

5 23g W :
<\^`23g : , 0]5 T[>=@.465+* T[>=J , 23@P:lg\2]>=@ >lv

A1
:l@DM

A2
E

	 �



�&��� 
 
 � � ��� ��$&����� ��!�� � � ����� ��!���!��&���%!#���

Ct>=g W >lv g W 5[<?5 :=T8g\2]>=@D<xTc:l@ , 5 23@Ng?587\_`7?58g?5[M�y658>=JL58g\7?23Tc:l0]0 - 23@�g?587\JL<x>lvtg W 5
<?58g?< PA1

A PA2

E 1 @;g W 5 JD7?<\g Tc:=<?5UA 23@DT87?5c:=<\23@`y
α
JL>u465[< g W 5 5823y658@N4U:l03^D5[<x>lv

A2 −αI
v ^`7\g W 587j23@.g?>rg W 510]5Qv g W :l0 v�_`0q:l@D5 :l@DM W :=<jg W 5F5 � 5[TQg >lv�J :�3.23@`yHg W 5

<?58g PA2−αI

0q:l7\y65871^`@Ng\230�23g1584658@.g\^P:l030 - 23@.g?587?<?5[T8g?<?5 23g W PA1

E 1 @ g W 5 <?5[T[>=@DM
Tc:=<?5UA ,N- T W >.>U<\23@`y <\J :l030]587 4U:l03^D5[< >lv

k > 0
A�5j5x:l7?5FJL>u4.23@`y PA1+kB

T80]>U<?587
g?> PA1

^`@Ng\230�g W 5 - 23@Ng?587?<?5[T8gcEjwX4N58@Ng\^P:l030 - A`v >=7
k = 0

A`g W 5 g 5t>L<?58g?<e:=T8g\^P:l030 -
T[>=23@DT82]M`5UE

PA1

PA2

PA2−αI

(
)+*�,�-/. ��2 ��3 � R%AQPI;E5 <�? R��9<�? �J; M7L PA2−αI

PA1

PA2

PA1+kB

(
)+*�,�-/. ��2�� 3�� M � ? R�� PA1+kB

AQ: M�<�;JP�@IM PA1

� ���)*$���$�)�." ����FH���"���G<���F ����{!�B�������
1 g 2]< _a>U<?<\2 , 0]5;g?>	M`587\23465;4N587?<\2]>=@D< >lv OB58J J :=< I E M E 0 :l@DM I E M E 6Rv >=7 g W 5 M 2]<?T87?58g?5Qkig\23JL5
h ( O�o 5+* 2]<\g?58@DT[5�_`7?> , 0]58J!:l0]<?>`E�Cj5Qv >=7?5 5j5�<\gQ:lg?5 g W 5[<?5�M 2]<?T87?58g?5Qkig\23JL5 7?5[<\^`03g?<cAt7?5[Tc:l030
v 7?>=J�S.5[T8g\2]>=@ M E 8 g W :lg1g W 5 , 230323@D5c:l7HI >=7 ht: - 0]5 - Ojg\7Q:l@D<mv >=7\J%2]<1M`5KJD@D5[M :=<

C(A) = (A −

I)(A + I)−1 A�5 23g W g W 5e23@.4N587?<?5eg\7 :l@D<mv >=7\J :lg\2]>=@ yU234658@ ,.- C−1(B) = (I + B)(I −B)−1 A
:l@PM g W :lg

AT PA−P < 0
2 vP:l@DMr>=@`0 - 2 v

C(A)T P +PC(A) < 0
EpZ W 5Xv >=030]>�5 23@`ye@D5[T[5[<?< :l7 -

T[>=@DM`2 g?23>=@P< v >=7 g 5t> M 2]<?T87?58g?5Qkig\23JL5@O.Z 1 < - <\g?58JL< g?> W :c465 :�h)( OBo�T[>=7\7?5[<\_a>=@DM g?> g W >U<?5
yU234N58@ ,N- OB58J J : I E M E 0 v >=7 g W 5 T[>=@.g\23@.^D>=^D<mkig\23JL5xTc:=<?5UE
� �GF F�{ � � � � � � ��.

A1
G
A2

A-� � �%�3��$�8:��./$%���-�-+��"�
R

n×n O�� � �M��=@+*��."����. ."���B1��,+J��$2��.0� � ./�"8?�

� � L +%&@+�.0�%8K+
Σd

A1

G
Σd

A2

����)�� � ��� � � O �����%� ."��� 8:��./$%� �B���%�E���"� +
σγ[0,∞)[C(A1), C(A2)]

G

σγ[0,∞)[C(A1), C(A2)
−1]

��$-� � ��$%5 �/. �%GB���E1:���%�E�%�D�E=�� �C+%�"��<����>��$-G ���E1 ."���D8:��./$%� �9� $2=*1 �

���*."+
C(A1)C(A2)

−1 G C(A1)C(A2)
����)��D�E=:� ��<M��./�")��D$2�2���7�%�><3�%��)@��� ���-+*O

� ���%��
 � 1 v
Σd

A1

A
Σd

A2

W :c465 :Rh)( OBotAng W 58@�<?>�M`>�g W 5�T[>=@.g\23@N^D>=^P<mkig\23JL5 O.Z 1 < - <\g?58JL<
	 	



�&��� 
 
 � � ��� ��$&����� ��!�� � � ����� ��!���!��&���%!#���

ΣC(A1)
A
ΣC(A2)

EXZ W 5 7?5[<\^`03g @D>)5�v >=030]>)51< M 237?5[T8g\0 - v 7?>=J OB58J J : I E M E 0 E
1 gF2]<x:l03<?> _ >U<?<\2 , 0]5Hg?> T[>=J , 23@D5 g W 5H_`7?>=_ 587\g\2]5[<x>lvjg W 5 , 230323@D5c:l7 g\7 :l@D<mv >=7\J 5 23g W OB58J J :
I E M E 6Hg?>L> , g :l23@ g W 5Fv >=030]>)5 23@`y 7?5[<\^`03gcE

� �GF F�{ � � � � � � ��.
A1

G
A2

A-� � �%�3��$B8:��./$%���-�-+B�"�
R

n×n
G ���E1 �#��.

B = A2−A1
O�� � �M��=@+*�

."����.�."���%$2�D�,+ �E= ��� � � N�=�$9."���K1��,+J��$2��.0� � ./�"8?��� � L +%&@+�.0�%8K+
Σd

A1

G
Σd

A2

O6� ����� �

� � � � =�$
α > 0

+%� � ���C�%� ./� &:�>��$C<3�-G
Σd

A1

���E1
Σd

C−1(C(A2)−αI)

����)��6� ��� � � G
� �"� � �����%$-�9�,+(+J=�8?�

k
5 �/."�

0 < k < 1
+%���%�	."����.

Σd
A1

���E1
Σd

A1+kB

����)��K� ��� � � O

GF<X23@Lg W 5 T[>=@Ng\23@.^D>=^D<mkig\23JL5eTc:=<?5UA , >=g W >lvag W 5 g?5[T W @`2 �N^D5[<jM`5[<?T87\2 , 5[ML23@@OB58J J : I E M E I Tc:l@
, 5F23@.g?587\_`7?58g?5[M 23@ g?587\JL< >lv+g W 5 <?58g?< Pd

A

E
�F{!�l{�FH�$�)�B���6{�������� ��
 A }#� ��� ��<K{��������
o+2 @ :l0 0 - v >=7 g W 2]<1<?5[T8g\2]>=@BA!5t5 <\g :lg?5 g W 5Fv >=030]>)5 23@`y g 5j>Lg?5[T W @`2]Tc:l0p0]58J J :=<cEjZ W 5[<?5 7?5[<\^`03g?<cA
_ :l7\g\2]T8^`0q:l7\0 - OB58J J : I E M E & Aa:l7?5rT87\^DT82q:l0�v >=71g W 5 5t>=743 >lvdg W 5x@D5+* g1g 5j> <?5[T8g\2]>=@D<cE Ge<1g W 5
_D7?>N>lv <L>lv OB58J J : I E M E L :l@DM OB58J J : I E M E & :l7?5 g?5[T W @`2]Tc:l0e:l@DM �N^`23g?5 03>=@DyDA 5t5 M`>;@D>=g
23@DT803^DM`5 g W 58J :lg g W 2]< _ >=23@.g , ^`g _`7?5[<?58@.g g W 58J 23@ g W 5x:l_`_a58@DM 2]T[58<cE

� �GF F�{ � � � � � � ��.
u, v, x, y

A2� ����&FN�=���$ �E=�� ��� �%$2= )�� �J.C=�$-+ �"�
R

n
O �����%$2� �����,+�."+ �

�E=�� �C+%�"��<����>��$
T ∈ R

n×n +%���%� ."����.9� �M�%� �2=�8(��=�� �%� . = N:."���?)��2�J.C=�$-+
Tu, Tv, Tx, Ty

�,+

�E=�� ��� �%$2=3O

� �GF F�{ � � � � $ � ��.
x, y, u, v

A2�I�E=�� ��� �%$ =F)��2�J.C=�$-+I�"�
R

n
O � � �M��= +*�:."����.!."���%$2�I�,+D+J=�8?�

k > 0
+%���%��."����.EN�=�$D���"� +%&�868?��./$%���98:��./$%���%�-+

P ∈ Sym(n, R)

xT Py = −kuT Pv.

� ����� �%�/."���%$

x = αu
N�=�$ +J=�8?� $-� ��� +J�2���>��$

α,
���E1

y = −(
k

α
)v

	 �



�&��� 
 
 � � ��� ��$&����� ��!�� � � ����� ��!���!��&���%!#���

=�$

x = βv
N�=�$ +J=�8?� $-� ��� +J�2���>��$

β
���E1

y = −(
k

β
)u.

� ��F FH�G�;�)���

oP>=7 J�*`5[M
x, y ∈ R

n
ABg W 5 J :l_`_`23@`y

P → xT Py
2]<x: 0323@D5c:l7 v ^`@DT8g\2]>=@P:l0n>=@

Sym(n, R)
A :l@DM g W 5x<?58ge>lv

P
23@

Sym(n, R)
<\^DT W g W :lg

xT Py = 0
2]<1g W 58@

: W - _a587\_`0q:l@D5eg W 7?>=^`y W g W 5F>=7\23yU23@BEXZ W 5 W - _a>=g W 5[<?5[<t>lv"OB58J J : I E M E & 23J _`0 -
g W :lg+g W 5tT[>=@DM 23g\2]>=@D<

xT Py = 0
:l@DM

uT Pv = 0
M`5KJD@D5jg W 5t< :lJL5 W - _ 587\_`0q:l@D5

23@
Sym(n, R)

E 9 >=7?5[>c4N587cAX:=<xg W 5 T[>=@D<\g :l@.g
k
2]<x_ >U<\23g\234N5UAp23g v >=030]>)5 <rg W :lg

g W 5 W :l0 vKk <\_P:=T[5 5 W 587?5
xT Py

2]<e@D58yN:lg\23465 T[>=7\7?5[<\_ >=@DM`< 5 23g W g W 5 W :l0 vj<\_P:=T[5
5 W 587?5

uT Pv
2]< _ >U<\23g\234N5UEXZ W 2]< 2]< 230303^D<\g\7 :lg?5[M 23@�op23yU^`7?5 I E & E

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����
�����
�����
�����

�������
�������
�������
�������
�������
�������

xT Py < 0, (uT Pv > 0)

xT Py > 0, (uT Pv < 0)

xT Py = uT Pv = 0

(
)+*�, -/. ��2�� 3�4 ? @IO%5/@I? M R AQM R%<�? D	;JPI;ED ? R � ;J696U5 
 � � � �

� �



�&��� � $&� ����!��K����� � �#���

�
��� � ��� ����� 
 ��� � � � 
��

Z W 5 J :l23@ 7?5[<\^`03g?< >lv g W 5�T8^`7\7?58@.g T W :l_`g?587 :l7?5�M`587\23465[M 23@ g W 2]< <?5[T8g\2]>=@BE�op237?<\g >lvx:l030iA
23@�S.5[T8g\2]>=@ I E M E 0 A 5t5 T[>=@D<\2]M`587 : _P:l237 >lv T[>=@Ng\23@.^D>=^D<mkig\23JL5 O Z 1 < - <\g?58JL<

ΣA1

A
ΣA2

23@
g W 5�<\2 g?^P:lg\2]>=@*M`58_`2]T8g?5[M 23@*op23yU^`7?5 I E M E ��5�< W :l030e<?5[5 g W :lgcAt^`@DM`587 : J 2 0]M�:=M`M 23g\2]>=@P:l0
:=<?<\^DJ _`g\2]>=@BA.23gn2]<j_ >U<?<\2 , 0]51g?>rT W :l7 :=T8g?587\2 �c5F<\^DT W _P:l237?<t>lvp< - <\g?58JL< 5 23g W <\23J _`0]5F:l03y65 , 7 :l2]T
T[>=@DM`2 g?23>=@P< >=@�g W 5 < - <\g?58J�J :lg\7\2]T[5[<

A1
A

A2
E Z W 58@BAe23@|S.5[T8g\2]>=@ I E M E 6 A :l@�2]M`58@Ng\2]Tc:l0

:l@ :l0 - <\2]< 2]<LTc:l7\7\2]5[M >=^`g v >=7LM 2]<?T87?58g?5Qkig\23JL5�< - <\g?58JL<L:l@DM :;T[>=7\7?5[<\_ >=@DM 23@`yDA :l@DM	T80]>U<?580 -
7 5Q0q:lg?5[M A=7?5[<\^`03g�2]<�M`587\23465[M ^D<\23@`y1g W 5d< :lJL5dg?5[T W @`2 �N^D5[<+:=<p:l7?5d58J _`0]> - 5[Mx23@ g W 5nT[>=@.g\23@N^D>=^D<mk
g?2 JL5 Tc:=<?5UE


 	�
 	�� � ��� ����� � � ��� � ��� 	 � ��� � �

1 @LZ W 5[>=7?58J I E I E 0 , 580]>)5 A$5j5 T[>=@D<\2]M`587n:1_ :l2 7d>lvaT[>=@.g\23@N^D>=^P<mkig\23JL5?O.Z 1 < - <\g?58JL<
ΣA1

A
ΣA2<\^PT W g W :lg*�

IK2KO g W 587?5 M`>.5[< @D>=g15+* 2]<\g1:Lh)( OBoRv >=7
ΣA1

A
ΣA2

A
IK232KO g W 587?5 5+* 2]<\g?<+<?>=JL5j@D>=@ k �c587?>F_ >U<\23g\234N5t<?5QJ 2 k M`5KJD@D2 g 5

P = P T ≥ 0
<\^DT W g W :lg

AT
i P +

PAi = Qi ≤ 0
A`7 :l@!3 I

Qi

O��
n − 1

A.v >=7
i ∈ {1, 2} E

1 g12]<F:l_`_`7?>=_`7\2q:lg?5H:lgeg W 2]<1_ >=23@.g1g?> T[>=J JL58@.gF>=@ g W 5r:=<?<\^`J _`g\2]>=@ g W :lg1g W 5x7 :l@!3 <1>lvdg W 5
J :lg?7\2]T85[<

Q1, Q2
:l7?5 , >=g W

n − 1
E w * g?58@D<\23465x@.^`JL587\2]Tc:l0pg?5[<\g\23@`yD5 23g W g W 5 OB9 1 g?>N>=0 , > *

v >=7 9 GdZ
OBGeC W :=<t23@DM 2]Tc:lg?5[M g W :lgcA�5 W 230]5e23gt2]<t@D>=g 58@.g\237?580 - y658@D587\2]TUA g W 2]<t7 :l@!3 T[>=@DM 23g\2]>=@
2]<j< :lg\2]< JP5[M ,.- : <\^ , <\g :l@.g\2q:l0P@.^`J , 587t>lv _P:l237?<j>lv�< - <\g?58JL<d23@ g W 51<\23g\^P:lg\2]>=@ >lvBop23yU^`7?5 I E M E
oD^`7\g W 587\JL>=7?5UA+5t5j< W :l030`< W >)5 23@ : 0q:lg?587XT W :l_`g?587cAB5 W 58@.5t5jT[>=JL5jg?>FM 2]<?T8^D<?<�g W 5 , >=^`@DMD:l7 -
<\g?7\^DT8g\^`7?5r>lvng W 5rT[>=@D5[< PA

APg W :lgFg W >U<?5xJ :lg\7\2]T[5[<
P
>=@ g W 5 , >=^`@DMD:l7 - >lv PA

v >=7 5 W 2]T W
g W 5 7 :l@!3 >lv

AT P + PA
2]<

n − 1
:l7?5xM`58@D<?5 23@ g W 5 , >=^D@DMD:l7 - E Z W 2]<1_P:l7\g\2q:l030 - :=T[T[>=^`@.g?<

v >=7 W >)5 >lv g?58@ g W 5�T[>=@DM 23g\2]>=@D< >lv Z W 5[>=7?58J I E I E 0 W :[4N5 , 5[58@*< :lg\2]< JP5[M	23@ @.^`JL587\2]Tc:l030 -
y658@D587 :lg 58M�5+*D:lJ _`0]5[<cE

� �



�&��� � $&� ����!��K����� � �#���

� A��������GF'� � � ��& � � 
���G � 
 
 � � ��.
A1, A2

A-� � ��$%5 �/. �98:��./$%���-�%+ �"�
R

n×n
+%���%�	."����.

ΣA1

G

ΣA2

1M= �E=�. ����)��F� ��� � � O � ��$�."���%$%8:=�$-�-G +%� �M��=@+*�F."����. ."���%$-� �,+:+J=�8?�
P = P T ≥ 0

+%���%��."����.

AT
i P + PAi = Qi ≤ 0, i ∈ {1, 2} I I E 0 O

N�=�$I+J=�8?�I� �C<M��./�")��:+*�%86� � 13��� ���/.0�I8:��./$%���%�-+
Q1, Q2

�"�
R

n×n
G A2=�."� = N6$2�@��4

n − 1
O � � �

13�%$ ."���-+*� �2=��E1��/./��=���+-G ��. �#� �@+�. =�� � = N:."��� ���%�E���"� +
σγ[0,∞)[A1, A2]

G
σγ[0,∞)[A1, A

−1
2 ]

�,+

+%�"��<����>��$*O 
 �����")@���#�%� ./� &@G ��.!�#� �@+�.(=�� �?= NI."���I8:��./$%� �I� $2=*1����J."+
A1A2

���E1
A1A

−1
2

���@+?�

� �C<M��./�")��D$2� ���7�%�><3�%��)@��� ��� O

� ��F FH�G�;�)���

GF<tg W 5 _`7?>N>lvd>lvXZ W 5[>=7?58J I E I E 0 2]<tvi:l237\0 - 0]>=@`yDA`23g 2]<
5t>=7\g W 5 W 2 0]5r>=^`g\0323@`23@`y g W 5 _`7\23@DT823_P:l0
<\g 5Q_P<t23@.46>=034N5[M , 5Qv >=7?5 , 58yU23@`@`23@`yDE
I :6O�Ge<

Q1
:l@DM

Q2
:l7?5j>lvD7Q:l@!3

n−1
Al465[T8g?>=7?<

x1
A
x2 ∈ R

n×n 5+* 2]<\g+<\^DT W g W :lg Q1x1 = 0:l@DM
Q2x2 = 0

Edo`^`7\g W 587\JL>=7?5UADg W 5[<?5 465[T8g?>=7?<e:l7?5F^`@`2 �N^D5 ^`_ g?> <?Tc:l0q:l7 Jx^`03g\23_`0]5[<cE
I , O;hj>=@D<\2]M`587 g W 5Fg 5j> W - _ 587\_`0q:l@D5[< H1

:l@DM H2
23@

Sym(n, R)
M`5KJD@D5[M ,.- b

H1 = {H ∈ Sym(n, R) : xT
1 HA1x1 = 0},

H2 = {H ∈ Sym(n, R) : xT
2 HA2x2 = 0}.

��5r< W :l030X< W >�5|g W :lgcAa^`@DM`587 g W 5 W - _a>=g W 5[<?5[<F>lvjg W 5rg W 5[>=7?58J A H1
:l@DM H2

M`5KJD@D5
>=@D5x:l@DM g W 5 < :lJL5 W - _ 587\_`0q:l@D5UE

I TuO 1 geg W 58@�v >=030]>�5 <eg W :lgeg W 5Q7 5x2]<F<?>=JL5x7?5c:l0
k > 0

5 23g W
xT

1 HA1x1 = −kxT
2 HA2x2

A
v >=71:l030

H
23@

Sym(n, R)
E

I MPO�op23@P:l030 - A!5j5x:l_`_`0 - OB58J J : I E M E & g?> M`5[M ^DT[5 g W 5F7?5[<\^`03g1>lv+g W 5 g W 5[>=7?58J E

� V



�&��� � $&� ����!��K����� � �#���

� ���%��
 � Ge<
Q1

:l@DM
Q2

:l7?5 >lv 7 :l@�3
n−1

A6g W 587?5e:l7?5 @D>=@ k �c587?> 4N5[T8g?>=7?<
x1
A
x2
23@

R
n
<\^DT W

g W :lg
xT

1 Q1x1 = 2xT
1 PA1x1 = 0,

I I E 66O
xT

2 Q2x2 = 2xT
2 PA2x2 = 0.

Z W 5F_`7?>.>lvX>lvXZ W 5[>=7?58J I E I E 0 2]< <\_`0323g 23@.g?> g 5t>HJ :l23@�<\g :ly65[<cE
�E.C�*<3� � �

o+2 7 <\g >lvd:l030iA�5t5 < W :l030�< W >)5�g W :lg 2 v+g W 587?5 5+* 2]<\g?<
P
23@

Sym(n, R)
< :lg\2]<mv - 23@`y

xT
1 PA1x1 < 0, xT

2 PA2x2 < 0
I I E M6O

g W 58@�: h)( OBo	5+* 2]<\g?<tv >=7
ΣA1

:l@DM
ΣA2

E
S.^`_`_ >U<?5;g W :lg g W 587?5;2]< <?>=JL5

P
< :lg\2]<mv - 23@`y�I I E M6OQE ��5 < W :l030 < W >�5�g W :lg ,.- T W >N>U<\23@`y

δ1 > 0
<\^10 T82]58@.g\0 - <\J :l030iAN23gn2]<d_a>U<?<\2 , 0]5 g?> yU^P:l7 :l@Ng?5[51g W :lg

AT
1 (P + δ1P )+(P + δ1P )A12]< @D58yN:lg\234N5 M`5KJD@`23g?5UE

ht>=@D<\2]M`587 g W 5 <?58g
Ω1 = {x ∈ R

n : xT x = 1
:l@DM

xT PA1x ≥ 0}.

,F>=g?5 g W :lge2 v
Ω1

5t:=<F58J _`g - APg W 58@ :l@ - _ >U<\23g\234N5xT[>=@D<\g :l@.g
δ1 > 0

5j>=^`0]M J :�365
AT

1 (P +

δ1P ) + (P + δ1P )A1
@D58yN:lg\234N5 M`5KJD@`23g?5UE ,e>�5 :=<?<\^`JL5 g W :lg

Ω1
2]< @D>=@ k 58J _`g - E

Z W 5tv ^`@DT8g\2]>=@Lg W :lgng :�365[<
x
g?>

xT PA1x
2]<dT[>=@.g\23@N^P>=^D<cEXZ W ^D<

Ω1
2]<dT80]>U<?5[M :l@DM , >=^`@DM`5[M A

W 5Q@PT85 T[>=J _P:=T8gcELoD^`7\g W 587\JL>=7?5
x1
I >=7r:l@ - @D>=@ k �c587?> Jr^`03g\23_`0]5L>lv

x1
Oe2]< @D>=g 23@

Ω1
:l@DM

g W ^D<
xT PA1x < 0

v >=7e:l030
x
23@

Ω1
E

O�5Qg
M1

, 5 g W 5 J : * 23Jx^`J 4U:l03^D5 >lv
xT PA1x

>=@
Ω1
A.:l@DM 0]58g

M2
, 5 g W 5 J : * 23Jx^`J 4U:l03^D5

>lv
xT PA1x

>=@
Ω1
E Z W 58@ ,N- g W 5 JD@P:l0n7?58J :l743 23@�g W 5 _D7?584.23>=^P< _P:l7 :lyU7 :l_ W A

M2 < 0
E

h W >N>U<?5x:l@ - T[>=@D<\g :l@Ng
δ1 > 0

<\^DT W g W :lg
δ1 <

|M2|
M1 + 1

= C1

� �



�&��� � $&� ����!��K����� � �#���

:l@PM T[>=@D<\2]M`587 g W 5 < - J JL58g\7\2]T J :lg\7\2 *
P + δ1P .

C - <?58_P:l7 :lg?580 - T[>=@D<\2]M`587\23@`y g W 5 Tc:=<?5[<
x ∈ Ω1

:l@DM
x /∈ Ω1, xT x = 1

A`23g v >=030]>)5 < g W :lg v >=7
:l030B@D>=@ k �c587?>L465[T8g?>=7?<

x
>lvXwX^DT8032]M`5c:l@�@D>=7\J 0

xT (AT
1 (P + δ1P ) + (P + δ1P )A1)x < 0

_D7?>c4.2]M`5[M
0 < δ1 < |M2|

M1+1

ErSN23@DT[5Hg W 5 : , >u465r23@D5 �N^P:l0323g - 2]<F^`@DT W :l@`y65[M 2 v 5t5H<?Tc:l0]5
x
,.-

:l@ - @D>=@ k �c587?> 7?5c:l0X@.^`J , 587cAB23gFv >=030]>)5 < g W :lg
AT

1 (P + δ1P ) + (P + δ1P )A1
2]<F@D58yN:lg\234N5

MD5 JP@`23g?5UE 1 g @D>�5�v >=030]>�5 <tv 7?>=J%Z W 5[>=7?58J M E 6 E 0 g W :lg
P + δ1P

2]< _a>U<\2 g?2 4N5 M`5KJD@`23g?5UE
Z W 5t2]M`58@Ng\2]Tc:l0 :l7\yU^`JL58@.gnTc:l@ @D>�5 , 5t^D<?5[MHg?> < W >)5	g W :lgXg W 587?5t2]<X<?>=JL5t_a>U<\23g\23465 T[>=@D<\g :l@.g
C2 > 0

<\^DT W g W :lg
xT (AT

2 (P + δ1P ) + (P + δ1P )A2)x < 0

v >=7r:l030d@D>=@ k �c587?>
x
23@

R
n
AB_D7?>c4.2]M`5[M

0 < δ1 < C2
E�,e>�5 T W >N>U<?5 :l@ -

δ > 0
<\^DT W g W :lg

δ < min{C1, C2}
:l@DM T[>=@D<\2]M`587 g W 5 _ >U<\23g\234N5 M`5KJD@`23g?5 J :lg\7\2 *

P1 = P + δP .

Z W 58@
V (x) = xT P1x

2]<1: h)( OBoRv >=7
ΣA1

:l@DM
ΣA2

E
�E.C�*<3� 
 �

S > ^`@DM`587 g W 5 W - _ >=g W 58<?5[<�>lvHg W 5;g W 5[>=7?58J AFg W 5Q7 5;2]< @D>
P
23@

Sym(n, R)
< :lg\2]<mv - 23@`y

g W 5 T[>=@DM 23g\2]>=@D< I I E M6OQE ��5 @D5+* g < W >�5 g W :lgHg W 2]< 23J _`032]5[< g W :lgL>=@D5 >lveg W 5 g 5t> _a58@DT8230]<
σγ[0,∞)[A1, A2]

A
σγ[0,∞)[A1, A

−1
2 ]

Jx^D<\g , 5 <\23@`yU^`0q:l7cE
GF<�g W 587?5R2]< @D>

P
< :lg\2]<mv - 23@`y(I I E M6OQA :l@ - < - J JL58g\7\2]T

P
g W :lg;J :�3N5[< g W 5 5+* _`7?5[<?<\2]>=@

xT
1 PA1x1

@D58yN:lg\23465 5 23030BJ :�3N5Fg W 5 5+* _`7?5[<?<\2]>=@
xT

2 PA2x2
_a>U<\23g\23465UEd9 >=7?5ev >=7\J :l030 -

xT
1 PA1x1 < 0 ⇐⇒ xT

2 PA2x2 > 0
I I E I O

v >=7
P ∈ Sym(n, R)

EXZ W 23< 23J _`032]5[< g W :lg
xT

1 PA1x1 = 0 ⇐⇒ xT
2 PA2x2 = 0.

� �



�&��� � $&� ����!��K����� � �#���

Z W 5HJ :l_`_`23@`y6<
P → xT

1 PA1x1
:l@DM

P → xT
2 PA2x2

M`5KJD@D5 0323@D5c:l7 v ^`@DT8g\2]>=@P:l0]<x>=@ g W 5
<\_ :=T85

Sym(n, R)
E 9 >=7?5[>c4N587cA�5j5 W :c465 <?5[58@ g W :lgLg W 5 @N^`0301<?58g?< >lvFg W 5[<?5 v ^`@DT8g\2]>=@P:l0]<

:l7 5 2]M`58@Ng\2]Tc:l0iE Z W ^D<cA1g W 5 - Jr^D<\g , 5 <?Tc:l0q:l7 Jr^`03g\23_`0]5[< >lvr5c:=T W >=g W 5Q7uE oD^`7\g W 587\JL>=7?5UA
I I E I Oj23J _`032]5[< g W :lg g W 5 - :l7?5I� ��<M��./�")��tJx^D0 g?2 _D035[<1>lvX5c:=T W >=g W 5Q7uEdZ W 587?5Qv >=7?5Fg W 587?5 2]< <?>=JL5
T[>=@D<\gQ:l@Ng

k > 0
<\^DT W g W :lg

xT
1 PA1x1 = −kxT

2 PA2x2
I I E L O

v >=7e:l030
P ∈ Sym(n, R)

E
,F>)5 OB58J J : I E M E & 23J _`032]5[<rg W :lgH5823g W 587

x1 = αx2
5 23g W

A1x1 = −( k
α
)A2x2

v >=7r<?>=JL5
7 5[:l0

α
Ap>=7

x1 = βA2x2
:l@DM

A1x1 = −( k
β
)x2

v >=7r<?>=JL5 7?5c:l0
β
E hj>=@D<\2]M`587rg W 5 v >=7\JL587

<\23g\^ :lg\2]>=@ g?> , 58yU23@R5 23g W EdZ W 58@R5j5 W :[4N5

A1(αx2) = −(
k

α
)A2x2

=⇒ (A1 + (
k

α2
)A2)x2 = 0

:l@PM g W ^D<tg W 5F_ 58@DT8230
σγ[0,∞)[A1, A2]

2]< <\23@`yU^`0q:l71:l@DM g W 5FJ :lg\7\2 *
A1A

−1
2

W :=< :x@D58yN:lg\234N5
7 5[:l0�5823y658@.4U:l03^D5UE
/1@ g W 5 >=g W 587 W :l@DM A`23@ g W 5 0q:lg\g?5871<\23g\^P:lg\2]>=@BA�5j5 W :[4N5Fg W :lg

x2 =
1

β
A−1

2 x1

Z W ^D<

A1x1 = −(
k

β2
)A−1

2 x1

=⇒ (A1 + (
k

β2
)A−1

2 )x1 = 0

Z W ^D<cAu23@xg W 2]<�Tc:=<?5Xg W 5X_a58@DT8230
σγ[0,∞)[A1, A

−1
2 ]

2]<�<\2 @DyU^`0q:l7p:l@DM g W 5dT[>=7\7 58<\_a>=@DM 23@`yeJ :lg\7\2 *
_D7?>NM ^DT8g

A1A2
W :=<F:H@D58yN:lg\234N5 7?5c:l0p5823y658@N4U:l03^D5UE Z W 2]<1T[>=J _`0]58g?5[<eg W 5 _`7?>N>lvn>lvdZ W 5[>=7?58J

I E I E 0 E
� ��F FH�G�;�)���

� �



�&��� � $&� ����!��K����� � �#���

G 3N5 - vi:=T8g?>=7n23@Lg W 5 _`7?>N>lvB>lvBZ W 5[>=7?58J I E I E 0 2]<Xg W :lgdg W 587?515+* 2]<\g?<j: <?58_P:l7 :lgmk
23@`y W - _ 587\_`0q:l@D5 , 58g 5t5[58@ g W 5e@D>=@ ki23@Ng?587?<?5[T8g\23@`y T[>=@N4N5+* T[>=@D5[< PA1

:l@DM PA2

� 0+0 & 
 E 1 @ vi:=T8gcA`<\^DT W : W - _a587\_`0q:l@D5 5t>=^`0]M 5+* 2]<\gt584N58@ 5 23g W >=^`g g W 5F5+* g\7 : :=<mk
<\^`J _`g\2]>=@�>=@ g W 5F7 :l@!3 >lvpg W 5FJ :lg\7\2]T[5[<

Q1, Q2
E��e>)5t5846587cA g W 5 :=<?<\^`J _`g\2]>=@

g W :lg , >=g W >lv1g W 5[<?5 J :lg\7\2]T[5[< W :[4N5 7 :l@!3
n − 1

JL5c:l@D< g W :lg g W 5 <?58_P:l7 :lgmk
23@`y W - _ 587\_`0q:l@D5 2]< 5 � 5[T8g\2346580 - ^`@`2 �N^D5UAP:l@DM 23g 2]< g W 2]<tvi:=T8g g W :lg 0]5c:=M`< g?> g W 5
T[>=@DT803^D<\2]>=@D< >lv�g W 5eg W 5[>=7?58J E���5e< W :l030a< : - JL>=7?5F>lv�g W 2]< :l@DM <\23J 230q:l7t2]<?<\^D5[<
5 W 58@ 5j5tT[>=JL5tg?>FM 2]<?T8^D<?<pg W 5 , >=^`@DMD:l7 - <\g\7\^DT8g\^`7?5t>lv g W 5t<?58g?< PA

23@L:10q:lg?587
T W :l_`g?587cE 1 @�_P:l7\g\2]T8^`0q:l7cA;5t5x< W :l0 0+< W >�5 5 W - g W 5x<?58_P:l7 :lg\23@`y W - _ 587\_`0q:l@D5r2]<
^`@`2 �N^D5 ^`@DM`587 g W 5x:=<?<\^`J _`g\2]>=@D<1>lvXZ W 5[>=7?58J I E I E 0 E
� W 230]5 Z W 5[>=7?58J I E I E 0 J : - :l_`_ 5c:l7�<?>=JL575 W :lg g W 5[>=7?58g\2]Tc:l0iAF23@�g W 5;@D5+* g
T W :l_`g?587	5t5 < W :l0301M`5[<?T87\2 , 5 W >)5 23g T[:l@ , 5 ^D<?5[M	g?> MD5Q7?2 4N5 T[>=@DT87?58g?5UA :l@DM
:l_`_`032]Tc: , 0]5UAPT[>=@DM 23g\2]>=@D< v >=7eh)( OBo	5+* 2]<\g?58@DT[5Fv >=71:r_P:l2371>lv�O Z 1 < - <\g?58JL<cE 1 @
vi:=T8gcA 5t5�< W :l030e<?5[5 g W :lg 23g ^`@`2 JP5[<cAt23@�:�T[587\g :l23@�<?58@D<?5UAtg 5j>�>lv g W 5 JL>U<\g
<\23yU@`2 JPTc:l@.g 7?5[<\^`03g?< _`7?584.2]>=^D<\0 - M`587\234N58M >=@ g W 5rh)( OBo	5+* 2]<\g?58@DT[5 _`7?> , 0]58J E
1 g 2]< 23J _a>=7\g :l@Ngxg?>�:l_`_`7?5[T82q:lg?5Lg W :lg 23@ g W 5 <\23g\^P:lg\2]>=@�>lv op23yU^`7?5 I E M ABg W 587?5
5 23030By658@D587 :l030 - , 5 J :l@ - J :lg\7\2]T[5[<

P
23@ g W 5 23@Ng?587?<?5[T8g\2]>=@ >lvpg W 5 , >=^`@DMD:l7\2]5[<

>lv PA1

:l@DM PA2

E��e>�5j584N587cA g W 5 W - _ >=g W 5[<?5[<1>lvXZ W 5[>=7?58J I E I E 0 7?5 �N^`237?5 g W 5
5+* 2]<\g?58@DT[5e>lv�>=@`0 - =�� �X_a>U<\23g\23465e<?58J 2 k M`5KJD@`23g?5eJ :lg\7\2 *

P
23@ g W 2]<j23@Ng?587?<?5[T8g\2]>=@

<\^DT W g W :lg
AT

i P + PAi
W :=<j7 :l@!3

n− 1
v >=7

i = 1, 2
E 1 gj2]<j@D>=gt@D5[T[5[<?< :l7 - v >=7

:l030�J :lg\7\2]T[5[<eT[>=J JL>=@�g?> , >=g W , >=^`@DMD:l7\2]5[<1g?> W :[4N5 g W 2]< _`7?>=_a587\g - 23@ >=7?M`587
v >=7 g W 5Fg W 5[>=7?58J%g?>L:l_`_`0 - E
� W 58@�g W 5 W - _ >=g W 5[<?5[< >lvHZ W 5[>=7?58J I E I E 0 :l7?5;< :lg\2]< JP5[M Aeg W 5;7?5[<\^`03g < : - <
g W :lgH>=@D5 >lv g W 5LJ :lg\7\2 *�_a58@DT8230]<

σγ[0,∞)[A1, A2]
A
σγ[0,∞)[A1, A

−1
2 ]

W :=<r:l@
5823y658@.4U:l03^D5x2 @�g W 5xT80]>U<?5[M 7\23y W g W :l0 vKki_`0q:l@D5UE Ge< W :=< , 5[58@�7?58J :l743N5[M , 5Qv >=7?5UA
Z W 5[>=7?58J 6 E M E 0 7?580q:lg?5[<jT[>=@DM 23g\2]>=@D<t>lvBg W 2]<j<?>=7\gng?>xg W 51M - @P:lJ 2]T[<t>lv g W 5 _P:l237

� �



�&��� � $&� ����!��K����� � �#���

>lvX<45 23g?T W 5[M < - <\g?58JL<
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As t approaches 0.808, a pair of complex
conjugate eigenvalues converge to a single 
real negative eigenvalue. If we increase t further,
this then splits into two negative eigenalues. 
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P
g?> g W 5 T[>=@D<\g\7 :l23@D5[M

O - :l_`^`@D>u4 5 �N^P:lg\2]>=@D<
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ω ∈ R.
I L E 0 O
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>=^Dg 0]>U<?< >lv y658@D587 :l0323g - g W :lgxg W 5 7 :l@!3 >=@D5LJ :lg\7\2 *

bcT
2]< 23@�>=@D5 g W 5 � >=7?MD:l@RTc:l@D>=@`2]Tc:l0

��V �



�
� ��� ��!H�%�1
��F� �&� �	���'����!��=� �%!���� ��� �����&�K
��&�

v >=7\JL<

IK2KO
bcT =












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
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
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


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
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A
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A2� � ��$%5 �/. �D8:��./$%���-�-+9�"�
R

n×n 5 �/."�
rank(A2 − A1) = 1

O

� ����� ."��� � � L +%&@+�.0�%8K+
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














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−18.7324 10.5304 −35.5976

15.3888 30.8884 −22.9334

















, b =
















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















, c =
















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












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


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
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






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
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














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−18.9567 −44.9843 −24.8604














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."���K�%�><3�%��+0���M�%�K�2=�$%$-�-+0��=��E1��"��<?.C=:."���K�%�><3�%��)@��� ���
2
���@+91��"8?�%��+%��=��

2
O6���3�3+9A%&?."���9�-=�8 �
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








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ẋ = Ax + bu

δr,c = cT x
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−
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23J _a>=7\g :l@.geg?> :l_`_`7?5[T82q:lg?5rg W :lg 5 W 58@ 5t5x< : - g W :lg : J :lg\7\2 *�2]< @D>=@ ki@D58yN:lg\234N5 IK_ >U<\23g\234N5uOQA
g W 2]< 7?5Qv 587?< g?>�g W 5 58@Ng\7\2]5[< >lvxg W 5�J :lg\7\2 * A1:l@DM g W :lg 23g 2]< :�M 2�� 587?58@.g T[>=@DT[58_`g g?>�g W 5
_D7?>=_ 587\g - >lv+@D>=@ ki@D58yN:lg\23465 IK_ >U<\23g\234N5uOtM`5KJD@`23g?58@D5[<?< v >=7 < - J JL58g\7\2]T J :lg\7\2]T[5[<cE
Ge03<?>`Alv >=7X:1J :lg\7\2 *

A
23@

R
n×n A ρ(A)

M`58@D>=g?5[<+g W 5t<\_a5[T8g\7 :l0 7 :=M 23^D<X>lv
A
:l@DM

µ(A)
M`58@D>=g?5[<

g W 5FJ : * 23J :l0�7?5c:l0B_P:l7\g1>lvn:l@ - 5823y658@N4U:l03^D5x>lv
A
E ,F>=g?5Fg W :lg

A
2]< �1^`745 23g��x2 vd:l@DM >=@`0 - 2 v

µ(A) < 0
E

� �����=���=#�� � � ' �[}E���)�GFH��� ����� "K�����P{����=#;� {����*z �$� ��<�����F�{��)�B��*$�����
��5t@D>�5 23@Ng\7?>.M ^DT[5 g W 5 J :lg W 58J :lg\2]Tc:l0aM`5KJD@`23g\2]>=@D<n>lv T[>=@.g\23@N^D>=^P<mkig\23JL5e:l@DMLM 2]<?T87?58g?5Qkig\23JL5
_a>U<\23g\23465 O Z 1 < - <\g?58JL<cE
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ΣA : ẋ = Ax x(t0) = x0

�,+B��=@+%�/./�")�� � N
x0 � 0 ⇒ x(t) � 0

N�=�$D���"�
t ≥ t0

O

� ��F FH�G�;�)���

1 gX2]< 5j58030 k 3.@D>�5 @�� M+6`A'�B6�
Dg W :lgdg W 5?O Z 1 < - <\g?58J
ΣA

2]<d_ >U<\23g\234N5t2 vB:l@DML>=@`0 - 2 v
:l030p>lvdg W 5x> � k M 2q:ly6>=@P:l0+580]58JL58@Ng?<F>lvXg W 5xJ :lg\7\2 *

A
:l7?5x@D>=@ ki@D58yN:lg\23465UEeSN^DT W

J :lg\7\2]T[5[<x:l7?5 3.@D>�5 @�:=<D� ��. ���#�%$eJ :lg\7\2]T[5[<cE oD^`7\g W 587\JL>=7?5UA g W 5 O.Z 1 < - <\g?58J
ΣA

2]< _a>U<\23g\23465 2 vj:l@DM�>=@`0 - 2 vdg W 5 J :lg\7\2 *�5+* _a>=@D58@Ng\2q:l0
eAt

2]< @D>=@ ki@P5QyN:lg?2 4N5
v >=7F:l030

t ≥ 0
� I Q 
 E1Z W ^D< 5t5 W :[4N5 g W :lg

A
2]<F:L9 58g��[0]587eJ :lg\7\2 *�2 vn:l@DM >=@`0 -

2 v
eAt

2]<j@D>=@ ki@D58yN:lg\234N5ev >=7 :l030
t ≥ 0

E ,e>=g?5 :l03<?>rg W :lg :xJ :lg\7\2 *
A
2]< 9 58g��[0]587

2 vd:l@DM >=@`0 - 2 v+23g?< g\7 :l@D<\_a>U<?5 2]<1:l0]<?> 9 58g��[0]587cE
1 g 2]< 23J _ >=7\g :l@.g g?> 7?5c:l032 �c5 g W :lg g W 5H_`7?>=_a587\g - >lvt_ >U<\23g\234.23g - 2]< T[>lk >=7?M 23@P:lg?5
M`58_a58@DM`58@Ng :l@DM W 58@DT[5L2]< @D>=g 23@N4U:l7\2q:l@.gx^`@DM`587x<\23J 230q:l7\23g - g\7 :l@D<mv >=7\J :lg?23>=@P<
>lv+g W 5 < - <\g?58J J :lg\7\2 *

A
E

Z W 5 T[>=7\7?5[<\_a>=@DM 23@`y M`5KJD@`23g\2]>=@ >lv+_ >U<\23g\234N5 O Z 1 < - <\g?58JL< 23@ M 2]<?T87?58g?5Qkig\23JL5 2]< @D>)5�yU234N58@BE
�R�$� �����)������$ � ~ � ~ �����D1��,+J��$2��.0� � ./�"8?��� � L +%&@+�.0�%8

Σd
A : x(j + 1) = Ax(j) x(j0) = x0

�,+B��=@+%�/./�")�� � N
x0 � 0 ⇒ x(j) � 0

N�=�$D���"�
j ≥ j0

O

� ��F FH�G�;�)���

1 g 2]< 5c:=< - g?>L<?5[5Fg W :lg g W 5 M 2]<?T87?58g?5Qkig\23JL5 O Z 1 < - <\g?58J
Σd

A

2]< _a>U<\23g\23465 2 vd:l@DM
>=@`0 - 2 v+g W 5 J :lg\7\2 *

A
2]< @D>=@ ki@D58yN:lg\234N5UEnGe<
5 23g W T[>=@.g\23@.^D>=^D<mkig\23JL5x< - <\g?58JL<cA

23gF< W >=^D03M , 5 3658_`ge23@ J 23@DM g W :lgFg W 5x_`7?>=_a587\g - >lvt: < - <\g?58J , 5823@`y _a>U<\23g\23465
2]< @D>=g1T[>lk >=7?M 23@P:lg?5 23@DM`58_a58@DM`58@NgcE
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Ct5Qv >=7?5 JL>u4.23@`yr>=@BA$5t5 @D>=g?5 g W :lgng W 587?5 2]<t: T80]>U<?51T[>=@`@D5[T8g\2]>=@ , 58g 5t5[58@ 9 58g��[0]587jJ :lg\7\2]T[5[<
:l@PM @D>=@ ki@D58yN:lg\234N5dJ :lg?7\2]T85[<cEdSN_ 5[T82 JPTc:l030 - AU:l@ - 9 58g��[0]587�J :lg\7\2 *

A
23@

R
n×n

Tc:l@ , 5 5 7\23g\g?58@
I @D>=@ ki^`@`2 �N^D580 - >lvdT[>=^`7?<?5uO :=<

A = N − αI
A�5 W 587?5

N � 0
:l@DM

I
2]< g W 5 2]M`58@.g\23g - J :lg\7\2 *

23@
R

n×n Ed9 >=7?5[>c4N587cA µ(A) = ρ(N) − α
AD:l@DM

A
2]< �1^`745 23g�� 2 vd:l@DM >=@`0 - 2 v

α > ρ(N)
E

' ����������*��� ���<��=�Q} � � ��������� �G�����G�;#`{�<������L{���� �G�����G��#���*+�)�������
V >U<\23g\23465 :l@DM @D>=@ ki@D58yN:lg\23465FJ :lg\7\2]T[5[<cAD:l@DM g W 58237 y658@D587 :l032 �u:lg\2]>=@D<cA W :[4N5 , 5[58@ <\g\^DM 2]5[M 5+*.k
g 5Q@P<\2 4N580 - 5 23g W 23@xg W 5nJ :lg W 58J :lg\2]T[<p0323g?587 :lg\^`7?5dv >=7p<?>=JL5dg\23JL5UAU:l@DMH:t@.^`J , 587+>lv`g?5+* g , >N>B3 <
yU234.23@`y , :=T 3.yU7?>=^`@DM�>=@�g W 2]<e:l7?5c: :l7?5 @D>)5
:[4U:l230q: , 0]5 � �.A 0+0 Q�
 E V 587 W :l_D<1g W 5 JL>U<\g v ^`@DMD:uk
JL58@.g :l0iA :l@DM T80q:=<?<\2]Tc:l0iAUvi:=T8gj: , >=^`gnJ :lg\7\2]T[5[< 5 23g W @D>=@ ki@D58yN:lg\234N5158@Ng\7\2]5[<d2]<Xg W 5 7?5[<\^`03gdg W :lg
g W 5 <\_ 5[T8g\7 :l0B7 :=M 23^D<1>lvd:r@D>=@ ki@D58yN:lg\23465 J :lg\7\2 * 2]<t23g?<?580 vd:l@�5823y658@N4U:l03^D5 >lv+g W 5 J :lg\7\2 * E 1 @
vi:=T8g 23g 2]< _ >U<?<\2 , 0]5 g?> < : - <\0323y W g\0 - JL>=7?5Fg W :l@ g W 2]<tv >=7 _ >U<\23g\234N5FJ :lg\7\2]T[5[<1:l@DM �"$%$2�21������CA%�#�
@P>=@ ki@D58yN:lg\23465 J :lg\7\2]T[5[<cE�Z W 2]<x@D>=g\2]>=@ >lv 237\7?5[M ^DT82 , 230323g - A�5 W 2]T W 5 23030j_`0q: - :l@R23J _ >=7\g :l@.g
7 >=035 0q:lg?587 23@ g W 2]< T W :l_Dg?587cA!5 23030B@D>)5 , 5 M`5KJD@D5[M E
G�_a587\Jx^`g :lg\2]>=@ J :lg\7\2 *

P ∈ R
n×n

2]< : J :lg\7\2 *@5 23g W 5+*D:=T8g\0 - >=@D5F58@Ng\7 - 23@ 5c:=T W 7?>)5�:l@DM
T[>=03^`J @�5 �N^P:l0Bg?> >=@D5 :l@DM�:l030B>=g W 587158@Ng\7\2]5[< �[587?>`EdZ W 5 7?5c:=<?>=@ v >=7 Tc:l030323@`y <\^DT W J :lg\7\2]T[5[<
_a587\Jr^`g :lg\2]>=@ J :lg\7\2]T[5[<j23<ng W :lgng W 515 � 5[T8gj>lv Jr^`03g\23_`0 - 23@`y :F4N5[T8g?>=7 ,.- <\^DT W : J :lg\7\2 *L2]<dg?>
_a587\Jr^`g?51g W 5e58@.g\7\2]5[<t>lv�g W 51465[T8g?>=7 :lJL>=@`yHg W 58JL<?5803465[<cEXoD^`7\g W 587\JL>=7?5UA.v >=7j<\^DT W J :lg\7\2]T[5[<
P T = P−1 :l@DM g W 5 5 �B58T8g >lv�g W 5 <\23J 230q:l7\23g - g\7 :l@D<mv >=7\J :lg\2]>=@ A → PAP T 2]<tg?>r_a587\Jx^`g?5
g W 5X7?>�5 <p:l@DMxT[>=03^`J @D<p>lv`g W 5XJ :lg\7\2 *

A
23@xg W 5n< :lJL5XJ :l@`@D587cE 1 @ _P:l7\g\2]T8^`0q:l7cAlg W 5nM 2q:ly6>=@P:l0

580]58JL58@.g?<r>lv
A
:l7?5L_a587\Jx^`g?5[M :lJL>=@`y�g W 58JL<?58034N5[<cA+:l@DM�g W ^D<cABv >=7r:l@ - M 2q:ly6>=@P:l0jJ :lg\7\2 *

D
AP:l@DM _a587\Jx^`g :lg\2]>=@ J :lg\7\2 *

P
A
PDP T

2]< :l0]<?>LM 2q:ly6>=@P:l0iE
,F>)5 A+: J :lg\7\2 *

A ∈ R
n×n

2]<x< :l2]M g?> , 5F$-� 1������CA%�#� � I 6 
j2 v g W 587?5 5+* 2]<\g?<r: _a587\Jx^`g :lg?23>=@
J :lg?7\2 *

P ∈ R
n×n

:l@DM <?>=JL5
r
5 23g W

1 ≤ r < n
<\^DT W g W :lg

PAP T W :=< g W 5Fv >=7\J








A11 A12

0 A22









I & E 0 O
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5 W 587?5
A11 ∈ R

r×r, A22 ∈ R
(n−r)×(n−r), A12 ∈ R

r×(n−r) :l@DM 0
2]<Fg W 5 �c587?> J :lg\7\2 *;23@

R
(n−r)×r

E 1 v :;J :lg\7\2 *	2]< @D>=gL7?5[M ^DT82 , 0]5UAjg W 58@ 2 gL2]<F�"$%$-� 1������CA%�#�8E 1 gL< W >=^`0]M , 5 @D>=g?5[M
g W :lg 23g >lv g?58@�>NT[T8^`7?< 23@ g W 5Hg W 5[>=7 - >lvt@D>=@ ki@D58yN:lg\23465LJ :lg\7\2]T[5[< g W :lg 7?5[<\^`03g?< 5[<\g : , 032]< W 5[M
v >=7j_a>U<\23g\234651J :lg\7\2]T[5[< Tc:l@ , 5e5+* g?58@DM`5[M g?>x237\7?5[M ^DT82 , 0]5e@P>=@ ki@D58yN:lg\23465FJ :lg\7\2]T[58< :l0]<?>`EXZ W 5
v >=030]>�5 23@`y 5j58030 k 3.@D>�5 @ 7?5[<\^`03gcAG5 W 2]T W 5t:=< >=7\23yU23@P:l030 - M`587\23465[M v >=7j_a>U<\23g\23465FJ :lg\7\2]T[5[<cA 2]< :l@
5+*D:lJ _`0]5 >lv+g W 23< _ W 58@D>=JL58@D>=@ � I 6�
 E

� A��������GF $ � ~ ��& � � �M��=@+*�
A ∈ R

n×n
�,+ �"$%$-� 1������CA%�#�6���E1?�E=�� �0� ��<M��./�")��*OI�����%�

� � �
ρ(A) > 0

�,+D��� �%�><3�%��)@��� ���6= N
A
= N9��� <3�*A%$ �����K86��� ./� � � �����/./& =�� � �

� �"� � ."���%$-�9�,+ +J=�8?� )��2�J.C=�$
x � 0

�"�
R

n
+%���%�	."����.

Ax = ρ(A)x
O

Z W 2]< g W 5[>=7?58J yU^P:l7 :l@Ng?5[5[< g W :lg g W 5�5823y658@D<\_P:=T[5 >lv
A
T[>=7\7?5[<\_a>=@DM 23@`yRg?>

ρ(A)
2]< >=@P5 k

M`2 JL58@D<\2]>=@P:l0iAD:l@DMLg W :lgjg W 587?512]<t:l@ 5823y658@.465[T8g?>=7
x
A.T[>=7\7?5[<\_a>=@DM 23@`yrg >

ρ(A)
AN5c:=T W T8>=J _a>lk

@P5Q@.g1>lv�5 W 2]T W 2]< _a>U<\23g\23465UE
�F2 4N58@�g W 58237rT80]>U<?5L7?580q:lg\2]>=@D< W 23_ 5 23g W @D>=@ ki@D58yN:lg\234N5LJ :lg\7\2]T[5[<cAp23gx2]< @D>=gr<\^`7\_`7\2]<\23@`y�g W :lg
9;5Qg �80]587 J :lg\7\2]T[5[< W :c465 :H@N^`J , 5871>lv+_`7?>=_a587\g\2]5[<e:l@P:l0]>=y6>=^D< g?>Hg W >U<?5 yU234658@ ,N- Z W 5[>=7?58J
& E 6 E 0 E Ct5Qv >=7?5 <\g :lg\23@`y g W 5 @D5+* gr7?5[<\^`03gcA+@D>=g?5 g W :lgrg W 5 J :lg\7\2 *

A
2]<r237\7?5[M ^DT82 , 0]5 2 vF:l@DM

>=@D0 - 2 v
A − αI

2]< 237\7?5[M ^DT82 , 0]5 v >=7e:l0 0
α > 0

E

� A��������GF $ � ~ � ~ � ��.
A = N − αI ∈ R

n×n
A2� � ��. ���#�%$K���E1?�"$%$2� 1������CA%�#�*O:�����%�

� � �
µ(A) = ρ(N)−α

�,+ ��� �%�><3�%��)@��� ��� = N
A
= NB��� <3�*A%$2����� � ���E1 <3�2=�8?��./$%��� � 86��� ./� � � �����/./&

=�� � �

� �"� � ."���%$-�9�,+D��� �%�><3�%��)��2�J.C=�$
x � 0

5 �/."�
Ax = µ(A)x

O
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�e0 g?2 J :lg 5Q0 - Ad>=^`7ry6>6:l0t2]<xg?>;M`587\23465 <\g : , 23032 g - T87\23g?587\2q: v >=7H<45 23g?T W 5[MR0323@D5c:l7 < - <\g?58JL<xg W :lg
:l7?23<?5 :=<H: 7?5[<\^`03gr>lv <45 23g?T W 23@`y , 58g 5j5[58@�vi:lJ 23032]5[<r>lv1<\g : , 0]5L_ >U<\23g\234N5@O Z 1 < - <\g?58JL<cE oD>=7
g W 2]<F7?5c:=<?>=@BA%5t5H< W :l030XJL>U<\g\0 -�, 5 T8>=@PT8587\@P58MH5 23g W _ >U<\23g\234N5.O Z 1 < - <\g?58JL< 5 W >U<?5 < - <\g?58J
J :lg?7\2]T85[< :l7?5 , >=g W 9 58g��[0]587 :l@DM �1^`745 23g��6EX9;:lg\7\2]T[5[< >lv�g W 2]<nv >=7\J :l7?5e2 @.g\23J :lg?580 - 7?580q:lg?5[M
g >1g W 5tT80q:=<?<X>lv <?>lk Tc:l030]5[MH9 kiJ :lg\7\2]T[5[<�� �.A I M 
0�U23@rvi:=T8gcA6: J :lg\7\2 *

A
2]<+9 58g��[0]587n:l@DM �1^`745 23g��

2 vP:l@DMx>=@`0 - 2 v −A
2]<p:l@x9 kiJ :lg\7\2 * EXhj>=7\7?5[<\_ >=@DM`2 @Dy1g?>1<\23J 230q:l7�T[>=@DM 23g\2]>=@D<Bv >=7�9 kiJ :lg\7\2]T[5[<cA

g W 587?5 :l7?5 :e0q:l7\y65t@.^`J , 587d>lv 5 �N^`234U:l0]58@NgnT[>=@DM 23g\2]>=@D<+v >=7n:F9 58g��[0]587XJ :lg\7\2 *Hg?> , 5 �1^`745 23g��6E
S >=JL5d>lv g W 5XJL>U<\gB7?580]584U:l@Ngp>lv g W 5[<?5+v >=7B>=^`7B_`^`7\_a>U<?5[<�:l7 5+032]<\g?5[M 23@ g W 5+v >=030]>)5 2 @Dy g W 5[>=7?58J E
oP>=7 M`58g :l230]<cAD<?5[5 � � A I M 
 E

� A��������GF $ � ~ � � � ��.
A ∈ R

n×n
A-� � ��. ���#�%$*OK�����%� ."��� N�=��,�>=�5 �"��< +�.C��.0�%8?�%� ."+ ��$-�(�������") �

���#��� .0O

� � �
A
�,+ � ��$%5 �/. � O

� �"� � �����%$-�9�,+(+J=�8?�9)�� �J.C=�$
v � 0

�"�
R

n
+%���%�	."����. −Av � 0

O

� �"�"� � −A−1 �,+ �E=�� �0� ��<M��./�")��*O

� �") � �����%$-�K�,+ +J=�8?� ��=@+%�/./�")��I13��� ���/.0�61����*<M=��E��� 8:��./$%� �
D

+%���%� ."����.
AT D + DA < 0

O

� =�$-� =�)��%$-G��/. ���@+6A2�-�%� +-��=�5 � �"� � � � ��� ."����. � N
v, w

��$-� )�� �J.C=�$-+D�"�
R

n +%���%�	."����.

� � �
v, w � 0

� A�� −Av � 0,−AT w � 0
G

."���%� ."��� ��=@+%�/./�")��K13��� ���/.0�D1����*<M=��E����8:��./$%� �@G

D = diag{w1/v1, w2/v2, . . . , wn/vn},

+J��./�,+����-+

AT D + DA < 0.
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1 g?58J IK232KO�23@ Z W 5[>=7?58J & E 6 E M 5[<\g : , 032]< W 5[<dg W :lg+v >=7n:l@ - 9 58g��[0]587cA �1^`745 23g�� J :uk
g\7\2 *

A
23@

R
n×n

A6g W 587?5 2]<n<?>=JL5 4N5[T8g?>=7
v
23@Lg W 5 _ >U<\23g\234N5 >=7\g W :l@.gj>lv

R
n
<\^DT W

g W :lg
(−A)v

2]<e:l0]<?>L23@�g W 5 _ >U<\23g\234N5x>=7\g W :l@.gcE 9;:lg\7\2]T[5[< 5 23g W g W 2]< _`7?>=_a587\g -
:l7?5 3.@D>�5 @R:=<I+*�%86� �#��=@+%�/./�")��FJ :lg\7\2]T[5[< � � 
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� � {�F��"<���$ � � ��&�� =���+%��13�%$9."���D./5�= � ��$%5 �/. � � ��. ���#�%$D8:��./$%���-�-+
A1, A2 ∈ R

3×3

A1 =

















−0.5302 0.0012 0.0873

0.2185 −0.7494 0.5411

0.7370 0.1543 −0.3606

















A2 =

















−0.5136 0.4419 0.3689

0.1840 −0.3951 0.0080

0.3163 0.6099 −1.0056

















.

� ��� �%�><3�%��)@��� ���%+ = N6."��� � $ =*1����J.
A1A

−1
2

��$2�K<��")��%� A%& {−0.8217 + 0.0835i,−0.8217 −

0.0835i, 2.2234} O � =�5��%)��%$:."���6+%&@+�.0�%8K+
ΣA1

G
ΣA2

����)��I�E= ��� � � O L-�?N��M�J."G!�/. �2��� A-�

+-��=�5 �	�3+%�"��<6."���(� H � � H � � �FL!.C= =��#A = �:."����. ."���%$2�9��$2����=@+%�/./�")�� +*�%86� � 13��� ���/.0�(8:��./$%���-�-+

P1, P2
+J��./�,+/N-&��"��<

AT
1 P1 + P1A1 + AT

2 P2 + P2A2 > 0
O�L%.�."�����KN�=��"�>=�57+ N-$ =�8 � ��O � ���I."����.

��� �



�S��� � 
�� !#��! � � ��!��&� ���"� �&� �	���'������� ��� � � �

."���%$-� �,+!�E= ��� � � N�=�$
ΣA1

G
ΣA2

� ��
 �JOK���3�3+ ."��� �2=��E1��/./��=��F."����.
A1A

−1
2

���@+ �E=D� ��<M��./�")��

��� <��%��)@��� ���-+D�,+ �E=�. +%� � ���C�%� . N�=�$ ��� � � �����,+�.0�%�E�-�*O

,F>=g?5Lg W :lgr23g W :=<x7?5[T[58@.g\0 -�, 5[58@ < W >�5 @R23@ � M+8�
jg W :lgrg W 5 T[>=@DM 23g\2]>=@
A1A

−1
2

W :[4.23@`y @D>
@P5QyN:lg?2 4N517?5c:l0a5823y658@.4U:l03^D5[< :l0]<?> vi:l230]<ng?> , 5e<\^10 T82]58@.gnv >=7ng W 515+* _a>=@D58@Ng\2q:l0 <\g : , 230323g - >lvBg W 5
_a>U<\23g\23465 <45 23g?T W 5[M 0323@D5c:l71< - <\g?58J

ẋ = A(t)x, A(t) ∈ {A1, A2}.

� W 2 0]5 g W 5 : , >u465 5+*D:lJ _`0]5 < W >�5 <xg W :lgrg W 5 T[>=@��m5[T8g\^`7?5 >lv � � & 
j2]<x@D>=grg\7\^D5 v >=7xy658@D587 :l0
_ :l2 7 <x>lvt_a>U<\23g\23465@O.Z 1 < - <\g?58JL<cA%5t5L< W :l030j<?585 0q:lg?587x23@�g W 5LT W :l_`g?587 W >)5 g W 5 7?5c:=<?>=@`23@`yDA
, :=<?58M >=@ Z W 5[>=7?58J I E I E 0 A g W :lgt0]5[M ^D<tg?>rg W 5FT[>=@��m5[T8g\^`7?5 Tc:l@ , 5F<\^DT[T[5[<?<mv ^`030 - :l_`_`032]5[M g?>
g W 5r_`7?> , 0]58J�>lvtM`58g?587\J 23@`23@`y @D5[T[5[<?< :l7 - :l@DM;<\^10 T82]58@.g T[>=@DM 23g\2]>=@D<Fv >=7xhjY OBo*5+* 2]<\g?58@DT[5
v >=71_P:l237?<1>lvXy658@D587 :l0�_a>U<\23g\23465 O.Z 1 < - <\g?58JL<cEnop237?<\ge>lvn:l030iA!5t5x< W >)5 ^D<\23@`y Z W 5[>=7?58J L E 6 E 0
g W :lg g W 5 T[>=@��m5[T8g\^`7?5 2]< 23@DM`5[5[M g\7\^D5ev >=7 _P:l237?< >lvX<?5[T[>=@DM >=7?M`587 _ >U<\23g\234N5 O Z 1 < - <\g?58JL<cE
� A��������GF $ � � ��& � ��.

A1
G

A2
�"�

R
2×2 A2�:� ��. ���#�%$ ���E1 � ��$%5 �/. � O �����%� ."���(N�=��"�>=�5 �"��<

+�.C��.0�%8?��� ."+D��$2�6�������")@���#�%� .0O

� � � �����98:��./$%� � � $ = 1����J.
A1A

−1
2

���@+ �E=:� �C<M��./�")��9$-� ���7�%�><3�%��)@��� ���-+ �

� �"� � ."��� +%&@+�.0�%8K+
ΣA1

G
ΣA2

����)��K� ��� � ���
� �"�"� � ."��� ��=@+%�"./�")�� +%5 �/.C�%���21?� �"� � ��$ +%&@+�.0�%8

ẋ = A(t)x A(t) ∈ {A1, A2},
I & E 66O

�,+ ����� N�=�$%86� & ���%��=�� �%� ./�����"� &:+�.C�3A%�#��N�=�$D��$*A%�/./$ ��$%&:+%5 �/.C�%�3�"��<I+%�><��E��� +*O

� ���%��
 � ��5 < W :l030B_`7?>c4N5Fg W 5 g W 5[>=7?58J ,.- < W >)5 23@`yLg W :lgrIK2KO ⇒ IK232KO ⇒ IK23232KO ⇒ IK2KOQE
I 2qO ⇒ IK232KOQb Z W 5 3N5 - _a>=23@Ng W 587?5;23< g?> < W >�5�g W :lg

A1A2
Tc:l@`@D>=g W :[4N5 :�@D58yN:lg\23465;7?5c:l0

5823y658@.4U:l03^D5 :l@DM g W 58@�:l_`_`0 - Z W 5[>=7?58J L E 6 E 0 E ,e>)5 AD:=<
A1
A
A2
:l7 5F9 58g��[0]587cA 23gjv >=030]>)5 < ,.-

��� �



�S��� � 
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M`2 7 58T8geTc:l0]T8^`0q:lg\2]>=@�g W :lg g W 5FJ :lg\7\2 * _`7?>.M ^DT8g
A1A2

W :=< g W 5 <\23yU@ _P:lg\g?587\@








+ −

− +









.

Z W :lg 2]<cAB2 v 5t5 5 7\23g?5
B = A1A2

ABg W 58@
bij ≤ 0

v >=7
i 6= j

:l@DM
bii > 0

A v >=7
i, j = 1, 2

E
oD^`7\g W 587\JL>=7?5 :=<

A1
:l@DM

A2
:l7?5��1^`745 23g��H:l@DM 23@

R
2×2 ADg W 58237FM`58g?587\J 23@P:l@Ng?<FJx^D<\g , >=g W

, 5F_a>U<\23g\23465UE 1 @ _P:l7\g\2]T8^`0q:l7cAD23g v >=0 0]>�5 < g W :lgcb
I :6O g\7 :=T[56I

A1A2
O � N��

I , O�M`58guI
A1A2

O � N E
,F>)5*2 v

A1A2
W :=< : @D58yN:lg\234N517?5c:l0 582 y658@.4U:l03^D5UA.23g�5t>=^`0]MLv >=030]>�5 v 7?>=J�I , OXg W :lg , >=g W >lv�23g?<

5823y658@.4U:l03^D5[< 5j587?5H@D58yN:lg\234N5UE��e>�5t5846587cAag W 2]< 5j>=^`0]M;g W 58@ 23J _`0 - g W :lg g W 5Hg\7 :=T[5H>lv
A1A2

5 :=<+@D58yN:lg\234N5UA6T[>=@.g\7 :=M 2]T8g\23@`y I :6OQE �e58@DT[5=A
A1A2

Tc:l@`@D>=g W :[4N5 :e@D58yN:lg\23465 7?5c:l0D5823y658@N4U:l03^D5UE
S >`AB:=<?<\^`JL5Hg W :lg

A1A
−1
2

W :=< @D> @P5QyN:lg?2 4N5H7?5c:l0d5823y658@.4U:l03^D5[<cEHZ W 58@ 23gev >=030]>�5 <ev 7?>=J�g W 5
: , >u465x:l7\yU^`JL58@.g1g W :lg

A1A2
:l@DM

A1A
−1
2

W :c465 @D> @P5QyN:lg?2 4N5 7?5c:l0�5823y658@.4U:l03^D5[<cEjZ W 5[>=7?58J
L E 6 E 0 @D>�5�23J _`032]5[< g W :lg g W 5Q7 5 2]< : h)( OBoRv >=7

ΣA1

A
ΣA2

:l@DM g W :lgrIK232KO W >=0]M`<cE
I 2 2KO ⇒ IK23232KOQbnZ W 2]< 2]< <\g :l@DMD:l7?M�:l@DM v >=030]>�5 <tv 7?>=J Z W 5[>=7?58J 6 E M E M E
I 2 232KO ⇒ IK2KOQb 1 veg W 5 <45 23g?T W 5[M	0323@D5c:l7 < - <\g?58J�I & E 66Or2]<H^`@`2 v >=7\J 0 - 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5UAn23g
v >=030]>�5 <jv 7?>=J Z W 5[>=7?58J 6 E M E 0 g W :lgtg W 5e_ 58@DT8230

σγ[0,∞)[A1, A2]
Jr^D<\g , 5 �1^`745 23g��6E
�e58@DT[5UA

v 7?>=J OB58J J : & E 6 E 0 g W 5r_`7?>NM ^DT8g
A1A

−1
2

W :=<e@D> 7?5c:l0p@D58yN:lg\234N5H5823y658@N4U:l03^D5[<cE Z W 2]< T[>=JHk
_D0358g?5[< g W 5 _`7?>N>lv\E
� ��F FH�G�;�)���

1 g v >=030]>)5 < v 7?>=J�Z W 5[>=7?58J & E M E 0 g W :lg v >=7 <45 23g?T W 5[M�0323@D5c:l7 < - <\g?58JL< T[>=@ k
<\g\7\^DT8g?5[M ,.- <45 23g?T W 23@`y , 58g 5j5[58@�: _P:l237 >lvn_a>U<\23g\23465 <?5[T[>=@DM;>=7?M`587 O.Z 1 < - <mk
g?58JL<cA h)( OBo 5+* 2]<\g?58@DT[5x2]<1@D>=g :LT[>=@D<?587\4U:lg\23465rT87\23g?587\2]>=@ v >=71^`@`2 v >=7\J�5+* _ >lk
@D58@.g\2q:l0d<\g : , 230323g - ^`@DM`587x:l7 , 23g\7 :l7 - <45 23g?T W 23@`yDE 1 @ vi:=T8gcAag W 5rg W 5[>=7?58J�<\g :lg?5[<

��� �
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g W :lgxv >=7r<\^DT W < - <\g?58JL<cAdh)( OBo�5+* 2]<\g?58@DT[5 2]<r5 �N^`234=:l0]58@.grg?> ^`@`2 v >=7\J 5+* _ >lk
@D58@.g\2q:l0�<\g : , 230323g - v >=71:l7 , 23g\7 :l7 - <45 23g?T W 23@`y <\23yU@P:l0]<cE
1 @ g W 5 _`7?>.>lv�>lvBZ W 5[>=7?58J & E M E 0 A�5t5 W :[4N51< W >)5 @ g W :lgnv >=7ng 5t>x9 58g��[0]587��1^`7mk
5 23g�� J :lg\7\2]T[5[<

A1
A
A2
23@

R
2×2 A=g W 5jJ :lg\7\2 *H_`7?>NM ^DT8g A1A2

Tc:l@`@D>=g W :c465 :l@ -
@D58yN:lg\234N5 7 5[:l0F5823y658@N4U:l03^D5[<cA >=7cA 5 �N^`234U:l0]58@Ng\0 - Atg W 5�_ 58@DT8230

σγ[0,∞)[A1, A
−1
2 ]Jr^D<\g , 51@D>=@ k <\23@`yU^`0q:l7cEt/ @P5eT[>=@D<?5 �N^D58@DT[5F>lv�g W 2]<t2]<jg W :lg :l@ - _P:l237 >lvp5+* _ >lk

@D58@.g\2q:l030 - <\g : , 0]5e<?5[T[>=@DM >=7?M`587j_a>U<\23g\23465 O.Z 1 < - <\g?58JL<cA$5 W >U<?5e< - <\g?58J J :lg\7\2 k
T[5[< M 2�� 587 ,.- 7 :l@!3 >=@D5UA�5 23030 W :c465 : h)( OBotE`Z W 2]<t2]<t<\g :lg?5[M 23@ g W 5 T[>=7?>=030q:l7 -
, 580]>)5 E O�:lg?587cA 5t5 < W :l030t< W >)5 g W :lgL: <\23J 230q:l7H7?5[<\^`03gL:l0]<?> W >=0]M`<rv >=7Hg W 237?M
>=7?M`5871< - <\g?58JL<cE

� ������<�<K{!�u} $ � � ��& � ��.
A1

G
A2

A2� � ��$%5 �/. � � ��. ���#�%$�8:��./$%���-�-+��"�
R

2×2 +%���%�D."����. rank(A2−

A1) = 1
O6�����%� ."��� � � L +%&@+�.0�%8K+

ΣA1

G
ΣA2

����)��6� ��� � � O
� ���%��
 � Ge<

rank(A2 − A1) = 1
Ad23gHv >=030]>)5 <Hv 7?>=J OB58J J : L E I E 0 g W :lg

A1A
−1
2

W :=< @D>
@P5QyN:lg?2 4N5 7?5c:l0t5823y658@.4U:l03^D5[<cE Z W 5[>=7?58J & E M E 0 @D>)5 23J JL5[M 2q:lg?580 - 23J _`032]5[<Hg W :lgHg W 587?5 2]<H:
h ( O�oRv >=7

ΣA1

A
ΣA2

E
o+2 @ :l0 0 - A`v >=7 g W 2]<e<\^ , <?5[T8g\2]>=@BA�5j5 _`7?5[<?58@.ge:L<\23J _`0]5 @N^`JL587\2]Tc:l0+5+*D:lJ _`0]5 g?>L230303^D<\g\7 :lg?5 g W 5
^P<?5 >lvXZ W 5[>=7?58J & E M E 0 E
� � {�F��"<���$ � � � ~ � =���+%��13�%$9."��� � ��. ���#�%$-G � ��$%5 �/. �98:��./$%���-�-+

A1
G
A2

�"�
R

2×2 57���%$2�

A1 =









−1.0655 0.4398

0.9943 −0.8963









, A2 =









−0.4131 0.5915

0.3932 −0.6585









.

� ������G ."���6�%�><3�%��)@��� ���-+I= N ."��� 8:��./$%� �9� $ = 1����J.
A1A

−1
2

��$-�(<��")��%� A%&

σ(A1A
−1
2 ) = {5.4941, 2.3907}.

L�.B�E=�5 N�=��"�>=�57+6�"868?�21�����.0��� &9N-$ =�8 ����� =�$-�%8 � O���O �F."����. ."���(��=@+%�/./�")�� � � L9+%&@+�.0�%8K+
ΣA1

G

ΣA2

����)��K� ��� � � O
��� 	
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	 � � � � 	 � �
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� ���
	 �

��5 W :c4N5 <?5[58@ : , >u465 23@ g W 5 _`7?>.>lv�>lvBZ W 5[>=7?58J & E M E 0 g W :lgdv >=7j9 58g��[0]587��1^`745 23g��eJ :lg\7\2]T[5[<
A1
A
A2

23@
R

2×2 ADg W 5 _`7?>.M ^DT8g A1A2
Tc:l@`@D>=g W :c465r:l@ - @D58yN:lg\23465x7?5c:l0p5823y658@N4U:l03^D5[<cE Z W 2]<

> , <?5Q7?4=:lg?23>=@ 0]5[M g?> g W 5H<\23J _`032 JP5[M;T[>=@DM 23g\2]>=@ v >=7 h)( OBo*5+* 2]<\g?58@DT[5rv >=7e_P:l237?< >lvn_a>U<\23g\23465
<?5[T[>=@DM >=7?M`587 O Z 1 < - <\g?58JL<cA=yU234658@ 23@ Z W 5[>=7?58J & E M E 0 AN:=<�5j58030P:=<+g?>eg W 5nvi:=T8g+g W :lgn:l@ - _P:l237
>lvD<\g : , 035d_a>U<\23g\23465n<?5[T[>=@DMx>=7?M`587"O.Z 1 < - <\g?58JL<cA)5 W >U<?5n< - <\g?58J�J :lg\7\2]T[5[<pM 2�� 587 ,N- 7 :l@!3 >=@D5UA
W :=<e: h)( OBotE ��5 < W :l030�@D>�5|< W >�5 g W :lg1g W 2]<e< :lJL5 7?5[<\^`03g : , >=^`geg W 5x5823y658@.4U:l03^D5[<e>lvdg W 5
J :lg?7\2 *�_`7?>NM ^DT8g

A1A2
W >=0]M`< :l0]<?>@5 W 58@

A1
A
A2

:l7?5H9 58g��[0]587 :l@DM��1^`745 23g��HJ :lg\7\2]T[5[<e23@
R

3×3 E�Z W 2]< vi:=T8g W :=<p: <\23J 230q:l7pT[>=@D<?5 �N^D58@DT[5Xv >=7B_P:l237?<�>lv`g W 237?M >=7?M`587�_a>U<\23g\23465 O Z 1 < - <\g?58JL<
5 2 g W < - <\g?58J�J :lg\7\2]T[5[<rM 2�� 587\23@`y ,.- 7 :l@!3 >=@D5UAX:l@DM v >=7 g W 5L<\g : , 2 0323g - >lv g W 5 :=<?<?>.T82q:lg?5[M
_a>U<\23g\23465 <45 23g?T W 5[M 0 23@D5c:l7n< - <\g?58JL<cE�Z W 5tJ :l23@Hvi:=T8g+g W :lgX2]<+@D5[5[M`5[Mrv >=7+_`7?>u4.23@`y g W 5j7?5[<\^`03g?<
>lvdg W 2]<e<\^ , <?5[T8g\2]>=@�2]<1g W 5 v >=030]>)5 23@`y 23@D5 �N^P:l0323g - E 1 @ g W 5x_`7?>N>lvn>lvnZ W 5[>=7?58J & E M E 6 A�5j5 ^D<?5
g W 5F@D>=g :lg\2]>=@ |A| g > M`58@D>=g?5 g W 5 M`58g?587\J 23@P:l@.ge>lv+g W 5FJ :lg\7\2 * A

E

� A��������GF $ � � � ~ � ��.
A1

G
A2 ∈ R

3×3 A-�K� ��. ���#�%$I���E1 � ��$%5 �/. �%G ���E1 �#��.
γ > 0

A-�:����&

��=@+%�/./�")�� $-� ��������8?A-�%$*OI�����%�
det(A1A2 + γI) > det(A1A2)

O

� ���%��
 � 1 v�5j5 5 7\23g?5
B = A1A2

A g W 58@ g W 5Fv >=030]>)5 23@`y vi:=T8g?< Tc:l@ , 5 5c:=<\230 - 4N587\2 JP5[M E
IK2KO

det(B) > 0
�

IK232KO
bii > 0

v >=7
1 ≤ i ≤ 3

�

IK23232KO
B−1 = A−1

2 A−1
1 � 0

E
oD7?>=J IK2KOe:l@DM	IK23232KOQAa23gev >=030]>)5 <Fg W :lgcAa2 v 5j5 5 7\23g?5

Bii

v >=7Fg W 5r_`7\23@DT823_P:l0X<\^ , kiJ :lg\7\2 *;>lv
B> , g :l23@D5[M ,.- 7?58JL>c4.23@`yL23g?<

ith
7?>�5 :l@PM T[>=03^`J @BADg W 58@

det(Bii) ≥ 0
v >=7

1 ≤ i ≤ 3
E
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det(B + γI) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b11 + γ b12 b13

b21 b22 + γ b23

b31 b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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det(B + γI) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b11 b12 b13

b21 b22 + γ b23

b31 b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+ γ

∣

∣

∣

∣

∣

∣

∣

∣

b22 + γ b23

b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b11 b12 b13

b21 b22 + γ b23

b31 b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b11 b12 b13

b21 b22 b23

b31 b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+ γ

∣

∣

∣

∣

∣

∣

∣

∣

b11 b13

b31 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣
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det(B + γI) = det(B) + γ









∣

∣

∣

∣

∣

∣

∣

∣

b22 + γ b23

b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

∣

b11 b13

b31 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

∣

b11 b12

b21 b22

∣

∣

∣

∣

∣

∣

∣

∣








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∣

∣

∣

∣

∣

∣

∣

∣

b22 + γ b23

b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

> det(B11) ≥ 0,
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∣

∣

∣

∣

∣

∣

∣

∣

b11 b13

b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

> det(B22) ≥ 0.
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det(A1A2 + γI) > det(A1A2)

:=< T80q:l23JL5[M E
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Z W 5[>=7?58J & E M E 6H5[<\g : , 032]< W 5[<tg W :lgjv >=7t7?5c:l0
γ > 0

A`:l@DM 9 58g��[0]587 �1^`745 23g�� J :uk
g\7\2]T[5[<

A1
A
A2
23@

R
3×3 A det(A1A2 +γI)

2]<n:l0 5 : - <dyU7?5c:lg?587dg W :l@
det(A1A2)

E
1 @ vi:=T8gcA ,.- 5+*D:lJ 23@`23@`yeg W 5d_`7 >N>lvDJL>=7?5jT80]>U<?580 - A�5j5jTc:l@r<?5[5dg W :lgpg W 5dv ^`@DT8g\2]>=@
γ → det(A1A2 + γI)

2]<1:l@ 23@DT87?5c:=<\23@`y v ^`@DT8g\2]>=@ >lv
γ
v >=7

γ > 0
EdoP>=7\J :l030 - A

2 v
γ2 > γ1 > 0

A+g W 58@
det(A1A2 + γ2I) > det(A1A2 + γ1I)

E;Z W 5 @D5+* g
T[>=7?>=030q:l7 - : , >=^`gjJ :lg\7\2 *L_a58@DT82 0]<j2]<t:l@ 23J JL5[M 2q:lg?5FT[>=@D<?5 �N^D58@DT[5e>lvBZ W 5[>=7?58J
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A1
A
A2
A
det(A1A2) > 0
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� ������<�<K{!�u} $ � � � ~ � ��.
A1

G
A2

A2� � ��$%5 �/. � � ��. ���#�%$ 8:��./$%���%�-+ �"�
R

3×3 OK�����%�	."���(8:��./$%� �

� $2=*1����J.
A1A2

���@+ �E= $2�2���M� �C<M��./�")�� �%�><3�%��)@��� ���%+*O 
 �����")@���#�%� ./� &@G�."��� ���%�E���"�
σγ[0,∞)[A1, A

−1
2 ]

�,+ �E=�� �C+%�"��<����>��$*O
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A1

G
A2
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R

3×3 5 �/."�
rank(A2 −

A1) = 1
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ΣA1

G
ΣA2
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ẋ = A(t)x A(t) ∈ {A1, A2},
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A1

G
A2 = A1+bcT

�"�
R

3×3 G

57���%$-�

A1 =

















−1.9545 0.2644 0.2379

0.8699 −2.2528 0.6458

0.9342 0.8729 −1.4462

















, b =

















−0.2349

−0.1873

0.1539

















, c =

















0.3340

0.3444

0.3089

















.

� =�57G ."���($ ����4K= N
A2−A1

�,+
1
G +J=F�����2=�$2�%8 � O���O�� <�����$2��� .0�2�-+ ."���9�����,+�.0�%�E�-� = N(� ��� � �

N�=�$ ."���:��=@+%�/./�")�� � ��L +%&@+�.0�%8K+
ΣA1

G
ΣA2

G ���E1 ."�3�3+ ."��� �@+-+J=*������.0� 1 ��=@+%�/./�")��	+%5 �/.C�%���21

� �,� �2��$:+%&@+�.0�%8 �,+F���%��=�� �%� ./�����"� & +�.C�3A%�#�*O H � +J=@G � =�$ =��"�>��$%& � O���O�
 +�.C��.0�-+ ."����. ."���K� $ =*1����J.

A1(A1 +bcT )
���@+!�E=9� �C<M��./�")�� $2�2��� �%�><3�%��)��@� ���-+-G ���E16�6�2���>�J���>��./�/=��F�"� � H � � H � $-�%)�� ��� +

."����.

σ(A1(A1 + bcT )) = {0.5042, 4.9846, 7.6010}.
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i = 1, 2

� NI���E1 =���� &	� N6."���%$-�:�,+6+J=�8?�

w � 0
+%���%�	."����.

A1A
−1
2 w � 0

O

� ���%��
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w � 0
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A1A

−1
2 w � 0

E OB58g
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−A−1
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E Z W 58@ , 5[Tc:l^D<?5 −A−1
2 � 0

A123g v >=030]>�5 < g W :lg
v � 0

E 9 >=7?5[>u46587cA −A1v =

A1A
−1
2 w � 0

:l@DM −A2v = w � 0
E
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v � 0

<\^DT W g W :lg −A1v � 0
:l@DM −A2v � 0

A
:l@PM _`^`g

w = −A2v � 0
EXZ W 58@

A1A
−1
2 w = −A1v � 0

EdZ W 2]< T[>=J _`0]58g?5[< g W 5 _`7?>.>lv\E
� � �



�S��� � 
��'��
�� ��!H� ��
��&� � � ����� ���&
 � � ��������!H
���� �B
�� �=
�� !#��! � � � �"!#���%$&���
��!��&� ���"� �&� �	���'�

1 @ S 58T8g\2]>=@ M E 8 5j5FM 2]<?T8^D<?<?5[M : @.^`J , 587 >lvp<\^10 T82]58@.g T[>=@DM 23g\2]>=@D<jv >=71h)( OBoR5+* 2]<\g?58@DT[51v >=7
_ :l2 7 < >lv O Z 1 < - <\g?58JL< M ^D5Hg?>�/e> , : :l@DM oD^`@P: W :=< W 2 � 0 N 0 AEQ+Q�
 EHZ W 5[<?5 T[>=@DM 23g\2]>=@D< 5t587?5
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A6:l@DM.5t587?5 , :=<?5[M >=@ g W 5 > , <?587\4U:lg\2]>=@
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ΣA1

A
ΣA2

2]<d5 �N^`234U:l0]58@.gXg >Fg W 5 5+* 2]<\g?58@DT[5 >lvB:e_a>U<\23g\23465
MD5 JP@`23g?5

P ∈ Pn

<\^DT W g W :lg LA1
L−1

A2
(P ) ∈ Pn

E G
<\23J 230q:l7 :l_`_`7?>6:=T W A , :=<?5[M�>=@ OB58J J :
& E I E 6 :l@DM OB58J J : & E I E 0 AU2]<Xg :�3658@L23@LZ W 5[>=7?58J & E I E 0 , 580]>)5 g?> M`587\234N5 :e@N^`J , 587n>lv <\23J _`0]5
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ΣA1

A
ΣA2

g?> W :[4N5 :
htY OBotE op237?<\gF>lvj:l030iA�5t5r<\g :lg?5xg W 5 v >=030]>�5 23@`y g?5[T W @`2]Tc:l0+0]58J J :@5 W 2]T W 5 23030 , 5x@D5[5[M`5[M 23@
g W 5F_`7?>.>lvX>lvXZ W 5[>=7?58J & E I E 0 E

� �GF F�{�$ � � � � � ��.
A ∈ R

n×n A-�!<��")��%� O � � �M��=@+*� ."����.
A + AT > 0

OK�����%��."���%$-�D�����,+�."+

+J=�8?�
v � 0

�"�
R

n
+%���%�	."����.

Av � 0

� ���%��
 � 1 gev >=030]>�5 <Fv 7?>=J�: <\g :l@DMD:l7?M <?>lk Tc:l030]5[M �����2=�$2�%8
= N6."��� H � .0�%$%�E��./�")��ev >=7 T[>=@.465+*
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A
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A`<\^DT W g W :lg −AT w � 0
E

Z W ^D<cAB2 vtg W 587?5 2]< @D>
v � 0

5 23g W
Av � 0
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w � 0<\^PT W g W :lg

(AT w)T v ≤ 0
v >=7 :l030

v � 0
E 1 @ _P:l7\g\2]T8^`0q:l7cA`23gjv >=030]>)5 <tg W :lg

wT Aw ≤ 0
5 W 2]T W

T[>=@.g\7 :=M 2]T8g?<
A + AT > 0

E Z W ^P< 2 v
A + AT > 0

ABg W 58@�g W 587?5L5+* 2]<\g?< <?>=JL5
v � 0

5 23g W
Av � 0

E

� A��������GF $ � � ��& � ��.
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G
A2
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R
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ΣA1

G
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O
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A1A

−1
2

���E1
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� �"�"� � ."���%$-�F�,+ +J=�8?� � ���/.0�	�-=��,�#�2�J./��=�� = NF�2=�� ��86��+
ci1 , ci2 , . . . , cip

.C�@4��%� N-$ =�8
A1A

−1
2

G

���E1:+�=�8?� � ���/.0�D�2=��"�#� �J./��=�� = N $ =�57+
rT
j1

, rT
j2

, . . . , rT
jl

.C�@4��%�IN-$2=�8
A−1

2 A1
+%���%�	."����.

ci1 + ci2 + · · · + cip � 0,

rj1 + rj2 + · · · + rjl
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AT

1 A2 + AT
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A1A

T
2 + A2A

T
1 > 0

O
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v � 0
A
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2 w � 0
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A
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v � 0<\^PT W g W :lg

Av � 0
EXZ W 5F7?5[<\^`03g @D>)5�v >=030]>�5 < 23J JL5[M 2q:lg?580 - E

I 2 232KO 1 v�5t5 T[>=@D<\2]M`587Xg W 5t4N5[T8g?>=7
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M`5KJD@D5[M ,N-
vi = 1
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vi = 0
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:l@DM

A1A
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wj = 1

2 v
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<\^DT W g W :lg
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2 v � 0
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<\^DT W g W :lg
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g W 5F_`7?>.>lv\E
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ẋ = A(t)x A(t) ∈ {A1, A2}
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A1

G
A2

�"�
R

3×3 G <��")��%� A%&

A1 =

















−1.8907 0.7537 0.8447

0.0099 −1.4727 0.3678

0.4199 0.9200 −1.6458

















,

A2 =

















−1.8406 0.6501 0.4001
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














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














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














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














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














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G
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















−1.8800 0.6318 0.9316
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0.5692 0.5488 −1.4184
















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A2 =

















−1.6010 0.4136 0.3716

0.6991 −1.5731 0.4253
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














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AT

1 A2+AT
2 A1

��$2� {0.4054, 8.8439, 11.3290} G
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A1A

T
2 + A2A

T
1
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ΣA1

G
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A1

G
A2, . . . , Ak
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O � � � �
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G
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R

n +%���%�	."����.

� � �
(I − Ai)v � 0
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
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(1)
21 − (a

(1)
11 /a

(2)
12 )a

(2)
22 = λα ≥ 0.
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(1)
11 a

(2)
22 − a

(1)
21 a

(2)
12 ≤ 0.
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(2)
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∣
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∣
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∣

∣

∣

∣

∣
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5+* 2]<\g?58@DT[5
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Tc:l@ , 5nTc:l7\7\2]5[Mx>u46587�g?> g W 5d@D>=@ ki0323@D5c:l7+Tc:=<?5UE+SN^ , <?5 �N^D58@.g\0 - A�5t5n< W :l030.:l0]<?>1M`5[<?T87\2 , 5n<?5846587 :l0
>=_a58@ _`7?> , 0]58JL<1>=@;h)( OBo	5+* 2]<\g?58@DT[5Fv >=7 vi:lJ 23032]5[< >lv+0323@D5c:l7 g\23JL5Qki23@.4U:l7\2q:l@Nge< - <\g?58JL<cE

� 	��
	�� ��� �	� � ����� � � � ��� � ��� � ��� � ����� ���
	 � �
� ���
	 �

� W 2 0]5dg W ^D< vi:l7E5t5 W :[4N5d>=@`0 - M`5c:l03g"5 23g W 0323@D5c:l7p< - <\g?58JL<cAcg W 5d_`7?> , 0]58J
>lv h)( OBo 5+* 2]<\g?58@DT[5
Tc:l@ :l0]<?> :l7\2]<?5F23@ g W 5 <\g : , 230323g - :l@P:l0 - <\2]< >lvX<45 23g?T W 5[M @D>=@ ki0323@D5c:l7e< - <\g?58JL< >lv+g W 5Fv >=7\J

ẋ = f(x, t), f(x, t) ∈ {f1(x), . . . , fk(x)}, I �.E I O
5 W 2]T W :l7?5 T[>=@D<\g\7\^DT8g?5[M ,N- <45 23g?T W 23@`y , 58g 5t5[58@ g W 5 :=<?<?>NT82q:lg?5[M vi:lJ 230 - >lvp@D>=@ ki0323@D5c:l71< - <mk
g 5QJL<

Σfi
: ẋ = fi(x) 1 ≤ i ≤ k,

I �.E L O
5 W 587?5

f1, . . . , fk

:l7?5 yU0]> , :l030 - O 23_D<?T W 23g�� � 07I�0 
1@D>=@ ki0323@D5c:l7 J :l_`_`23@`y6< v 7?>=J
R

n
g?>

R
n
A

5 2 g W
fi(0) = 0

v >=7
1 ≤ i ≤ k

E � SN_ 5[T82 JPTc:l030 - AX2 v15c:=T W 23@DM 234.2]M ^P:l0 < - <\g?58J
Σfi

W :=<H:
�N^ :=M 7 :lg\2]T�O - :l_D^`@D>c4 v ^`@DT8g\2]>=@BA

V (x) = xT Px
Alg W 58@ 5t5nJ : - :=<43 ^`@DM`587"5 W :lg+T[>=@DM 23g\2]>=@D<

g W 51vi:lJ 230 - >lv+< - <\g?58JL<
Σf1

A
. . . , Σfk

W :=< : h)( OBotE`oP>=7\J :l030 - A g W 2]< :lJL>=^`@Ng?< g?>L:=<43.23@`yH2 v
g W 587?5 5+* 2]<\g?< <?>=JL5 _ >U<\23g\234N5 M`5KJD@`23g?5 J :lg\7\2 *

P = P T > 0
<\^DT W g W :lg

xT Pfi(x) < 0
v >=71:l030B@D>=@ k �c587?>

x ∈ R
n,

I �.E & O
� ��M P @IC�; PI;J6U57? R%D	;JPSM7L�@BC	? <
<�;EA @I? M R

�
57: : � ;EA @IM P��%;J: D�<ST�;J? R��UAQM R%<�? D	;JPI;EDF<�C%57: : T ; 5 <I<�O�69;ED @IM

T ; � : M T%57: : G � ? 8%<IABC�? @ �957R%D @IM <I5/@I? <HLNG
f(0) = 0

� � C�? < ? <�@IM ;QR%<�O�PI; @IC�;9; �	? <H@I;JR%AQ; M7L <�M : O	@I? M R%<
�

57R%D @IC%5/@
@IC�; M PI? � ? R ? <&57RF;���O�? : ? T�PI? O�6�8 M ? R @&M7L�;E5 AICFM7L @IC�;=<�G	<H@I;J6U< �
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v >=7
1 ≤ i ≤ k

E
�e@D<\^`7\_`7\2]<\23@`yU0 - APg W 587?5H:l7?5r: @N^`J , 5Q7 >lvdT[>=J _`032]Tc:lg\2]>=@D<Fg W :lgF:l7\2]<?5 5 W 58@ 5t5r:lg\g?58J _`geg?>
:l_D_`0 - >=^`7d5c:l7\0323587dJL58g W >NM`<Xg?>F@D>=@ ki0323@D5c:l7d< - <\g?58JL<cA6:l@DM <?5846587 :l0`<\23J _`032 v - 23@`yx:=<?<\^`J _`g\2]>=@D<
:l7 5x@D5[T[5[<?< :l7 - 23@;>=7?M`587Fg?> J :�365 :l@ - _`7?>=yU7?5[<?<cEFoD>=7e23@D<\g :l@DT[5UA v >=7eg W 5 h)( OBo*5+* 2]<\g?58@DT[5
_D7?> , 0]58J�g?> J :�365H<?58@D<?5UA 23ge2]<e@D5[T[5[<?< :l7 - g?> :=<?<\^`JL5xg W :lg 5c:=T W >lvng W 5HT[>=@D<\g\23g\^D58@Ng @D>=@ k
0323@D5c:l7d< - <\g?58JL<cA

Σfi

A W :=<d: �N^P:=M 7 :lg\2]T O - :l_`^`@D>c4xv ^`@DT8g\2]>=@BE � W 230]5nv >=7p0323@D5c:l7d< - <\g?58JL<�g W 2]<
JL587?580 - :lJL>=^`@Ng?<Lg?>�:=<?<\^`J 23@`y g W 5 5+* _ >=@D58@.g\2q:l01<\g : , 230323g - >lvFg W 5 T[>=@D<\g\23g\^D58@Ng < - <\g?58JL<cA
g W 2]<H2]<H@D>=g @D5[T[5[<?< :l7\230 - g W 5 Tc:=<?5 v >=7H@D>=@ ki0323@D5c:l7 < - <\g?58JL<L:l@DM 23g J : -R, 5 :�7?5[<\g\7\2]T8g\234N5
T[>=@DM`2 g?23>=@;g?> 23J _ >U<?5r>=@�g W 5r< - <\g?58JL<

Σfi

E19 >=7?5[>c4N587123@ g W 5 0323@D5c:l7FTc:=<?5UAa:=< 5t5r:=<?<\^`JL5
g W :lg g W 5;T[>=@D<\g\23g\^D58@.g < - <\g?58JL< :l7?5 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5UA 23g v >=030]>�5 < g W :lg g W 5;< - <\g?58J
J :lg?7\2]T85[< :l7?5e:l030 23@N4N587\g\2 , 0]5HI �1^`745 23g��e23@ vi:=T8gQOQEd/1@DT[5F:lyN:l23@BA.g W 5e<\23g\^P:lg\2]>=@ v >=7n@D>=@ ki0323@D5c:l7
< - <\g 5QJL< J : - , 5 JL>=7?5xT[>=J _`032]Tc:lg?5[M A :l@DMR5j5x< W :l030�@D5[5[M g?> :=<?<\^`JL5 g W :lg1g W 5 J :l_`_`23@`y6<
fi
, 5823@`y T[>=@D<\2]M`587?5[MR:l7?5 23@N4N587\g\2 , 0]5UE 1 @ g W 2]<x<\^ , <?5[T8g\2]>=@BAE5t5L< W :l030nT[>=@D<\2]M`587 g W 5 h)( OBo

5+* 2]<\g?58@DT[5 _`7?> , 0]58J v >=7 :�_P:l237 >lv1@D>=@ ki0323@D5c:l7L< - <\g?58JL<cA
Σf1

A
Σf2

Ad:l@DMR0]>N>B3 :lg.5t: - <H>lv
:l_D_`0 - 2 @DyRg W 5 g?5[T W @`2 �N^D5[< _`7?584.2]>=^D<\0 - M`5[<?T87\2 , 5[M v >=7 0323@D5c:l7 < - <\g?58JL< g?>�g W 5�@D>=@ ki0323@D5c:l7
Tc:=<?5UEdZ W 7?>=^`y W >=^`gcA�5t5 < W :l030BJ :�365 g W 5Fv >=030]>�5 23@`y <\23J _`032 v - 23@`y :=<?<\^`J _`g\2]>=@D<cb
IK2KO�5c:=T W 23@DM 234.2]M ^P:l0�< - <\g?58J

Σfi

A.v >=7
1 ≤ i ≤ k

W :=<1: �N^P:=M 7 :lg\2]T O - :l_`^`@D>u4 v ^`@DT8g\2]>=@��
IK232KO�5c:=T W

fi

2]< 2 @.4N587\g\2 , 0]5UE
��5L< W :l030d@D>)5 < W >)5 g W :lgx^`@DM`587xg W 5[<?5 :=<?<\^`J _`g\2]>=@D<cA�23g 2]< _a>U<?<\2 , 0]5 g?> 5+* g?58@DM�<?>=JL5L>lv
g W 5xg?5[T W @`2 �N^D5[< M`584N5Q0]>=_a5[M 5c:l7\0323587Fv >=7e0323@D5c:l7 < - <\g?58JL<1g?> g W 5Lh)( OBo*5+* 2]<\g?58@DT[5r_`7?> , 0]58J
v >=7e:r_P:l2371>lv+@D>=@ ki0323@D5c:l7e< - <\g?58JL<

Σf1

A
Σf2

E
� A�� *+���;#��$� *$������� Pf

�

o+2 7 <\g+>lva:l030iAU7?5[Tc:l030 g W :lgd>=^`7d:l@P:l0 - <\2]<+>lvPg W 5 h)( OBo;5+* 2]<\g?58@DT[5j_`7?> , 0]58J
v >=7pv :lJ 23032]5[<X>lv;O.Z 1
< - <\g 5QJL< 5 :=< , :=<?5[M >=@�<\g\^DM - 23@`y g W 5 T[>=@N4N5+* T[>=@D5[< PA

A v >=7
A
�1^`745 23g��6EHG1@P:l0]>=y6>=^D<\0 - A
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v >=7e:ryU0]> , :l030 - O 23_D<?T W 23g��6AD@D>=@ ki0323@D5c:l71J :l_`_`23@`yDA
f : R

n → R
n
A!5j5 Tc:l@ M`5KJD@P5 g W 5 <?58g

Pf = {P = P T > 0 : xT Pf(x) < 0
v >=71:l030B@D>=@ k �c587?>

x ∈ R
n}. I �.E �UO

Z W 58@BAP:=<
5 23g W O.Z 1 < - <\g?58JL<cA Pf

2]<1:l@ >=_a58@�T[>=@N4N5+* T[>=@D5 23@
Sym(n, R)

E
oD^`7\g W 587\JL>=7?5UANg W 5tv ^`@DMD:lJL58@Ng :l0P7?5[<\^`03gd>lv Z W 5[>=7?58J M E 6 E 6 W :=<Xg W 5jv >=030]>�5 23@`yr:l@P:l0]>=yU^D5 v >=7
g W 5F@D>=@ ki0323@D5c:l7eTc:=<?5UE
� �GF F�{ � � � � & � ��.

f : R
n → R

n
A2�I<��>=3A2���,� & �7� ��+J�%�3�/. � ���E1 �"��)��%$�./�CA%�#�-G95 �/."� �"��)��%$-+*�

f−1 O6�����%�6N�=�$D����& ��=@+%�/./�")��D13��� ���/.0�98:��./$%� � P = P T > 0
G

xT Pf(x) < 0
N�=�$D���"� �E=�� ��� �%$2=

x ∈ R
n

� N9���E1 =���� &:� N

xT Pf−1(x) < 0
N�=�$D���,���E=�� ��� �%$ =

x ∈ R
n.

O�5QJ J :
�.E M E 0 JL5c:l@D< g W :lg g W 5LT[>=@D5[< Pf

:l@DM Pf−1

T[>=23@DT82]M`5UAp:=< 5 :=< g W 5 Tc:=<?5Hv >=7 O.Z 1
< - <\g 5QJL<cE
���G*+�G�)�c{!�u}>*$�������=��������� 
 �����	�	��� �$�������)�G��*$� �

O�5QJ J : I E M E 0 M`5[<?T87\2 , 5[M�g 5t> <\23J _`0]5 J :lg\7\2 * _ 58@DT8230+T[>=@DM 23g\2]>=@D<1g W :lg 5t587?5 @D5[T[5[<?< :l7 - v >=7
:r_P:l237 >lv+5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5 O.Z 1 < - <\g?58JL<

ΣA1

A
ΣA2

g?> W :c465 : h)( OBotE ��5F< W :l030a@D>�5
MD5Q7?2 4N5tT[>=7\7?5[<\_ >=@DM 23@`y @D5[T85[<?< :l7 - T[>=@DM 23g\2]>=@D<+v >=7nh)( OBo 5+* 2]<\g?58@DT[5nv >=7X:1_P:l237X>lvP@D>=@ ki0323@D5c:l7
< - <\g 5QJL<

Σf1

A
Σf2

E
� �GF F�{ � � � � ~ � ��.

f1 : R
n → R

n G f2 : R
n → R

n A-�(<��>=3A ���"� &��7� ��+J�%�3�/. �D���E1:�"��)��%$�./�CA%�#�-G

���E1I+%� �M��=@+*�9."����.�."���%$2�K�����,+�."+D� ��� � � N�=�$ ."���9�@+-+J= ������.0� 1I+%&@+�.0�%8K+
Σf1

G
Σf2

O6�����%�KN�=�$

���"�
γ > 0

G����E1 ���"� �E=�� ��� �%$2=
x ∈ R

n �

f1(x) + γf2(x) 6= 0;

f−1
1 (x) + γf2(x) 6= 0.
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Z W 5 : , >u465 7?5[<\^`03g <\g :lg?5[< g W :lg 2 vxg W 587?5 5+* 2]<\g?< : h)( OBo v >=7 g W 5 < - <\g?58JL<
Σf1

A
Σf2

Axg W 58@
g W 587?5 Tc:l@ , 5R@D> @D>=@ k �c587?>�4N5[T8g?>=7
x
23@

R
n v >=7 5 W 2]T W

f−1
1 (f2(x)) = −λx

A >=7
f1(f2(x)) = −λx

5 23g W
λ > 0

E|Z W ^D< OB58J J :
�.E M E 6H2]<1:r@D>=@ ki0323@D5c:l7e5�* g 5Q@P<\23>=@�>lv+g W 5evi:=T8g g W :lge:r@D5[T[5[<?< :l7 - T[>=@DM 23g\2]>=@ v >=7
g W 515+* _ >=@D58@.g\2q:l030 - <\g : , 0]5?O.Z 1 < - <\g?58JL<cA

ΣA1

A
ΣA2

A6g?> W :[4N51:xh)( OBo;2]<dg W :lg
g W 5 J :lg\7\2 *H_`7?>NM ^DT8g?<

A−1
1 A2

:l@DM
A1A2

W :[4N5t@D>F@D58yN:lg\23465 7?5c:l0D5823y658@.4U:l03^D5[<cE
Z W ^D<tvi:l7cAG5t5 W :[4N5 :=<?<\^`JL5[M g W 5F@D>=@ ki0323@D5c:l7 4N5[T8g?>=7�J 5Q0]M`<

fi

, 5823@`yLT[>=@D<\2]M`587?5[M�:l7?5FyU0]> , k
:l030 - O 23_D<?T W 23g���:l@DM�23@.46587\g\2 , 0]5UAj:l@DM�g W :lgHg W 5 :=<?<?>NT82q:lg?5[MR@D>=@ ki0323@D5c:l7L< - <\g?58JL<

Σfi

W :c465
�N^ :=M 7 :lg\2]T O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D<cE 1 @�g W 5xv >=0 0]>�5 23@`y 7?5[<\^`03g?<cA�5t5xJ :�3N5xg W 5H:=M`M 23g\2]>=@P:l0n:=<mk
<\^DJ _`g\2]>=@�g W :lg g W 5 23@DM 234.2]M ^P:l0d4N5[T8g?>=7 JP580]M`<r:l7?5 ��=�8:=2<3��� � =��3+ >lvtM`58yU7?5[5L>=@D5UAE5 W 587?5 :
J :l_D_`23@`y

f : R
n → R

n
2]< < :l2]M g?> , 5 W >=JL>=y658@D5[>=^D<1>lvXM`58yU7?5[5 >=@D5 2 v

f(λx) = λf(x)
v >=7

:l030
λ ∈ R

A
x ∈ R

n E �1@DM`587 g W 5[<?5LT[>=@DM 23g\2]>=@D<cA�5t5 g W 58@ W :[4N5Hg W 5 v >=0303>�5 23@`y�@D>=@ ki0323@D5c:l7
4N587?<\2]>=@ >lv OB58J J : I E M E 6 E
� �GF F�{ � � � � � � ��.

f1 : R
n → R

n
G

f2 : R
n → R

n
A-�I<��>=3A ���"� & �7� ��+J�%�3�/. �%G �"��)��%$�./�CA%�#�-G

���E1?��=�8:=2<3�%� �2=��3+6= NK13��<�$2�-�I=�� �*O � � �M��=@+*�K."����.B."���9+%&@+�.0�%8K+
Σf1

G
Σf2

����)��K�E= ��� � � G
���E1?5 $%�/.0�

g = f2 − f1
O6�����%���

� � ��N�=�$ +%� � ���C�%� ./� &?�>��$�<3�D)@��� ���-+K= N
α > 0

G�."��� +%&@+�.0�%8K+

ẋ = f1(x)

ẋ = f2(x) − αx

����)��6� ��� � ���
� �"� ��N�=�$ +%� � ���C�%� ./� &:+%8:���,� )@��� ���-+6= N

k > 0
G�."��� +%&@+�.0�%8K+

ẋ = f1(x)

ẋ = f1(x) + kg(x)
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 � A��������GF!� � � ��& �
Z W 5 JD@P:l0+_a>=23@Ng g W :lg 5t5 5 2]< W g?> J :�365r23@;g W 2]< , 7\2]5QvtM 2]<?T8^D<?<\2]>=@ >lvn_a>U<?<\2 , 0]5r@D>=@ ki0323@D5c:l7
5+* g?58@D<\2]>=@D<F>lvn>=^`7F5c:l7\032]587 5j>=743aAP2]<eg W :lge23g12]<1_a>U<?<\2 , 0]5xg?> :=MD:l_`gFg W 5r:l7\yU^DJL5Q@.g?<F^D<?5[M 23@
Z W 5[>=7?58J I E I E 0 g?>LM`587\23465 g W 5ev >=030]>�5 23@`y T[>=7\7?5[<\_a>=@DM 23@`y 7?5[<\^`03gtv >=7 @D>=@ ki0323@D5c:l71< - <\g?58JL<cE

� A��������GF � � � ��& � ��.
f1 : R

n → R
n G f2 : R

n → R
n A-�9<��>=3A2���,� & �7� ��+J�%�3�/. �%G �"��)��%$�./�CA%�#�-G

���E1 ��=�8:=-<3�%� � =��3+ = N 13��<�$-�2� =�� �-GF���E1 +%� �M��=@+*� ."����.I."��� +%&@+�.0�%8K+
Σf1

G
Σf2

����)�� �E=

� � � � O � ��$�."���%$%8:=�$-�-GB+%� �M��=@+*�I."����. ."���%$2�6�,+D+J=�8?� ��=@+%�/./�")��:13��� ���/.0�
P = P T > 0

+%���%�

."����."GEN%=�$
i = 1, 2

�

� � �
xT Pfi(x) ≤ 0

N�=�$D���"�
x
�"�

R
n �

� �"� � ."���%$-�9�,+D�:�E=�� ��� �%$2=:)��2�J.C=�$
xi ∈ R

n +%���%�	."����.

{x ∈ R
n : xT Pfi(x) = 0} = {x ∈ R

n : x = λxi

N�=�$
λ ∈ R}.

� ����� �%�/."���%$

� � �I."���%$2�K�����,+�."+(+J=�8?� �E=�� ��� �%$ =
x
�"�

R
n ���E16+J=�8?�

γ > 0
+%���%� ."����.

f1(x) + γf2(x) = 0

=�$

� �"� � ."���%$-�!�����,+�."+ +J=�8?���E=�� ��� �%$ =
x
�"�

R
n
�@�E1 +J=�8?�

γ > 0
+%���%�D."����.

f−1
1 (x)+γf2(x) = 0

O

� ��F FH�G�;�)���

1 @ Z W 5[>=7?58J �.E M E 0 A�5t5 :=<?<\^`JL5Fg W 5 5+* 2]<\g?58@DT[5F>lvX:r_ >U<\23g\234N5FM`5KJD@`23g?5
P
<\^DT W

g W :lg v >=7
i = 1, 2

A
xT Pfi(x)

2]< @D58yN:lg\234N5 v >=7 :l030e4U:l03^D5[< >lv
x
5+*`T[58_`gLv >=7

<?Tc:l0q:l7 Jx^`03g\23_`0]5[<�>lv <?>=JL5;@D>=@`k �[587?> 465[T8g?>=7
xi

E Z W 2]< J 237\7?>=7?< g W 5 / 7 :l@!3
n − 1

sp:=<?<\^`J _`g\2]>=@ >lv1Z W 5[>=7?58J I E I E 0 E�,e>=g?5Lg W :lgr^`@DM`587rg W 5 W - _ >=g W 5[<?5[<
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
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,
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E ��5 < W :l030 JD7?<\g < W >�5 g W :lgHg W 587?5

5+* 2]<\g?<1:r4N5[T8g?>=7
c′
:l7 , 23g\7Q:l7\230 - T80]>U<?5Fg?>

c
<\^DT W g W :lg 2 v�5t5 M`5KJD@D5
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det(ω2I + A2)
= 1 + Re{c′T (jωI − A)−1b} v >=7 ω ∈ R,
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p′(ω) ≥ 0
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EXZ W 58@ g W 5FT[>=@.g\23@N^`23g - >lv

T−1 JL5c:l@D< g W :lgjv >=7 :l@ - ε > 0
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δ > 0
<\^DT W
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E
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p
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:l@DM g W ^D<�M`5KJD@`23@`y
c′ = T−1(p′)

A
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:l@DM
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EnZ W 5 @D5+* g
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A
:l@DM

A− bc′T
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p′1(ω) ≥ M1
v >=7

ω
23@ g W 5FT[>=J _P:=T8g 23@.g?587\4U:l0
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rank(Ã1−Ã2) = 1

:l@DM
Ã1
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