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1. Introduction

Recent years have witnessed a huge interest in both the
analysis and design of congestion control protocols for deployment
in the internet (Low, Paganini, & Doyle, 2002). In particular,
protocols based on the Additive-Increase Multiplicative-Decrease
(AIMD) paradigm, of which TCP (Jacobson, 1988) is one, have
been the subject of much scrutiny. The study of such protocols is
interesting for a number of reasons. Clearly, given the importance
of the internet, the study of network congestion control is of
immense practical value. Secondly, network congestion control
brings together many concepts and ideas from diverse areas
of Applied Mathematics. These include (to name but a few):
Probability Theory (Barnsley, Demko, Elton, & Geronimo, 1988;
Stenflo, 2002); the theory of Stochastic Matrices (Shorten, Wirth,
& Leith, 2006); Positive Systems and Hybrid Systems (Baccelli
& Hong, 2002). Many practical problems that arise in the study
of congestion control therefore motivate mathematical questions
that are not only of interest in the context of the application,
but also merit study in a more general and abstract setting. Our
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problem is motivated by such generalisations of the Transmission
Control Protocol (TCP). Standard TCP is based on the AIMD
algorithm of Chiu and Jain. In their original paper (Chiu & Jain,
1989), Chiu and Jain consider a system in which n users compete
for a resource. The users’ actions consist of (continuously) probing
the availability of the resource by submitting requests for its use. A
key assumption in the model is that the users do not communicate
directly and that the only information they have about the
availability of the resource is when the collective utilization of the
resource reaches some capacity constraint. At such time instances,
referred to as congestion events, some or all users are informed
through feedback and respond instantly by decentralized down-
scaling of their individual utilization rates. Given this basic setting,
the problem is then to develop an algorithm that produces probing
strategies for the users so that each user will infer its “fair” share of
the shared resource in a decentralized manner, while at the same
time preventing congestion collapse (Low et al., 2002).

The AIMD algorithm of Chiu and Jain describes probing strate-
gies that evolve in cycles, each cycle having two phases (Rothblum
& Shorten, 2007). The first phase is instantaneous. It occurs when
capacity is reached, a subset of users are notified, and notified users
respond by down-scaling their utilization rates (abruptly) by a
multiplicative factor. During the second phase of a cycle, each user
increases its utilization rate linearly until congestion is reached
again, at which point the first phase of the next cycle is entered.
Let w;(k) > 0 be the ith user’s share of the resource at the begin-
ning of the kth cycle. Then,

wi(k + 1) = bi(kywi(k) + T (k), (1)
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where T (k) is the time taken by the kth cycle; we call this the inter-
congestion time. The positive scalar «; is the rate of increase in the
second phase. The scalar b;(k) depends on whether or not the ith
user is informed of congestion at the kth event; if it is informed
then b;(k) equals some constant §; (call it the drop parameter)
which satisfies 0 < g; < 1;if not, bj(k) = 1.If C is the total
capacity of the resource available then, at congestion,

wik) +---+wp(k) =wik+1)+---Fwk+1)=C. (2)

The inter-congestion time T is determined by (1) and (2).

1.1. Previous results and contribution

A primary objective of network congestion control is to prevent
network congestion collapse, or more generally to maintain a
reasonable throughput of useful information for users (as opposed
to resending the same information that is continually being
dropped). A second, equally important, objective is to ensure a
fair and equitable allocation of network resources (bandwidth) in
a distributed manner without communication between network
users.

For this dynamical system it is essential to settle questions
such as the existence and uniqueness of a trajectory which is
independent of initial conditions, and the rate at which the system
approaches this steady state trajectory. These convergence issues
have been studied extensively for the standard AIMD-TCP model
described above, and a complete picture for this model is presented
in Shorten, King, and Wirth (2007). Even under very general
assumptions, questions relating to the existence and uniqueness of
network equilibria have been settled and are reported in Shorten
et al. (2007).

Our objective in the present paper is to extend these results to
generalisations of standard TCP. Such generalisations have been
motivated by the view that standard TCP is deficient in most
modern network scenarios (Floyd, 2003; Jin, Wei, & Low, 2003;
Kelly, 2002; Xu, Harfoush, & Rhee, 2004). Recently nonlinear
AIMD variants (NAIMD) have been proposed for deployment in
networks. Remarkably, despite the fact that nonlinear TCPs are
widely deployed in the internet (cubic is the default in Linux), few
mathematical results exist that characterise their behaviour (one
way or the other).

Generally speaking, NAIMD protocols differ from the standard
(linear) AIMD in the second (Al) phase, whereby the linear increase
in the utilization rate of each user i is replaced by a nonlinear
function of time that we denote by a;. Thus a user that is informed
of congestion at the kth congestion event evolves as follows:

wi(k + 1) = Biwi(k) + ai(T (k). (3)

However for a user that is not informed of congestion, the future
evolution of its utilization rate depends in addition on how long it
has been growing in the second phase. Specifically let t;(k) be the
time elapsed since user i was last informed of a congestion event.
Then the evolution equation for its utilization rate is

wi(k + 1) = wi(k) + ai(ti(k) + T(k)) — a;(t:(k)). (4)

Thus a complete description of the state at the kth congestion event
must include the times t; as well as the utilization rates w;. So
the state X of the system at a congestion event is a vector in R?",
namely

X =(w,t) wherew = (wq,...,wp)andt = (ty,...,t,).

Also Egs. (3) and (4) must be supplemented by the evolution
equations for t;. If user i is informed of congestion then

ti(k + 1) = T(k) (5)

while if user i is not informed of congestion then
titk + 1) = tj(k) + T (k). (6)

Together (3)-(6) determine the evolution of the state vector
X (k) — X(k 4+ 1) between successive congestion events.

Initial attempts to study general nonlinear AIMD models are
presented in Rothblum and Shorten (2007) and King, Shorten,
Wirth, and Akar (2008); albeit for the case of synchronised
communication networks. Motivated by the desire to ultimately
extend this work to a stochastic setting mimicking that in Shorten
et al. (2007), we present here in this present paper an initial
analysis of nonlinear AIMD protocols which we call eventually
linear. These models are characterised by growth functions g;
which become (affine) linear after some time Ty,,. Specifically, such
a growth function g; satisfies

ai(T/) = ai(Tmi) + O[H,' (T, - Tmi) for T/ = Tm; (7)

where ay, is constant, and where Ty, is the ‘elbow’ in the function.
So after time Ty, in the second phase the model reverts to standard
linear TCP with utilization rate growing at the rate oy,. For the
synchronised case it is known that all solutions converge to a
unique fixed point at a geometrical rate (Rothblum & Shorten,
2007). Here we begin the analysis of the unsynchronised case of
the eventually linear model, by addressing the question of how the
solution depends on the initial value w(0) for the user shares.

2. Eventually linear congestion control protocols

The main motivation for moving away from linear AIMD is to
realise protocols whose properties scale with increasing network
bandwidths. This requirement suggests developing algorithms
whose probing phase is nonlinear or piecewise linear in nature,
where each linear phase is designed with a typical network
(bandwidth) scenario in mind. In this latter setting, it is entirely
reasonable to assume that it only rarely occurs that network flows
do not achieve the phase of the probing action that is suitable
for current network conditions. From a mathematical perspective,
this is a very appealing assumption. In essence, this means that
while eventually linear protocols are nonlinear and thus include all
the complexities of NAIMD, including long-term memory effects,
this latter assumption means that the nonlinear features (which
dominate only when the inter-congestion times are short) can be
treated fully without approximation in this regime. In particular,
if all inter-congestion times are greater than a certain minimum
value then the growth functions of every flow move past the
‘elbow’ before the next congestion event occurs. This latter fact
means that the equations describing the difference dynamics are
the same as in standard TCP and all our previous results apply. In
what follows we explore this intuition in a more formal setting. We
begin by defining the notion of a regular congestion event.

Definition 2.1. A congestion event k is regular if T(k) > Ty, for
every user i.

Thus a regular congestion event occurs whenever the subse-
quent inter-congestion time exceeds all the times Ty, meaning
that every flow enters its linear phase before the next conges-
tion event. The essential feature of regular events is that they en-
sure that all memory of the past is lost and the network dynamics
are in effect linear. To explore the consequences of regular events
we will compare two trajectories, both experiencing the same se-
lection of dropped flows at each congestion event, but evolving
from two different initial states. Our principal assumption is that
the congestion events are all regular for both trajectories. We de-
note the set of states of the first trajectory at successive congestion
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events by {w(0), w(1), ..., w(k)}, where w(0) is the initial con-
dition, and the set of states associated with the second trajectory
by {v(0), v(1), ..., v(k)}. Denote further the difference vectors by
E(k) = w(k) — v(k). Then, the assumption that all events are regu-
lar implies that the difference vectors evolve linearly between the
ti(k), that is,

Ei(k+ 1) = wi(k+ 1) — vi(k + 1)
= bi(k)(w;(k) — vi(k)) + oy (T (k) — S(k)) (8)

where b;(k) = B or bij(k) = 1 depending on whether or not
this flow experiences a drop at the event, and where T (k), S(k)
are the inter-congestion times for the w, v flows respectively.
Since both E(k) and E(k + 1) are perpendicular to the vector
e = [1,1,....,1]" this set of equations determines the value of
T (k) — S(k), and leads to the linear relation

Etk+1) = AKREK), AK) € A (9)

where 4 is precisely a set of matrices obtained from the dynamics
of standard unsynchronised TCP. In particular, each A(k) is
entrywise non-negative and column stochastic and hence non-
expansive in the one-norm; thus ||E(k + 1)|| < ||E(k)|| for all k.
Here and throughout the paper || - || denotes the one-norm of a
vector, that is, the sum of the absolute values of its components.

Definition 2.2. A drop sequence is typical if there is an integer
N such that every flow experiences at least one drop during N
successive congestion events.

We then have the following theorem.

Theorem 2.1. Let w(0), v(0) be any initial conditions, and consider
a typical drop sequence for which both flow sequences {w(k)} and
{v(k)} experience only regular congestion events. Then ||E(k)|| =
llw(k) — v(k)|| converges to zero at an exponential rate as k — oo,
and the rate is uniform in w(0), v(0).

Proof. It follows from (9) that
E(k) =A(k)A(k — 1) ...A(0)E(0). (10)

Since the drop sequence is typical there is an integer N such that
every flow experiences a drop at least once in every N events. Let
k = kN + Iwhere 0 < [ < N — 1 is the remainder, and define for
j=0,...,k—1

B(j) = A(N +N — 1) AGN + N — 2) ... A(jN). (11)
Then
E(k) =A(kN+1) ... A(kN)B(k — 1) ...B(1) B(0) E(0).

Each matrix A(k) is non-expansive on the hyperplane in R"
orthogonalto[1, 1, ...., 1]7, thatis ||A(K)E|| < ||E||, for all E in this
hyperplane. Each matrix B(j) is column stochastic and entrywise
positive. This follows from the assumption that the drop sequence
isregular, and from the fact that the columns of A(k) corresponding
to its dropped flows are entrywise positive. It therefore follows
that each matrix B(j) is a contraction on the hyperplane in R"
orthogonalto[1, 1, ... ., 1]7. Since the set . is finite (it has at most
2" — 1 elements), it follows that there is there is a finite number
of different B(j) matrices (at most (2" — 1)"). Hence thereis r < 1

such that for all j and for all E orthogonal to [1, 1, ... ., 1]7,
IBHE| < r|E]l. (12)
It follows that

IECG) < r* [E©@)] < r*N"1E)]. (13)

/N

which yields exponential convergence at rate r'/N, uniform in

w(0),v(0). O

Before proceeding to the statement of our main result, we
present the following lemma (which is proven in the Appendix).

Lemma 2.1. If t;(k*) > Ty, for every user i which is not dropped at
some stage k* then, w (k) is independent of t(k*) for all k > k*.

As we shall see in the proof of our main result, this lemma is central
to all that follows and with its help we shall prove that in spite of
nonlinear and long-term memory effects, trajectories of two-flow
systems starting from different initial conditions but experiencing
the same drop sequence converge to each other exponentially, and
that this is true for every possible drop sequence.

3. A convergence result for two users

We now present the main mathematical results of this paper.
Our main result says that for a two-user network, trajectories
starting from different initial conditions, but experiencing the
same set of congestion events, converge exponentially to each
other.

Setting: In what follows w = (w;, w;) and t = (tq, t3), and
the evolution of the our dynamic system is described by the four
difference equations

wi(k + 1) = bjw; + a;(dit; + T) — a;(d;t;)

ti(k+1) =diti + T i=12 (14)

where, for simplicity of presentation, we sometimes omit the
dependence on k of variables on the right-hand side of a difference
equation. The scalars b;(k) and d;(k) are defined as follows: if the
ith user is dropped at event k then, (b;(k), di(k)) = (B, 0); if the
ith user is not dropped at stage k then, (b;(k), di(k)) = (1, 1). As
usual, the time between congestion events T, is determined by the
congestion condition that

wi(k) + wyk) = wik+ 1) +wy(k+1) =C

and system (14) evolves on the extended state space

8™ = {(w, 1) 1w € 8,11, 1, > 0} (15)
where
$={weR?:w, wy>0andw; +w; <C} (16)

is the rate space.

We assume that both users have growth rate functions which
are eventually affine as described in (7). We also assume that each
a; is increasing and convex on [0, 00), a;(0) = 0 and there exists
ay; > 0 such that a;(z2) — ai(ty) > a, (2 — 77) forall i, > 4.

Statement of the main result: For the special case of two users
we show that for a given drop sequence, all trajectories converge
exponentially to a unique trajectory.

The solution of system (14) is determined by the initial state
(w(0), t(0)) and by the sequence of drops at the congestion events.
Our main result is that when the system capacity C is sufficiently
large, the long-term behaviour of w is determined solely by the
sequence of drops and is independent of the initial state.

Consider first the cases in which one of the users is never
dropped. If the first user is never dropped, one can show that,
regardless of initial conditions, lim;_. o, w(k) = (1,0). For the
second user, the consequence is lim_, o, w(k) = (0, 1). We call
the drop sequences corresponding to these cases trivial.

Our main result requires that C, Ty, , T, satisfy the following
condition.

C > max{Cy, Cy, G5} (17)
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where

Co=w; +w, (18)

C = (ay, + ap)wy + oy, ax(Ty) — ay,a1(Ty) (19)
(1= B)an,

¢, = (ap, + ap)w, + oy, a1 (Ty) — ay,ax(Ty) 20)
(1— By,

with

aq(T, T a, (T, T,
w, = 1( m)+aH2 m’ w, = 2( m)+aH1 m (21)
1-p 1- 5
and
T = max{Tm,, T, }- (22)

Note that Gy, Cy, C; go to zero as Ty, , Tin, g0 to zero. Hence, for a
given system capacity C, condition (17) can be satisfied by choosing
Ty, and Ty, sufficiently small.

We now present the main result of the paper.

Theorem 3.1. When condition (17) is satisfied, there is a constant
r < 1 such that the following holds for every non-trivial drop
sequence. There are constants ¢ > 0 and k* such that if (w, t) and
(v, s) are any two solutions of (14) then,

lw(k) —v® | < cr*?(lw(0) — v(O)[| + £(0) — s(0)|])
forall k > k*.

Theorem 3.1 shows that rate vector histories corresponding
to different initial conditions exponentially converge onto a
trajectory which is determined solely by the sequence of dropped
users at the congestion events. Hence the long-run behaviour of
the rate vector does not depend on the initial conditions.

Comment: Our main theorem does not exclude the possibility that
the long-run behaviour could depend on how the dropped users
are selected at the congestion events, since different sequences of
drops will lead to different trajectories.

4. Proof of the main result

We now present the proof of our main result. An essential
component of our proofis the existence of a reduced order dynamic
system that captures the convergence properties of the original
system.

4.1. Preamble to proof: A reduced order system

At a congestion event, there are only three possibilities: only
user one is dropped, only user two is dropped or both users are
dropped. We use the integer g to indicate the set of users dropped
at an event k. We let gz = 1, 2, or 3 corresponding to the three
possibilities as listed in the above order. With X = (w, t), the
evolution of system (14) can then be described by

X(k+ 1) = ¥y, (X (k) (23)

where q, = 1, 2 or 3 and the maps ¥, ¥, ¥3 are determined from
(14) by choosing appropriate values of b; and d;. For example, ¥ is
obtained by letting (bq, d;) = (81, 0) and (b,, d;) = (1, 1) in(14).
We also introduce the following two-step maps

YUy =9 oYy, VUs = Y 0Y,. (24)

Consider the following five subsets of the extended state space:
My =1{X € 8%ty > Tp,} (25)
My =X € 8%ty > Ty, } (26)
M3 = 8%, My = My, Ms = Ms. (27)

For p = 1, 2, 3, the condition that X € M, is equivalent to the
requirement that t; > Ty, if the ith user is not dropped for the map
W,.Forp =4or5,X € M, means that t; > Ty, if the ith user is not
dropped for the first stage of the map ¥,,.

As we have stated our objective here is to show that our original
system is equivalent in some sense to a reduced order system. We
establish this equivalence using Lemmas 4.1-4.4 and Corollaries
4.1, 4.2. When not explicitly given, proofs are presented in the
Appendix. The first of these results is an immediate consequence
of Lemma 2.1.

Lemma4.1. For p = 1,...,5, ¥,(X) is independent of t when
X € M,

Now let P be the projection of 8% onto 4§ defined by
P(w,t) = w. (28)

Forp = 1,...,5, it follows from the last result that if we define
the map @, on the rate space 4 by

Pp(w) = P¥(w, Tin, Tn) (29)
where T, is defined in (22) then,
PY,(X) = @,(PX) forallX € M,. (30)

Recalling (21) we have the following result and corollary.

Lemma 4.2. [fa user i* is dropped at an event k where wj- (k) > w;«
then, T(k) > Tpand tj(k + 1) > T,y fori =1, 2.

In particular, the following is an immediate consequence of the
previous discussion.

Corollary 4.1. If both users are dropped at an event k then, T (k) >
Tpandtik+ 1) > T, fori=1, 2.

Proof. Assumption (17)onC tellsusthatC > Cp = w,+w,.Since
w1 +w; = C we must have w; > w, or w, > w,. Since both users
are dropped, it now follows from Lemma 4.2 that T(k) > T, and
titk+ 1) >Tyfori=1,2. O

Furthermore, the following lemma and corollary also follow.

Lemma 4.3. Ifuser i* is not dropped at an event k then, wy (k+1) >
wi*.

Corollary 4.2. If for some i*, user i* is not dropped at an event k but
is dropped at event k + 1 then, T(k + 1) > T, and t;(k + 2) > T,
fori=1,2.

Proof. Since user i* is not dropped at event k, Lemma 4.3 tells
us that wix(k + 1) > w;.. It now follows from Lemma 4.2 that
T(k+ 1) >Tyandtj(k+2) >T,fori=1,2. 0O

The following result motivates the introduction of ¥, and Ws; it
follows from Corollaries 4.1 and 4.2. In this result

M={Xe8™:t,t; > Tpl (31)
Note that M C M, for all p.

Lemma44. If p = 1,...,5 then, M, is invariant for ¥, that is,
¥,(X) € Mp for X € M. If p = 3,4,5 then, ¥,(X) € M for all
X € 8%,

We now have the main result of this section.
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Lemma 4.5 (Reduction Lemma). Suppose (w, t) is any solution of
(14) and t;(k*) > T, for i = 1,2 at some event k*. Then for any
event kK > Kk*, there is a subsequence {ko, k1, ..., k} of {k*, k* +
1,..., K}y withky = k* k, = K, 1 > (K — k*)/2 and a sequence
{po, P1, - - ., P1—1} such that

w(kip1) = By, (w(ky)) (32)
forj=0,...,1—1

Remark 4.1. The above lemma tells us that if t;(k*), t;(k*) > Ty,
at some event k* then, the resulting behaviour of the rate vector w

for the original full order system (14) is completely determined by
the reduced order system (32).

4.2. Contractions and the proof of the main result

We now proceed to prove the main result of the paper. As
before, proofs not explicitly given, are presented in the Appendix.
Before we proceed let us now define the contraction parameter

r = max{ry, 1, 14, I}, (33)
where

ap, + o, i ay, +ag, B2
rl =, rHh= —-

oy, + oy, oy, + o,

ar, (ap, B2 + au, B1) + ap, (ap, (1+ 182 — B1) + an, f1)

g4 =
(Olh + Ole)(OlHl + Ole)

b Y (am, B1 + ay, B2) + an, (ap, (1 + B1B2 — B2) + an, B2)
y = .

(Ole + aH] )(O[Hl + aHz)

Careful examination of the above expressions reveals thatr < 1.

Our first result in this section states that ¥y, ¥,, W5 are globally
Lipschitz and @1, @,, @3 are contractive.
Lemma 4.6. (i) There is a constant c; such that, for all X, Y € 8,
[We(X) — YWl <allX =Y forqg=1,2,3. (34)
(ii) Forallw, v € 4,
[@q(w) — Pq(V)[| <rllw — vl forqg=1,2,3, (35)
where r < 1is given by (33).

The next result states that the maps &4 and @5 are contractive.

Lemma 4.7. Forall w, v € 4,
@p(w) = Pyl <71 [lw—v| forp=4,5, (36)
wherer < 1is given by (33).

Now, armed with these preliminary results we give the proof of
the main result of the paper.

Proof of Theorem 3.1. Let X = (w,t) and Y = (v,s) be any
two solutions of (14) corresponding to some non-trivial drop
sequence {qq, g2, ...}. Then there exists an event k* such that
either qi+_1 = 3 or {q+_>, qx+_1} equals {1, 2} or {2, 1}. It follows
from Corollaries 4.1 and 4.2 that for any of the above occurrences,

ti(k*), si(k*) = Tn,

fori=1,2.

Consider any event k = K > k* It now follows from
the Reduction Lemma (Lemma 4.5) that there is a subsequence
{ko, ki, ..., k) of {k*, k* + 1,..., K} with kg = k* k = K,
1> (' — k*)/2 and a sequence {py, . .., pi_1} such that

wikipn) = By (wik)) and v(ki1) = By (v(k) (37)

forj =0, ..., —1.Recalling the contraction results in Lemmas 4.6
and 4.7 we now obtain that
lwkir1) — vkrD) [ < rllwk) — vkl (38)

forj=0,...,1— 1.1t now follows from (38), k' = k;, ko = k* and
1> (K — k*)/2 that

lwk) — vk = wk) — vk) |l < r'llw(ke) — v(ko)l|
1 =k92) 0 () — (k).

IA

Hence,

lwk) — vk < r¥ 2 wEs) — vk (39)

From Lemma 4.6 there exists a constant c; independent of
w(0), v(0), t(0), s(0) such that (34) holds. Since X(k + 1) =
Y, X)) and Y(k + 1) = ¥, (Y(k)) where gx = 1,2 or 3, we
have

IX(k+ 1) =Yk + DIl < allXk) = YU)

for all k. This implies that

lw(k) — vk < IXK) = YD < cf [X(©0) — Y(0)
cf (Jlw(0) — v(O)|| + [1£(0) — s(O))).

This, combined with (39) yields

lw(k) — v < cr/2([w(©) — v(O)| + [I0) — s(O)]])

where ¢ = (c;/r'/*)¥. O

5. Example

As we have already mentioned, our ultimate objective is to
demonstrate the existence of a unique stationary measure for
a wide class of nonlinear congestion control protocols. Roughly
speaking, the existence of such a measure means that the long-
term average behaviour of the network does not depend on initial
conditions. In situations, where simulation is used as the principal
tool for analysis, knowledge that the average behaviour of the
network is independent of starting condition is a fundamental
requirement. In what follows we give an example to illustrate our
basic result.

Our basic setup is as follows. Two identical NAIMD flows
compete for ten units of capacity. Upon notification of congestion
a flow reduces its rate to half the value it had achieved before
congestion. After congestion notified flows probe for available
bandwidth with piecewise linear growth rate

ai( /)_ O{]_T/ lfOS‘L'/Sl
) =Ny +ag(r —1) ifl<7

where o = 1 and oy = 5. In these examples, we abuse notation
and let w(tr) = (wi(r), wy(t)) be the flow rate vector at time
T € [0, 00).

Example 1 (A Random Drop Sequence). Here we generate a
sequence of fifty congestion notifications using the random
number generator in Matlab. We follow the evolution of two trajec-
tories, each experiencing these identical congestion notifications,
but starting from different initial conditions. Figs. 1 and 2 depict
the evolution of w(t) from w(0) = (2, 8) and w(0) = (5, 5), re-
spectively; in both cases t(0) = (0, 0). Finally, we show in Fig. 3
the distance between these trajectories as measured by the 1-norm
as a function of congestion event.
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Fig. 1. Example: Evolution of w(z) from w(0) = (2, 8).
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Fig. 2. Example 1: Evolution of w(t) from w(0) = (5, 5).
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Fig. 3. Example 1: Distance between flow trajectories. Note that the 1-norm does
not decrease monotonically; but the convergence is exponential.

6. Conclusions

In this brief paper we have presented initial results for nonlinear
AIMD protocols operating in stochastic environments. Future work
will involve extending our results to more realistic network
scenarios.
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Appendix

Proof of Lemma 2.1. For k > k*, let D (k) denote the set of users
that have been dropped at least once during the events k*, ..., k.
We will show by induction that for all k > k* andj € D(k — 1),
the quantities w(k) and t;(k) are independent of t (k*).

So suppose that this statement holds for some event k > k*.
Ifi & D(k — 1) then, user i has not been dropped during events
k*,...,k — 1and (6) implies that t;(k) > t;(k*) > Tp,. It follows
from the fact that g; is affine after T;,; (recall (7)) that

ai(ti(k) + T (k) — a;(ti(k)) = oy T (k). (40)

Hence Egs. (2)-(4) are independent of t; (k). Thus, T (k) and w(k+1)
are independent of t;(k) and depend only on w(k) and tj(k) where
j € D(k — 1). Since, by assumption, w (k) and t;j(k) do not depend
on t(k*) forallj € D (k — 1) it follows that T (k) and w(k + 1) are
independent of t(k*). Consider now any user j € D (k). It follows
from(5) and (6) that tj(k+1) depends only on w(k) and t;(k) where
j € D(k — 1); hence tj(k 4 1) is independent of t (k*).

We now show that the statement holds for k = k* + 1. If
user i is not dropped at k*, t;(k*) > Ty, and a;(t;(k*) + T(k*)) —
a;(t;(k*)) = ay,T(k*). Egs. (2)-(4) imply that T (k*) and w(k* 4 1)
are independent of t(k*). If j € D(k*) then (5) now implies that
tj(k* 4+ 1) is independent of t(k*). O

Proof of Lemma 4.2. Suppose user one is dropped at an event k.
Then

wik+ 1) = Brwy + ai(T) (41)
wa(k+ 1) = bywy + ax(daty + T) — az(daty) (42)
tk+1) =T (43)
tHk+1) =dyt +T. (44)

Here (by, d;) = (B, 0) if user two is dropped while (b,, d;) =
(1, 1) if user two is not dropped. Considering T = max{Ty,, dyt,}
and using the convexity of a yield

ay(dat; +T) — ax(dat) < ax(t +T) — ay(7) = ap,T. (45)
Since b, < 1, relationships (42) and (45) result in

wy(k+1) < wy +apy,T. (46)
Recalling that wq(k+ 1) + w,(k+ 1) = w4+ w, = C, relationships
(41) and (46) imply that

a1 (T) + oy, T > (1= BPwr = (1= B)w; = a1(Ty) + oy, T,

thatis, ai(T) + oy, T > a;(Ty) + ay, T Since a; is increasing and
oy, > 0,we must have T > T,. Hence t;(k+ 1) > T, fori =1, 2.
If user two is dropped, the proof proceeds in the same fashion. O

Proof of Lemma 4.3. Suppose user two is not dropped. Then user
one must be dropped; hence

wi(k+ 1) = Brwy + ay(T) (47)
wyk+1) =wy +ax(t; +T) — ax(t2). (48)
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Consider first the situation in which w; < w,. Since wy + w, =
C > w, + w,, we must have w, > w,. Clearly wy(k + 1) > wy;
hence wy (k + 1) > w,.

Consider now the situation in which w; > w;. Since user one
is dropped, it follows from Lemma 4.2 that T > T,,; hence (47)
implies that

wik+1) = grwy + a1(Ty) + ay, (T — Ty). (49)

The convexity of a and t, > 0 implies that a,(t; + T) — ax(t3) >
a,(T) —ax(0) = ay(T) = ap, (T —Tyy) +a(Ty); hence (48) implies
that

wak+ 1) > wy 4+ a2(Tin) + ap, (T — Tip). (50)

Combining (49) and (50) to eliminate T and using the identities
wi(k+ 1) +wy(k+ 1) = wy + wy, = Cresultin

(o, + ap)wyr(k+1) > (ay, +op,)C
— (ay, + Brog,)wy + oy, 02(Ty) — ap,ar (Ty).

Now use the inequalities w; < C and C > C,, where C; is given by
(20), to obtain that w,(k + 1) > w,.

The proof proceeds in the same fashion if user one is not
dropped. O

Proof of Lemma 4.5. Consider the sequence @ = {qy*, ..., @i _1}
in {1, 2, 3}. Using the following algorithm, we obtain a new
sequence = {po,p1,-... Pi—1} in {1,2,3,4,5} by replacing
selected subsequences of the form {1,2} or {2, 1} in @ with
4 and 5, respectively. The new sequence & does not contain
the subsequences {1, 2}, {2, 1}, {1, 5} or {2, 4}. This algorithm is
illustrated in (51).

Algorithm. Starting with index K = k*, find the first k > K with

{qk, qr+1} equal to {1, 2} or {2, 1} If {qy, qk1} = {1, 2}, replace it
with 4; otherwise replace it with 5. Set the index K to k + 2.

Q@ 11322221121
P 113222541

2232113

223513 1)

From the above algorithm, it should be clear that there is a
subsequence {ko, ky - - -, k;} of {k*, k* + 1, ..., K} such that k* =
ko, K = k; and

X (k1) = @y, (X (K) (52)
forj=0,...,]— 1. We now show by induction that
X(kj)e.ij forj=0,...,1—1. (53)

So suppose that X (k) € My, for somej.If p; = 3, 4 or 5, Lemma 4.4
tells us that X(kj11) = ¥, (X(k;)) belongs to M; hence it is in
My, If pj = 1 then, X(k) € M; and Lemma 4.4 tells us that
X(ki+1) = w1(X(kj)) belongs to M;. Since & does not contain
the subsequences {1, 2} and {1, 5}, we must have pjy; = 1,3 or
4, and therefore X (kj.1) € Mpj, - A similar reasoning applies if
pj = 2. Thus, X(k;) € Mp, implies that X(kj+1) € Mpii1- Since
X(ko) = X(k*) € M C My, we obtain (53) by induction.

It now follows from (52), (53) and (30) that, forj =0, ...,[—1,

PX(kj+]) = P'I/pj (X(kj)) = d)pj (PX(I(])),
that is,
w(kis1) = By (w(k)). O

Proof of Lemma 4.6. Part (i). Consider ¢ = 1 or 3. Since user one
is dropped in either case, the map ¥, : X — X' is given by

w; = Biwq + a(T), l'é =T

, (54)
w, = bywy + ay(daty +T) — ay(datz),

ty=dyta + T

where T, the inter-congestion time associated with X, is given by
w) + w) = C.Here (b, dz) = (1, 1) if ¢ = 1 while (by, dy) =
(B2,0)if g = 3.

Consider any X, Y € 8% With (w, t) = X and (v,s) =Y, let
n=w-—vandt =t —s.Since n; +n; = 0, we have ||n|| = 2|n4];
hence

IX =Yl =lnll+ Nzl =2Iml + lzl. (55)
Define (', /) = ¥,(X) — ¥y (Y). Then, ] + 5, = 0 implies that

[@4(X) — @4(V) || = 2[ni| + [I7]l. (56)
Let T = T — S where T and S are the inter-congestion times

associated with X and Y, respectively. As a consequence of the

properties of a; and a,, there exist scalars a1, ay, a3 such that

a](T) — al(S) = Ot18T

ay(daty +T) — ax(das2 +S) = aa(data + 8T) (57)

ay(daty) — Ax(dzs2) = asda Ty

with

a, <oy <oy and ap, <oz, a3 < ay,.

To see this consider, for example,

ay(T) — ay(S) T S

T-S (58)
ifT =S.

o] =
aH,

The convexity of a, implies that 3 < «5. It now follows from
description (54) of ¥, that

) = Bim + 18T, 7, = 6T

, (59)
Ny = by + 08T + yd, 12,

'L'Z/ = dz‘L’z + 6T

where y = o, — a3 > 0.Since 7 + 1), = 1 + 1, = 0, 8T is given
by

(B1 — b2)n1 + (a1 + a2)d8T + ydatp = 0.
Solving for T and substituting into (59) yield

, axf1 + a1by 1443
== ° —d 60
m ( - )m 2<a1+a2)fz (60)
by — B1
f = 61
151 (051 +a2> m (61)
by — B 14
) = d | 1— . 62
%) (Ol1+0t2)m+ 2< ot T (62)

As a consequence of the upper and lower bounds on a1, a5, a3
there exists a constant cq3 independent of X and Y such that

2yl + 17l < cis@Iml + lIlD- (63)

Hence, ||¥;(X) — ¥,(X)|l < c13]IX — Y||. One can follow the same
procedure to obtain a corresponding constant c3 for ¢ = 2, 3.
Finally, let c; = max{c3, o3} to obtain the desired result.

Part (ii). Consider first ¢ = 1 or 3 and recall that ¢4(w) =
PYy(w, Ty, Tyy). Hence ||@q(w) — @q(v)|| = [In'll = 2|n}]. When
q = 3wehaved, = 0. Whenq = 1,d, = 1. Recall that a,
is affine with slope ay, after T, < T,. Hence, when g = 1 and
ty = sy = Ty, Eq. (57) tells us that oy = a3 = ay,; hence y = 0.
In either case, it follows from (60) that

, a1+ aqb
m= <M> n- (64)

a1+ o
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Sinceb, < 1,61 < 1,0 < @y < ay, and 0 < o, < ap, we must
have

o + a1b o +a o + o
281 102 _ 2P1 1 _ 1, B1 Hy <r
o1+ oy o+ o oy, + o,

and it follows from (64) that |} | < r|n1].Since || @4 (w)—Py(v) || =

2|n7l and |lw — v|| = 2|n], we obtain the desired result that

|@4(w) — Pg(v)|| < r|lw — v]|. The proof for ¢ = 2 or 3 is similar.
O

Proof of Lemma 4.7. The map @, : w — w” is given by

w) = Brwr + a1(T),

/
w, = wy +ay,T,

U),]/ = w; + al(T’ + T) — a1(T)

4 ’ ! (65)
w, = lgzwz + ay(T")

where the inter-congestion times T and T’ are calculated by
imposing the conditions w} + w), = w{ + w) = C. Also,
Corollary 4.2 tells us that T’ > T,,. Forany w, v € 8,letn = w —v
and n” = @4(w) — P4(v). The conditions n; + 7, = 0 and
ny + n, = 0yield

lw —vll =2|m| and [[@4(w) — 4(W)|| = 2[n7]. (66)

Let aq be given by (58) where T, T’ and S, S’ are the inter-
congestion times associated with w and v, respectively. Convexity
of a(-) implies that «; < ay. The description of @, in (65) now
yields

ny = Bim + 18T (67)
ny =M + an, 8T (68)
ny =n + ap, (6T + 8T) — 08T (69)
ny = Ban + oty 8T’ (70)

where 8T := T —Sand 8T = T’ —S'.Since n; +n2 = nj+1n, =0,
Egs. (67) and (68) imply that

1—
ST = <7ﬂ]> n, 77/1 — (M) 1. (71)
o +OlHZ o +0tH2

Using } + n}, = n{ + n5 = 0,Eqs. (69) and (70) result in

n/]/ — (aHz +O‘H152> 77,1 + (O‘Hz(alﬁ — O[])) ST.

OH, + O, oy, + on,
Substituting the previously obtained expressions (71) for ; and §T
results in 5} = pn; where

aq(ay, B2 + an, B1) + ap, (ay, (1 + B182 — B1) + an, B1)
((X] + aHz)(aHl + O[Hz) .

Since 1 + B182 — B1 > P, the above expression for p achieves
it maximum value when «; is at its minimum value of «;,; the
corresponding maximum value of p is r4. Hence |n]] < r4|n| <
r|n1|. Thus || @4(w) — @4(v)|| < r||lw — v||. The map @s is handled
similarly. O
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