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Abstract

Given a primitive stochastic matrix, we provide an upper bound
on the moduli of its non-Perron eigenvalues. The bound is given in
terms of the weights of the cycles in the directed graph associated with
the matrix. The bound is attainable in general, and we characterize a
special case of equality when the stochastic matrix has a positive row.
Applications to Leslie matrices and to Google-type matrices are also
considered.
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1 Introduction and preliminaries

A square, entrywise nonnegative matrix S is stochastic if each of its row sums
is 1 —i.e. if S1 =1, where 1 is the all ones vector of the appropriate order.
Stochastic matrices arise in the study of discrete time Markov chains that are
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time homogenous and have a finite state space. Evidently 1 is an eigenvalue
of S, and it follows from Perron-Frobenius theory that for any eigenvalue
A of a stochastic matrix S, we have |A| < 1. Further, if S is primitive —
i.e. some power of S has all positive entries, then in fact if A # 1 is an
eigenvalue of S then || < 1. In the case that S is primitive, the sequence of
powers S¥ k =1,2,3,... converges as k — oo. That convergence is a central
component of a corresponding result on the convergence of the Markov chain
associated with S. Specifically, when S primitive, the sequence of iterates in
the corresponding Markov chain converges to the stationary vector for S, i.e.
the left Perron vector w” for S, normalized so that w’1 = 1.

We say that A is a subdominant eigenvalue of a primitive stochastic matrix
S if X is an eigenvalue of S having second-largest modulus after 1. Through
a slight abuse of notation, we use A2(S) to denote a subdominant eigenvalue
for S (the abuse arising from the fact that S may have several subdominant
eigenvalues). Evidently the rate of convergence of the sequence S* is governed
by the moduli of the subdominant eigenvalues of S. We refer the reader to
8] for further background, terminology and results on stochastic matrices
and Markov chains.

For a given stochastic matrix S (or indeed any square entrywise nonneg-
ative matrix), the question of whether S is primitive is purely combinatorial,
as it depends only on the positions of the positive entries in .S, not on their
size. Specifically, let A(S) be the directed graph associated with S. That is,
if S is n x n, say, the vertices of A(S) are labeled 1,...,n, and there is an
arc ¢ — j in A(S) if and only if s, ; > 0. Then S is primitive if and only if
A(S) is strongly connected and, in addition, the greatest common divisor of
the lengths of the directed cycles in A(S) is equal to 1. We refer the reader
to [1] for these and other results on the relationship between a matrix and
its directed graph.

Since the structure of A(S) is influential on the primitivity of S, it is
natural to wonder whether the influence of that combinatorial structure can
be detected in the moduli of the subdominant eigenvalues of S. In the spe-
cial case that the Markov chain associated with S is time reversible, i.e.
w;s;; = w;8;,; for all 4,7 = 1,...,n, there is an existing body of work relat-
ing the combinatorial features of A(S) to the modulus of Ay(.S). The reader
is referred to [3] and the references therein for results in that direction. We
note in passing that the time reversible setting is highly structured: A(S)
can be thought of as an undirected graph (since in the time reversible case,
for each 4,7 =1,...,n, A(S) contains the arc i — j if and only if it contains



the arc j — i), while S itself is diagonally similar to a symmetric matrix,
and so has all real eigenvalues.

For the case of a general irreducible stochastic matrix S, there are rather
fewer results relating A(S) to A2(S). There is some work in that area, how-
ever; for instance, in both [6] and [7], hypotheses on A(S) are used to produce
lower bounds on |Ay(S)|. The present paper continues in a similar spirit.
Specifically, we combine the combinatorial information in the cycles of A(.S)
with the quantitative information in the entries of S to produce an upper
bound on |A2(5)].

We note that there are a number of bounds on |A9(S)| in the literature.
The following bound, which can be found in [8], will be particularly useful
for our purposes.

Proposition 1.1 Suppose that S is a stochastic matriz of order n. Let

7(5) = max{l — Zmin{sik, Sipti,j=1,...,n}.

k=1

Then for each eigenvalue A # 1 of S, we have |A| < 7(S).

Observe that 7(S5) = 1 if and only if S has a pair of rows with disjoint
support - that is, a pair of rows 7, j such that min{s; s, s;x} = 0 for all k. We
note in passing that if S is of order 2, then in fact we have |A\2(S)| = 7(S).
However, as the following example shows, the bound provided by Proposition
1.1 may not perform so well, even for matrices of order 3.

Example 1.2 Suppose that = € (0, 1), and consider the matrix

Then the eigenvalues of S, are 1, (1 — z)e’s" and (1 —z)e 5", but 7(9;) = 1
for all x € (0,1).
2 A bound on subdominant eigenvalues

Consider a stochastic matrix S, and let C be a cycle in A(S). We use w(C')
to denote the product of the entries in S that correspond to the arcs of C.
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We begin with a lower bound on the ratio of two entries in the stationary
vector for S.

Lemma 2.1 Suppose that S is an irreducible n x n stochastic matrix, and
that i and j are distinct integers in {1,...,n}. Suppose further that A(S)
contains the path i = kg — ki1 — ... = kpy1 = J. For eachp =1,....m
such that j — ky, let C, denote the cycle k, — ... — kyi1 — k, in A(S).
Then

=y ooy by — L@
e H;n;l <1 - Skp:k‘p) - w<01) - pz:; H?:l(l - Skeke)w(cp)
Jj—kp

If equality holds in (2.1), then there is just one path from i to j in A(S),
namely the path kg — k1 — ... — kpoq.

Proof. We suppose without loss of generality that j < i. Let S; denote the
principal submatrix of S formed by deleting row ¢ and column ¢, and let r’
denote the row vector of order n — 1 formed by deleting the ¢—th entry of
el'S. Let w” denote the vector formed from w’ by deleting the i—th entry.
It now follows from the eigenequation w’S = w’ that @ = w;r™ (I — S;)7,
so that 22 = ¢T(I — ;)7 e;.

w;

Since A(S) contains the path = kg — k — ... — kpy1, we have
r’ > sko,kle;ﬁ, while the principal submatrix of S; on rows and columns
ki,...,kmns1 dominates (entrywise) the matrix

Skiky Skiks 0 . 0 0
0 Skoks  Skoks - - - 0 0
A=
O 0 e 0 Skmkm Skmkm+l
| Skmiik Skmyikm  Skmyikmi1 |

Consequently, 77 (1 —S;)e; > spomef, (I—A) e
formula for the inverse of I — A, we have

i1, and from the adjoint

m
L 0 Skp kp i

75 (1 = sp,p,) — w(Cy) — 3o TEZH(L = spp,)w(Cy)

p=2
Jj—kp

Sko,k1 651 (I_A)_lekm-u =



Thus inequality (2.1) holds.

Note that (I —S;)~" = >°2 S, from which we find that for each a,b # i,
the entry of (I —S;)~! corresponding to row a column b of S can be written
as the sum of the weights of all walks in A(S) that start at vertex a, end
at vertex b and that do not go through vertex i (here the weight of a walk
is the product of the corresponding entries in S). In particular, if equality
holds in (2.1), the only walks in A(S) that start at i, end at j, and do not
contain ¢ as an intermediate vertex are the walks already accounted for in
the expression for Sko,kuegl (I —A) 'ey,,., above. It now follows that the only
path in A(S) from i to j is the path kg — k1 — ... — k1. O

Keeping the notation as above, we make the following definition. For
each i = 1,...,n, we let a(i,i) = s;;, and for any pair of distinct indices
i,7=1,...,n, such that j — i in A(S), we let
a(i, j) = max{—— wleor

H;”:I (1_8kp’kp)_w(01)_p;2 - (1=sk,k,)w(Cp)
j—k
Jj — ko is a cycle in A(S)}p
We take the convention if A(S) does not contain the arc j — 4, then
a(i,j) = 0.
Here is one of our main results.

|i:k0—>...—>km+1:

Theorem 2.2 Suppose that S is an irreducible n xn stochastic matriz. Then
Mo ()] < max{l =Y min{a(ir,j), aliz, j)}i i = 1,...,n}.  (2.2)
j=1

Proof. Denote the stationary vector for S by w?. Let W = diag(w) and
consider the stochastic matrix T given by T = W~1STW. For any i # j
we have t; ; = %sj,i, and applying Lemma 2.1, we find that for any cycle
i=ky— ... — kpy1 =7j — ko in A(S), we have

%SA > w(Co)
3 = D — .
i (1= st,0,) — w(Cr) = 30 T2 (1= sp, )w(C)
j*’kp

It follows that for each i,j = 1,...,n, t;; > (i, ). Since T is similar to
ST, we have |)\2(S>| = |>\2(T)’ < max{l - Z?:l min{ﬂl,j,ﬂz,j}ﬁl,ig =
L...yn} <max{l—>7" min{a(ii, j),a(is, j)}i1,i2 = 1,...,n}. 0O



Remark 2.3 Observe that Theorem 2.2 provides a nontrivial bound on
|A2(.S)] if and only if no pair of columns in S has disjoint support, or, equiv-
alently, if and only if for each pair of vertices i, j of A(S), there is a vertex
k such that £ — ¢ and k — J.

Remark 2.4 Note that the cycle structure of A(.S) is reflected the quantities
a(i, j), and hence in (2.2).

Remark 2.5 The right hand side of (2.2) can be shown to be nondecreasing
in each diagonal entry of S.

Example 2.6 Here we revisit the matrix of Example 1.2. Fix x € (0,1),
and let
r z(l—x) (1-2x)?
S=11 0 0
0 1 0

Then we have a(1,1) = z,a(2,1) = x and «(3, 1) = 1, while for all other pairs
(1,7), we have a(i, j) = 0. From (2.2) we find that |[\y(S;)| < 1—z. As noted
in Example 1.2, the eigenvalues of S, are 1, (1—z)e’s" and (1—z)e 5. Thus,
not only does Theorem 2.2 provide a nontrivial upper bound on |A2(S;)|, but

in fact equality holds in (2.2) for S,.

Note that for any irreducible stochastic matrix that has a row with all
positive entries, the upper bound of Theorem 2.2 is strictly less than 1, by
Remark 2.3. Motivated in part by that observation, we next present a bound
on |Ag| for irreducible stochastic matrices having a positive row. The proof
is immediate from Theorem 2.2.

Corollary 2.7 Suppose that S is an irreducible stochastic matriz of order
n, and that its first row has all positive entries. Let 3y = s11, and for each
1=2,...,n, let B; =

max{ w(Co)

T (L= ey ) —w(C1) =20y T (1=, Jw(Chp) |
a path in A(S), where C, denotes the cycle k, — ... — k11 — ky}. Finally
let n(S) = min{fF;,i =1,...,n}. Then

t=ky— ... > knpi1=11s

[A2(S)] < 1= p(S). (2.3)

The following is a consequence of Corollary 2.7



Corollary 2.8 Suppose that S is an irreducible stochastic matriz, and that
its first row has all positive entries. Let a be the minimum positive entry in
S, and let d be the mazimum distance from a vertex i € A(S) to vertex 1.
Then |Ay(S)] < i=2etar

1—2a+ad+1-

Proof: Note that for any cycle C' of length m in A(S), w(C) > a™. It
now follows that if there is a path of length [ from vertex ¢ # 1 to ver-

. I+1 .
tex 1 in A(S), therll Bi > 1. Since 0 < a < %, we ﬁIlld that
. +1 . . . . +1
the expression —%5——— is nonincreasing in [, and that a > —%——.

Hence we have u(S) > 1,a,?12i,,,ad' It now follows from Corollary 2.7 that
Ma(9)] €1 — oyt = e n

3 Characterization of equality in (2.3)

Having established the upper bound (2.2) in Theorem 2.2, and seen via Ex-
ample 1.2 that equality can hold, it is natural to wonder about which matrices
yield equality in the bound. That problem appears to be quite difficult, in
part because it requires a characterization of equality in the bound of Propo-
sition 1.1. In this section, we deal with a somewhat less daunting problem:
that of characterizing the case of equality in (2.3) of Corollary 2.7.

We begin with four different classes of examples for which equality holds
in (2.3).

Example 3.1 Suppose that for some z € (0, 1), the stochastic matrix S has

the form ,
S = {%yﬁ} , (3.4)

where I(i) y; > 2(1—2),i=1,...,n— 1, and I(ii) y'1 =1 — 2.

Note that 3; = 2, and that for each i = 1,...,n — 1,81, = - > 2.
Hence we have u(S) = z, so that by (2.3), [A2(S)] <1 — .

Observe that S has rank 2, and so has just two nonzero eigenvalues. Since
S is stochastic, it has 1 as an eigenvalue, and by considering the trace of S,
we deduce that \y(S) = —(1 — 2). In particular, we see that for the matrix
S, equality holds in (2.3).

The set of matrices S of the form (3.4) satisfying conditions I(i) and I(ii) will
be referred as Class I.



Example 3.2 Suppose that for some 1 < p < n—2, S is a stochastic matrix
with a positive first row having the form

I ) Ce Tp—1 Tp Tp+1 Tpy2 oo Tp-1 Tn
0 ys 1l—uys 0 0 0
g_ 0 0 Yyp l—y,| O 0
0 0 0 Yp+1 0 0 0 1—=ypn
0 0 |y O 01— Yy
0 0 0 ¥Ypss 0 1—=Yps
| 0 e 0 0 e 0y, 11—y, |
(3.5)

where II(i) v; > 0,1 =2,...,n,y,11 <1, and

(i) m = ged{n — j —p+ 1|y,+; < 1} > 2.

Suppose further that for some z € (0, 1), the following conditions hold:
(i) 1 > z;

I1(iv) #21% szorj:2,...7p;
IL(V) ZjipYpir - - Yprj = 2(1 = 2)77H(1 =
IM(vi) 2> "7 )

J=1 Ypr1 Ypay
We note in passing that condition II(vi), in conjunction with condition II(v),
ensures that the first row sum for S is 1.
First, we claim that p(S) = z. To see the claim, first note that 5, = x; >
o o Y2 Y;T; Y :
z. For each j = 2,...,p, we have 3; = (T o) = T Tar which,
by condition II(iv), is bounded below by z. Similarly, we find that 8,11 =

Yp+1Tp+1 - — Yp+1--Yp+iTp+j
- and that for j = 2,...,n — ;= I ,
l_zizl z;’ J ’ ’ p, 6p+] 1—2?:1 wi—ZLl Yp+1---Yp+iTp+i

It now follows from condition II(v) that 3,.; = z for j = 1,...,n —p. In
particular, we find that u(S) = z, and hence [\(5)] <1 — 2.

Next, we claim that equality holds in (2.3). To see this, we first note
that the left stationary vector for S, w’, say, has the property that for each
j=1...,n,0;= w;fj, so that in fact equality holds in (2.1) of Lemma 2.1.
Letting T'= W'STW, where W = diag(w), we see that T can be written
as T = zlel + (1 — 2)M, where M is a stochastic matrix. Since Bj;, = 2
for j=1,...,n—p, we find that the principal submatrix of M on rows and

columns p + 1,...,n is stochastic. Further, from condition II(ii), it follows

P x)forj=1,...,n—p; and




27

that that principal submatrix is periodic with period m. Consequently, e
27

is an eigenvalue of M, so that (1 — z)e™ is an eigenvalue of S. Hence

|A2(S)| =1 — z, as claimed.

The set of matrices S of the form (3.5) satisfying II(i)-1I(vi) will be referred
as Class I1.

Example 3.3 Suppose that for some n > m > 2 we have n = rm — 1 for
some integers r,m > 2, and that S is a stochastic matrix with a positive first
row having the form

rKT o2 ... Tp-—-1 Tn
Yo 0 0 ]_—yg
S=10 wy 0 L=wys |, (3.6)
_0 oo 00 Yy 1—yn_

where III(i) y; > 0,4 =2,...,n, and
ITI(ii) y; < 1 only if 7 is a multiple of m.

Suppose also that for some z € (0, 1), the following conditions hold:
HI(iil) z; = 2(1 —2)" 1 i=1,...,m—1;

HI(GY) Zpmas = Tim %) z(1—2)"tfori=1,....m—1,andl=1,...,r—

It is then straightforward to determine that (,, = (l%gfg,l and that for
l=2,...,r—1,

YmY2m - - - YimTim

ﬁlm = — - .
(1= 2)m (1 = 2)0m=D0=0 = 5770 (1= 2) DDy o - Yo ]

Suppose further that

II(v) By > 2,0=1,...,7—1, and
. m— r—1 m— —(1—z)m~1

TI(vi) (1= 2)™ "t = 300 agm[(1 — 2)m 1 4 =20

First, we claim that x(S) = z. Note that by condition III(v), 3, > z for
l=1,...,r—=1. Since y; = 1 for ¢ = 1,...,m — 1, we have 3; = 12%
2ui=1 T
for j = 1,...,m — 1, and so condition III(iii), combined with induction
on j, shows that 8; = z for j = 1,...,m — 1. Next, fix [ between 1 and
r — 1, and note that y;,.; = 1 for ¢« = 1,...m — 1. We have (., =

9



Y2---Yim+iTim+i _ Y2---YmTim+i _ Tim+i

L =3 yyey Lea =T ey = ey g
Applying condition I1I(iv), it now follows by induction on ¢ that G, = 2
forl=1,...,r—1and ¢ =1,...,m — 1. Finally, we note that condition

[II(vi) simply ensures that when conditions I1I(iii) and III(iv) hold, the top
row of S sums to 1. In particular, it now follows that ©(S) = 2, and so by
(2.3), we find that [A(S5)] <1 — z.

Next, we claim that equality holds in (2.3). As in Example 3.2, note
that the left stationary vector for S, w’, say, has the property that for each
j=1...,n03 = w;jj, so that in fact equality holds in (2.1) of Lemma 2.1.

Setting W = diag(w) and T = W~1STTW, we see that T' can be written as

T = z1el +(1—2z)M, where M is a stochastic matrix. Note that M] 1= ﬁf —
for each j = 1,...,n. In particular, since Gy, ; = z for i = 1,. —1,l=

0,....,7 — 1, we have M;; > 0 only if m|j; note also that Mm > 0 only if
m|i by condition III(ii). It now follows that in A(M), the length of each
cycle is d1v181ble by m. We thus find that e is an eigenvalue of M, so that
(1 —z)e is an eigenvalue of S. Hence [Ay(S)| = 1 — 2, as claimed.

The set of matrices S of the form (3.6) satisfying conditions III(i)-III(vi) will
be referred as Class I11.

Example 3.4 Suppose that for some n > m > 2, and some a,r € IN, we
have n = am — 1 + r, and that S is a stochastic matrix with a positive first
row having the form

[ Ty T2 Tp—r—1 Tpn—r j'T 1
y2 0 ... 0 vy | ud
0 0 v ul
S = y3 . ’ .3 ) (37>
0O ... 0 Yn—r  Up_p uz_r
i 0O O 0 1 0 ]
where IV(i) 27 = [ 2ppi1 ... @, |,

V(i) y; > 0,i=2,...n —r, and
V(i) y; + v, +ull=1,i=2,...n—r.

Suppose further that IV(iv) v; > 0 only if m|i, and that
IV(v) ul # 07 only if m|(i — 1).
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If @ = 1, suppose also that for some z € (0,1),
Vvi) o, =2(1—2)"Yi=1,...,m—1;
IV(vil) Zpoypy; > 2(1—2)™ 1 j=1,...,r; and
IV (viti) 377 @ppyy = (1 —2)™ "
Observe that from the hypotheses on v; and ul', we find that in fact y; = 1 for
t=2,...,n—r. Hence we have 3; = : for]—2 — r, while for

Zl 1 Ti
J=n—-r+1l....n06 = Z" -. Applying conditions IV(Vl) and IV (vii),
we see that 8, = 2,7 = 1,. n—r, while for j = n—-r+1,...,n,8; =
== = #. Thus we have u(S) = 2, so that by (2.3), [A\2(S)| <1 — 2.
Next, we claim that equality holds in (2.3). As in the previous example,
note that equality holds in (2.1) of Lemma 2.1 for the left stationary vector
w” of S. Letting W = diag(w) and T = W~'STW, we see that T can be
written as T' = z1el + (1 — z)M, where M is a stochastic matrix. From the
fact that §5; = z for j = 1,. — 1, it then follows from conditions IV (iv)
and IV(v) that the length of every cycle in A(M) is lelSlble by m. We thus
find that e’ is an eigenvalue of M, so that (1— Z)en is an eigenvalue of S.
Hence |Ao(S)| = 1 — z, as claimed.
On the other hand, if @ > 2, suppose, in addition to conditions IV (i)-

IV (iii), that for some z € (0,1),

Vi) 2 =2(1—2)"Yi=1,...,m—1;

IV(Vii)" Zpmg1Yimr = 2 ﬁflmxzm;

IV(viii)’ Zimgi = Ty (1 — 2)"fori=1,...,m — 1; and
IV(ix) Tpopirj > (1 —2), 5 =1,..., 71

It is straightforward to show that for each [ = 1,...,a — 1, G, =

Y2 YimTim

(1—2)m=1[(1=2) (= D=1 57071 (1—2) (M= DU =Dy Ly ajm]
Suppose further that
V(x) Bim > 2 for I=1,. —1; and
V(i) (1—2)"" =35 $1m(1+(gfgy—m)(1— (1=2)""1) + 22 Tnrty-
Note that from the hypotheses on v; and u!, we find that for each | =
0,....,a—1l,andi=2,...,m —1,ype; = 1. Also, for each j =2,... . n—r,
we have (3; = — Lo while for j = 1,...,r, we have 3, ,,; =
—T1— ZZ 2y ~Yilq

Y2---Yn—rTn—r+j
1—xz1— Zz 2y2 yzxz

_ Y i+108i s - _ Tp—r iBn—r
Bi1 = %, while for each j = 1,...r, we have §,_,4; = m

From conditions IV (vi)’ - IV(viii)’, it now follows that foreach j = 1,...,n—r

. In particular, for each ¢ = 1,...,n —r — 1, we find that

11



such that j is not a multiple of m, §; = z. Condition IV(ix)’ also yields
the fact that 8,_,4+; > 2,7 = 1,...,n — r. From condition IV(x)’, we have
Bim > 2,0 =1,...,a — 1. Hence we find that u(S) = z, so that from (2.3),
A2(S)] < 1—2z.

Next, we claim that equality holds in (2.3). As above, note that the left
stationary vector for S, w’, say, has the property that for each j = 1,...,n—
r,B; = 222, while for j = 1,...,r, 22 > 3, . Letting W = diag(w)

) ) :
Wi Wn—r+j

and T = W=LSTW, we see that T can be written as T = z1el + (1 — 2)M,
where M is a stochastic matrix. Note that for j =1,...,n—7r, M;; = ﬁj:;,
so that in particular, for such j, M;; > 0 only if m|j. Note also that for
j=1,...,m, My_,4;; > 0 only if m|(: — 1), while M,,_,; > 0 only if m|:.

It now follows that in A(M), the length of each cycle is divisible by m. We
thus find that e is an eigenvalue of M, so that (1 — z)e% is an eigenvalue

of S. Hence [\y(S5)| =1 — 2, as claimed.

The set of matrices S of the form (3.7) satisfying conditions IV(i)-IV(v) and
either IV (vi)-IV(viii) or IV (vi)-IV(xi)’ will be referred as Class IV.

The rest of this section is devoted to providing a converse to Examples
3.1-3.4, namely that the matrices of Classes I-IV are, up to permutation
similarity, the only ones yielding equality in (2.3). Throughout the remainder
of this section, we assume that S is an irreducible stochastic matrix whose
first row has all positive entries, and such that equality holds in (2.3). Let w’

be the left stationary vector for S, set W = diag(w), and let T' = WS W,

Finally, let M be given by M = 171 =T — & (g)g 1el) where u(S) is defined

() ()

in Corollary 2.3. Observe that M is stochastic; further, since left non-Perron
eigenvectors for T are also eigenvectors for M, we find that because [A2(T')| =
|A2(S)] = 1 — pu(S), it must be the case that |Ao(M)| = 1. Throughout, we

let J = {j # 1|8; = u(S)}, and observe that J may be empty.

Lemma 3.5 Suppose that © € J. Then there is just one path from i to 1 in
A(S), say i = ko — ... — kyo1 = 1. Further, each of vertices ky, ..., kyi1

has indegree two in A(S).

Proof: Since 3; = p(.5), then necessarily equality holds in (2.1); the fact that
there is a unique path from 7 to 1 now follows from Lemma 2.1. Denote that
path by ¢ = kg — ... — k.1 = 1. Suppose that for some j =1,...,m+ 1,
vertex k; has indegree at least 3. Then there is a vertex p # 1, k;_; such that
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p — k;. Observe that p # 4, otherwise there is more than one path from ¢
to 1. Considering the walk kg — ... — k1 = 0 — k;j — ... = kpq1, and
referring to the proof of Lemma 2.1, we see that this walk makes a contri-
bution to #* that is unaccounted for in the right side of (2.1); in particular,
inequality (2.1) must be strict, a contradiction. We conclude that each of
vertices ki, ..., kn11 has indegree two, as desired. O

Corollary 3.6 Suppose that we have distinct indices i,7 € J. Then either
the path from i to 1 contains the path from j to 1, or the path from j to 1
contains the path from i to 1.

Proof. Suppose that the unique paths from ¢ to 1 and j to 1 are i = ag —

.—ap — apy1 = land j =0y — ... = by — bg1 = 1, respectively. With-
out loss of generality, we assume that p > ¢; we claim that byy1_p = apr1-%
for k =0,1,...,qg+ 1. We establish the claim by induction on k, and note
that certainly the claim holds for k& = 0, since b,41 = 1 = ap41. Suppose now
that for some k < g we have b1 = apy1—r. By Lemma 3.5, byy1—i has
indegree two, so that only vertex 1 and vertex b,_; have arcs into by41_p.
However, since apy1- = bgt1-k, & similar argument shows that only vertex
1 and vertex a,_j have arcs into a,;1_,. We conclude then that a,_ = b,_,
completing the induction step. The claim now follows, and hence we see that
the path from ¢ to 1 contains the path from j to 1. O

Corollary 3.7 If J # 0, then there is a unique index k € J such that for
each j € J, the path from k to 1 in A(S) contains the path from j to 1 in
A(S).

Proof For each vertex i # 1, let d(i,1) be the distance in A(S) from i to
1. If J has cardinality one, the result is immediate, so suppose that J has
at least two elements. Let k be a vertex in J such that d(k,1) > d(j,1) for
each 7 € J. Fix a 5 € J such that j # k; by Corollary 3.6, either the path
from j to 1 contains the path from £ to 1, or vice versa. If the former holds,
then d(j,1) > d(k,1), a contradiction. It now follows that for each j € J,
the path from £ to 1 contains the path from j to 1, and that k is the unique

vertex in J with that property. O
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Lemma 3.8 One of the following holds:
i) M is reducible with a single periodic essential class;
ii) M s irreducible and periodic.

Proof: Since |Ao(M)| = 1, then it is well-known (see [8], for example) that
either M has two or more essential classes, or M is reducible with a single
periodic essential class, or M is irreducible and periodic. We claim that the
first case cannot arise.

To see the claim, let C be the (possibly empty) set of inessential indices
for M, and let Cy, ..., Cy be the classes of essential indices for M (note that
k > 3). It follows that M can be permuted and partitioned as

[ Mg | Mo | Myg|...| Mg ]
0 |Myy| O |...] 0
0 [0 [ [0 [ My

where the partitioning of M corresponds to the sets C1,...,Cy. Note that
if index 1 is not in O, then it follows that S is reducible, contrary to hy-
pothesis. Hence 1 € C';. Observe that necessarily, it must be the case that if
i € Cy and j € Cy, we have 3; = u(S) = 3;. However, it is not the case that
in A(S), either the path from i to 1 contains the path from j to 1, or vice
versa, contradicting Corollary 3.6. Hence M has at most one essential class,

as claimed. The conclusion now follows. O

Corollary 3.9 If J =0, then S has the form

5_ { M(F) yg } | (3.9)

where y; > w(S)(1—u(S)),i=1,...,n—1 and y'1 = 1—u(S). In particular,
S 1s in Class 1.

Proof: Since J = 0, s1; = 1 = p(S) < G for i = 2,...,n — 1. Observe
that A(M) differs from A(?T) only in the fact that the former has no loop
at vertex 1. In particular, M is irreducible, and, from Lemma 3.8, M is

14



also periodic. For each i = 2,...,n, A(M) contains the arc i — 1, so it
follows that the index of periodicity for M is 2. We now deduce that for
some positive vector y, S has the form

5 _ [nS) | y"
5= { S
Evidently it must be the case that y”1 = 1— u(S). Further, since 3; = = u(%)

for i = 2,...,n, we must have y; > u(S)(1 — pu(S)) for each such i. Thus, S
is in Class L. 0

Lemma 3.10 Suppose that M is reducible with a single periodic essential
class, say Cy, and let Cy denote the set of inessential indices for M. Then
1 € C4, and there is a single pair of vertices u,v such that u € Cy,v € Cf,
and A(S) contains the arc u — v. There is a unique path from v to 1 in
A(S). Let k be the unique vertex in J whose path to 1 contains the path from
j to 1 for each j € J. Then the subgraph of A(S) induced by Cy consists of
a single Hamilton path from k to u, along with arcs into k so as to yield a
strongly connected periodic directed graph.

Proof. Observe that M can permuted and partitioned to the form

My | Mo }

M= [ 0 | My

where the partitioning corresponds to C; and C,. Note that necessarily
1 € Oy, otherwise S is reducible. Further, we have Cy C J, and the principal
submatrix of M on the rows and columns corresponding to Cs is irreducible,
periodic, and stochastic.

From the fact that the subgraph of A(S) induced by Cj is strongly con-
nected, and the fact that each index in C5 has a unique path to 1, we find
that in A(S) there is a single arc from a vertex in C to a vertex in C}, say
u — v. Necessarily, there is a unique path from v to 1 in A(S). Since the
path from k£ to 1 contains the path from u to 1, we find that necessarily
k € Cy and that the subgraph of A(S) induced by C, contains a Hamilton
path from £ to u. From Lemma 3.5, each vertex on that Hamilton path that
is distinct from k has indegree two in A(S), so the only possible other arcs
in that subgraph are arcs into vertex k. ([l
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Remark 3.11 It is straightforward to show, using the structure described
in Lemma 3.10, that if S satisfies the hypotheses of that lemma, then it is
permutationally similar to a matrix of the form

[ x4 Ty o Tp—1 Tp Tpt1 Tpp2 oo Tp—i Tn T
Y2 1=y 0 0 0 0
0 Ys 1—ys 0 0 0
0 0 Yp 1=y, O 0
0 0 0 Yp+1 0 0 0 1—yps1 |’
0 0 Ypr2z O 0 1—ypso
0 0 0 Ypss 0 1—yps

| 0 . 0 0 e 00y, 1 -y, |

(3.9)
where a) y; > 0,1 =2,...,n,yp11 <1, and b) m = ged{n —j —p + 1|y, <
1} > 2. Here m is the period of the principal submatrix of S on the rows and
columns corresponding to C.

Lemma 3.12 Suppose that principal submatriz of M on its last n — p rows
and columns is irreducible, stochastic, and periodic with period m. Suppose
also that S has the form (3.9) and satisfies conditions a) and b) of Remark
8.11. Then x1 > p(S), and for j = 2,...,p we have #ﬂcﬁf% > u(S). For
j=1,...,n—pwehave Tj)Ypi1 - Ypy; = p(S)(1 = p(S)) 11 =37, @)
Finally, we have pu(S) " 7P G=tG"" 1 Iy particular, S is in Class II.

=1 Ypr1Ypiy

Proof. Necessarily we have u(?_) = min; (;, and from the structure of S we
see that necessarily 3,.; = p(S) for j = 1,...,n — p. It is straightforward

to see that for j = 2,...,p,5; = %, and so the first two conclusions
T 2ui=1 i

follow from the fact that 3; > u(S) for j =1,...,p.

We find that £,,1 = %, and that for j = 2,...,n —p, Bpy; =
1=1"?

Ypt1--Yp+iTp+j Si = (S). i = ;
il . Since = =1,...,n—mp, astraightfor-
=3 @i =302 Y1 YptiTpti Bps = 1(S), J LR b, &

ward induction proof shows that z;,ypr1 .. Ypr; = u(S)(1 — p(S)) 711 —
> P x;) for each such j. The last equation follows from the fact that
> x; = 1. Hence S is in Class II. O
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Lemma 3.13 Suppose that M s irreducible and periodic with period m.
Partition the vertex set of A(M) into the classes C1,Cy, ..., Cy,, so that the
only arcs in A(M) are of the form u — v, where for some 1 = 1,...,m,
u € C; and v € Ci1)ymodm- Suppose without loss of generality that 1 € C}.
Then A(M) has one of the following two forms:

i) a Hamilton path from a vertex k € C,,_1 to vertex 1, along with possible
arcs into k from vertices in C,, and possible arcs from vertex 1 to one or
more of the vertices in C,,;

ii) a collection of vertices vy, ...,v. € Cy, each with a single arc out to a
vertex k € C,,_1, along with a path from k to 1 through all remaining vertices,
possible arcs into k from vertices in C,,, and possible arcs from vertices in
Ch into vy, ..., 0.

Proof: Note that U";'C; C J, and let k be the vertex in J whose path (in
A(S)) to 1 contains all other paths to 1 that start from vertices in J. If it
were the case that k € C; for some ¢ = 1,...,m — 2, then there would be
a vertex | € C;1; C J such that | — k, a contradiction to the fact that the
path from k£ to 1 contains that from [ to 1. We conclude that necessarily
ke C,_iorkeC,,.

Suppose that k& € C,,_; and consider the path P in A(S) (and hence in
A(M)) from k to 1. Observe that each vertex in U 'C; sits on P. If P
is a Hamilton path, then the form described in i) follows readily from the
fact that only vertex k can have indegree greater than two in A(S). If P is
not a Hamilton path, then the only vertices not on P are necessarily in C,,.
Label these vertices as vy, ..., v,. The form described in ii) now follows upon
noting that the only vertices that can have indegree larger than two in A(S)
are k and vy, ...,v,.

Finally, if & € C),, then in fact the path from £k to 1 must be a Hamilton
path, otherwise there is a vertex [ € C,l # 1 such that [ — k, a contradic-

tion. The form described in ii) (with r = 1 and v; = k) now follows. O

Remark 3.14 Suppose that M satisfies the hypotheses of Lemma 3.13. If
form i) holds, then necessarily n = rm — 1 for some integer r > 2. Further,
it is straightforward to show that in that case, S is permutationally similar
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to a matrix of the form

ry Ty ... Tp-1 Tp
Y2 0 0 1—y2
0 y3 0 ... 1-wys ]|, (3.10)

where a) y; > 0,4 =2,...,n and b) y; < 1 only if ¢ is a multiple of m.

Lemma 3.15 Suppose M is irreducible and periodic with period m. Suppose
also that S has the form (3.10) and satisfies conditions a) and b) of Remark
8.14. Writen = rm — 1 for some r > 2. Then x; = pu(S)(1 — u(S)) i =
1,....,m—1, and Tpyii = Ty (%) w(S)(1—p(S)t fori=1,...,m—1,
andl =1,...,r — 1, where (3, =

YmY2m - - - YimTim

(1= p(S))™ (L — p(S)) =D = 57070 (1= u(S)™ DDy . Yjunitjon]

forl=2,...,r—1. Further, (3,, = % > u(S), and B > u(S),1 =

1,...,r = 1. Finally, we have (1 — p(S))™ " = Y7~ L [ (1 — u(S))™ 1 +
1-(A—p(S)m1

Im

|. In particular, S is in Class III.

Proof: Since M is irreducible and periodic with period m, we find that Sy,1; =
u(S) foreach i =1,...,m—1,and [ = 0,...,7 — 1. Now f; = 21, and for

each j > 2,08, = r— y% y:x;2 gt . Note also that y; < 1 only if m divides

j. Since 3; = p(S) for j = 1,...,m — 1, an induction proof shows that

z; = pu(S)(1—pu(S))~1i=1,...,m—1.It now follows that 3,, = %,
which must necessarily be bounded below by u(5).

For cach | > 1, we have Sy = /it = it = et
Since Bymy1 = u(S), we find that zp,,; = xlmu(g)lgl—ﬁ;’”. Further, since
ﬁlmﬂ = u(S) for i = 1,...,m — 1, it follows by induction that z,.; =
Tim g p(S) (1 = u(S))"™ Li=lm- L

From that we deduce that for each [>1,

))mfl + 1 - (1 - :u(g))m_l

m—1
Z Y2 - - Yim+iTim+i = Ym - - YimTim (1 — M(g
i=0 ﬁlm
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An argument by induction on [ now shows that

ﬁlm =

YmYom - - - YimLim
(1= ()11 = p(S) =00 — 37 o - - Yjmjm)

for il =2,...,r — 1. Evidently 3, > u(S) for il =1,...,r —1.
: Q\\m— r— Q\\m— —(1—p(S))m-!
Finally, the fact that (1—(S))™ 1 = 371~} agm[(1—p(S))m 14 =0=EE0]
now follows from the above considerations, and the condition that Z?:l T, =

1. We conclude that S is in Class III. O

Remark 3.16 Suppose that M satisfies the hypotheses of Lemma 3.13. If
form ii) holds, then necessarily n = am — 1 + r for some a,r € IN. Tt is
straightforward to show that in that case, S is permutationally similar to a
matrix of the form

[ 29 . X1 Tpy | ET
vy 0 ... 0 vy | ud
0 0 ce v ul
o A (3.11)
0 ... 0 Yn—r  Up—_p ug_T
00 ... 0 1] 0 |
where a) 7 = [ 21 ... @y |, b)Y > 0,i=2,...n—r, and ¢) y; +

vi+ull=1,i=2,...n—r Further, d) v; > 0 only if i is a multiple of m,
and e) u] # 07 only if i — 1 is a multiple of m.

The proof of the following result is analogous to that of Lemma 3.15, and
is omitted.

Lemma 3.17 Suppose that M is irreducible and periodic with period m.
Suppose also that S has the form (3.11), and satisfies conditions a)-e) of
Remark 3.16. Writen —r =am — 1 for some a,r € IN.

i) Ifn—r=m-—1, then x; = p(S)(1 — pu(S)) 1 i=1,....m—1, xpry; >
W)L — pE)™ G = 1.ty and Sy nr = (1 - p(S)™
i) If n —r = am — 1 for some a > 2, then x; = u(S)(1 — u(S)) i =
1,....m—1. Foreachl=1,...,a—1, 0, =

Y2 - - YimTim
(1= u(S)m (1 = p(S)) =D — 5770 (1 = () =DV ]

’
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Tim1Yimi1 = 1(S) lgfimxlm, and Tpmyi = T (1=p(S)) 1 fori=1,...,m—

1. Also, @ _pij > @ i(S),5 =1, .., 1, and finally, we have (1—p(S))™ ! =
Soicy im(1+ (go==) (1= (1= u(S)™ 1) + Sy Ty

In either case, S belongs to Class IV.

Here is the main result of this section.

Theorem 3.18 Suppose that S is an irreducible stochastic matrixz whose first
row is positive. Equality holds in (2.3) if and only if S is permutationally
similar to a matriz in one of Classes I - IV.

Proof. If S is permutationally similar to a matrix in one of Classes I - IV ,
then the fact that equality holds in (2.3) follows from Examples 3.1 - 3.4.
Conversely, suppose that equality holds in (2.3) for S. By Lemma 3.8,
either M is reducible with a single periodic essential class, or M is irreducible
and periodic. In the former case, we find from Lemma 3.10 , Remark 3.11 ,
and Lemma 3.12 that S is permutationally similar to a matrix in Class I1.
Suppose next that M is irreducible and periodic. If J = (), then from
Corollary 3.9, we find that S is in Class I. Now suppose that J # ), so that
M satisfies Lemma 3.13 i) or ii). If i) holds, then from Remark 3.14 and
Lemma 3.15, we find that S is permutationally similar to a matrix in Class
III. On the other hand, if ii) holds, it follows from Remark 3.16 and Lemma
3.17 that S is permutationally similar to a matrix in Class IV. 0

4 Applications and examples

In this section we consider some applications of our results to certain special
classes of matrices.

Example 4.1 Suppose that we have positive numbers z;,7 = 1,...,n, with
>, x; = 1. Consider the stochastic companion matrix

-ZL‘l o ... Tp—1 .l’n-
1 0 O 0
c=110 1 0 0
| 00 1 0
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Observe that 7(C') = 1, so that Proposition 1.1 yields no new information on
the modulus of A\y(C). However, from Corollary 2.7, we find that [A(C)| <

1-— mln{xl,kiﬁ|z = 27. .. ,TL} = max{%h = 1, Ce ,n}.
Equality can hold in this bound on |A2(C')|. For instance, if ¢ € (0, 1), and
we have the parameters z; = t(1 — )" 1 i=1,....n— 1,2, = (1 —t)"7!, we

find that C'is in Class IV (with m = n and @ = r = 1) so that equality holds
in (2.3) with x(C) = t. Indeed when C'is constructed with this collection of
parameters, then for each n-th root of unity w # 1, we find that A = w(1 —1t)
is an eigenvalue of C.

A square nonnegative matrix is a Leslie matriz if it has the property
that its only positive entries lie in the first row and on the first subdiagonal
(and typically that subdiagonal is taken to have all positive entries). Such
matrices arise in a discrete-time, age-dependent model of population growth,
known as the Leslie model (see [5] for a brief description of the model, and [2]
for a more comprehensive treatment). In the event that we have a primitive
Leslie matrix L, it turns out that the age distributions in the corresponding
Leslie model converge to a Perron vector of L. Further, if the Perron value of
L is p, and A\ is an eigenvalue of L of next largest modulus after p, then the
rate of convergence of the age distributions in the Leslie model is given by
%. (Note the natural parallel with the behaviour of a Markov chain having
a primitive transition matrix.) The next sequence of results applies the ideas
of Section 2 to the eigenvalues of certain Leslie matrices.

Theorem 4.2 Let L be a Leslie matrixz of order n, given by

[ my Mo ... Mp_1 My 1
pr 0 0 0
| 0 0 Pn-1 0 i
where m; > 0,1 =1,...,n and p; > 0,2 = 1,...,n — 1. Denote the Perron

value of L by p. Then for any eigenvalue X\ # p of L, we have

n . ]
D jiga D1 pamp"

A < pmax{—== —i=1,...
Zj:i pr-. -pj—lmjpnij

(4.12)
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Proof: Let xy = 2+, and for each i = 2,...,n, let z; = W. It is known

(see [5]), and not so difficult to show, that %L is diagonally similar to the
matrix

-Z‘l o ... Tp—1 .Tn-
1 0 O 0
1 0 0

| 00 1 0 |

Applying the bound of Example 4.1 yields % < max{%h =1,...,n},
which is equivalent to (4.12). O

Our next result deals with a certain class of stochastic companion matri-
ces.

Theorem 4.3 Suppose that 2 < k < 3, and that we have positive numbers

Tpy ., Tn such that Y77 x; = 1. Consider the companion matriz
0O ... 0 x ... z,
10 0 0 0
01 0 0 0
S =
0 0 O 1 0
Define v by
. Top+T?  Topi1+TRTEL TnFTpTn_k
= min{wy, ..., Top_1, <= B ey m
Y { ks s L2k—1, Zj:k x;’ Z]‘:k+1 z; ) Zj:n—k z;
Ty —k41 TpTn—1
Dimnkpr @i Yz L

Then [Ao(S)| < (1 — 7) 7.

Proof: 1t is straightforward to show that

elTSk“ej = Tyt xRz, E<j<n-—k
TpTj, n—k+1<75<n,

so that the first row of S¥*! is positive. Letting the left stationary vector of
S be w?', we find from Lemma 2.1 that > an — (as it happens, equality
j i=j Ti
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holds). Letting W = diag(w), we find that the matrix 7' = W~1(SHH)TW is

k+1
stochastic, and its first column is positive. Indeed, Tj; = <r*—; the result
1=7

now follows from the fact that [A\2(S)| = ’)\Q(T”%H < T(T)’%H <(1- fy)k%rl
0

We have the following application of Theorem 4.3 to a particular subclass
of Leslie matrices.

Corollary 4.4 Suppose that 2 < k < g, that m; > 0,1 =k,...,n, and that

pi >0,i=,...,n—1. Let L be the Leslie matriz given by
[0 ... 0 my ... mn—

pp 0O O O ... O

I 0 po 0 O 0
00 0 ... por O

Let p be the Perron value for L and let
2 s [ P1..PE_1Mf DP1---P2k—2M2k—1 Pk ---P2k—1M2k +P1...Pk—1M M
= Imin % e ok—1 ok - Pl Dy 1T 9« ¢+ «
v { p ’ ’ P P e PP p?R T % ’ ’
Pk--Pn—1Mn+P1..-Pn—k—1Mn—kMk P1-Pn—kMp—k4+1Mk _ P1..-Pn—2Mn_1Mjg }
> in—k PhePim1mip" Y k1 PheePimamgpntI=0 0 KT pheepimimpn T itR—i e

Then for any eigenvalue X # p of L, we have |\ < p(1 — ’y)ﬁl

Proof: For i = k,...,n, let z; = W. As in the proof of Theorem 4.2,
we find that 1L is diagonally similar to the companion matrix S of Theo-
rem 4.3. The conclusion now follows from Theorem 4.3 after substituting for
Thy ..., Xy in terms of py, ..., pp_1, Mg, ..., my,, and then simplifying. O

We close with an example discussing an application of Theorem 2.2 to
a certain iterative method that has been proposed for the computation of
Google’s PageRank.

Example 4.5 Suppose that we have an n X n stochastic matrix P, and
a positive row vector v? of order nm, normalized so that v'1 = 1. Fix a
parameter ¢ € (0, 1), and consider the stochastic matrix G given by G = cP+
(1—c)1v”. A matrix G of this form is a Google type matrix, so named because
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a matrix of that type is used in Google’s PageRank algorithm, which uses the
stationary vector of GG in order to rank web pages on the internet. A typical
approach to computing the stationary vector for GG is via the power method,
and it is well known that in the case that P has at least two essential classes
(which is certainly the case in practice), or has at least one periodic essential
class, the convergence of the power method is geometric, with convergence
rate c.

In order to frame our discussion, we impose some assumptions on P. We
take P to have essential classes (', ..., Cy, and assume that for any essential
index j,p;; = 0 (this happens to be the case in the PageRank application).
We suppose also that the rows and columns of P have been simultaneously
permuted so that for each i = 1,...,k, i € C;. Finally, we assume that the
labelling of the rows and columns of P is such that P has the form

0 | Pro| P13
P = Py | Pag | Pag |
0 | Psy | Ps3

here we have partitioned out the first k£ rows and columns of P, while the
second subset of the partition corresponds to those indices ¢ such that p; ; > 0
for some j = 1,...,k, and the third subset of the partition consists of the
remaining indices. Partition v” conformally with P as v” = [ of | o] | o] ].

In [4], the authors consider an approach to computing the stationary
vector of G via a certain iterative aggregation/disaggregation technique, and
show that if aggregation is performed on the first k rows and columns, then
the convergence is also geometric, and the rate of convergence is given by
c|A2(H)|, where H is the following (necessarily irreducible) stochastic matrix:

H— [ Psy 4 cPy Pro ‘ Pys 4 cPs Pi3
Psy ‘ Ps3

{ P2011 } [ cBvi P+ (1= c)(1+ B0)vg | eBuf Pis + (1 —)(1+ Bo)vs |;

here § = vf1 and 3 = ﬁ. Observe that for each index i such that A(P)
contains an arc of the form ¢ — j for some 5 = 1,...,k, the corresponding
row of H has all positive entries.

Note that if H is of massive order (as is the case in the PageRank set-
ting), then |A2(H)| may be difficult to compute, and so an upper bound on
|A2(H)| would then be of some use in estimating the rate of convergence of
the iterative method discussed in [4]. Since H has at least one positive row,

Theorem 2.2 can be used to bound |A\(H)|.
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Let 0 = P51, and suppose that o has order p; let u?' = cBvI Py + (1 —
¢)(1 + B)vd (also of order p) and let 27 = cfvl Pz + (1 — ¢)(1 + B6)vd (of
order ¢, say). Fix an index j € {1,...,p}. It is straightforward to determine
that if j # i € {1,...,p}, then a(i,j) > oju;%"-, while a(j, j) = oju;.
Similarly, ifi € {p+1,...,p+¢q} and A(P) contains the path i = iy — i; —

S i1 = J (observe that such a path always exists), then

a(i,j) > : Dig i1 - - Pirn i1 Lio '
—ojuj — Zl:l Diviriq -+ - Pimyims1 i

Thus, these estimates can be used in the bound of Theorem 2.2 to provide
an upper bound on [\y(H)|. Consequently, this approach not only provides
an alternate proof of the fact (shown in [4]) that |\o(H)| < 1, but also yields
quantitative information (in terms of the entries in P, the entries in v*, and
the parameter ¢) on how close |\y(H)| can be to 1.

As an illustration of the above, suppose that the minimum positive entry
in P is a, and that the minimum positive entry in v? is b, and that ¢ > 1. We
find that § > bk, that 3 > 1 that o > al, that T > 1T and

R (1—c)bk
that 27 > %1? It now follows that for each j € {1,...,p}, for the

(1—c)ab

matrix H we have a(j,j) > ﬂ, while for distinct 7, j € {1,...,p}, then

. o 1—0)2a2p2
for the matrix H, a(i,j) > (lf(lfc)gk)(1)7(lfc)b(k+a))' Similarly, if j € {1,...,p}

and i € {p+1,...,p+ ¢}, and if there is a path in A(P) from i to j of

length d, then for the matrix H, (i, j) > e C()lb_(,jzr(i)_)a)(b{l Sab(i—ar=Ty - 1t

is not difficult to see that this last quantity, considered as a function of d,
is nonincreasing if 1 —a > b(1 — ¢)(k — (k — 2)a — a?), and nondecreasing
in d otherwise. Setting d; = MaX;e {pi1,... prq} d(7,7), it follows that for each
je{l,...;p} and any ¢ € {1,...,p + ¢}, we have for the matrix H that

(1—c)?a?b? (1—c)ab
a(i,j) > mln{ —(I—)bk)(1—(1-0b(k+a))’ T-(1—c)bk”’

(1—c)ab (1—c)(1—a)ba’i _ }
1=(1=0)b(k+a)” (1_q)(1—(1—c)b(k+a))—(1—c)ab(1—a% ~1) '

. (1—c)?a?b? (1—c)ab (1—c)ab
Since g -a-ora) = (-0 = T=(—aikra Ve thus find that

.. . (1—c)2a?b? (1—c)(1— a)baJ
afi.j) = mm{(1—(1—0)b’f)(1—(1—0)b(k+a))’ (1—a)(1—(1—c)b(k+a))—(1—c)ab(1—a®i 1) b=

Consequently, we have [A\2(H)| < 1— Zle 7;, thus providing a upper bound
on the rate of convergence of the iterative aggregation/disaggregation method
discussed in [4]. Observe that this bound, while crude, depends only on the
number of essential classes for P, the minimum entries in P and »?, and
upon the lengths of certain paths in A(P).
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We note that in certain (highly artificial) examples, in fact the bound of
Theorem 2.2 can actually be attained by |A\y(H)|. For instance, suppose that
n > 3 and that P is the adjacency matrix of a directed n cycle, say

00 ... 01
10 0 ... 0
p=101 0 ... 0
(00 ... 1 0]

In terms of the discussion above, we have k = 1, and it turns out that the
stochastic matrix H has the form

Ty Tz ... Tp-2 Tp-1
1 0 0 0
H=1]10 1 0 ... 0 , where
i 0O 0 ... 1 0 |
[21 @2 .. @pon Ty | = 17(11_7‘;)1)1 [v2 vs .0 vy |+ ﬁjf_g
Suppose further that for : =3,...,n —1,v; = vy (W) . Ob-

serve that in order for this last condition to hold, it must be the case that

c < (1_(51__(?_(3;7;31)2272, otherwise v, = 1 — Z?;ll v; < 0 (it is sufficient to
n—1

take v, is close to zero in order to ensure that 1 — Y ' "v; > 0). If all of

i—1

these conditions hold, it follows that z; = 19(;—3):)2 (1 - lil_f)w ) 1=
1 (1—c)v1

1,...,n — 2. As noted in Example 4.1, equality then holds in (2.3), with

Po(H)| =1 - 7552 = 1 — u(H).

References

[1] R. Brualdi and H. Ryser. Combinatorial Matriz Theory. Cambridge
University Press, Cambridge, 1991.

2] H. Caswell. Matriz Population Models: Construction, Analysis, and In-
terpretation (2nd Edition). Sinauer, Sunderland, Massachusetts, 2001.

26



[3] P. Diaconis and D. Stroock. Geometric bounds for eigenvalues of Markov
chains. Annals of Applied Probability 1: 36-61, 1991.

[4] T. Ipsen and S. Kirkland. Convergence analysis of a PageRank updating
algorithm by Langville and Meyer. SIAM Journal on Matrix Analysis
and Applications 27: 952-967, 2006.

[5] S. Kirkland. An eigenvalue region for Leslie matrices. SIAM Journal on
Matrix Analysis and Applications, 13: 507-529, 1992.

(6] S. Kirkland. A note on the eigenvalues of a primitive matrix with large
exponent. Linear Algebra and its Applications, 253:103-112, 1997.

[7] S. Kirkland. Girth and subdominant eigenvalues for stochastic matrices.
Electronic Journal of Linear Algebra, 12:25-41, 2005.

[8] E. Seneta. Non-negative Matrices and Markov Chains. Springer-Verlag,
New York, 1981.

27



