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Abstract
Of interest here is a characterization of the undirected graphs G such that the
Laplacian matrix associated with G can be diagonalized by some Hadamard matrix.
Many interesting and fundamental properties are presented for such graphs along

with a partial characterization of the cographs that have this property
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1 Introduction

Throughout this article we consider only simple graphs. Let G = (V| E) be a graph with
vertex set V' = {1,2,---,n}. The adjacency matriz of G, denoted by A(G), is defined as

the n x n matrix A(G) = [a;;], where

1,if 7 and j are adjacent in G,
&ij = )
0, otherwise.
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The Laplacian matriz of G is defined as L(G) = D(G)— A(G) where D(G) is the diagonal
matrix of vertex degrees of G. It is well known that L(G) is a singular positive semidefinite

matrix. Throughout, the spectrum of G is defined as
S<G) = O‘l(G)v )‘2(G)> ) )\n<G))7

where A\; (G) < X2(G) < --- < N\, (G) are the eigenvalues of L(G) arranged in nondecreas-
ing order. For any graph G, A\;(G) = 0, with the all ones eigenvector 1 as a corresponding
eigenvector. There is an extensive literature on Laplacian matrices in general, and on
their spectra in particular. We refer the interested reader to the survey articles [10], [11]
and [13], and the references therein, for further information (see also [4, 8]). Henceforth
we say A is an eigenvalue of G (A € S(G)) to mean that A is an eigenvalue of L(G). A
graph G is said to be Laplacian integral, if each element of S(G) is an integer.

One of the motivations for considering Laplacian eigenvalues arises from considering
a vertex cut in the graph G. Specifically, if the vertex set V' is partitioned into two
nonempty sets A and B, of sizes k and n — k respectively, then letting £ denote the
collection of edges that have one end vertex in A and the other in B, a standard pair of
inequalities (see [6, 13]) assert that

n|é| < M (G).

)\2(G) < m =

These inequalities are established by considering the n-vector x4 p which has an entry
n — k in each position corresponding to a vertex in A, and an entry —k in each po-

sition corresponding to a vertex in B. Observing that x4 5 L 1, one then notes that
o pL(G)zas  nlg
$£731’A,B T k(n—k

equality holds in either the lower bound or the upper bound only if the vector = is an

L and appeals to a standard result on symmetric matrices. Note that

eigenvector of L.

A good deal of the literature on Laplacian spectra for graphs focuses on how the
combinatorial structure of a graph is reflected in one or more of its Laplacian eigenvalues.
In this paper, we turn our attention to the eigenwvectors of the Laplacian matrix for a
graph; while there is some existing literature in this area (see for instance [2] and [12]),

the volume of such results is rather less extensive than that on Laplacian eigenvalues.



In this paper we deal extensively with the case that a connected graph G on n vertices
has the property that L(G) admits eigenvectors whose entries consist entirely of 1s and
—1s. Observe that since any such eigenvector x is orthogonal to 1, the 1s and —1s in =
generate a vertex cut of G into two subsets of cardinality n/2.

Recall that an n x n matrix H = [h;;] is a Hadamard matriz of order n if the entries
of H are either +1 or —1 and such that HH? = nl. That is, a (+1, —1)-matrix is a
Hadamard matrix if the inner product of two distinct rows is 0 and the inner product of a
row with itself is n. It is known that for a Hadamard matrix H of order n, |det(H)| = n2,
and evidently H~! = %H T for such an H.

It is also easy to check that if the rows and columns of a Hadamard matrix are
permuted, the matrix remains a Hadamard matrix. Further, if any row or column is
multiplied by —1, the property of being a Hadamard matrix is retained. Thus, it is
always possible to arrange to have the first row and first column of a Hadamard matrix
contain only +1 entries. A Hadamard matrix in this form is said to be normalized.

It is known that a necessary condition for the existence of an n x n Hadamard matrix
is that n = 1, 2,4k for some positive integer k. The following much studied conjecture

addresses the sufficiency of this condition.

Conjecture 1 (Hadamard) An n x n Hadamard matriz exists for n = 1,n = 2, and

n =4k for any k € N.

We say that a graph G is Hadamard diagonalizable if it has the property that L(G)
is diagonalized by some Hadamard matrix. In this paper, we investigate the following
question: Which graphs are Hadamard diagonalizable? As noted above, any (1,—1)
eigenvector = of L(G) can be thought of as corresponding to a vertex cut of V' into two
subsets A and B, each of cardinality 3, where A is the set of vertices of GG for which the
corresponding entry in the eigenvector is 1, and B is the set of vertices of G for which

the corresponding entry in the eigenvector is —1. If such an eigenvector = corresponds

A

to eigenvalue A, we find from the eigen-equation that each vertex in A is adjacent to 3

vertices in B, and vice versa. Thus, a (1, —1) eigenvector for L corresponds to an ‘evenly

balanced’ vertex cut in G. Suppose now that we have two (1,—1) eigenvectors x and



y, with corresponding vertex cuts A, B and A’, B’, respectively. Then the inner product

2Ty can be written as
vTy=|AnA|+|BNB|-|AnB|—|BnA|.
In particular, if x and y are orthogonal, then
|ANA'|+|BNB|=|ANnB'|+|BNA. (1)

Thus, by asking for a graph G to be Hadamard diagonalizable, we are asking for G to
possess a system of n evenly balanced cuts with the additional property that for any pair
of distinct cuts A, B and A’, B’, their pairwise intersections satisfy (1).

In the sequel, we develop a number of basic properties of Hadamard diagonalizable
graphs, and determine all such graphs on at most 12 vertices. We also give a detailed
discussion of Hadamard diagonalizable cographs. It will transpire that all graphs that will
be of interest to us are regular, so that any conclusions drawn regarding the eigenspaces
of L(G) apply equally to A(G).

We note in passing that requiring certain eigenvectors to have entries only from a
restricted set of values (for example, {—1,0,1}) is not novel to this present work. In fact,
structured eigenspaces have been studied, particularly for the adjacency matrix of G (see,
for example, [1, 15]), and as such demonstrating the existence of a structured eigenbases
has become an interesting and important topic in spectral graph theory. In particular,
it is noted in [15] that for a more straightforward eigenvector analysis it is desirable
to achieve an eigenspace that is structurally simple. In [15] it is proved that every
cograph admits a simply structured eigenspace basis (eigenvectors entries come from the
set {—1,0,1}) for the eigenvalues 0 and —1 with respect to the adjacency matrix, and
with such an eigenbasis, interesting constructions may be obtained for producing certain
cographs. In addition, in [1] it is shown that the null space of the adjacency matrix of a
forest has a basis consisting of vectors with entries from the set {—1,0, 1}. Furthermore,
in [1] it is suggested that the existence of a special bases (like those described above) are

generally easier to handle from a computation point of view.



2 Preliminaries

In this section, we give a few definitions and background results that will be needed for
our subsequent discussion.

If all the vertices of a graph GG have the same degree, then we say that the graph is
reqular. A graph G is bipartite if its vertex set can be partitioned into two sets in such
a way that no edge is incident with two vertices in the same set. A graph G is called
a cograph, also known as a decomposable graph if and only if no induced subgraph of
G is isomorphic to Py, the path on 4 vertices. In [12], it is proved that any cograph is
Laplacian integral.

Suppose that G is a graph on n vertices, with Laplacian spectrum 0 = A\ < Ay <
... < A\p. Let G° denote the complement of a graph G. Then the Laplacian spectrum
of G is 0,m — Ay, — A1, ... yn— Ao (see [12]). If G = (V4, Ey) and H = (V3, Es) are
two graphs on disjoint sets of m and n vertices, respectively, their union is the graph
G+ H = (V4 UV, Ey U Ey), and their join is GV H = (G + H®)¢, the graph on m + n
vertices obtained from G+ H by adding new edges from each vertex of G to every vertex
of H.

Suppose that the orders of G and H are m and n, respectively. Observe that the

Laplacian matrix of G V H can be written as

nl + L(G) —J

HOVID=\" w0 rs

If L 1 is any eigenvector of L(G) corresponding to an eigenvalue A;, i > 1, then we

have that

L(GV H) z = (n+\)

Thus we see that n+ \; is an eigenvalue of L(G'V H). In a similar manner it follows that
m + p; is also an eigenvalue of L(G V H), for each eigenvalue p;, ¢ > 1, of L(H). As 0 is
an eigenvalue of L(G V H) and the trace is the sum of the eigenvalues, we conclude that
m + n is also an eigenvalue of L(G VvV H). Thus we have the following result from Merris

[12, Theorem 2.1].



Theorem 2 Merris [12] Let G and H be two graphs on m and n vertices, respectively.
Let Ay < Ay < -+ < A\, be the eigenvalues of L(G) and py < po < -+ < p, be the
eigenvalue of L(H). Then the eigenvalues of L(G V H) are

0, m=+n, da+n,A3+n,...,n+n, o+ m, iz +m, ..., [, +m.
The eigenvalue m +n of L(G NV H) corresponds to an eigenvector Y with

Y (0) = —n ifv e G,
m if v e H.

Given two matrices R = [r;;] and S, the tensor product of R and S is defined to be
the partitioned matrix [r;;S] and is denoted by R ® S. Given two graphs G and H, the
Cartesian product of G and H is defined as the graph GOH with vertex set V/(G) x V (H).
Vertices (u;,v;) and (u,,v,) are adjacent in GOH if either u; = u, and {v;,v;} € E(H)
or {u;,u,} € E(G) and v; = v,. Fiedler [7] observed that

L(FOH)=L(F)®1+1® L(H).

Thus we have the following result which completely describes the spectrum of the Carte-

sian product of two graphs (see also [9]).
Theorem 3 (Fiedler [7]) Let G and H be graphs with
S(G)= (A1, Am)  and  S(H) = (fi1y-- -, fin)-
Then the eigenvalues of L(FOH) are
Ndpy, 1<i<m,1<j<n

Moreover, if X; is an eigenvector of L(G) affording \; and Y is an eigenvector of L(H)
affording p;, then X; ® Y; is an eigenvector of L(GOH) affording \; + ;.

We have the following is useful observations about Hadamard matrices. If H is a
normalized Hadamard matrix of order 4k, then every row (column) except the first has
2k minus ones and 2k plus ones, further £ minus ones in any row (column) overlap with
k minus ones in each other row (column). Also, note that, given Hadamard matrices H;
of order n and H, of order m the tensor product of these two matrices, H; ® Hs, is also

a Hadamard matrix, of order nm.



3 Basic properties of Hadamard diagonalizable graphs
We begin with the following basic, but useful, result.

Lemma 4 A graph G is Hadamard diagonalizable if and only if there is a normalized

Hadamard matriz that diagonalizes L(G).

Proof. Clearly if there is a normalized Hadamard matrix that diagonalizes L(G), then G
is Hadamard diagonalizable.

Suppose now that there is a Hadamard matrix H that diagonalizes L(G), and note
that each column of H is an eigenvector for L(G). If G is connected, then the null space
of L(G) is spanned by 1; thus, some column of H is either 1 or —1. It now follows
that there is a signature matrix S such that HS is a normalized Hadamard matrix that
diagonalizes L(G).

If G has k > 2 connected components, say G, . .., Gy, it follows that L(G) can be writ-

L(G) 0 o 0
0 L(Gy) ... 0 )
ten as _ ' _ . Letting the orders of Gy,..., Gy be ny, ..., ng,
0 . 0 L(Gy) |
(=1)" 1y,
. . (—1)%1,,
respectively, we find that any (1, —1) null vector for L(G) is of the form ‘ for
L (_1>ak ﬂnk i
some collection of integers ay, . .., ag. In particular, there is a column of H that is of that
(=1)" 1, 0 o 0
, ) 0 (=1)%21,, ... 0
form. Let S denote the signature matrix S = _ . '
0 0 (=1)%*I,, |

Observe that SH is a Hadamard matrix with a columns of all ones, and that SH di-
agonalizes SL(G)S. But from the block diagonal structure of L(G), it follows that
SL(G)S = L(G). Hence SH diagonalizes L(G), and it follows that there is a normalized
Hadamard matrix that diagonalizes L(G). 0



For each n > 1, we use K, to denote the complete graph on n vertices, that is, the
graph with all possible edges, while K will be referred to as an empty graph. For n = 2,
there exits only one Hadamard matrix and K5 is the only graph diagonalizable by that,
excluding the empty graph. Also, it is easy to check that for n = 4, excluding the
empty graph, Ky + Ky, Ky, and K, are the only graphs which are diagonalizable by the
Hadamard matrix of order 4.

The following observations show that given any Hadamard matrix H of order n =

4k, kE > 1, both Ky, and Ky 9 are diagonalizable by H.

Observation 1 Let H be a normalized Hadamard matriz of order n = 4k, k > 1. Then

K, 1s diagonalizable by H.

Proof. Let H be a normalized Hadamard matrix of order n = 4k, k > 1. We write H

B 01|o”
as H = [ 1 ‘ H ] and let D denote the diagonal matrix D = «’7
0| nl

Observe that
HDHT =nHHT and nl = HHT = J+ HHT.

Thus we have, HDH ' = LHDH" = nl — J = L(K,). 0
Observation 2 Let H be a normalized Hadamard matriz of order n = 4k, k > 1. Then

there is a permutation matriz P such that Koy, o1, 15 diagonalizable by the Hadamard matriz

PH.

Proof. Let H be a normalized Hadamard matrix of order n = 4k, k > 1. By permuting

the rows of H if necessary, we can write H in the form

Let D be the diagonal matrix defined as D= | 0 |n | 07
002kl




1 .
Thus, we have HDHT =n [ IR } +2kHHT.
-1

Now HH” = nl gives

J + [nT _nT]+ﬁIﬁT:nl.
1

2] 0 | -
This implies that + HHT =nl.

0 2J

J o —J 2] 0 Jo-J | .
Thus HDHT = n + 2kl — )=n Ly

—J J 0 27 —J J

0 J
Hence HDH ' = L HDH" = 2kI — = L(Kop o)
J 0

The conclusion now follows. O
Our next result shows that all Hadamard diagonalizable graphs are regular and Lapla-

cian integral. Further, the Laplacian eigenvalues of such graphs are even integers.

Theorem 5 Let G be a graph of order n which is Hadamard diagonalizable. Then G is

reqular and all its Laplacian eigenvalues are even integers.

Proof. Let HTL(G)H = D*, for some diagonal matrix D*. That is, L(G)H = HD,
where D = 1D*.

Fix an index ¢ with ¢+ = 1,2,...,n. There exists a corresponding signature matrix §;
such that e/ HS; = 17; observe that HS; is another Hadamard matrix.

Now, el L(G)HS; = el HDS; = el HS,D = 17D. Thus

el L(G)HS;1 = 1'D1 = iAj(G). (2)

j=1
Since H.S; is a Hadamard matrix, its rows are pairwise orthogonal. Since the i-th row

of HS; is 17, it follows that HS;1 = 17 1le; = ne,;. Thus
el L(GYHS; 1 = e] L(G)[HS1] = e] L(G)[17 1le;] = ne] L(G)e;. (3)

9



From Equation 2 and Equation 3, we have
1 n
di=el L(Ge; = — > \(G),
TG = 5 Y AE)

where d; denotes the degree of the i-th vertex in G. It now follows that G is a regular
graph with regularity r = & 37" | \;(G).

Next we shall prove that all the nonzero eigenvalues of L(G) are even integers. Let A
be a nonzero eigenvalue of L(G).

Since L(G)H = HD, we have L(G)h; = Ah;, for some column h; of H and A\ = d;, the
i-th diagonal entry of D. Note that, h; consists of § entries of+1 and 7 entries of —1 and
the corresponding vertices form a cut in G. Thus using some permutation operations,

we can write
L(Gy) + Dy —A 1 . 1 | n
—AT Dy + L(G3) —1 —1
where (G; and (G5 are induced subgraphs of G corresponding to the positive and negative
vertices of GG valuated by the eigenvector h;.
From Equation 4, we have [L(G;) + D]+ All = M and [L(Gs) + Do]1 + AT1 = AL
Thus, 2D11 = 2D,1 = A1l and hence A is an even integer. 0
A consequence of Theorem 5 is that for any Hadamard diagonalizable graph G, L(G)
is just a scalar translate of A(G). Hence any conclusions drawn on the eigenspaces

associated with L(G) apply equally to the eigenspaces of A(G) as well. This then frames

our eigenspace analysis within the context of existing such work like that in [15].

Lemma 6 Let Gy and Go be two graphs. If G 4+ G is Hadamard diagonalizable, then
G1 and Gy satisfy the following properties.

(i) G1 and Gy both are regular graphs of same order and same regularity.
(i) G1 and Gy both have even eigenvalues.

(iii) G1 and Gy share the same eigenvalues.
Proof. Let GG be of order m and G5 be of order n. We have

L(Gy) 0

L(G1 + Gs) = 0 L(Gy)

10



There is a normalized Hadamard matrix H whose columns are eigenvectors of L(G1+G5).

1 1
Thus two of the columns of H are and , which serve as null vectors of
1 —1
L(G + G2). Since these two columns of H are orthogonal, we have m = n. Further, by
Theorem 5, G 4 G5 is regular and has even eigenvalues, thus both G| and G5 are regular
and of same regularity having even eigenvalues. Thus, we have (i) and (ii).
Let A be an eigenvalue of L(G; + G3), and let = be a column of H that serves as
u

an eigenvector of L(G + G2) corresponding to A\. We can write z as x = , where
v

each of u and v is a (1,—1) vector. Since L(Gy + G2)x = Az we have L(G1)u = Au and
L(G3)v = Av. Hence both L(G;) and L(G2) have A as an eigenvalue. Since the spectrum
of L(G1 + Gs) consists of the union of the spectra of L(G;) and L(G2), we have (iii). O

Lemma 7 Let G be a Hadamard diagonalizable graph. Then G¢, G+ G, and GV G are

also Hadamard diagonalizable.

Proof. Suppose that L(G) is diagonalizable by a Hadamard matrix, say H. It is easy
to see that L(G°) is diagonalizable by the same Hadamard matrix H. Then we can see
that the matrices L(G + G) and L(G V G) are diagonalizable by the Hadamard matrix

H H

H —-H

Note that the converse of the above lemma is not always true. For example, consider

g

G = Kg. Both K¢+ Kg and Kg V Kg are diagonalizable by a Hadamard matrix of order
12, but since there does not exists any Hadamard matrix of order 6, Kg is not Hadamard

diagonalizable.

Lemma 8 Let Gy and G be two Hadamard diagonalizable graphs on m and n vertices.

Then G10G4 is also Hadamard diagonalizable.

Proof. Let L(G;) and L(G9) be diagonalizable by the Hadamard matrices H; and Ho
of order m and n, respectively, say with H, 'L(G;)H; = D;,i = 1,2. Note that H; ® H,
is a Hadamard matrix, and that (H; ® Hy)™' = H; ' ® H,'. We thus have

(H, ® Hy) 'L(G10Gy)H, @ Hy = (Hy @ Hy) M (L(G1) @ I + 1 ® L(Gy))H, @ Hy =

11



HI'L(G)H, @ T+ 1@ Hy'L(Gy)Hy =Dy @ I + 1 ® Do

Hence H; ® H, diagonalizes L(G10Gs). O
Using Theorem 5 and Lemmas 6, 7 and 8, we are able to determine all Hadamard

diagonalizable graphs on 8 vertices as follows:

a) the only O-regular graph on 8 vertices is the empty graph, which is Hadamard diago-

nalizable;

b) the only 1-regular graph on 8 vertices is Ky + Ky + Ko + K,, which is Hadamard

diagonalizable;

c) the only 2-regular graphs on 8 vertices are (Ks2) + (Ka2), and Cs; the former is

Hadamard diagonalizable, while the latter fails to be Laplacian integral, and hence is not

Hadamard diagonalizable;

d) there are five connected 3-regular graphs on 8 vertices [14]; of those only (K 2)0K>

has Laplacian spectrum consisting of even integers, and it is Hadamard diagonalizable;

e) the only disconnected 3-regular graph on 8 vertices is K, + K, which is Hadamard

diagonalizable;

f) noting that the 4-regular (respectively, 5-regular, 6-regular, 7-regular) graphs on 8 ver-

tices are the complements of the 3-regular (respectively, 2-regular, 1-regular, O-regular)

graphs on 8 vertices, we find that the remaining Hadamard diagonalizable graphs on 8

vertices are ((Ko2)0K5)¢ = K4OKo, (Ky+ Ky)°, ((Kao2) + (K22))¢, (Ko + Ky + Ko+ K»)°

and Kjy.

Hence we have identified all 10 graphs of order 8 that are Hadamard diagonalizable.
Before we determine all graphs of order 12 that are Hadamard diagonalizable, the

following will be useful.

Observation 3 Here we list all of the reqular graphs on six vertices and their eigenval-

ues. Fach is listed according to its degree of reqularity, r.
(i) r=0: G = K§,; {0,0,0,0,0,0, },
(ii) r=1: Ko+ Ky + Ks; {0,0,0,2,2,2},
(iii) r = 2: K3+ Kz;{0,0,3,3,3,3} or Cg; {0,1,1,3,3,4},

12



(iv) r=3: Ks33;{0,3,3,3,3,6} or C§; {0,2,3,3,5,5},
(v)r=4: (Ky+ Ko+ K5)¢; {0,4,4,4,6,6},
(vi) r =5: G = Kg; {0,6,6,6,6,6}.

We begin by considering the disconnected case first.

Lemma 9 The only disconnected graphs of order 12 that are Hadamard diagonalizable

are Ki, and K¢ + K.

Proof. 1f G is a disconnected graph on 12 vertices that is Hadamard diagonalizable,
then, by Lemma 6, we may write G = G; + G5, where GG; and G, are both regular
graphs on 6 vertices with the same degree of regularity and with common even integer
eigenvalues. Working through the above list it is not difficult to deduce that the only
cases of interest are: G; and G4 are either both empty or both complete; or G; and G,
(or their complements) are both Ky + Ky + K, (that is, cases (i), (ii), (v), and (vi)). It
is not difficult to conclude that in the latter cases, it is impossible for the null space of
such a Laplacian matrix to be made up of (1,-1) orthogonal vectors. The former case
coincides with our proposed conclusion. This completes the proof. O

We are now in a position to complete the case of graphs on 12 vertices that are
Hadamard diagonalizable. It is worth noting that the only connected graphs on 12

vertices that are Hadamard diagonalizable are the complements of the graphs above.

Proposition 10 The only connected graphs of order 12 that are Hadamard diagonaliz-
able are K12 and Kgg.

Proof. Suppose G is a connected graph of order 12 that is Hadamard diagonalizable.
Then G is a regular graph and has all even integer eigenvalues. Suppose 12 is an eigen-
value of G. Then G° is disconnected, and so, by Lemma 9 we conclude that G must be
one of K9 or Kgg.

Now, assume G is such a graph and 12 is not an eigenvalue of G, and assume that H
is a 12 x 12 Hadamard matrix the diagonalizes L. The remainder of the argument will

depend on the smallest positive eigenvalue of G.

13



Case 1: Suppose the smallest positive eigenvalue of G is 2. Then we may assume,

1
without loss of generality, that an eigenvector for 2 is of the form and that the
—1

Laplacian for G is of the form:

Ly+1 —I
-1 L+

where L, and L, are the Laplacians for two graphs GG; and G5 where both are of order 6

and both are regular of the same degree of regularity. Suppose that G; has an eigenvector
v
v orthogonal to 1 corresponding to an eigenvalue A < 1. Letting u = , we find that

u is orthogonal to the all ones vector of order 12, and that 0 < u” Lu = (A+1)uTu < 2uTu.
If A < 1, then the smallest positive eigenvalue of L is less than 2, contrary to our
hypothesis. If A =1, then it follows that © must be an eigenvector of L corresponding to
the eigenvalue 2, which, by inspecting the structure of L and wu, is impossible. A similar
argument applies to G5, and so we deduce that for both G; and G5, zero is a simple
eigenvalue, and all remaining eigenvalues exceed 1.
Subcase 1.1 Both G and Gy are Kg. Then L(G) = h=s , where the
-1 71-J
1 1 H

diagonal blocks are both 6 x 6. We may write H as , where neces-
1 -1 H,

sarily the columns of the 6 x 10 matrices H; and H, are all orthogonal to 1. Then

61 —J 0
each column of H is an eigenvector of , so that H diagonal-
0 61 —J

I
izes L(Kg¢+ Kg). It now follows that H must also diagonalize , where
1

-1
: . : —1
again the diagonal blocks are 6 x 6. Observe that any eigenvector of
I I
w w
is either of the form for some vector w, or of the form for some

14



vector w. It now follows that we can permute the columns of H so that it has the

T 1 W W, . . .
form , where W7, Wy are both 6 x 5. But in this case, it
T -1 Wy —-W,

follows that [ 1 W, } is a 6 x 6 Hadamard matrix, a contradiction.

Subcase 1.2 Suppose that 2 is not a simple eigenvalue of G. Then it follows that there

are (1,-1) vectors x,y such that 271 = y’1 = 0 and w = is a column of
y

H. Then 24 = wl'Lw = 2T Lz + y' Loy + 27w + y'y — 227y. Since the smallest
positive eigenvalue of both L; and L, must be strictly greater than 1, we see from
Observation 3 that in fact the smallest positive eigenvalues of L; and L, are at
least 2. We conclude that 27y > 6 = \/(27x)(yTy), and so applying the Cauchy-
Schwarz inequality, 27y = 6 = \/(27x)(yTy); recalling the characterization of the
equality case in the Cauchy-Schwarz inequality, we find that necessarily x = y and

further (again referring to Observation 3) we must have G; = Gy = C§.

Observe that the largest eigenvalue of GG is bounded above by the largest eigenvalue

-1
of C§ plus the largest eigenvalue of . Referring to Observation 3, it
-1 I

follows that the largest eigenvalue of GG is at most 7, and since G must have even
integer eigenvalues, we conclude that the largest eigenvalue of GG is 6. Given that
both Gy = Gy = C§, we find that the trace of L is 48 and the trace of L? is 240.
Letting the multiplicities of 2 and 4 as eigenvalues of L be ky, ks, respectively, we
have the linear system 48 = 2k; +4ko + 6(11 — k1 — ko), 240 = 4ky + 16ky + 36(11 —
k1 —ks); solving that system yields k; = ky = 3, and we see that the only allowed list
of eigenvalues for G is {0,2,2,2,4,4,4,6,6,6,6,6}. From the development above

x
we observe that the only way for a column of H of the form w = with

)
271 = yT1 = 0 to be an eigenvector for the eigenvalue 2 is if z = y (from our

Cauchy-Schwarz argument above) and in addition z is an eigenvector of C§ for the
eigenvalue 2. Since 2 is a simple eigenvalue of C§ and occurs as an eigenvalue of L

with multiplicity three, this is clearly impossible.
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Subcase 1.3 Suppose that 2 is a simple eigenvalue of G. We claim that in this case, any
eigenvector v of G; that is orthogonal to 1 must correspond to an eigenvalue A of
v

0

satisfies uT L(G)u < 2uTu and uT1l = 0, so that necessarily u is an eigenvector

G1 with A > 1. To see the claim, observe that if A < 1, then the vector u =

of L(G) corresponding to the eigenvalue 2, contrary to the hypothesis that 2 is a
simple eigenvalue of L(G).

A similar argument holds for G5, and so referring to Observation 3, we find that
G and Gy must be among the list { K33, C§, (K2 + Ko+ K3)¢}. In addition, we can
exclude the case that both G; = G2 = C§, since if this were the case, the argument
in Subcase 1.2 proves that two would be a multiple eigenvalue of GG. Suppose first
that G1, Gy € {K33,C¢} but not both are C¢. In this case the largest eigenvalue
of G is 8. Denote the multiplicities of the eigenvalues 4 and 6 of L by k; and ko,
respectively. Using the fact that the traces of L and L? are 48 and 240, respectively,
we arrive at the linear system 48 = 24 4k; 4+ 6ky +8(10 — ky — k2); 240 = 4+ 16k, +
36ky + 64(10 — ky — ko). Solving the system yields k; = 9, ks = —1, certainly a
contradiction. On the other hand, assume that both G and G are (Ky+ Ky + K5)°.
Again, working with the traces of L and L? (which are 60 and 360, respectively) it
follows that the only allowed spectrum of G is {0,2,4,4,4,6,6,6,6,6,8,8}. Using
the fact that there is no (1,-1) eigenvector of G for the eigenvalue 6, it follows that

there is not a (1,-1) eigenvector of G for the eigenvalue 8, a contradiction.

So we conclude that 2 is not a eigenvalue for any such G. Hence, by considering
complements, we may also rule out the possibility of 10 being an eigenvalue for any such
graph G.

Case 2: Suppose that the smallest eigenvalue of G is 4. Then we may assume, without

1
loss of generality, that an eigenvector for 4 is of the form and that the Laplacian
—1
for GG is of the form:
Ly+2I —I—-PT

—1—P Ly+2]
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where L, and Ly are the Laplacians for two graphs G, and G5, where both are of order 6
and both are regular of the same degree of regularity, and P is a permutation matrix with
zero trace. Furthermore, it is not difficult to verify that the smallest positive eigenvalues
for G; and G, must both be at least two. Hence Gy, Go € { K33, C§, (Ko+ Ka+ K»)¢, K}
Thus the largest eigenvalue of G is at least 8, and if it exceeds 8, then this eigenvalue
must be at least 10, but we have ruled out all such graphs G in the above cases. So the
largest eigenvalue of G must be exactly 8.

Let x be an eigenvector for A = 6 of L;. Then the largest eigenvalue of L will be 8
x

if is an eigenvector for L, that is, if Px = —x for such an eigenvector x. If G is
0

Kg, then there are five linearly independent eigenvectors for A = 6. Furthermore, it is
not possible that Px = —ux, for each of these five eigenvectors. This rules out the case of
both G; and G5 being K.

Suppose both G and G are (Ky+ K3+ K3)°. Then we may assume that the eigenvec-

1 1

tors for Ly corresponding to 6 are of the form: xy = | —1 | and x5 = 0 |.Itisnot
0 —1

difficult to verify that it is impossible for Px; = —x; and for Pxy = —x9 simultaneously.

For the remaining cases, G; and G5 must be one of {K33,C5}. Then G is regular
of degree 5, and using the fact that the largest eigenvalue of L is 8, it follows that the
only allowed spectrum for G is {0,4,4,4,4,4,4,6,6,8,8,8}. We finish the argument by
considering three separate cases.

Suppose that both G} and Gy are C§. Then we may assume that the (unique) (1,-1)

eigenvector of Ly corresponding to the eigenvalue 2 is of the form x = . Then
-1
the only way 4 can be the smallest eigenvalue of L is if Px = —x, and hence P must be
of the form:
0
P= @ ,
R 0

for some permutation matrices (), R. Now we may draw a similar conclusion for L,

and the (unique) (1,-1) eigenvector corresponding to the eigenvalue 2. From this, we can
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completely determine the form of (G, and observe that the eigenvectors of L corresponding

to the eigenvalues 0,4, 4,4 are given by:

1 1 1 1

1 —1 —1

1| | -1| | 1 || -1
1| | -1 [ -1 | 1|

Consider a (1,-1) eigenvector of L corresponding to eigenvalue 6 (or 8), partitioned as
I
T2

Setting s; = 17z;, we find from the orthogonality condition for eigenvectors
x3

Ty
associated with distinct eigenvalues, that s; = 0 for all 7, but this is a contradiction, as

each x; has order 3.
A similar argument applies if both G; and G are K3 3. So, finally suppose that G is
C¢ and that Gy is K3 3. Following similar reasoning as above, we deduce the existence of

the following four eigenvectors of L corresponding to the eigenvalues 0,4, 4, 8:

ol [ o] [ o] o]
1 ~1
t| | -2 | o || 1
1] [ -1] [ o | | -1]

Now considering a (1,-1) eigenvector of L for A = 6 (which is distinct from 0,4 and
8, and so orthogonal to eigenvectors associated with those eigenvalues), we arrive at a
contradiction.

So we conclude that 4 is not a eigenvalue for any such G. Hence, by considering
complements, we may also rule out the possibility of 8 being an eigenvalue for any such
graph G.

Case 3: The only nonzero eigenvalue of G is 6. However, no such regular connected
graph on 12 vertices has this property.

This completes the proof. O
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4 Eigenspaces for regular cographs

The class of complement reducible graphs (or cographs for short) consists of those graphs
that can be constructed from isolated vertices by a sequence of operations of unions
and complements. Equivalently, a graph is cograph if and only if it has no induced
P, subgraphs. If G is a connected cograph, it is known (and not difficult to show, by
induction on the number of vertices) that G can be written as Gy V ... V Gj, where
G1, ..., Gy are disconnected cographs of lower order. The paper [3] surveys a number of
results on cographs. It is known that any cograph is Laplacian integral (see [5, 12]); in
light of our discussion in this paper, it is natural to wonder which cographs are Hadamard

diagonalizable. In this section, we address that question.

Theorem 11 Let G be a cograph. Then there exists a basis B of eigenvectors of L(G)

such that each vector of B has at most two distinct nonzero entries.

Proof. The proof follows directly by using Theorem 2, and applying induction. 0
The converse of Theorem 11 fails in general, as there are graphs G such that L(G) has
a basis of eigenvectors such that each vector in the basis has at most two distinct nonzero

entries, but GG is not a cograph. The following result helps to establish that statement.
Lemma 12 If G is a connected graph on n > 3 vertices, then GOK, is not a cograph.

By taking any connected Hadamard diagonalizable graph G on at least 4 vertices, we
can produce a graph GOK,, which is also Hadamard diagonalizable and hence it has a
basis of eigenvectors such that each vector in the basis has at most two distinct nonzero
entries. However, GOK is not a cograph.

A natural question that arises here is to characterize all the Hadamard diagonalizable
cographs. Cy and K, are the only two Hadamard diagonalizable cographs of order 4.

As it has been discussed earlier a Hadamard diagonalizable graph is regular and all
its Laplacian eigenvalues are even integers. So we have to consider the obvious necessary
conditions in our search of regular Hadamard diagonalizable cographs.

The following lemma is useful in reaching our goal.
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Lemma 13 Let G = G1 V Gy be a regular cograph on n vertices that is Hadamard
diagonalizable, where both G| and G are disconnected. Then |G| = |G2| = § and both

G1 and Gy are reqular graphs with same degree of reqularity.

Proof. Consider G¢, which is also Hadamard diagonalizable. Since G¢ = G{ + G, and
since each of G{ and G§ is connected, we find from Lemma 6 that G{ and G§ have the
same order and the same degree of regularity. The conclusion now follows. O

We say that a graph G has property E if, for each eigenvalue A of L(G), there is a
corresponding eigenvector of L(G) with every entry equal to either +1 or —1. Observe

that any Hadamard diagonalizable graph has property E.

Proposition 14 Let G be a reqular connected cograph that has property E. Write G as
G=G1VGy V...V Gy, where, for each i =1,2,...,k, G; is a disconnected graph with
n; vertices. Then ny = ng = ... = ng, each G; is reqular cograph, Gy, ..., G} all have the

same degree of reqularity. Further, the graphs G1, ..., Gy all share the same eigenvalues.

Proof. Suppose without loss of generality that ny > no > ... > ng. Let n = ny +... +ny,
and write L(G) as

~ L(G1>+(n—n1)] —J _J -
L(G) = -/ L(Gy) + (n—na)T ... -
L —J —J L(Gp) + (n—np)I |

Since (7 is disconnected, L(G1) has a null vector that is orthogonal to 1, and it follows
that n — ny is an eigenvalue of L(G). Let u be an eigenvector of L(G) corresponding to

n — nq; appealing to property E, we may assume that u has entries either 1 and —1.
U1

u
Partition u conformally with L(G) as u = .2 . From the eigen-equation and the

Uk
fact that 17u = 0, we find that for each ¢« = 1,... &k, (n — ny)u; = L(G))u; + (n —

Ui =Y 17u; = L(G;)ui + (n — n;)u; + 17 u;. Consequently, we have (n—ny)17u; =
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1TL(G)u; + (n—n) 1wy + 11w = (n — ny + 1)1 7 u,. Since ny > n; >> n; — 1 for each
i, we conclude that 17u; = 0,i = 1,..., k. Again referring to the eigen-equation, we find
that for each i = 1,...,k, L(G;)u; = —(ny —n;)u;. As each L(G;) is positive semidefinite,
it must be the case that n;, = ny,7 = 1,..., k. Now, from the fact that G is regular, it
follows that each Gj is regular, and that the graph G, ..., Gy all have the same degree
of regularity.

Next, we consider L(G), with is a direct sum of the matrices L(GS) +nil — J,i =
1,..., k. Note that since G has property E, so does G¢. Let X\ be a nonzero eigenvalue of
G, and let v be a (1,—1) eigenvector of L(G¢). Partition v conformally with L(G) as
1

v
v = '2 . Then foreach i = 1,.. ., k, we have L(G$)v;+nv;—Jv; = Av;. Consequently,

v
A]lTv; :k ]I_TL(Gf)menl 17v; — 17 Ju; = 0, so that 17v; = 0. But then we have L(G¢)v; +
niv; = Ay, i = 1,..., k. As the nonzero eigenvalues of L(G¢) consist of the union of the
nonzero eigenvalues of the L(G$)+n.1,7 =1,..., k, we deduce that L(GY), ..., L(G%) all
share the same eigenvalues. As each G; is on n; vertices, it now follows that the graphs

G4, ..., )} all share the same eigenvalues. O

Lemma 15 Let I'1,I'y be two connected reqular cographs with property E on n > 2
vertices. If S(I'y) = S(I'y), then I'y = Ts.

Proof. We proceed by induction on n, and note that the result is readily established for
n=2.
Let
IM=GiVGyV...VGy and Ty = HyV Hy V...V Hy,

where both G;, ¢ = 1,2,...,m and H;, j = 1,2,...,k are disconnected graphs. Since
both I'y and I'; have property E, we find from Proposition 14 that

|G1| = |Ga| = ... = |G| and |Hy| = |Hs| = ... = |Hyl.

Observe that for ¢ = 1,2,...,m, G; is a regular cograph that satisfies property E, and
that again appealing to Proposition 14, we have S(G;) = S(G2) = ... = S(G,,). Thus,
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by using induction we have G; = G5 = ... = G,,. Similarly, we find that H; = Hy =
... = Hy.

Further, notice that the smallest nonzero eigenvalue of I'y is (m — 1)|G1| and the
smallest nonzero eigenvalue of I'y is (k — 1)|Hy|. Since S(I'1) = S(I'y), we have (m —
1)|G1| = (k — 1)|Hy|. Hence |G1| = |Hy| as m|G4| = k|H;|. Thus we have m = k.

Consequently, we find that since I'y and I's share the same eigenvalues, so do G; and
H,. As G{ and HY are connected regular cographs of the same order, they also share
the same eigenvalues, and again by the induction hypothesis, we find that G§ = HY, so
that Gy = H,. Since we have already shown that m = k, G; = Gy = ... = G,,, and
H, = Hy, = ... = Hy, we thus find that ['; = T's. 0

We are now in a position to characterize the regular cographs with property E. We

will show that a subset of these cographs will also be Hadamard diagonalizable.

Theorem 16 Let So = {K,, : m > 2}, m is even. Fori € N, let S; = {G°V ...V G°:
G € S;_1 and the number of joined copies of G¢ is even}. Then, I is a connected regular

cograph with property E on n > 2 vertices if and only if I' € S; for some i =0,1,2,....

Proof. First we show by induction on ¢ that if I' € S; for some ¢ > 0, then I is a regular
cograph with property E. Note first that if I' € Sy, then it satisfies property E, since
then I' = K, for some even m. Suppose now that I' € S; for some ¢+ = 1,2,.... Thus,
['=G°V...V G for some G € S;_;. Suppose that |I'| =n and |G| = m. Then, by the
induction hypothesis, G is a connected regular cograph and satisfies property E. Note
that the eigenvalues of I' are 0,n, and n — A for each nonzero eigenvalue of GG. For each

eigenvalue A # 0 of G, there is a corresponding (1, —1) eigenvector v; it follows that the

v
U . . .
vector | | serves as a (1, —1) eigenvector of I' for the eigenvalue n — . Further, since
. U —
I' is comprised of an even number of joined copies of G¢, it follows that and

-1
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1

1
that I' is a connected regular cograph with property E.

serve as eigenvectors for I' for eigenvalues n and 0, respectively. It now follows

Conversely, suppose that I' is a regular connected cograph on n > 2 vertices with
property E. We show by induction on n that I' € .S; for some ¢ > 0. The case n = 2 is
readily established. Suppose now that n > 3. Since I' is a connected cograph, we have
I'=G, V...V Gy, where G are disconnected graphs. By Proposition 14, we find that
the graphs G, ..., G} are all of the same order, and share the same eigenvalues.

Thus, each Gf is a connected regular cograph and S(Gf) = S(G¢$) for all i and j. And
hence using Lemma 15, G7 = GY. This implies that G; = G;. Thus I' = G, V... V G1.
But G, is a regular cograph with property E, so by the induction hypothesis, G{ € S; for
some 7 > 0. Lastly, we consider the number of joined copies of Gf, say m, from which

' is comprised. Observe that n = |I'| is an eigenvalue of I', and that the corresponding

1 1 1
-1 0
eigenspace is spanned by the vectors 0 I : . In order that this
0
0 0 -1

eigenspace contains a vector with entries 1 or _—1, it must be the case that m is even.

Hence I' € S; ;. O

Theorem 17 Let G be a connected reqular cograph. Then there is a basis of (1,—1)
ergenvectors for G if and only if G € S; for some 1 =0,1,2,....

Proof. Suppose first that there is a basis of (1, —1) eigenvectors for G. Then in particular,
G has property E, and so by Theorem 16, G € S; for some i > 0.

To establish that each graph in each S; has a (1, —1) eigenbasis, we proceed by induc-
tion on 7. If G € Sy, then G = K, for some even m. We claim, by induction on m, that
there is a (1, —1) eigenbasis for K,,. This is obvious for m = 2, so suppose that m > 4
is even. It is enough to show that there is a basis for 1, (the orthogonal complement of

{1}) in IR™ consisting of (1, —1) vectors. From the induction hypothesis, there is a basis
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for 1, in IR™ 2 consisting of (1, —1) vectors, say uy, ..., Uy, 3. It is then straightforward

to determine that the vectors

form the desired basis for 1, in IR™. It now follows that the graphs in Sy have the
necessary (1, —1) eigenbases.

Suppose now that ¢ > 1 and that [' € S;. Then there is a graph H € S; and an even
m such that I'® is the m-fold union of H with itself. Suppose that |['| = n,|H| = p.
Let A # 0 be an eigenvalue of H with multiplicity k. From the induction hypothesis,

there are (1,—1) eigenvectors wy, ..., wy that span the \ eigenspace for H. For each
Jj =1,...,k, consider the collection C} of m vectors
Wj wj Wi wj
w; —wj wj wj
wi .| W | Wi s | Wy
I I R A O I |~ Wi |

It is straightforward to determine that the set of vectors in Cy U. ..U C} is linearly inde-
pendent, and so forms a (1, —1) eigenbasis for the A-eigenspace of I'°. Hence these vectors
also form a (1, —1) eigenbasis for the (n— \)-eigenspace of I'. Finally, letting w1, ..., Uy, _1
be a (1, —1) eigenbasis for the eigenspace of K, corresponding to the eigenvalue m, we
see that w; ® 1,4 =1,...,m —1,is a (1,—1) eigenbasis for the n-eigenspace of I. The
conclusion now follows. O

While Theorem 17 has obvious connections to our work on Hadamard diagonalizable
graphs, it also has ramifications on the existing work on the eigenspace structures of
cographs with respect to the adjacency matrix (see [15]).

Observe that if I' € S; for some i > 0, then there is a unique (i + 1)-tuple of even
integers that can be associated with I, in the following manner. If I' € Sy, then G = K,

for some even mg, and we write I' = G(my). If I' € S; for some ¢ > 1, then for some
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even integer m;, I' can be written as the m;-fold join of the complement of a graph

G(mo, myq, ..., m;_1) with itself. In that case, we write I' = G(mg, mq, ..., m;).
Next, we claim that for each ¢ > 0, and each collection of even integers my, ..., m;,
the graph G(mg,mq,...,m;) has exactly ¢ + 2 distinct Laplacian eigenvalues. We es-

tablish the claim by induction on ¢, and note that for i = 0,G(mg) = K,,,, which has
two distinct Laplacian eigenvalues, namely 0 and mg. Suppose now that the statement
holds for some iy > 0, and that we have a collection of even integers my, . .., M, Miy+1-
Observe that (G(mg, my,...,m;,41))¢ is a union of m;, 11 copies of G(mg, my, ..., m;).
From the induction hypothesis, we find that (G(mg,m1,...,miy41))¢ has ig + 2 dis-
tinct eigenvalues; note also that the multiplicity of the eigenvalue 0 is m;,4;. Further,
since the order of G(mg, my,...,my,) is memy ... m;,, we find that the eigenvalues of
(G(mg,ma,...,mi41))¢ are all bounded above by mgm; ...m;,. Referring to the rela-
tionship between the spectrum of a graph and its complement described in Section 2,
it now follows that G(mg, my, ..., m;+1) has ig + 3 distinct eigenvalues, completing the

induction step, and the proof of the claim.

Our next result provides more detail on the nature of (1, —1) eigenvectors for G(mg, my, . ..

Theorem 18 Suppose that we have even integers my, ..., m;. Label the distinct eigen-
values of G(mg,...,m;) as 0 = py < o < ... < pir2. We have the following conclusions.
a) The dimension of the eigenspace corresponding to [ i) gn 1S MG - .mq(mo —1).
b) For each | = 1,...,[5] + 1, the dimension of the eigenspace corresponding to i is
M1 ... Myra—oy(Miys_o — 1) (here we interpret this quantity as 1 when | = 1). Fur-
ther, every (1, —1) eigenvector corresponding to py has the form w & Lygm,..m,ys o JOT
some (1,—1) vector w € IR™i+3-2mMita—21--1

c) For eachl=1,...1— L%j, the dimension of the eigenspace corresponding to fi;13—; 1S
MMy—1 ... Myr3—o1 (Moo — 1) (here we interpret this quantity as m; — 1 when [ = 1).
Further, every (1, —1) eigenvector corresponding to p;+3—; has the form W Mgy .oy y o

for some (1, —1) vector w € IR™i+2-21"Mi+s-20--1

Proof. We prove all three assertions by induction on ¢, and note that the case i = 0 is

straightforward. Suppose now that ¢ > 1. Note that G(my,...,m;) can be written as
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the m;-fold join of the graph G(my, ..., m;_1)¢ with itself. Denoting the eigenvalues of
G(mo,...,mi_1) by 0 = piy < fis < ... < piy1; referring to the relationship between the
spectrum of a graph and its complement described in Section 2, we find that uy, = 0,

and that pu; = memy...m; — puis—,7 = 1,...,%+ 1. Further, for each j = 1,...,4, the

dimension of the eigenspace of G(my, ..., m;) corresponding to p; = momy ... m;—i{s_;,
is equal to the dimension of the eigenspace of G(my, ..., m;—1) corresponding to fi;,
multiplied by m;. Also, the dimension of the p;, 2 eigenspace of G(my, ..., m;) is m; — 1,

while the dimension of its null space is 1. Finally, we note that any (1,—1) eigenvector
of G(my, ..., m;) also serves as a (1, —1) eigenvector of G(my, ..., m;)¢, and hence of the
m; fold union of G(my,...,m;_1) with itself. The statements regarding the structure
of (1,—1) eigenvectors of G(my, ..., m;) now follow from the induction hypothesis, and

corresponding statements regarding (1, —1) eigenvectors of G/(my, ..., m;—1). O

Theorem 19 Suppose that we have even integers mg, my, ..., m; such that G(mg, my, ..., m;)
is a Hadamard diagonalizable graph. Then for each k =0, ... i, there exists a Hadamard

- i
matriz of order I _;m;.

Proof. Here we keep the notation of Theorem 18. Suppose that H is a Hadamard matrix
that diagonalizes G(mg, m1, ..., m;). Then in particular, the columns of H are a collec-
tion of orthogonal (1, —1) eigenvectors for the Laplacian matrix of G(mg, my,...,m;).

Consider the set of m; columns of H that correspond to the eigenvalues p; and
fity2. From Theorem 18, it follows that these columns of H can be written as w; ®
Loy omi 1»J = 1,...,my, for some collection of vectors w; € IR™,j = 1,...,m,;. Since
the columns of H are orthogonal (1,—1) vectors, so are the vectors wy, ..., w,, - ie.
those vectors are the columns of a Hadamard matrix of order m,;. Hence there must exist
a Hadamard matrix of that order.

Next, by considering the structure of the (1, —1) vectors in the eigenspace correspond-
ing to u;,l = 1,..., L%j + 1, and to g3y, 0 = 1,...1 — L%j, and applying a similar
argument, we find that there also must also exist Hadamard matrices of orders IT%_,m;
for each £k =0,...,1. O

In closing, we suspect that the converse to Theorem 19 is true. That is, under the

hypothesis that for given even integers mg, mq,...,m;, if there exists a Hadamard ma-
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trix of order H;zkmj, for each k = 0,1,2,...,4, then G(mg, mq,...,m;) is a Hadamard

diagonalizable graph. If that were the case, then all regular cographs that are Hadamard

diagonalizable would be completely described.
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