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Abstract

Opening of ion-channels has been popularly described by means of Markov

processes with a small number of important channel states. The approximation of

the number of important states is often ambiguous and overestimating this number

creates unnecessary computational complexities. We propose a simple equation

that will portray the essence of voltage regulated ion-channel gating in a functional

cell. The equation is generated using concepts in elementary thermodynamics

applied to protein Markov models and it matches well many published channel

current-voltage characteristics. Further, parameters ofthe model are found to be

identifiable and easily determined from experimental data.
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1. Introduction

The electrical activity of a living system is a function of the dynamic ionic

transport across biological membranes. Ion channels are pore-forming protein en-

sembles that are responsible for the task of regulating or gating, ion flows. Gating

arises as conformational changes in the proteins that comprise the channel. These

conformational changes are driven by changes in the electric field or by molecules

(ligands) that bind to them. For this reason, ion-channels are often classified into

voltage-gated and ligand-gated categories.

Voltage-gated ion channels have charged domains that make their structure

sensitive to variations in the external electric field. For aparticular range of mem-

brane potentials they adopt a conformation with a central hole, forming a channel

for the free movement of ions. Such an ‘open’ state is furtherdefined by certain

‘selectivity filters’ (often amino acids) that would renderspecificity for the pro-

tein (Beyl et al., 2007). At other membrane potentials, the flow of ionic current

is blocked as a result of the ‘closed’ or ‘inactive’ conformations that the protein

adopts. A channel protein can thus adopt various conformational states with vary-

ing degrees of conductance, and they can spontaneously switch between these

states. The dynamics of such switches is central to any studythat involves an ion

channel.

Equation based kinetic models are useful to interpret the behaviour of a chan-

nel in a given situation. Starting with the model of Hodgkin and Huxley (Hodgkin

and Huxley, 1952), several researchers have developed theoretical frameworks

that partially explain observations made on channel activity. The Hodgkin-Huxley
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formalism relies on an underlying model of average channel conductance and their

equations describe the changes of ionic permeability with membrane potential.

The model makes use of hypothetical gating particles to bring about the channel’s

function, by forcing their motion with respect to the electric field across the mem-

brane. Although this model has been used in many instances, hypothetical gating

particles do not appear to be consistent with underlying molecular mechanisms.

The use of stochastic versions of the model was based on the understanding that

ion-channels are essentially stochastic entities (Fox, 1997).

Further developments in the study of ion-channels made an attempt to give a

mechanistic description to the gating phenomena. Such models consist of nonlin-

ear ordinary differential equations (ODEs), including a current balance equation

and the dynamics of conformational transitions incorporated as a ‘gating variable’

that corresponds to the state of the ion channels. Discrete-state Markov models

have been used to describe the different states of the ion channel (Kienker, 1989)

and have found good acceptance for providing a mechanistic description for the

otherwise abstract Hodgkin-Huxley formalism based models.

Markov chain models are developed on the assumption that ionchannels exist

in a finite number of significant energy states, with time-homogeneous rates of

transition between them. The model consists of a topology ofallowed transitions

between these states, together with the rates for these transitions. Fitting single-

channel recording data with a Markovian kinetic scheme has been standard in neu-

rophysiology for quite some time (Kienker, 1989; Milescu etal., 2005; Sansom

et al., 1989). However, for a good agreement with experimental data, frequently
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the number of closed states needed varies with the experimental protocol. Markov

models benefit compared to the Hodgkin-Huxley formalism with the large degree

of freedom in the model stucture that brings it closer to experimental observations

(Fink and Noble, 2009). Thermodynamic models are a two stateMarkovian de-

scription of channel flipping, the rate kinetics of which aredescribed by concepts

in thermodynamics (Destexhe and Huguenard, 2000; Ozer, 2004).

Fractal models (Liebovitch et al., 1987; Liebovitch, 1989)of ion channel gat-

ing provide a different description of the underlying mechanism compared to

Markov models. Such models are characterised by equations having continu-

ous rather than discrete states. The Diffusion models introduced by Millhauser

(Millhauser et al., 1988), justify Fractal models at a microscopic level. Statistical

analysis, however has often favored Markov models over Fractal models (Sansom

et al., 1989; Nekouzadeh and Rudy, 2007).

A major hurdle in modelling ion-channel gating using a Markov-jump scheme

is in the determination of an appropriate number of closed states. As the topology

space expands with the number of states, generating appropriate kinetic schemes

imposes ambiguity because it may be possible to come up with multiple schemes

that are consistent with a given set of data. Moreover, numerical simulation of

such models becomes time-consuming. This limits the model during parameter

estimation and further in its use for multi-cellular simulations (Fink and Noble,

2009). An increasing complexity of the topology thus calls for model reduction.

Kienker (1989) talks about the existence of equivalence in topologies of models

that are identifiable within the same data set. This would imply that models with
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a larger number of states are reducible. Keener (2009) illustrates the possibility

of reducing the complexity to stable invariant manifolds. This approach would

reduce the dimension of the system without suffering from large approximation

errors. Furthermore, the time scale of the Markovian transitions are much faster

than the main time scales involved in the aggregate cell voltage and ion behaviour

(Aidley and Stanfield, 1996; Hille, 2001), which in turn offers options for model

reduction.

Another difficulty in the acceptability of ion channel models is related to

parameter identifiability. A model is said to have structurally unidentifiable pa-

rameters when multiple parameters are equally powerful in explaining observed

data (Walter and Pronzato, 1997). Since channel models are primarily developed

based on collected experimental information, a practical identifiability analysis

based upon numerical parameter estimation makes sense. A large segment of ion-

channel models in the literature lack parameter identifiability (Fink and Noble,

2009) and many others are only locally identifiabile.

In this article, we seek a voltage-gated ion-channel conductance model with

three main characteristics. To begin with, the model shouldhave a clear mecha-

nistic motivation based on the underlying thermodynamics.In addition, the model

should be relatively simple to implement, with a small number of easily identifi-

able parameters. Finally, the model should match well experimental data from

patch clamp and similar studies as reported in the literature.
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2. Background

2.1. Stable conformations of ion channels

The probability of a protein molecule adapting a particularconformation in

space is largely influenced by the electrical force field surrounding it. When sub-

ject to an electric field, charged groups within a protein will experience a force and

may attain a new electrostatic equilibrium by incorporating angular changes in the

dipoles associated with the peptide bond (Manna et al., 2007). If the thermody-

namic kinetic energy is large enough to overcome the energy barrier, the protein

takes up a new conformational state. Proteins can hence takeup a large number of

conformational states separated by small energy barriers.Despite the continuum

of intermediate states, this dynamical system would typically have only a few

stable equilibria (Keener, 2009) and hence a limited numberof experimentally

observable states.

2.2. Transition velocities

The rate at which the protein switches between such stable states is mainly de-

termined by the driving forces that help in overcoming the thermodynamic energy

barrier. However, there are some conformational changes that are not regulated

by either electric field or ligands. They may be considered tohave a constant

energy barrier in the given environment, and hence may be thought to have a uni-

form rate. Classical thermodynamics identifies the rate of transition between two

reaction states based on the free energy barrier between them, as
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k = k0e−(△G)/RT (1)

where,k is the rate of transition between the two states,k0 is a constant,∆G is the

free energy barrier between the two states,R is the universal gas constant andT

the absolute temperature.

More generally, the free energy barrier may be dependent on the electric field,

that is, the membrane potentialV. In this case we have

k(V) = k0e−∆G(V)/RT (2)

Here∆G(V) is the free energy barrier between the two states defined by the voltage

(Milescu et al., 2005).

In the case of voltage based transition, the activation energy can be expressed

in a general form by using a Taylor series expansion (Destexhe and Huguenard,

2000; Ozer, 2004), as follows:

∆G(V) = a+bV+cV2+ · · ·

and the rate of transitionk(V)may be written as,

k(V) = k0e−(a+bV+cV2+···)/RT (3)

Herea corresponds to the free energy independent of the electric field, the linear
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term, bV corresponds to interactions between electric field and isolated charges

and rigid dipoles on the protein. The higher order terms correspond to the influ-

ence of polarization and deformation within the protein structure as well as me-

chanical constraints. These effects are usually negligible as the trans-membrane

voltage variations are generally small (Destexhe and Huguenard, 2000).

In what follows, we are mainly interested in models where thefree energy is

linear in the membrane potential. The effect of temperaturevariations may be

neglected for the system under consideration, as long as thephysiological envi-

ronment remains unaffected. In this case, the following lemma, helps us derive a

simple expression for voltage regulated conformational transitions.

Lemma 1. For the case∆G(V) is affine in V, then for any transition between

two stable states of the protein with a transition rate k(V); at uniform ambient

temperatures, k(V), ki(V)
k j(V) and∏

(
ki(V)
k j (V)

)
may be expressed as e[(V−Vh)s]

Proof: see Appendix A

2.3. Markov Models for Conformation transitions

A Markov process is a stochastic series of events with event probability de-

pending only on the state of the system at the time immediately preceding the

event. The series of molecular changes associated with the opening of an ion

channel has been popularly demonstrated with Markov modelswith discrete states

(Kienker, 1989; Sansom et al., 1989; Keener, 2009). Consider a simple form of

transition between an open and closed state, letO andC represent the probability

that the molecule is in the corresponding open and closed state at the given time.
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Since the equation governing changes in probabilities for asingle molecule has a

form similar to the rate equation for a large number of molecules, the transition

may be represented by a kinetic scheme, as follows:

C
kOC //

O
kCO

oo

where,ki j represents the rate of transition from statej to statei. The above kinetic

scheme has a transition intensity matrixK,




−kCO kOC

kCO −kOC




and a corresponding steady state probability for the channel to be in an open state

as

O =
1

1+ kOC
kCO

and using Lemma (1) we obtain,

O =
1

1+e[(V−Vh)s]
(4)

The expression is the modified Boltzmann’s expression used in modeling ion-

channel gating (Beyl et al., 2007; Huang et al., 2009; Xu and Lipscombe, 2001).

This sigmoidal function of voltage is symmetric about the half-activation voltage,

Vh. However, experimental data frequently show one or both of:(i) activation

and inactivation behaviour (ii) asymmetric behaviour, andhence it is hard to fit
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data with a single Boltzmann function. This implies that useof only two states to

define the system with linear energy barriers, does not ably model experimental

observations.

Three possible ways to resolve this are (i) model the system as having more

than two macro-states (stable conformational states), (ii) model the system as hav-

ing transition rates that change with the dwell times, leading to a fractal model; or,

(iii) use non-linear terms in the energy expression. The second option is not con-

sidered as the system is being described as a time-homogenous Markov process.

Again, the final option is also not taken into account as we have already justified

the physical assumption to neglect higher order terms so as to develop a simple

model to describe the dynamics. Also, as we shall see in section (6) the use of

higher order non-linear energy models does not appear to give simpler models,

nor does it give more accurate fits to experimental data.

Models developed on the basis of Markovian dynamics often have more than

three states for a good agreement with experimental observations (Kienker, 1989;

Milescu et al., 2005). In such models the rate constant is often defined with an

exponential or a Boltzmann function in voltage, both obtained from a linear ap-

proximation of equation (3).

The above two-state model may be extended into a network of macrostates for

further analysis. Voltage-gated ion channels are characterised by a central pore

formed from the union of four similar subunits or domains (Aidley and Stanfield,

1996). Each of these domains contains six trans-membrane alpha helical struc-

tures (S1 to S6), the segment S4 often acting as the voltage sensor. Such a three
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dimensional entity often provide options for parallel transitions among the various

sub-states. In any case, transitions to the open-state are achievable.

3. A Multiple Conformation Extension of the ‘Modified Boltzm ann Func-

tion’

3.1. The Master Equation and Transition Rates

Here we consider the transition network of the ion-channel as a system with

a set ofN stable states, markedi = 0,1, ...,n; with n = N − 1 closed or inac-

tive states and 0 being the open state. In sections that follow, we would consider

models with only a single open state, as it is logical with respect to the molecu-

lar structure of ion channels and reflects fine details in experiments (Liebovitch,

1989). IfSi denotes the probability for the protein to be in statei at any timet, the

system obeys themaster equation,

Ṡ= KS (5)

where,S= (O,S1,S2, ...,Sn) andK ∈ R
N×N is a transition matrix withki j ≥ 0

giving the rate of transit from statej to statei. The diagonal elements satisfy,

kii = −∑N
i:i 6= j ki j , to conserve the probabilities. Again,ki j 6= 0 if and only if there

is a transition from statej to statei. To obtain a unique solution, we impose

the normalization,1T
N

S= 1, 1N being the unit column vector of sizeN . The

stationary probability distribution of the ion channel stateSmay be derived as
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


1T
N

K2:N ,•


S=




1

On


 ,

whereK2:N ,• denotes rows 2 toN of the transition matrixK andOn is a zero

vector of sizen. Then by Cramer’s rule,

O =

∣∣∣∣∣∣∣

1 1T
n

On K2:N ,2:N

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

1T
N

K2:N ,•

∣∣∣∣∣∣∣

=
1

1+

N

∑
j=2

(−1) j+1
∣∣K2:N ,•− j

∣∣

|K2:N ,2:N |

(6)

where,K2:N ,•− j ∈ R
n×n denotes a sub-matrix ofK obtained by deleting the first

row and thej-th column. Note therefore that in general, equation (6) will be quite

complex, with the denominator including a ratio of sums of products of elements

of K.

3.2. Examples with similar form of solution

3.2.1. Solution for a special case: A three state linear system with reversible

transitions

A three state transition diagram for channel opening is given below

C1
k21 // C2
k12

oo
k02 //

O
k20

oo
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HereO represents an open state andC1 andC2 represent closed or inactive confor-

mations. The steady-state probability for the channel to bein the open state may

be deduced as

O =
1(

1+ k12
k21

+ k12
k21

k20
k02

)

By using lemma 1, there existVh1,s1,Vh2,s2 such that

O =
1

1+e[(V−Vh1
)s1] +e[(V−Vh2

)s2]
(7)

In the case of a slightly different topology,

C1
k01 //

O
k10

oo
k20 // C2
k02

oo

the probability of the channel to be in an open conformation would be

O =
1(

1+ k10
k01

+ k20
k02

)

and once again, using lemma 1, the stationary probability ofbeing open can be

represented in the form (7).

3.2.2. Linear Networks

This scheme can be generalized forn macrostates depending on the position

of the open state in the entire topology. A topology involving the open state on
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the network extremum,

O
k10 // C1
k01

oo
k21 // C2
k12

oo Ci Cn−1

kn,n−1 // Cn
kn−1,n

oo

would have an open state probability,

O =
1(

1+
n

∑
j=1

j

∏
i=1

ki,i−1

ki−1,i

)

and a topology,

C1
k21 // C2
k12

oo
k32// · · ·Cp−1
k23

oo
k0,p−1 //

O
kp−1,0

oo
kp+1,0// · · ·Cn−1
k0,p+1

oo
kn,n−1 // Cn
kn−1,n

oo

would yield,

O =
1(

1+
p−1

∑
j=1

j

∏
i=1

ki,i+1

ki+1,i
+

n

∑
j=p

j

∏
i=1

ki+1,i

ki,i+1

)

In either case, with respect to the argument in lemma (1), theopen state probability

can be reduced and in general, a system withN macro-states related in order of

their conformational transitions would have an open state probability,

O =
1

1+
n

∑
i=1

e(V−Vh,i)si
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where,n = N −1, is the number of transitions in the linear network.

Remark: For the networks considered so far, rendering one ofthe transitions irre-

versible, would make the network absorbing in nature. In other words, the system

would reach and never leave a fixed conformation. Since such apossibility is

not physically reasonable for ion-channels under consideration, this case is not

considered further.

3.2.3. Other networks

Case:For a transition network in which a unique simple path existsfrom every

stable state to the open state, we have
∣∣K2:N ,2:N

∣∣ = ∏n
p=1kip jp for some indices

ip, jp ∈ {1. . . ,n} (See Theorem 1 in Appendix B). For such cases,

O =
1

1+

∑
q

(−1)q+1
n

∏
p=1

Kip, jp,q

n

∏
p=1

Kip, jp

(8)

for some indicesjp,q ∈ {0,1. . . ,n}.

A stationary probability distribution in a form given by equation (8) is ob-

served in network topologies that can be distinguished intohierarchical or tree,

star and extended-star categories. In the case of ring and mesh networks the exis-

tence of the unique simple path to the open state from every stable state becomes
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a necessary condition. The open state stationary probability is obtained as

O =
1

1+
N

∑
i=1

e(V−Vh,i)si

(9)

whereN ≥ n; for all cases considered. A few examples are illustrated intable (1).

4. Numerical analysis and low order approximation

We have observed so far that open-state probabilities of ion-channels may be

expressed in a similar form to the modified Boltzmann equation, but with sum of

exponentials replacing the single exponential term as in equation (9). The value of

N is generally not less than the number of transition macro-states. The ambiguity

in the value ofN (which is at large dependent on the network structure) together

with computational and identifiability issues for largeN motivate us to consider

models with smallN. Of course, when considering such approximations, we po-

tentially open up inaccuracies in the model (Liebovitch, 1989), and it is therefore

important to check that any such reduction still accuratelycaptures the observable

behaviour of the system.

A good way of approximating the model would be to search for the minimum

number of exponential terms that yields a good fit for experimentally observed ion

channel current-voltage characteristic data. Let us denote theM-vector of ionic

currents obtained from patch clamp experiments on a certainchannel by Im ∈R
M.

Let Vm ∈ RM be the corresponding voltage vector. In order to fit these data to

equation (9), the distance between the experimental data and the model needs to
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be minimized. The distance may be measured as square of theL2 norm:

J(Im, I(Vm)) = ‖Im− I(Vm)‖2
2 =

m

∑
j=1

(
Im

j − I(Vm
j )
)2

where I(Vm) ∈ RM is the vector of ionic current predicted by the model given

membrane potentials in the vector Vm. Im
j andVm

j are respectively thejth position

in vectors Im and Vm. Letgmaxbe the maximal conductance of the channel andV∗,

the equilibrium potential of the ion transported by the channel. Mathematically,

this optimization problem can be formulated as following:

min
{Vh,i}

N
i=1,{si}

N
i=1,gmax

J(Im, I(Vm)) (10)

subject to the conductance expression:

I(Vj) =
gmax(Vj −V∗)

1+
N

∑
i=1

e(V−Vh,i)si

∀ j = 1, ..,m (11)

and with bounds that are physiologically justified.

This optimization problem brings forth two significant difficulties: (i) the cost

function is not convex and (ii) the number of dominant conformations that the

protein adopts is usually unknown and hence the order of the exponentials,N

is unknown. To guarantee that the global optimum is achieved, an initial guess

should be carefully selected. It is possible to have a calculated guess for theVh

values from the current-voltage characteristics, positioned centrally over the range
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of values at which the curve shows steady activation or inactivation. The steepness

of the tangent drawn at this estimated voltage may be used as an initial estimate

of the slope value. Alternatively, the recently developed global optimization Scat-

ter Search based methodology, SSm GO (Egea et al., 2009), canbe used. This

algorithm combines a population-based metaheuristic method with a local opti-

mization.

Regarding the number of exponentials, the aim is to curtail the number of con-

formational transitions so that it leads to minimum parameters to fit the data. For

this purpose an algorithm was implemented which calculatesthe global optimum

for several order of exponentials until the confidence in thefit is accomplished.

The algorithm starts byN = 1 and progressively increases until the best fit be-

tween the model and the data has a relative error less thanε times the original

data. The measure considered is again the square of theL2 norm and mathemati-

cally, this criterion may be formulated as:

J(Im, I(Vm)) < ‖εIm‖2
2

For all the cases we have considered, a good fit is obtained by settingε = 0.10.

Interestingly, for all these cases we have examined, a maximum of two expo-

nentials, i.e.N = 2 was required. The data could be accurately fitted by using

a two dimensional state space (N = 1) for simple symmetric data-plots, and for

all other cases, a three dimensional state space (N = 2) could accurately explain

the data. This would imply that to a large extent voltage gated ion-channels can
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be adequately modeled as dwelling predominantly among three different macro-

states even if they are able to change between several conformations. The time

that the protein dwells in some of these states may be considerably smaller than

that of the three dominant conformations. The three macrostates may incorporate

some of the effects of the minor conformations rather than completely negating

their influences; as reflected from the data-fits.

With the above argument we propose the following equation for the open state

probability corresponding to a three state system,

O =
1

1+e[(V−Vh1
)s1] +e[(V−Vh2

)s2]
(12)

as a good approximation to represent the stationary probability of voltage gated

ion-channels to remain open. The channel current may hence be calculated with

the following equation:

Ii =
gmax,i(V −V∗

i )

1+e{V−Vh,1(i)}s1(i) +e{V−Vh,2(i)}s2(i)
(13)

where,Ii is the channel current;V∗
i , the reversal potential of ioni; V, the mem-

brane potential;gmax,i , the maximal conductance of the channel for the ioni and

Vh,1(i),s1(i),Vh,2(i),s2(i) being the parameters for the activation function as de-

fined by equation (12).
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5. Fitting of experimental data to the model

Several papers in the literature involve experimental observations on the re-

lationship between membrane potential and ion-channel current. Several were

selected for utilizable data on single channel studies. Data were extracted from

the published curves using the Enguage Digitizer 4.1. The digitized data sets were

fit by the equation (13). The global scatter search algorithm, SSm GO (Egea et al.,

2009; Banga, 2009) implemented in MATLAB was used for makingthe fits. The

resulting data fits are presented in figures 1,2,3 and summarized in table 2. In all

cases, withN ≤ 2, we are able to represent the observed data well using the model

structure proposed.

Table 2: Fitted parameters of Channel current - membrane potential data of a few ion-channels
using equation 12

Figure Reference Channel type Vh1 (mV) s1 (mV) Vh2 (mV) s2 (mV) gmax

1(a) Talavera and Nilius (2006) Cav3.1 -47.2228 -0.22613 0.617753 0.07519 0.0069 (mV−1)
1(b) Beyl et al. (2007) Cav1.2 -5.36225 -0.12598 31.7746 0.13336 0.0098 (mV−1)
1(c) Xu and Lipscombe (2001) Cav1.2 -2.89138 -0.13021 38.9031 0.13943 0.002 (µA/mV)
1(d) Xu and Lipscombe (2001) Cav1.3 -22.4361 -0.11182 26.4652 0.08824 0.0022 (µA/mV)
2(a) Stühmer et al. (1987) Nav1.2 -34.1391 -0.14523 28.3072 0.10388 8.8843 (pA/mV)
2(b) Ruben et al. (1997) Nav1.2a -25.6539 -0.14232 38.2236 0.088449 0.0138 (mV−1)
3(a) Zou et al. (2003) Kv10.2 -64.5494 -0.17538 -29.4952 -0.02195 0.1009 (µA/mV)
3(b) Zou et al. (2003) Kv11.3 -41.6897 -0.11727 -6.79872 0.053344 0.0630 (µA/mV)
3(c) Zou et al. (2003) Kv2.1 40 -0.021769 3.51185 -0.13161 0.0476 (µA/mV)

6. Comparison with non-linear thermodynamic models

The estimation of the open-state probability of voltage-gated ion channels to

an equation of form as (9) would rather be equivalent to a steady-state approxima-

tion of the Hodgkin-Huxley formalism. For example, the dimensionless variable
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n from equation (6) of Hodgkin and Huxley (1952) may be approximated to equa-

tion (9) with N = 15. However, as we seek to look beyond the Hodgkin-Huxley

formalism for a good mechanistic description, the given model need to be com-

pared with efforts made to represent the system on a realistic perspective. Ther-

modynamic formalism comes closest to this effort. Althoughthe fundamentals

are in place, such models (Destexhe and Huguenard, 2000) show very poor per-

formance in even small extrapolations from the given data (Figure 4). We would

also argue that the biophysical basis of the multiple conformation model is much

clearer than that of a Taylor’s series dual conformation model.

Ozer (2004, 2007) modified the non-linear model to a functional form by

lumping the different transitions in the protein to a singleevent. The model which

uses a sum of Gaussion distribution, seems to give the best fits for experimental

data. The steady-state open probability of ion-channels written with respect to

this model, may be arrived using equation (8) of Ozer (2007) as,

O =
1

1+

n

∑
i=1

α0,ie
[(V−Vα ,i)sα ,i ]

2

n

∑
i=1

β0,ie
[(V−Vβ ,i)sβ ,i ]

2

(14)

where,n was defined as the number of distinct transitions defined by different

energy barriers. It should be noted that Ozer (2007) was alsoable to get acceptable

fits with two transitions. The problem with this model however seems to be in the

existence of practically unidentifiable parameters, as is the case with majority of
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the existing Markov Models (Fink and Noble, 2009). Further,the model asks for

fitting a minimum of twelve parameters (provided two macro-transitions (n = 2)

gives acceptable fits).

A mathematical model for a biological phenomenon is assuredto have uniquely

estimated parameters if the model structure ensures identifiability (Walter and

Pronzato, 1997). Conventionally, ion-channel data has limited interpretations by

producing indistinguishable models (Kienker, 1989). Insilico representation of

ion-channel dynamics is yet to come up with an epic model for the reason that

the model structure needs to be tweaked each time to incorporate experimental

observation. This indeed is a question of parameter identifiability. Ion-channel

experiments being quantitative in nature rather ask for locally identifiable param-

eters in its model structure. The model that we have presented in this article, is

found to havestructurally output locally identifiable (s.o.l.i)parameters, accord-

ing to the following lemma.

Lemma 2. The model for ion channel open state probability described by means

of a Markov chain with three macro-states [equation (12)] iss.o.l.i by the Taylor

approximation of fourth order.

Proof: see Appendix C

7. Conclusions

In this article, we have defined the physical transitions of channel proteins

(which helps them to function as a gate), by means of free energy changes associ-
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ated with changes in its environmental electric field, from athermodynamic per-

spective. The paper brings forth a simple kinetic expression (equation 12) which

approximates the open probability of the channel for a givenmembrane poten-

tial. The approximation which assumes the existence of a unique simple path of

transition, from every stable state to the open state, is logical with respect to con-

formational dynamics. The model thus postulates the behaviour of the system to

be defined by a scheme of three (hypothetical) states (one in the open conforma-

tion and two closed.

Our model has the limitation that it has been developed for steady state and

may not represent ion-channel dynamics in its entirety. Nonetheless, the model

is identifiable and requires smaller number of parameters compared to existing

models. This would in turn reduce the computational cost associated with regular

Markov Models, without compromising much from the mechanistic viewpoint.

Appendix A. Proof of Lemma 1

Proof. If ‘ k1’ and ‘k2’ are the rates of two separate transitions appearing in a

transition network, their corresponding ratio could be written as,

k1(V)

k2(V)
=

k1,0

k2,0
e−((a2−a1)+(b2−b1)V+···)/RT (A.1)

This expression takes the form of equation (3). In conjunction with the reason-

ing provided in section (2.2), we may approximate equations(3) and (A.1) by

24



neglecting higher order terms as:

k(V),
k1(V)

k2(V)
= e[(V−Vh)s] (A.2)

wheres would represent the slope at a voltage ofVh. Product of rate ratios may

also be approximated as follows:

∏
[

ki(V)

k j(V)

]
=

[
e{(V−V̂h,a)ŝa}e{(V−V̂h,b)ŝb} · · ·

]

= e[(V−V̂h,a)ŝa+(V−V̂h,b)ŝb+···]

= e[(V−Vh)s]

Appendix B. Case when a unique simple path exists from every stable state

to the open state

In Section (3.1), it was claimed the open channel probability takes the special

form (8) for any network in which a unique simple path exists from every stable

state to the open state. Note that the claim follows immediately provided we can

prove that|K2:N ,2:N | = ∏n
p=1kip jp for some indicesip, jp ∈ {1, . . . ,n}. We shall

prove this fact here.

In the next theorem, we adopt the following notational convention. For a ma-

trix Q∈ R
n×n with qi j ≥ 0 for i 6= j, we define a node 0, distinct from the entries

of Q such thatq0 j = −∑n
i=1qi j for 1 ≤ j ≤ n. The graphD0(Q) consists of the
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vertices{0,1, . . . ,n} and has a directed edge from vertexj to vertexi if qi j 6= 0. It

is important to note thatK2:n,2:n satisfies the hypotheses of the theorem.

Theorem 1. Let Q∈ R
n×n satisfy the following properties:

(i) qi j ≥ 0 for all i 6= j;

(ii) there exists a unique simple path in D0(Q) from j to 0 for every vertex j,

1≤ j ≤ n.

Then the determinant of Q takes the form

|Q| =
n

∏
p=1

kip jp for some indices ip, jp ∈ {0, . . . ,n}.

Proof. We proceed by induction on the sizen of the matrixQ. The first non-trivial

case isn = 2. Forn = 2, it follows that

Q =




−(q01+q21) q12

q21 −(q02+q12)


 .

A simple calculation shows that

|Q| = q01q02+q01q12+q02q21.

Each of the three terms in the above expression describes a different pair of paths

from the vertices 1,2 back to the vertex 0. As there exists a unique path from each

vertex back to 0, exactly one of these terms is non-zero. Thisproves the result for
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the casen = 2. We next assume that the result holds for matricesQ of sizep with

2 ≤ p ≤ n. We shall show that, under this induction hypothesis, the result also

holds for matrices of sizen+1

Let Q ∈ R
(n+1)×(n+1) satisfy (i) and (ii) and letπ j denote the unique simple

path inD0(Q) from j to 0 for 1≤ j ≤ n+1. It follows from (ii) that there must

exist at least one indexi ∈ {1, . . . ,n+ 1} such thatq0i 6= 0. Consider the set

I ⊆ {1, . . . ,n+1} given by

I := { j : 1≤ j ≤ n+1, the edge(i,0) ∈ π j}.

The setI consists of those verticesj for which the final edge on the simple path

from j to 0 in D0(Q) is the edge(i,0). As i ∈ I , it follows that I is non-empty.

There are two distinct cases to consider.

First, suppose thatI 6= {1, . . . ,n+1}, so that we can write

{1, . . . ,n+1} = I ∪ I ′

whereI ′ = {1, . . . ,n+1}\I , is also non-empty. Ifi ∈ I and j ∈ I ′, then it follows

from (ii) that bothqi j = 0 andq ji = 0. Otherwise there would exist two simple

paths fromi to 0 in the former case, or fromj to 0 in the latter case. Without

loss of generality (by permuting the vertices if necessary), we can assume that

I = {1,2, . . . ,φ} for some integerφ with 1≤ φ <N , I ′ = {φ +1, . . . ,n+1}.Then,
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our discussion shows that

Q =




Q1 0

0 Q2




whereQ1 ∈ R
φ×φ , Q2 ∈ R

(n+1−φ)×(n+1−φ). From the block diagonal form ofQ,

it follows immediately that bothQ1 andQ2 satisfy conditions (i) and (ii) of the

theorem. From the induction hypothesis the determinants ofbothQ1 andQ2 are

simple products of the elementsqi j , 0≤ i, j ≤ n+1. However,|Q|= |Q1||Q2| and

hence the determinant ofQ also has the desired form.

The second case to consider is whereI = {1, . . . ,n+1}. Again, without loss

of generality we can assume that the indexi = 1. In this case, for every vertex

j ∈ {1,2, . . . ,n+1}, the final edge on the path from vertexj to 0 in D0(Q) is the

edge(1,0). As we are assuming that there is a unique simple path from each j to

0, it follows thatq0 j = 0 for 2≤ j ≤ n+1. ThusQ can be written in the form:

Q = A+B

where all column sums ofA are zero and every entry ofB is zero apart from

b11 = −q01. As the determinant is a multi-linear function of the columns of a

matrix the form ofQ implies that

|Q| = |A|−q01|Q̂|

= −q01|Q̂|. (B.1)
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whereQ̂ ∈ R
n×n is the submatrix ofQ formed by removing the first row and

column. Writeq̂i j for the(i, j) entry ofQ̂. We note the following facts,

(a) q̂i j ≥ 0 for i 6= j.

(b) The column sums inQ are given byq0 j = 0 for 2≤ j ≤ n+ 1. It follows

immediately that forQ̂, q̂0 j = −∑n
i=1 q̂i j = q1, j+1 for 1≤ j ≤ n.

(c) For each vertexj ∈{2, . . . ,n+1} in D0(Q), the unique simple path inD0(Q)

from j to 0 has(1,0) as its final edge. It follows that there is a unique simple

path inD0(Q) from j to 1 for j ∈ {2, . . . ,n+1}.

It follows from the above points (and from point (c) in particular) that in the graph

D0(Q̂) associated withQ̂, there is a unique simple path from every vertexj ∈

{1, . . . ,n} to the vertex 0. (In fact, inD0(Q̂), the vertex 0 corresponds to the

vertex 1 in the original graphD0(Q).)

The above discussion shows thatQ̂ satisfies the conditions (i) and (ii) in the

statement of the theorem and hence by the induction hypothesis, it follows that the

determinant|Q̂| is a simple product of termsqi j , 1≤ i, j ≤ n+1. It now follows

immediately from (B.1) that the determinant|Q| also has the desired form. This

completes the proof.
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Appendix C. Model Identifiability, Proof of Lemma 2

In order to study the parameter identifiability of model [given by equation

(12)], let us consider the following general mathematical structure:

M(θ) : y(θ) = f (θ ,x)

whereθ ∈ Rnθ is the set of parameters to be estimated andy(θ) ∈ R andx ∈ R

denote the output and input of the system, respectively. In addition, let us denote

the search space of the parameter byΘ ⊆Rnθ .

Definition 1. The model M(θ) is said to bestructurally output globally identifi-

able(s.o.g.i) , if for anyθ̃ ∈ Θ, except for the points of a subset of measure zero,

and for all x∈R:

y(θ ,x) ≡ y(θ̃ ,x) =⇒ θ ≡ θ̃

If the same conditions is fulfilled only in the neighborhood of θ then the parame-

ters will bestructurally output locally identifiable(s.o.l.i.)

This definition is quite general and is often difficult to be put into practice. One

of the usual approach in such instance is the so-called "Taylor approach" (Walter

and Pronzato, 1997) where both outputsy(θ ,x) andy(θ̂ ,x) are approximated by

a Taylor expansion around a pointx∗ ∈ R. If we denote byUn
x∗ the ball around

x∗, where the Taylor approximation of ordern holds; the general identifiability

definition is therefore set as:

Definition 2. The model M(θ) is said to be s.o.g.i in x∈ Un
x∗ if the system of
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equations: [
∂ iy(θ ,x)

∂xi

]

x=x0

=

[
∂ iy(θ̃ ,x)

∂xi

]

x=x0

∀i = 1, ...n (C.1)

has an unique solution. In the same way, the model will be s.o.l.i in x ∈ Un
x∗ if a

finite number of solution is obtained.

Proof. It has to be proved that, the ion channel open state probability represented

by the equation,

G(θ) =
1

1+e(V−Vh1
)s1 +e(V−Vh2

)s2
(C.2)

is s.o.l.i for anyV ∈ Un
V∗ , by using the Taylor approximation of fourth order. It

may be noted that studying the identifiability property forG(θ) with parameters

θ = [Vh,1,s1,Vh,2,s2] ∈R
4 θ̃ = [Ṽh,1, s̃1,Ṽh,2, s̃1] ∈R

4

is equivalent to studying this property for the model

M(θ) = e(aV+b) +e(cV+d), θ = [a,b,c,d]

where

a = s1, b = −Vh1s1, c = s2, d = −Vh2s2

ã = s̃1, b̃ = −Ṽh1s̃1, c̃ = s̃2, d̃ = −Ṽh2s̃2

Therefore, the system of equations built by using (C.1) leads to:

eaV0+b+ecV0+d = eãV0+b̃+ ẽcV0+d̃ (C.3a)
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aeaV0+b+cecV0+d = ãẽaV0+b̃ + c̃ẽcV0+d̃ (C.3b)

a2eaV0+b +c2ecV0+d = ã2eãV0+b̃+ c̃2ẽcV0+d̃ (C.3c)

a3eaV0+b +c3ecV0+d = ã3eãV0+b̃+ c̃3ẽcV0+d̃ (C.3d)

with the following two solutions obtained with Mathematicasoftware (Wolfram Re-

search, 2008):

a = c̃, b = d̃, c = ã, d = b̃

a = ã, b = b̃, c = c̃, d = d̃

Therefore, the system is s.o.l.i in the neighbourhood ofV∗ where the Taylor ap-

proximation holds.

Corollary 1. If the model (C.2) is completed with the following condition:

s1 > s2

it is trivial to see that the system (C.3)now has only one solution and the model is

s.o.g.i. for any V∈ Un
V∗.
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(a) Normalized current-voltage relationship of the
T-type calcium channel from the digitized data of
Talavera and Nilius (2006)
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(b) Normalized current-voltage relationship of the
wild-type calcium channel from the digitized data
of Beyl et al. (2007)
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(c) Averaged, peak current–voltage plots of
Cav1.2α L-type calcium channels from the digi-
tized data of Xu and Lipscombe (2001)
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(d) Averaged, peak current–voltage plots of
Cav1.3α L-type calcium channels from the digi-
tized data of Xu and Lipscombe (2001)

Figure 1: Current-Volatge relationship of Voltage-gatedCa2+ channels fitted with equation (12).
Voltage-gatedCa2+ channels (VGCC) can be classified into high-voltage-activated (HVA) and
low-voltage-activated (LVA) channels, which implies thatLVA channels activate at 20 to 30 mV
more negative potentials than HVA channels. T-type calciumchannels are LVA and show fast
macroscopic inactivation where as L-Type calcium channelsare HVAs.
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(a) Peak inward current vs. voltage relation for the
current records of sodium channel from the digi-
tized data of Stühmer et al. (1987) fitted with equa-
tion (12)
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(b) Normalized current-voltage relationship of
sodium channel from the macropatch current
records of Ruben et al. (1997), fitted with equation
(12)

Figure 2: Current-Volatge relationship of Voltage-gatedNa+ channels fitted with equation 12.

38



−100 −50 0 50
−2

0

2

4

6

8

10

12

Membrane Potential (mV)

C
ur

re
nt

 (µ
A

)

 

 

Fit
Data

(a)

−100 −80 −60 −40 −20 0 20 40 60 80
−0.5

0

0.5

1

1.5

2

2.5

3

Membrane Potential (mV)

C
ur

re
nt

 (µ
A

)

 

 

Fit
Data

(b)

−60 −40 −20 0 20 40
0

0.5

1

1.5

2

2.5

3

3.5

Membrane Potential (mV)

C
ur

re
nt

 (µ
A

)

 

 

Fit
Data

(c)

Figure 3: Current-voltage relations for KCNH5 (3(a)), KCNH7 (3(b)) and KCNB1 (3(c)) class of
potassium channels expressed in oocytes, from the study by Zou et al. (2003) fitted with equation
12.

39



−100 −50 0 50 100
−1

−0.9

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

Membrane Potential (mV)

N
or

m
al

iz
ed

 C
ur

re
nt

 

 

Experimental
Non−linear thermodynamic model
Our model

(a) Calcium channel
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(b) Potassium channel

Figure 4: Current-voltage relationship of ion-channels obtained from the studies of (a)Talavera
and Nilius (2006) and (b)Zou et al. (2003) fitted with a third order non-linear model and modified
model presented in this article according to equation (12)
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