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23@ g W 5 _`7?>.>lv < >lv g W 5 J :l23@ 7?5[<\^`03g?< >lv 5c:l7\032]587 T W :l_`g?587?<cE ��5�:l0]<?>�yU23465�<?>=JL5 g\23JL5 g?>
:�M 2]<?T8^D<?<\2]>=@*>lv W >�5 g W 5R5t>=743	_`7?5[<?58@.g?5[M W 587?5 v >=7 <45 23g?T W 5[M 0323@D5c:l7 < - <\g?58JL< J : - , 5
5+* g?58@DMD58M g?> g W 51@D>=@ ki0323@D5c:l7 Tc:=<?5UA :l@DM M`5[<?T87\2 , 5F: @.^`J , 587 >lv�>=_ 58@ _`7?> , 0]58JL<t7?580q:lg\23@`yrg?>
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g W 5 5j>=743 >lvXg W 5[<\2]< g W :lg1< W >=^D03M v >=7\J g W 5 , :=<\2]<1>lv+v ^`g\^`7?5 7?5[<?5c:l7?T W Ejop23@P:l030 - 23@;h W :l_`g?587
8.5j5 7?584.2]575�g W 5 T[>=@.g?58@Ng?<1>lv+g W 5 g W 5[<\2]<1:l@DM _`7?5[<?58@.g >=^`71T[>=@DT803^D<\2]>=@D<cE
Z W 5 5t>=743 M`5[<?T87\2 , 5[M	23@ g W 5 g W 5[<\2]< W :=< 0]5[M g >�: @.^`J , 587 >lvF_`^ , 032]Tc:lg\2]>=@D< 23@ 23@Ng?587\@P:uk
g?23>=@ :l0tT[>=@ v 587?58@DT[5 _`7?>NT[5[5[M 23@`y6< :l@DMR_ 5[587mki7?584.2]575t58M �m>=^`7?@P:l0]<cE 1 @R_P:l7\g\2]T8^`0q:l7cA 5j>=743 W :=<
, 5[58@;_`7?5[<?58@.g?5[M�:lgFg W 5 1 o G1h 5t>=7\0]M T[>=@`yU7?5[<?<cAag W 5HG1JL587\2]Tc:l@Rhj>=@Ng\7?>=0jhj>=@ v 587?58@DT[5UA g W 5
wX^`7 >=_ 5c:l@�hj>=@Ng\7?>=0 hj>=@ v 587?58@DT[5�:l@DM	g W 5 1 wdwdw ht>=@ v 5Q7 5Q@PT85�>=@ YF5[T82]<\2]>=@*:l@DM*hj>=@Ng\7?>=0
� & M`A 0 6+6`A �.�.A � & A 0 6 I  AX:l@DM � M+8  W :=< , 5[58@	:=T[T[58_`g?5[M�v >=7x_`7?5[<?58@.g :lg\2]>=@	:lgrg W 5 0 & g W 1 @ k
g 5Q7?@P:lg\2]>=@P:l0dS - J _a>U<\23^`J�>=@ 9;:lg W 58J :lg\2]Tc:l0XZ W 5[>=7 - >lv�,e58g 5j>=743 <F:l@DM S - <\g?58JL<rI 9 Z), S
6+N+N I O8EFG10]<?>Lv >=^`7��m>=^`7\@P:l0p_P:l_a587?< � 0 6+Q`A &�I A#�B8 A 0 6+M� W :[4N5r5823g W 587 :l_`_ 5c:l7?5[M >=7 , 5[58@�:=TQk
T[58_`g?5[M v >=7d_`^ , 032]Tc:lg\2]>=@D5 W 230]5 � �BQ  W :=<d7?5[T[58@Ng\0 - , 5[58@ :=T[T[58_`g?5[M v >=7d_`^ , 032]Tc:lg\2]>=@ 23@@O 23@D5c:l7
Ge0 y65 , 7Q: :l@DM 23g?< G1_`_`032]Tc:lg\2]>=@D<cE
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G 3N5 - 2]<?<\^D5X23@ g W 5n<\g\^DM - >lvD<45 23g?T W 5[Mx< - <\g?58JL< 2]<Bg W :lg+: < - <\g?58J T[>=@D<\g\7\^DT8g?5[M ,.- <45 23g?T W 23@`y
, 58g 5j5[58@ :F@.^`J , 587t>lv 23@DM 234.2]M ^P:l030 - <\g : , 0]51<\^ , < - <\g?58JL<nTc:l@ , 5[T[>=JL51^`@D<\g : , 0]5 v >=7nT[587\g :l23@
<45 2 g T W 23@`yH_P:lg\g?587\@D<cEXwd<?<?58@.g\2q:l030 - A.g W 5e2 @.g?587 :=T8g\2]>=@ >lvBg W 5e<45 2 g T W 23@`yHJL5[T W :l@`2]<\J 5 23g W g W 5
23@DM`2 4.2]M ^ :l0jM - @P:lJ 2]T JL>NM`5[<rTc:l@�0]5c:=M�g?> 23@D<\g : , 230323g - E 1 gx2]< g W 2]< vi:=T8g g W :lgr_`7?>c4.2]M`5[<xg W 5
JL>=g?2 4U:lg\2]>=@rv >=7�Jr^DT W >lvDg W 5 5j>=743 _`7?5[<?58@Ng 58Mr23@rg W 2]<�g W 5[<\2]<cE 1 @ vi:=T8gcA=>=^`7p_`7\23J :l7 - T[>=@DT[587\@
g W 7?>=^`y W >=^`gF< W :l0 0 , 5 5 23g W JD@DM 23@`y T[>=@DM 23g\2]>=@D< >=@ vi:lJ 23032]5[<F>lvn<\^ , < - <\g?58JL< g W :lge7\^`0]5r>=^`g
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g W 5 _ >U<?<\2 , 230323g - >lv1g W 2]<rg - _ 5 >lv , 5 W :[4.2]>=^`7*�ng W :lgH2]< 5 23g W M`58g?587\J 23@`23@`y�T[>=@DM 23g\2]>=@D<Hg W :lg
yU^ :l7 :l@Ng?5[51g W 5e<\g : , 230323g - >lvBg W 51>u46587 :l030a< - <\g?58J A6237\7?5[<\_ 5[T8g\234N51>lv W >�5�:l@DM	5 W 58@ <45 23g?T W 23@`y
>.T[T8^`7?<cE 1 @ g W 2]<XT W :l_`g?587cA$5t5t23@Ng\7?>.M ^DT[5 g W 5 M`5KJD@`23g\2]>=@D<d@D5[T85[<?< :l7 - v >=7n:1v >=7\J :l0`g\7?5c:lg\JL58@.g
>lv`g W 5X2]<?<\^D5[<B7?580q:lg?5[M g?> g W 2]< �N^D5[<\g\2]>=@BE 1 @ _P:l7\g\2]T8^`0q:l7cA=J :lg W 58J :lg\2]Tc:l0 M`5KJD@`23g\2]>=@D<+:l7?5dyU234658@
v >=7 <45 23g?T W 5[M;0 23@D5c:l7 < - <\g?58JL< :=< 5t58030d:=<ev >=7Fg W 5r7?580]584U:l@Ng @D>=g\2]>=@D< >lvj<\g : , 230323g - EHS.>=JL5 >lv
g W 5 J :@�m>=7	�N^D5[<\g\2]>=@D<Hg W :lgL:l7\2]<?5 23@Rg W 5 <\g\^DM - >lve<\g : , 230323g - g W 5[>=7 - v >=7 <45 23g?T W 5[M 0 23@D5c:l7
< - <\g 5QJL<1:l7?5 M`5[<?T87\2 , 5[M�:l@DM�: , 7\2]5 vd<\^`7\465 - >lv+7?5[T[58@.g 7?5[<\^`03g?< 23@ g W 5 :l7?5c:H2]< _`7?>u4.2]M`5[M E
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1 @�g W 2]<H<?5[T8g\2]>=@ 5t5 M`5KJD@D5 g W 5 T80q:=<?<r>lv +%5 �/.C�%��� 1 � �"� � ��$:+%&@+�.0�%8K+8A+:=< 5t58030 :=<r: @N^`J , 587
>lv , :=<\2]T @D>=g\2]>=@D< 7?580q:lg?5[M g?>Hg W 5[<?5 < - <\g?58JL<tg W :lg?5t5 < W :l030B@D5[5[M 23@�>=^`7 0q:lg?587 M`23<?T8^D<?<\2]>=@D<cE
� W 2 0]51<?>=JL5 >lvag W 5 M`5KJD@`23g\2]>=@D<nyU234N58@ , 580]>�5*:l7?5 �N^`23g?5tv >=7\J :l0iAN23gn< W >=^`0]M , 53N58_`gd23@LJ 23@DM
g W :lgcA`5[<?<?58@.g\2q:l030 - AP:H<45 23g?T W 5[M 0323@D5c:l71< - <\g?58J 2]<1:H< - <\g?58J >lv+g W 5Fv >=7\J

ẋ = A(t)x,

5 W 587?5
A(t)

Tc:l@ <45 23g?T W , 58g 5t5[58@ <?>=JL51yU234658@@JD@`23g?5eT[>=03035[T8g\2]>=@ >lvBJ :lg\7\2]T[5[<
A1, . . . , Ak

23@
R

n×n
E Z W ^D<cAp: <45 23g?T W 5[M 0323@D5c:l7x< - <\g?58J�2]< > , g :l23@D5[M ,.- <45 23g?T W 23@`y , 58g 5j5[58@R: @N^`J , 587

>lv 0323@D5c:l7Lg\23JL5Qki23@N4U:l7\2q:l@.g;I�O Z 1 OH< - <\g?58JL<
ΣAi

: ẋ = Aix
A

1 ≤ i ≤ k
An7?5Qv 587\7?5[M g?>�:=<

23g?< T[>=@D<\g\23g\^D58@.g < - <\g?58JL<F>=7eJL>.M`5[<cE��5r< W :l030 , 5HT[>=@D<\2]M`587\23@`y < - <\g?58JL<eg W :lg :l7?5xv 7?5[5rg?>
<45 2 g T W 23@	: JL>=7?5 >=7x0]5[<?< :l7 , 23g\7 :l7 - J :l@`@D587 , 58g 5t5[58@ g W 58237HT[>=@D<\g\23g\^D58@.g < - <\g?58JL<cAX:l@DM
5t5ey658@D587 :l030 - :=<?<\^`JL5eg W :lg g W 5e_`7?5[T82]<?5 <45 23g?T W 23@`y _P:lg?g?587\@BA`M`58g?587\J 23@D5[M ,.- g W 5eJ :l_`_`23@`y
t → A(t)

2]<n@D>=g�3.@D>�5 @BE �e>�5t5846587cAG5j5eM`>x7?5 �N^`237?51g W :lgt>=@DT[5eg W 5e< - <\g?58J <45 23g?T W 5[<j23@.g?>H:
yU234N58@ JL>.M`5UA 23gt7?58J :l23@D< 23@ g W :lgtJL>.M`5ev >=7 :r<\_ 5[T82 JP5[MDJD@`23g?5Fg\23JL5UA�5 W 2]T W Tc:l@ , 5FT W >U<?58@
g > , 5 :l7 , 23g\7 :l7\230 - <\J :l030C� g W ^D< 5+*`T803^DM 23@`y g W 5e_a>U<?<\2 , 230323g - >lvp23@�JD@`23g?580 - vi:=<\gt<45 23g?T W 23@`y :l@DM
58@D<\^D7\23@`yLg W :lge>=@`0 - : JD@`23g?5 @.^`J , 587e>lvd<45 23g?T W 5[<1Tc:l@ >NT[T8^`7123@ : JD@`23g?5 g\23JL5UE ,e>=g?5 g W :lg
: <45 23g?T W 5[M 0323@D5c:l7x< - <\g?58J�Tc:l@ g W ^D< , 5Hg W >=^`y W gx>lv :=<x: v :lJ 230 - >lvj0323@D5c:l7 g\23JL5Qki4U:l7 - 23@`y
< - <\g 5QJL<r> , g :l23@D5[M :=<xg W 5LJ :lg\7\2 *.ki4U:l03^D5[M�v ^`@DT8g\2]>=@

t → A(t)
4U:l7\2]5[<r>u46587H:l030 :l030]>)5 : , 0]5
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<45 2 g T W 23@`yL_P:lg\g?587\@D<cE���5 < W :l030B@D>)5�J :�365 g W 5[<?5F2]M`5c:=< JL>=7?5Fv >=7\J :l0iE
S.^`_`_ >U<?5 g W :lg 5t5 :l7?5 yU234658@ :;<?58gL>lveJ :lg\7\2]T[5[< A = {A1, A2, . . . , Ak}

23@
R

n×n
E ��5

@P>)5 23@Ng\7 >NM ^DT[5 g W 5 <?58gr>lv J :lg\7\2 *.ki4U:l03^D5[MRJ :l_`_`23@`y6<cA
PC(A)

g?> v >=7\J :l032 �c5 g W 5 @D>=g\2]>=@
>lvj:l@ :l0303>�5 : , 0]5r<45 23g?T W 23@`y _P:lg\g?587\@BE

PC(A)
2]<1M`5KJD@D5[M g?> , 5xg W 5x<?58ge>lvdJ :lg\7\2 *.ki4U:l03^D5[M

v ^`@PTQg?23>=@P<
t → A(t)

v 7?>=J
R
23@.g?>Hg W 5 <?58g A 5 23g W g W 5Fv >=0 0]>�5 23@`yL_`7?>=_a587\g\2]5[<cE

IK2KO
A(.)

2]<j_`2]5[T[575 2]<?5 T[>=@D<\g :l@.g :l@DM T[>=@Ng\23@.^D>=^D<tv 7?>=J g W 5e7\23y W gcEdZ W 2]<tJL5c:l@D<tg W :lgjv >=7
5c:=T W

i ∈ {1, . . . , k} Aag W 5 <?58g >lv t
23@

R
<\^DT W g W :lg

A(t) = Ai

2]< : M 2]<��m>=23@Ng ^`@`2]>=@
>lvt23@.g?587\4U:l0]<x>lvtg W 5Hv >=7\J

[s0, s1)
5 W 587?5

s1 > s0
ELwd<?<?58@Ng\2q:l030 - A

A(t)
2]< <45 23g?T W 23@`y

, 58g 5t5[58@ g W 5 J :lg\7\2]T[5[< 23@ A E
IK232KO�Z W 587?512]<j<?>=JL51T[>=@D<\g :l@.g

τmin > 0
A.<\^DT W g W :lgjyU234658@ :l@ - g 5j>x_ >=23@.g?<

t, s
23@

R
<\^DT W

g W :lg
A(t) 6= A(s)

A |t− s| > τmin

EXZ W 2]<tyU^P:l7 :l@.g?5[5[< g W :lg 5c:=T W >lvpg W 5F23@Ng?587\4U:l0]< 23@
IK232KOF:l7 5 >lvj0]58@`yUg W :lg 0]5[:=<\g

τmin

ErZ W 5 T[>=@D<\g :l@.g
τmin

2]<F23@DM`58_a58@DM`58@Ngr>lv
t, s

:l@DM
J : - , 5 :l7 , 23g\7 :l7\230 - <\J :l030iE

Z W 5x<45 23g?T W 5[M�0323@D5c:l7e< - <\g?58J
ΣA
A :=<?<?>NT82q:lg?5[M g?> A AD2]< @D>�5|M`5KJD@D5[M�g?> , 5 g W 5 vi:lJ 230 - >lvg?2 JL5Qki4U:l7 - 23@`y < - <\g?58JL<cA M`5KJD@D5[M�>=@

R
n A yU234N58@ ,.-

ẋ(t) = A(t)x(t) t ≥ t0, x(t0) = x0
I 6 E 0 O

5 W 587?5
t0 > 0

:l@DM
x0
:l7?5 23@`23g\2q:l0Pg\23JL5[<j:l@DM <\g :lg?5[<X7 58<\_a5[T8g\2346580 - :l@DM

t → A(t)
, 580]>=@`y6<ng?>

PC(A)
E ,e>=g?5 g W :lg 5j5H:l7?5xM`5KJD@`23@`y

ΣA
g?> , 5xg W 5xT[>=030]5[T8g\2]>=@ >lvdg\23JL5Qki4U:l7 - 23@`y < - <\g?58JL<

>lv+g W 5x: , >c4N5ev >=7\J%> , g :l23@D5[M�:=<
t → A(t)

4U:l7\2]5[< >u46587e:l030B580]58JL58@.g?<1>lv
PC(A)

E
� ��F FH�G�;�)���

Z W 5L: , >c4N5 M`5KJD@`23g\2]>=@�2]<B� ^D<\g :Lv >=7\J :l032 �u:lg\2]>=@�>lvjg W 5H2]M`5c:=< g W :lg 5j587?5 M`23<mk
T8^D<?<?5[MR:lgxg W 5 , 58yU23@`@`23@`y;>lv g W 5 <?5[T8g\2]>=@BE C - T[>=@D<\2]M`587\23@`y J :l_`_`23@`y6<

t →

A(t)
23@

PC(A)
A!5j5x:l7?5 58@D<\^`7\23@`yLg W :lgcb

IK2KO
t → A(t)

2]< _`2]5[T[575 2]<?5 T[>=@D<\g :l@Ng �
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IK232KO g W 587?5 Tc:l@L>=@`0 -r, 5�JD@`23g?580 - J :l@ - <45 23g?T W 5[<X23@ :l@ - JD@`23g?5tg\23JL5Qki23@.g?587\4U:l0iE
� ���������=�����G�;�	�[}E���)�GFH���
oP>=7 5c:=T W

i ∈ {1, . . . , k} A`g W 5 O Z 1 < - <\g?58J

ΣAi
: ẋ(t) = Aix(t)

2]< 7?5Qv 587\7?5[M�g?>*:=< g W 5
ith

T[>=@D<\g\23g\^D58@Ng;< - <\g?58J'>lv g W 5�<45 23g?T W 23@`y*< - <\g?58J#I 6 E 0 OQE�Z W 5
>u4N587 :l030e< - <\g?58J I 6 E 0 O 2]< T[>=@D<\g\7\^DT8g?5[M ,N- <45 23g?T W 23@`y , 58g 5j5[58@�g W 5�T[>=@D<\g\23g\^D58@.g < - <\g?58JL<
ΣA1

, . . . , ΣAk

E
� A�� ��/@�=�)*BA"�����H��������{�<n{���� �)�'�E���G��*$� �
�F2 4N58@�:rv ^`@DT8g\2]>=@

A(.)
23@

PC(A)
:l@DM <?>=JL5F23@`23g\2q:l0�g\23JL5

t0
A!5j5 Tc:l@�M`5KJD@D5x:r_`2]5[T[575 2]<?5

T[>=@D<\gQ:l@Ng v ^`@DT8g\2]>=@
σ : [t0, +∞) → {1, 2, . . . , k} ,.-

A(t) = Aσ(t)
v >=71:l030

t ≥ t0.

1 @ 365[58_`23@`y 5 23g W g W 5 <\g :l@DMD:l7?M�_`7 :=T8g\2]T[5 23@�g W 5 0323g?587 :lg\^`7?5 � 6+8`A & Q �5j5 < W :l030jTc:l030
σ
g W 5

+%5 �/.C�%�3�"��<:+%�><��E��� E
oD^`7\g W 587\JL>=7?5UA�5t5 Tc:l@ v >=7\J g W 5 <?5 �N^D58@DT[5 >lvX>=7?M`587?5[M _P:l237?<

(t0, i0), (t1, i1), . . . , (tN , iN ), . . .
I 6 E 66O

5 W 587?5
tN ∈ [t0, +∞)

A
iN ∈ {1, . . . , k} v >=71:l030 N ≥ 0

:l@DM

A(t) = AiN

v >=7
tN ≤ t < tN+1;

A(tN+1) 6= A(tN )
v >=71:l030

N ≥ 0.

1 @ g W 5L<\_`237\23g >lv � 0)L  5j5 < W :l030d7?5Qv 587 g?> g W 2]< <?5 �N^D58@DT[5 :=< g W 5 <45 23g?T W 23@`y�<?5 �N^D58@DT[5UE Z W 5
g?2 JL5[<

t0, t1, . . . , tm, . . .
:l7?5 3.@D>)5 @ :=< g W 56+%5 �/.C�%�3�,��<?�"��+�.C���E�-�-+8E

Z W 5L<45 23g?T W 23@`y <\23yU@P:l0jTc:l@ , 5 g W >=^`y W gr>lv1:=<r:l@�23@`_`^`gxg W :lgrM`58g?587\J 23@D5[<xg W 5 <45 23g?T W 23@`y
:=T8g\2]>=@ >lvdg W 5r< - <\g?58J I 6 E 0 OQAa<\_ 5[T82 v - 23@`y g W 5x23@D<\g :l@DT[5[< 5 W 58@;<45 2 g T W 23@`y g :�365[<1_D0]:=T[5 :l@DM
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>lvj<45 23g?T W 23@`y <\23yU@P:l0]<cAa:l@DM;<?>=JL5x>lvng W 5x7?5[<?5c:l7?T W >=@;<45 23g?T W 5[M;< - <\g?58JL< W :=< v >.T8^D<?<?5[M�>=@
2]M`58@.g\2 v - 23@`y <45 23g?T W 23@`y <\23yU@P:l0]<1g W :lg17?5[<\^`03g123@ <\g : , 230323g - E ��5x< W :l030p< : - JL>=7?5x>lvdg W 2]<10q:lg?587
23@ g W 5 T W :l_`g?587cE
� � � �����G�����K{�<j{���� � �[}�F����)������* 9;�c{! ���<��=�Q} �
Ct5Qv >=7?5 _`7?>.T[5[58M`2 @Dy 5j5L< W >=^`0]M @D>=g?5 g W :lgcA v >=7 <45 23g?T W 5[M 0323@D5c:l7x< - <\g?58JL<cA g W 5 @D>=g\2]>=@D<x>lv
yU0]> , :l0 ^`@`2 v >=7\J :lg\g\7 :=T8g\234.23g - An^`@`2 v >=7\J :=< - J _`g?>=g\2]T <\g : , 230323g - :l@DM ^`@`2 v >=7\J�5+* _a>=@D58@Ng\2q:l0

V V
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<\gQ: , 230 23g - :l7?5 :l030 5 �N^`234U:l0]58@.g � I  E 1 @�vi:=T8gHg W 2]<H7?5[<\^`03gH2]<r_`7?>u4658@ v >=7 W >=JL>=y658@D5[>=^P<�IK@D>=g
@P58T[5[<?< :l7\230 - 0323@D5c:l7QO <45 23g?T W 5[Mx< - <\g?58JL<cEBZ W 5d5 �N^`234U:l0]58@DT[5d>lv ^D@`2 v >=7?J 5+* _ >=@D58@.g\2q:l0.<\g : , 230323g -
:l@PMH^`@`2 v >=7\J :=< - J _`g?>=g\2]T <\g : , 230323g - W :=<j:l0]<?> , 5[58@ 5[<\g : , 032]< W 5[M 23@�� 6��  A$5 W 587?5 g W 51:l^`g W >=7?<
^P<?5�g W 5 g?587\J�0323@D5c:l7 _a>=0 - < - <\g?58J�v >=7 g W 5;<45 23g?T W 5[M*0323@D5c:l7 < - <\g?58J I 6 E 0 OQE 1 @*4.2]575�>lv
g W 2]<L5 �N^`234U:l0]58@DT[5UA�5j5 < W :l030 <\_a5c:�3 >lvFg W 5 ^`@`2 v >=7\J�5+* _ >=@D58@.g\2q:l0e<\g : , 230323g - :l@DM	^`@`2 v >=7\J
:=< - J _Dg?>=g\2]T <\gQ: , 230 23g - >lvX<45 23g?T W 5[M 0323@D5c:l71< - <\g?58JL< 23@Ng?587?T W :l@`y65c: , 0 - E
� ���"���"���#"K��� ���E�. ���"���"���#" ���E� ���E��� � ' �@, � ���c{! ���<��=� } �
Z W ^D<nvi:l7cA.g W 5eM`5KJD@`23g\2]>=@D< g W :lg�5t5 W :c465FT[>=@D<\2]M`587?5[M T[>=@DT[587\@ g W 5e^`@ v >=7?T[5[M < - <\g?58J�I 6 E 0 OQA
5 2 g W >=^`grg :�3.23@`y 23@Ng > :=T[T[>=^`@.g :l@ - 23@`_`^`g >=7r>=^`g\_`^`g <\23yU@P:l0]<cE 1 @�_`7 :=T8g\2]T[5 >lveT8>=^D7?<?5UAp23g
2]<1@D5[T[5[<?< :l7 - g?> :l030]>�5 v >=7eT[>=@Ng\7?>=0p23@`_`^`g?<cAa:l@DM�g?> M`5c:l0"5 23g W g W 5r<\g : , 230323g - 2]<?<\^D5[<F:=<?<?>NT82 k
:lg 58M 5 23g W 23@`_`^`gmk >=^`g\_`^`gr< - <\g?58JL<cE 1 g 2]<F23@ g W 2]< T[>=@.g?5+* g g W :lg g W 5 23J _ >=7\g :l@.g @D>=g\2]>=@�>lv
, >=^`@DM`5[M.ki23@`_`^`g , >=^`@DM`5[M.k >=^`g\_D^`gHI C 1 C / Oj<\g : , 230323g - A!5 W 2]T W 5t5F@P>)5�23@Ng\7?>.M ^DT[5UA :l7\2]<?5[<cE
�F2 4N58@ g W 5d<?58g?<B>lv J :lg\7\2]T[5[< {A1, . . . , Ak} ⊂ R

n×n, {B1, . . . , Bp} ⊂ R
n×m, {C1, . . . , Cq} ⊂

R
p×n

A`T[>=@D<\2]M`587 g W 5 <45 23g?T W 5[M 23@`_`^`gmk >=^`g\_`^`gF5 �N^ :lg\2]>=@D<

ẋ = A(t)x + B(t)u
I 6 E I O

y = C(t)x.

�F5Q7 5
x(t) ∈ R

n
2]<�g W 5j<\g :lg?5d4N5[T8g?>=7cA

u(t) ∈ R
m
2]<�g W 5n23@`_`^`gcA

y(t) ∈ R
p
2]<�g W 5j>=^`g\_`^`gX:l@DM

A(t), B(t), C(t)
<45 23g?T W , 58g 5j5[58@ g W 5eJ :lg?7\2]T85[< 23@ g W 5F<?58g?< {A1, . . . , Ak}

A {B1, . . . , Bp}
A

{C1, . . . , Cq}
7?5[<\_ 5[T8g\234N580 - Aj23@ <\^DT W : 5 : - g W :lgLg W 5 J :l_`_`23@`y

t → (A(t), B(t), C(t))< :lg?23< J 58<j_`7?>=_ 587\g?235[< :l@P:l0]>=y6>=^D<tg?>xg W >U<?5123J _ >U<?5[M >=@ g W 51J :l_`_`23@`y
t → A(t)

23@ g W 5eM`5KJ`k
@D2 g?23>=@�>lvpg W 5F^`@ v >=7?T[5[M <45 23g?T W 5[M 0323@D5c:l71< - <\g?58J�I 6 E 0 OQEjS�5 23g?T W 23@`y <\23yU@P:l0]<1:l@DM <45 23g?T W 23@`y
<?5 �N^D58@DT[5[<jTc:l@ , 51M`5KJD@D5[MLv >=7n23@`_`^`gmk >=^`g\_`^`g < - <\g?58JL<d2 @ Jx^DT W g W 51< :lJL5?5 : - :=< 5j5 W :c465
MD5 JP@D5[M g W 58J v >=7 g W 5 < - <\g?58J�I 6 E 0 OQEdZ W 5 2]M`5c: , 5 W 23@DM g W 5 M`5KJD@`23g\2]>=@�>lvXC 1 C /<\g : , 230323g -
2]<ng W :lgt: , >=^`@DM`5[M 23@`_`^`gt<\23yU@P:l0

u
< W >=^`0]MLyU23465 7\2]<?5 g?>r: , >=^`@DM`5[M >=^`g\_`^`gt<\23yU@P:l0

y
^`@DM`587

g W 5 :=<?<\^`J _`g\2]>=@�>lv �c587?> 23@`23g\2q:l0�<\g :lg?5UE
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�R�$� �����)�����*~ � � � � �����6�"��� ��. � =���. � ��. +%&@+�.0�%8 � 
�O � � �,+6����� N�=�$%86� &���L�� � +�.C�3A%�#�:� N6."���%$-�

� ���,+%."+(�!��=@+%�/./�")��(�-=���+�.C��� .
η
+%���%�?."����.3N�=�$(����&9�"���/./������./�"8?�

t0
G7����&6A2=����E13� 1K�"��� ��.�+%�><��E���

u
���E1 ����&I+%5 �/.C�%�3�"��<I+%�><��E��� G�."��� � �%$ = �C+�.C��.0�9$-�-+0��=���+*�

y
+J��./�,+����-+

sup
t≥t0

‖y(t)‖ ≤ η sup
t≥t0

‖u(t)‖

1 @ : <?58@D<?5UA�2 v1: < - <\g?58J�2]<xC 1 C / <\g : , 0]5UA�g W 2]<xJL5c:l@D<xg W :lgH:l@�23@`_`^`gr<\23yU@P:l0jTc:l@`@D>=g , 5
:lJ _D0 2 JP5[M ,.- :evi:=T8g?>=7dyU7?5c:lg?587jg W :l@ <?>=JL5JD@`23g?51T[>=@D<\g :l@Ng

η
A623@L_P:=<?<\23@`y g W 7?>=^`y W g W 5 < - <mk

g 5QJ E ��5x< W :l030�@D>=geM`5c:l0+5+* _`032]T823g\0 - 5 23g W C 1 C /<\g : , 230323g - 23@�g W 2]<1g W 5[<\2]<cA , ^`g 5 23030�7Q:lg W 587
T[>=@DT[58@.g\7 :lg?5 >=@�g W 5 23@.g?587\@P:l0j<\g : , 230323g - _`7?>=_ 587\g\2]5[<r>lv g W 5L< - <\g?58J�I 6 E 0 OQE �F>)5t5846587cA�23g 2]<
23J _a>=7\g :l@.gHg?> 365[58_ 23@RJ 23@DMRg W :lgHg W 587?5 :l7?5 <\g\7?>=@`y T[>=@`@D5[T8g\2]>=@D< , 58g 5j5[58@	g W 5 :=< - J _ k
g >=g\2]TL>=7x5+* _ >=@D58@.g\2q:l0j<\g : , 230323g - >lvxI 6 E 0 O :l@DM g W 5LC 1 C / <\g : , 230323g - >lvxI 6 E I O � 0+0 8`A�8 L  E 1 @
_ :l7\g\2]T8^`0q:l7cA62 vag W 5 < - <\g?58J I 6 E 0 Op2]<+^`@`2 v >=7\J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5UA6g W 58@ g W 5 T[>=7\7 58<\_a>=@DM.k
23@`y 2 @D_`^`gmk >=^`g\_`^`gF< - <\g?58J I 6 E I O 5 23030 , 5 ^`@`2 v >=7\J 0 - C 1 C /<\g : , 0]5 _`7?>u4.2]M`5[M g W 5 J :lg\7\2]T[5[<
B(t), C(t)

:l7?5�^`@`2 v >=7\J 0 -	, >=^`@DMD58M*23@ g\23JL5UE�Z W 2]<@5 23030F>lv T[>=^`7?<?5 , 5 g W 5�Tc:=<?5R5 W 58@
B(t), C(t)

<45 23g?T W , 5Qg 5t5[58@ : JD@`23g?5Fvi:lJ 230 - >lv+J :lg\7\2]T[5[<cE

�
	��	 � � ��� � ����� ����� 	�� � ���
	 � � �
	 � � � ����� ��� ����� ���
	 � �� ���
	 �

oP>=71:l@ O.Z 1 < - <\g?58J

ΣA : ẋ(t) = Ax(t) A ∈ R
n×n,

5[<\g : , 0 2]< W 23@`y 5 W 58g W 587
ΣA

2]<B^`@`2 v >=7\J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5d>=7�@D>=g�2]<B7?580q:lg\2346580 - <\g\7 :l23y W gmk
v >=745 :l7?M E 1 @ vi:=T8gcAB23g 2]< 5t58030 k 3.@D>)5 @�g W :lg

ΣA

2]< ^`@`2 v >=7\J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5H2 v :l@DM
>=@D0 - 2 vt:l030X>lvng W 5H5823y658@.4U:l03^D5[< >lvng W 5H< - <\g?58J J :lg\7\2 *

A
032]5x23@;g W 5H>=_a58@;0]5Qv g W :l0 vt>lvng W 5

T[>=J _`0]5+*R_`0q:l@D5 � 0+0 8`A L N  E;SN^DT W J :lg\7\2]T[5[<L:l7?5@3.@D>)5 @	:=< � ��$%5 �/. �xJ :lg\7\2]T[5[<cE��1@ v >=7\g\^ k
@ :lg?580 - Auv >=7p<45 23g?T W 5[Mx0323@D5c:l7+< - <\g?58JL<�>lvDg W 5Xv >=7\J I 6 E 0 O g W 5n<\23g\^P:lg\2]>=@r2]<pT[>=@D<\2]M`587 : , 0 - JL>=7?5
T[>=J _`032]Tc:lg?5[MBE 1 @ _P:l7\g\2]T8^`0q:l7cA g W 5H5+* _ >=@D58@.g\2q:l0X<\g : , 230323g - >lvj5c:=T W >lvng W 5HT[>=@D<\g\23g\^D58@Ng O.Z 1
< - <\g 5QJL<

ΣA1
, . . . , ΣAk

2]<j@D>=g <\^10 T82]58@Ng g?>H58@D<\^D7?5eg W :lg g W 5F>u46587 :l030B< - <\g?58J 2]<t^`@`2 v >=7\J 0 -
V �
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5+* _a>=@D58@.g\2q:l0 0 - <\g : , 0]5nv >=7d:l7 , 23g\7 :l7 - <45 23g?T W 23@`y <\23yU@P:l0]<cE+Z W 2]<pvi:=T8g W :=< , 5[58@LM`58JL>=@D<\g\7 :lg?5[M
,.- <?5846587 :l0p5+*D:lJ _`0]58<1_`7?5[<?58@.g?5[M 23@ � & Q`A�6+8 A &�I +:l@DM 580]<?575 W 587?5UE 1 @ vi:=T8gcAD23g 2]< @D>=ge>c4N587\0 -
M`2 0 T8^`03gtg?> JD@DM 5+*D:lJ _`0]5[<t>lvB< - <\g?58JL<nT[>=@D<\g?7\^DT8g?5[M ,N- <45 23g?T W 23@`y , 58g 5j5[58@ 5+* _a>=@D58@Ng\2q:l030 -
<\gQ: , 0]5 O.Z 1 < - <\g?58JL<cAav >=7 5 W 2]T W g W 587?5L5+* 23<\g <45 23g?T W 23@`y�<\23yU@P:l0]<Fg W :lg 7?5[<\^`03g 23@�M 234N587\y658@Ng
g?7 :@�m5[TQg >=7\2]58<cE
� �E�)�[{� "<��R��/@�=�)*+A"�����H�[}E���)�GF /@�=��A>���c{! �<�� *$���������=�����G���	�[}E���)�GFH���

� � {�F��"<�� ~ � � ��&�� =���+%��13�%$9."���D./5�=I+*�2�2=��E1 =�$ 13�%$�� � L +%&@+�.0�%8K+
ΣA1

G
ΣA2

57���%$-�

A1 =









4.4908 −35.1122

41.8926 −6.2049









, A2 =









−5.3169 64.9156

−22.0802 4.0163









.

L�. �,+ � �@+%�"� & �%��� �%4��21 ."����. A2=�."�
A1

���E1
A2

��$-� � ��$%5 �/. �:+J= ."����. ."����� � LK+%&@+�.0�%8K+
ΣA1

���E1
ΣA2

��$-�9����� N�=�$%86� &F���%��=�� �%� ./�����"� &?+�.C�3A%�#�*O � =�5��%)��%$-G�� N 5��D$%��� �:+%�"86���>��./��=�� = N9."���

+%&@+�.0�%8

ẋ = A(t)x A(t) ∈ {A1, A2},

+�.C��$�./�"��< ��.
t = 0

5 �/."�
A(0) = A1

���E1
x(0) = (0.7, 0.3)

���E1 +%5 �/.C�%�3�"��< �%)��%$�&
π/80

+*�2�2=��E1@+95��K=3A�.C���"� ."���9$2�-+%��� ."+ +-��=�5 � �"� � �><���$2� 
�O��FA2�%�>=�5�O

V �
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8
System trajectory diverges
even though individual modes
are stable! 

x1

x
2

()+*�,�-/. � 2�� 3�4 >? @BABC�? R��UT�;Q@H>�;J;JR <H@B57T�: ; <�G	<H@I;J6U<AJ57R : ;E5 D @IM9? R%<H@B57T�? : ? @HG

� �#� ��$%� &@GBN%=�$	."�3�,+K����$�./�������>��$ +%5 �/.C�%�3�"��< +%�><��E��� GK."��� +%5 �/.C�%���21 +%&@+�.0�%8 �,+F����+�.C�3A%�#�-G:�%)��%�

."��=���<@��."���K�2=���+�./�/./���%� . +%&@+�.0�%8K+
ΣA1

G
ΣA2

��$-�6���%��=�� �%� ./�����"� &:+�.C�3A%�#�*O

Z W 5 @D5+* ge7?5[<\^`03gcAPg :�3N58@�v 7?>=J � 0 M+N�+M`5[<?T87\2 , 5[< :L<\23J _`0]5rT[>=@DM 23g\2]>=@ >=@ :Hvi:lJ 230 - >lvj5+* _ >lk
@P5Q@.g\2q:l030 - <\g : , 0]5 <\^ , < - <\g?58JL<+g W :lgXyU^P:l7 :l@.g?5[5[<dg W 5 5+* 2]<\g?58@DT[5 >lvB:FM`5[<\g : , 23032 �[23@`yr<45 23g?T W 23@`y
<\23yU@P:l0iA`<\^DT W :=<jg W :lgt23@ g W 5 : , >c4N5F5+*D:lJ _`0]5UANv >=7tg W 5 :=<?<?>NT82q:lg?5[M <45 23g?T W 5[M 0323@D5c:l7 < - <\g?58J E
� A��������GF ~ � � ��& � ��.

A1, . . . , Ak

A2� � ��$%5 �/. � 8:��./$%���%�-+ �"�
R

n×n
+J=:."����. ."���D�@+-+J=*������.0�21

� � L:+%&@+�.0�%8K+
ΣA1

, . . . , ΣAk

��$-� ���%��=�� �%� ./�����,� & +�.C�3A%�#�*O � � �M��=@+*�	."����.D."���%$-� �����#+�.D�E=�� �

� �C<M��./�")��D$-� ��� ����8?A2�%$-+
α1, . . . , αk

G��E=�.����"� � �%$2=@G +%���%��."����.
α1A1 + α2A2 + · · · + αkAk

���@+D��� �%�><3�%��)@��� ���
λ
5 �/."� �E=�� �0� ��<M��./�")��9$2�2��������$�.0O6�����%� ."���D�@+-+J=*������.0�21I+%5 �/.C�%��� 1:� �"� �2�@$

+%&@+�.0�%8 � 
�O ��� �,+��E=�.D����� N�=�$%86� & ���%��=�� �%� ./�����"� & +�.C�3A%�#�IN�=�$ ��$*A%�/./$2��$%& +%5 �/.C�%�3�"��< +%�><��E��� +*O

� ��$�."���%$%8:=�$2�-G � N
α1A1 + α2A2 + · · ·+ αkAk

���@+9��� �%�><3�%��)��@� ���95 �/."�D��=@+%�/./�")�� $2�2��������$�."G

."���%� ."���%$2�I�����,+�."+D�9���%$%��= 1����9+-5 �/.C�%�3�"��<:+%�><��E����."����. $-�-+%��� ."+9�"� � 1��")��%$�<3�%� .B./$ ���J�2�J.C=�$%&3O

� ��F FH�G�;�)���
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,e>=g?5;g W :lg 23g 2]< _a>U<?<\2 , 0]5 g?> ^D<?5;Z W 5[>=7?58J 6 E M E M , 5803>�5�g?> < W >�5�g W :lg 2 v
g W 587?5�5+* 2]<\gLT[>=@D<\g :l@.g?<

α1, . . . , αk

<\^DT W g W :lg
α1A1 + · · · + αkAk

W :=< :l@
5823y658@.4U:l03^D5 23@ g W 5 T80]>U<?5[MR7\23y W g W :l0 ve_`0q:l@D5UAXg W 58@ g W 5 < - <\g?58J!I 6 E 0 O 2]<r@D>=g
^`@`2 v >=7\J 0 - 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5 v >=7t:l7 , 23g\7 :l7 - <45 23g?T W 23@`yH<\23yU@P:l0]<cE��e>)5t5846587cA
g W 517?5[<\^`03gj>lv�Z W 5[>=7?58J 6 E M E 0 2]<n<\g\7?>=@`y6587jg W :l@ g W 2]<cA.:=<n23gj5[<\g : , 032]< W 5[<ng W :lgj2 v
α1A1+· · ·+αkAk

W :=<+:l@x5823y658@.4U:l03^D5d23@xg W 5n>=_a58@x7\23y W g W :l0 vD_`0q:l@D5UAlg W 58@x23g�2]<
_a>U<?<\2 , 0]5jg?>F> , g :l23@ :l@ ��� A2=����E13� 1 <?>=03^`g\2]>=@L>lvXI 6 E 0 OBg W 7?>=^`y W :l@ :l_`_`7?>=_`7\2q:lg?5
T W >=2]T[5e>lvB<45 23g?T W 23@`yH<\23yU@P:l0iE 1 @Lvi:=T8gcANg W 51M`5[<\g : , 23032 �[23@`yH<45 23g?T W 23@`yH<\23yU@P:l0 Tc:l@
, 5 g :�3N58@Rg?> , 5 _ 587\2]>.M 2]TUE 1 @Rg W 2]<HT[>=@.g?5+* gcAXg W 5@5t>=743�>lv V - :lg\@`23g?<43.232 :l@DM
fe:l_a>=_ >=7\g >=@ g W 5 7?580q:lg\2]>=@D< W 23_ , 58g 5j5[58@�: , <?>=03^`g?5 :l@DM	_a587\2]>NM 2]T <\g : , 230323g -
< W >=^`0]M , 5F@D>=g?5[M	� 0+0+0  E
1 gt< W >=^`0]M , 5e@D>=g?5[M g W :lgtg W 5 :l_`_`7?>6:=T W g :�3658@ 23@ � 0 M+N�a7?58032]5[< >=@ 2]M`58@.g\2 v - 23@`y
:e<\_a5[T82 JPT 5t: - 23@.5 W 2]T W 23@D<\g : , 230323g - Tc:l@L:l7?23<?5t23@Hg W 5 <45 23g?T W 5[MH0323@D5c:l7d< - <\g?58J
I 6 E 0 OQEdSN_ 5[T82 JPTc:l030 - A=23g�2]<�< W >�5 @xg W :lgp2 v`g W 5 W - _a>=g W 5[<?5[<p>lvDZ W 5[>=7?58J 6 E M E 0 :l7?5
< :lg\2]< JP5[M�g W 58@Rg W 5 < - <\g?58J�I 6 E 0 O Tc:l@ , 5[T[>=JL5 ^`@D<\g : , 0]5 g W 7?>=^`y W <?>lk Tc:l030]5[M
/ T W :lg\g?587\23@`yDs3Aa23@;: <\23J 230q:l7eJ :l@`@D587eg?> w *D:lJ _`0]5 6 E M E 0 EeZ W 2]<e2]<17?58J 23@`2]<?T[58@Ng
>lv1g W 5 M`5[<?T87\2 , 23@`y v ^`@DT8g\2]>=@	:l_`_`7?>6:=T W g :�3658@R23@ � 8+6� Iqv >=7H5+*D:lJ _`0]5uO 5 W 587?5
T[>=@DM 23g\2]>=@D< v >=7Fg W 5 5+* 2]<\g?58@DT[5 >lv :l@�>U<?T823030q:lg?>=7 - 23@D<\g : , 230323g - >lv : @D>=@ ki0323@D5c:l7
v 5[5[M , :=T 3 < - <\g?58J%:l7?5 T[>=@D<\2]M`587?5[M E

Z W 5 : , >u4N5�> , <?587\4U:lg\2]>=@D< yU234N5 7\2]<?5 g?>R: @.^`J , 587 >lv @P:lg\^D7 :l0 �N^P58<\g?23>=@P< 7?58yN:l7?M 23@`yRg W 5
<\gQ: , 230 23g - >lvx< - <\g?58JL< >lv g W 5 v >=7\J I 6 E 0 O � & Q  E ��5 @D>�5%032]<\g g W 7?5[5 >lv g W 5 J :@�m>=7 <\^DT W
�N^P58<\g?23>=@P< g?> W :c465 7?5[T[5823465[M�:lg\g?58@.g\2]>=@ 23@ g W 5 0323g?587 :lg\^`7?5 23@ g W 5 7?5[T[58@Ng _P:=<\gcE
IK2KO � �� ��=�)�l{!�u} ��/@�=�)*BA"����� �

�e587?5 5j5�:l7?5;23@.g?587?5[<\g?5[M�23@�M`58g?587\J 23@`23@`y 5 W 58@�g W 5�< - <\g?58J I 6 E 0 O 2]< ^`@`2 v >=7\J 0 -
5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5e23@ g W 5 <?58@D<?5F>lvpYF5KJD@`23g\2]>=@ 6 E M E I�� Z W 2]<t7?5 �N^`237?5[<tg W 5 < - <\g?58J
g?> , 5 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5Lv >=7H:l030j_a>U<?<\2 , 0]5 <45 23g?T W 23@`y <\23yU@P:l0]<

σ
E 1 @R_P:l7\g\2]T8^`0q:l7

V �



�S��� 
 �	� � ! ��! �7� 
��F� �"!#���%$&��� ��!��&� ���"� �&� �	���'�

g W 2]< Jr^D<\g , 5 g\7\^D5 v >=7 :l@ - T[>=@D<\g :l@Ng <\23yU@P:l0
σ(t) = i

A :l@DM W 58@DT[5 : @D5[T[5[<?< :l7 -
T[>=@DM 23g\2]>=@Lv >=7n<\g : , 230323g - ^`@DM`587j:l7 , 23g\7 :l7 - <45 23g?T W 23@`yx2]<Xg W :lgn5c:=T W >lvag W 5 T[>=@D<\g\23g\^D58@Ng
O Z 1 < - <\g?58JL<

ΣA1
, . . . , ΣAk

2]< 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5UE
IK232KO � / ��<�< � ��FH� �

� W 58@Lg W 5 < - <\g?58J I 6 E 0 O�vi:l230]<+g > , 5 5+* _a>=@D58@Ng\2q:l030 - <\g : , 035tv >=7n:l030D<45 23g?T W 23@`yx<\23yU@P:l0]<cA
g W 587?5 J : -r, 5 :F<\^ , T80q:=<?<d>lv <\23yU@P:l0]<+v >=7 5 W 2]T W g W 5 < - <\g?58J2]<d5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5UE
1 @ _P:l7\g\2]T8^`0q:l7cAN23gX2]<�3.@D>�5 @ � & Q`A$Q+6 Dg W :lgd_`7?>c4.2]M`5[M g W 5t23@.g?587\4U:l0 , 58g 5j5[58@ <\^DT[T[5[<?<\234N5
<45 23g?T W 5[< 2]< <\^10 T82]58@Ng\0 - 0]>=@`y�I <45 23g?T W 23@`y	2]< <\0]>�5�58@D>=^`y W OQA1g W 5;< - <\g?58J 5 23030 , 5
<\g : , 0]5UELZ W 5L5[<?<?58@DT[5L>lvtg W 5 M�5t58030 kig\23JL5L_`7?> , 0]58J�2]< g?> M`58g?587\J 23@D5Lg W 5HJ 23@`23Jr^`J
g\23JL5 g W :lgL@D5[5[M`<Lg?> , 5 0]5Qv g , 58g 5j5[58@*<\^DT[T[5[<?<\234N5 <45 23g?T W 5[<L23@ >=7?M`587 g?> _`7?5[<?587\465
<\g : , 230323g - E

IK23232KO 9;�c{! ���<����������H��/@�=�)*+A"�����H�)�'�E���G��*$�����
oP>=7t<45 23g?T W 5[M < - <\g?58JL<nT[>=@D<\g\7\^DT8g?5[M ,.- <45 23g?T W 23@`y , 58g 5t5[58@ : @.^`J , 587t>lvB23@DM 234.2]M ^ k
:l030 - ^`@D<\g : , 0]5r< - <\g?58JL<cA`23g12]<e<?>=JL58g\23JL5[<1_a>U<?<\2 , 0]5 g?> T[>=@D<\g\7\^DT8gF<\_ 5[T82 JPTr<45 23g?T W 23@`y
<\23yU@P:l0]<Fg W :lgF7?5[<\^`03g 23@ 5+* _ >=@P5Q@.g\2q:l030 - <\g : , 0]5Hg\7 :@�m5[T8g?>=7\2]5[< � M+M A 07I+I  EHSN^DT W <\23yU@P:l0]<
:l7?51T[>=J JL>=@`0 - 7?5Qv 587\7?5[MLg?>r:=<n<\g : , 23032 �[23@`yr<45 23g?T W 23@`yr<\23yU@P:l0]<n>=7n<?5 �N^D58@DT[5[<t:l@DM g W 2]<
_`7?> , 0]58J%2]< T[>=@DT[587\@D5[MR5 23g W 2]M`58@Ng\2 v - 23@`yLg W 5[<?5 <\23yU@P:l0]<5 W 58@ g W 5 - 5+* 2]<\gcE

� W 2 0]5 :l030 >lvDg W 5 : , >u465n_D7?> , 0]58JL<X:l7?5 , >=g W 23@Ng?587?5[<\g\23@`y :l@DMr23J _ >=7\g :l@.gcA=v >=7�g W 5nJL>U<\gp_P:l7\g
5t5 < W :l030 T[>=@DT[58@Ng\7 :lg?5e>=@L_`7?> , 0358J�IK2KO%�Ng W :lgn>lv yU^P:l7 :l@.g?5[5823@`yrg W 5 5+* _a>=@D58@Ng\2q:l0a<\g : , 230323g - >lv
<45 2 g T W 5[Mx0323@D5c:l7+< - <\g?58JL<Bv >=7+:l7 , 23g\7 :l7 - <45 23g?T W 23@`yF<\23yU@P:l0]<cEX/1^`7X:l_`_`7?>6:=T W g?>1g W 2]<�_`7?> , 0]58J
< W :l0 0 , 5rg?> 0]>N>B3 v >=7 T[>=@DM 23g\2]>=@D<Fv >=7Fg W 5H5+* 2]<\g?58@DT[5H>lv �2=�868:=�� �7&3�-� ���E=�)(N-���E�J./��=���+ v >=7
vi:lJ 23032]5[<x>lv O Z 1 < - <\g?58JL<cELS.>=JL5 >lvtg W 5 , :=<\2]TH2]M`5c:=<r:l@DM 3N5 - 7?5[<\^`03g?< ^`@DM`587\_`23@`@`23@`y�g W 5
^P<?5F>lvXT[>=J JL>=@ O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D< 23@ g W 5 <\g : , 230323g - :l@P:l0 - <\2]< >lv+<45 23g?T W 5[M < - <\g?58JL< :l7?5
M`23<?T8^D<?<?5[M 23@ g W 5 @D5+* g <?5[T8g\2]>=@BE

V 	



�S��� 
 �	� � ! ��! �7� 
��F� �"!#���%$&��� ��!��&� ���"� �&� �	���'�

�
	��	�� � ��� ��� � ��� � � ���
	 � � �
	 � � � ����� ��� ����� ���
	 � �� ���
	 �

Z W 5 T[>=@DT[58_`ge>lvn: O - :l_`^`@D>u4 v ^`@DT8g\2]>=@ W :=< _`0q: - 5[M :.365 - 7?>=0]5 23@ g W 5x<\g : , 23032 g - g W 5[>=7 - >lv
0323@D5c:l7L:l@DM�@D>=@ ki0323@D5c:l7 < - <\g 5QJL< v >=7H<?>=JL5 g\23JL5 � �BM`A 0+0 8`A 07I�0 A L.&  E 1 @�4.2]575 >lv1g W 2]<cAp23g
2]<e@D>=g <\^`7\_`7\2]<\23@`y g W :lg : T[>=@D<\2]M`587 : , 0]5L:lJL>=^`@.g >lvn7?5[T[58@Ng 5j>=743 W :=<1v >NT8^D<?<?5[M >=@�:l_`_`0 - k
23@`y <\23J 230q:l7F2]M`5c:=<eg?> <45 23g?T W 5[M;< - <\g?58JL<cE 1 @ _P:l7\g\2]T8^`0q:l7cAaJ :l@ - :l^`g W >=7?< W :c465 :lg\g?58J _`g?5[M
g > M`587\234N5HT[>=@DM 23g\2]>=@D< v >=7Fg W 5 <\g : , 230323g - >lvt<45 23g?T W 5[M < - <\g?58JL< , :=<?5[M;>=@ g W 5 5+* 2]<\g?58@DT[5 >lv
T[>=J JL>=@RO - :l_`^`@D>u4Lv ^`@DT8g\2]>=@D<nv >=7jg W 58237 T[>=@D<\g\23g\^D58@.g < - <\g?58JL<cE 1 @ g W 2]<tT[>=@Ng?5+* gcA g 5t> v ^`@ k
MP:lJL5Q@.g :l0+vi:=T8g?< W :c465r@D>�5 , 5[58@�5[<\g : , 032]< W 5[M�v >=7 <45 23g?T W 5[M;0323@D5c:l7 < - <\g?58JL<cE op237?<\g >lv :l030iA
2 vjg W 5HT[>=@D<\g\23g\^D58@.g < - <\g?58JL<F>lvng W 5H<45 23g?T W 5[M 0323@D5c:l7 < - <\g?58J I 6 E 0 O W :[4N5 : T8>=J JL>=@ O - :uk
_D^`@D>c4 v ^`@DT8g\2]>=@BA`g W 58@ g W 5 >c4N587 :l030B< - <\g?58J 2]< 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5ev >=71:l7 , 23g\7 :l7 - <45 23g?T W k
23@`y <\23yU@P:l0]<cE1hj>=@.46587?<?580 - A : @.^`J , 587F>lvn:l^`g W >=7?< W :[4N5x< W >)5 @ g W :lg12 vXg W 5r< - <\g?58J I 6 E 0 O 2]<
^D@`2 v >=7?J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5 v >=7 :l7 , 23g\7 :l7 - <45 23g?T W 23@`y;<\23yU@P:l0]<cA+g W 58@R23g?<rT[>=@D<\g\23g\^D58@Ng
< - <\g 5QJL< W :c4651: T[>=J JL>=@@O - :l_`^`@D>u4rv ^`@DT8g\2]>=@BE ��5 < W :l030D@D>�5 M 2]<?T8^D<?<d<?>=JL5 >lvag W 5 J :@�m>=7
7 58<\^D0 g < >lv+g W 2]< g - _ 5F23@ JL>=7?5 M`58g :l230iE
Zp> , 58yU23@.5 23g W 5t5t<\g :lg?5 :17?5[<\^`03gXM ^D5tg?>F9 >=0]T W :l@D>c4 :l@DM V - :lg\@`23g?<43.2 - E+Z W 2]<+g W 5[>=7?58J 5t:=<
>=7?2 yU23@P:l030 - _`7?>u4658@�23@ � 8 & �v >=7 0323@D5c:l7FM 2�� 587?58@Ng\2q:l0p23@DT803^D<\2]>=@D< , ^`g 5j5 yU234N5 g W 5 7?5[<\^`03gF:=< 23g
:l_D_`03235[< g?> <45 23g?T W 5[M 0323@D5c:l71< - <\g?58JL< >lv+g W 5ev >=7\J�I 6 E 0 OQEdCt5Qv >=7?5 <\g :lg\23@`yLg W 5Fg W 5[>=7?58J A�5j5
@P585[M g?> 23@.g\7?>NM ^DT[5 <?>=JL5x@D>=g :lg\2]>=@�:=< 5j58030d:=<e7?5[Tc:l0 0d: v 575 , :=<\2]TrT[>=@DT[58_`g?<ev 7?>=J�T[>=@.465+*
:l@ :l0 - <\2]< � 0+0 &  E
�F2 4N58@ : _ >=23@.g

x ∈ R
n
AU:l@PMxg W 5j<?58g A = {A1, . . . , Ak} ⊂ R

n×n
A Ax

< W :l030 M`58@D>=g?5jg W 5j<?58g
{A1x, . . . , Akx} ⊂ R

n E oD>=7F: _a>U<\23g\23465 23@.g?58y6587 k
A�5j5x< : - g W :lgF:Hv ^`@DT8g\2]>=@

V : R
n → R2]<eIK_ >U<\23g\234N580 - O W >=JL>=y658@D5[>=^D<j>lvBM`58yU7?5[5

k
2 v

V (λx) = λkV (x)
v >=7j:l030

x ∈ R
n
A.:l@DM

λ ∈ RI
λ > 0

OQEXop23@P:l030 - A�5t5F7?5[Tc:l030 g W 5 M`5KJD@`23g\2]>=@�>lvpg W 5 >=@D5Qk <\2]M`5[M M 237?5[T8g\2]>=@P:l0pM`587\234U:lg\23465Fv >=7 :
T[>=@.4N5+* v ^`@DT8g\2]>=@

V : R
n → R

:lge:r_a>=23@Ng
x ∈ R

n
23@ g W 5 M 237?5[T8g\2]>=@�>lv

y ∈ R
n
� 0+0 &  E

∂V (x)

∂y
= inf

t>0

V (x + ty) − V (x)

t

� A��������GF ~ � � � ~ ������=�$%�><��"� �,+	� ����� N�=�$%86� & ���%��=�� �%� ./�����"� & +�.C�3A%�#� � �����"� �CA%$%�"��8 = N ."���

V �



�S��� 
 �	� � ! ��! �7� 
��F� �"!#���%$&��� ��!��&� ���"� �&� �	���'�

+%&@+�.0�%8 � 
�O ��� G �"� ."��� +*�%��+*�F= N��K��� ���/./��=�� 
�O���O � � ."����. �,+-G N%=�$F��$*A%�/./$2��$%& +%5 �".C���M�"��< +%�>< �

�E��� +�� G9� N ���E1 =���� & � N ."���%$2� �����,+�."+	� +�./$%���J./� & �-=���)����@G ��=@+%�/./�")��	13��� ���/.0� N-���E�J./��=��
V (x)

G

��=�8:=-<3�%� � =��3+6= N913�C<�$2�-� 
�G�= N ."����N�=�$%8

V (x) = xTL(x)x
57���%$-� L(x) ∈ R

n×n ���E1

L(x)T = L(x) = L(cx)
N�=�$K���,���E=�� ��� �%$ =

c ∈ R, x ∈ R
n,

57��=@+*�K13�%$%�")@��./�")��6���>=���< ./$ ���J�2�J.C=�$%�C�-+K= N ."��� +%&@+�.0�%8 � 
�O ���6+J��./�,+����-+

max
y∈Ax

∂V (x)

∂y
≤ −γ‖x‖2

N�=�$ +J=�8?�
γ > 0

O

� ��F FH�G�;�)���

Z W 5 v ^`@PTQg?23>=@
V (.)

:l_`_a5c:l7\23@`yH23@ Z W 5[>=7?58J 6 E M E 6rM`5KJD@D5[< : T[>=J JL>=@�O - :l_`^`@D>c4 v ^`@PTQg?23>=@
v >=7 5c:=T W >lvjg W 5HT[>=@D<\g\23g\^D58@.g O Z 1 < - <\g?58JL<

ΣA1
, . . . , ΣAk

:=<?<?>.T82q:lg?5[M 5 23g W g W 5H<45 23g?T W 5[M
0323@D5c:l7+< - <\g?58J I 6 E 0 OQEpZ W ^D<�2 vP: <45 23g?T W 5[Mx0323@D5c:l7p< - <\g?58J 2]<B^`@`2 v >=7\J 0 - 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5
v >=7F:l7 , 23g\7 :l7 - <45 23g?T W 23@`y <\23yU@P:l0]<cAP<\^DT W :LT[>=J JL>=@ O - :l_`^`@P>c4 v ^`@DT8g\2]>=@�2]<1yU^P:l7 :l@.g?5[5[M�g?>
5+* 2]<\gcE ,e>=g?5 W >�5j584N587 g W :lg g W 5 v ^`@DT8g\2]>=@

V (.)
@D5[5[M*@D>=g , 5;:�<\JL>N>=g W I >=7 584658@

C1 O
v ^`@PTQg?23>=@��UE C :=<?5[M;>=@;g W 5L: , >u465r7 58<\^D0 guA 9 >=0]T W :l@D>u4;:l@DM V - :lg\@`23g?<43.2 - W :c4N5 :l0]<?> < W >)5 @
g W :lg g W 5�T[>=@D<\g\23g\^D58@.g�< - <\g?58JL< >lvL:R^`@`2 v >=7\J 0 - 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5�<45 23g?T W 5[M�0 23@D5c:l7
< - <\g 5QJ|:l0 5t: - < W :c465dT[>=J JL>=@ O - :l_`^`@D>u4ev ^`@DT8g\2]>=@D<�>lv _`2]5[T[575 2]<?5��N^P:=M 7 :lg\2]Tn:l@DM _`2]5[T[575 2]<?5
0323@D5c:l7jg - _ 5UE+Z W 5[<?51_P:l7\g\2]T8^`0q:l7jg - _a5[<n>lv�O - :l_`^`@D>u4Hv ^`@DT8g\2]>=@D<t< W :l030 , 51M 2]<?T8^D<?<?5[ML23@ JL>=7?5
MD5QgQ:l2 0�23@ 0q:lg?5871<?5[T8g\2]>=@D<cE
� W 2 0]5eg W 5 O - :l_`^`@D>u4 v ^`@PTQg?23>=@ :l_`_a5c:l7\23@`y 23@ Z W 5[>=7?58J 6 E M E 6x2]<j@D>=gt@D5[T[5[<?< :l7\230 - <\JL>.>=g W A
:x<\23J 230q:l7j7?5[<\^`03gcA M ^D51g?>rY : - :)5t:l@D< :r:l@DM 9 :l7\g\23@ � 6��  A.< W >)5 <jg W :lgj2 vBg W 5e< - <\g?58J�I 6 E 0 Od2]<
^D@`2 v >=7?J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5tv >=7n:l7 , 23g\7 :l7 - <45 23g?T W 23@`yx<\23yU@P:l0]<cA6g W 58@Lg W 587?5t2]<n:F<\JL>.>=g W
T[>=J JL>=@ O - :l_`^`@D>c4;v ^`@PTQg?23>=@�v >=7 23g?<xT[>=@D<\g\23g\^D58@.gH< - <\g?58JL<cE 9 >=7?5 <\_ 5[T82 JPTc:l030 - A+g W 5Hv >=0 k
� �

C1
LNO�R%A @I? M R ? <&59D	? � ;JPI;JR @I? 57T�: ; LNO�R%A @I? M R >? @IC AQM R�@I? R�O�M O%< �%PB<H@8%57P�@I? 57: D ;JPI? �75/@I? � ;E< �

� �



�S��� 
 �	� � ! ��! �7� 
��F� �"!#���%$&��� ��!��&� ���"� �&� �	���'�

0]>�5 23@`y 7?5[<\^`03g 2]< _`7?>c4N58@ 23@ � 6�� �5 W 587?5 g W 5x:l^`g W >=7?<1^D<?5Fg W 5 g?587\J%032 @P5[:l71_a>=0 - < - <\g?58J v >=7
5 W :lg5t5x:l7?5 Tc:l030323@`y : <45 23g?T W 5[M 0323@D5c:l7e< - <\g?58J E

� A��������GF ~ � � � � � =�$D."��� +%5 �/.C�%���21?� �"� � ��$ +%&@+�.0�%8 � 
�O ���:."����N�=��"�>=�5 �"��< ��$2�6�������")@���#�%� .0O

� � � ����� =�$%�><��"�F�,+ �K����� N�=�$%86� &:���%��=�� �%� ./�����"� &K+�.C�3A%�#�9�������"� �CA%$%�"��8 N�=�$ ��$*A%�/./$2��$%&D+%5 �/.C�%� �

�"��<I+%�><��E��� +*O

� �"� � ����� =�$%�><��"�:�,+B� ����� N�=�$%86� & �@+%&�8(�E.C=�./���2���"� & +�.C�3A%�#� � �����"� �CA%$��,��8 N�=�$ ��$*A%�/./$ ��$%&(+%5 �/.C�%� �

�"��<I+%�><��E��� +*O

� �"�"� � �����%$-�6�,+I�
C1 ��=@+%�/./�")��:13��� ���/.0� N2���E�*./�/=��

V : R
n → R

G7��=@+%�/./�")��%� & ��=�8:=2<3�%� �2=��3+

= N	13�C<�$2�-� 
 +%���%� ."����. ∇V (x)Aix
�,+�� � �C<M��./�")�� 13��� ���/.0�DN-���E�J./��=�� = N

x
N�=�$����,�

Ai ∈ A O

� �") � �����%$-�K�,+6�
C∞ ��=@+%�/./�")��I13��� ���/.0�BN-���E�J./��=��

V : R
n → R

+%���%� ."����. ∇V (x)Aix
�,+

�?� ��<M��./�")��613��� ���/.0� N-���E�J./��=�� = N
x
N�=�$K�@�"�

Ai ∈ A O �

Z W 5Xg 5t> 7?5[<\^`03g?<p: , >c4N5d5[<\g : , 032]< W g W :lg�g W 5d5+* 2]<\g?58@DT[5d>lvP: T[>=J JL>=@ O - :l_`^`@D>c4Fv ^`@DT8g\2]>=@ v >=7
g W 51T[>=@D<\g\23g\^D58@Ng < - <\g?58JL<n>lv�:x<45 23g?T W 5[M 0323@D5c:l7t< - <\g?58J 2]<j<\^10 T82]58@Ngnv >=7n23g?<n^`@`2 v >=7\J 5+* _ >lk
@P5Q@.g\2q:l0a<\g : , 230323g - :l@DM AN_a587 W :l_D<nJL>=7?5e<\23yU@`2 JPTc:l@.g\0 - A.g W :lgng W 5eT[>=@N4N587?<?5 2]<t:l0]<?> g\7\^D5UEXZ W :lg
2]<cADg W :lg1g W 5xT[>=@D<\g\23g\^D58@.gF< - <\g?58JL<1>lvn:L<45 23g?T W 5[M 0323@D5c:l7F< - <\g?58J g W :lge2]< ^`@`2 v >=7\J 0 - 5+* _ >lk
@P5Q@.g\2q:l030 - <\g : , 0]5j^`@DM`587n:l7 , 23g\7 :l7 - <45 23g?T W 23@`yx:l0 5t: - < W :c465 :eT8>=J JL>=@	O - :l_`^`@D>c4 v ^`@PTQg?23>=@�E
G	@N^`J , 587X>lvP>=g W 587X:l^`g W >=7 < W :[4N5n> , g :l23@D5[MH<\23J 230q:l7p7?5[<\^`03g?<cA=23@DT803^DM 23@`y Cj7 : - g?>=@ :l@DMrZp>=@`y
23@ � 0 & �5 W 587?5 :eT[>=@.46587?<?5jg W 5[>=7?58Jv >=7+M 2]<?T87?58g?5Qkig\23JL5 < - <\g?58JL<"5t:=<X5[<\g : , 032]< W 5[M E+Z W 5�5j>=743
_D7?5[<?5Q@.g?5[M 23@ � �BN�d:l@DM � 0+07I +2]< :l0]<?>@5j>=7\g W JL58@.g\2]>=@`23@`y 23@;g W 2]<e7?58yN:l7?M EFoD^`7\g W 587\JL>=7?5UAB:
4N587?<\2]>=@ >lvXZ W 5[>=7?58J 6 E M E Mrv >=7 <45 23g?T W 5[M @D>=@ ki0323@D5c:l7e< - <\g?58JL< 5 :=< _`7?>c4N58@ 23@	� � L  E
Z W 5;: , <\g\7 :=T8g 7?5[<\^`03g?< >lv g W 2]< <?5[T8g\2]>=@�:=<?<\^`7?5 ^P< g W :lg 2 vr:�<45 23g?T W 5[M 0323@D5c:l7 < - <\g?58J 2]<
^D@`2 v >=7?J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5 v >=7 :l7 , 23g\7 :l7 - <45 23g?T W 23@`y;<\23yU@P:l0]<cA+g W 58@R23g?<rT[>=@D<\g\23g\^D58@Ng

� � LNO�R%A @I? M R ? <
C∞

? L�? @&C%5 <AQM R @I? R O�M O%<S8%57P�@I? 57: D	;JPI? �/5/@I? � ;E< M7L�57: : M PBD	;JPB< �

� �



�S��� 
 �"!#���%$&������!��&� ���"� �&� �	���'������� � ����� ���&
 � � ��������!H
����

< - <\g 5QJL< W :[4N5F:xT[>=J JL>=@�O - :l_`^`@D>c4Lv ^`@DT8g\2]>=@BE 1 @ >=7?M`587tg?>xJ :�3N51^D<?5e>lv�g W 5[<?517?5[<\^`03g?<j23@
_D7 :=T8g\2]T85 W >�5j584N587cAG5t51@D5[5[MD5 : - <t>lvp<?5c:l7?T W 23@`yrv >=7tT[>=J JL>=@RO - :l_D^`@D>c4Lv ^`@DT8g\2]>=@D< :l@DM >lv
MD5Qg 5Q7?J 2 @D2 @DyR5 W 58g W 587 >=7F@D>=g g W 5 - 5+* 2]<\gcE 1 @;g W 5r@D5+* g <?5[T8g\2]>=@BA%5t5H< W :l030 , 7\2]5%
 - 7?584.2]575
<?>=JL5H>lvjg W 5rg?5[T W @`2 �N^D5[<Fg W :lg W :c465 , 5[58@ M`584N580]>=_ 5[M;g?> <?5c:l7?T W v >=7 O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D<
>lv+4U:l7\2]>=^D< g - _a5[<tv >=7 <45 23g?T W 5[M 0323@D5c:l71< - <\g?58JL<cE

����� � � � �� ����
 ��� 
�� � � ��� �  � ��� � 

�� � �	� ��
�� � � ��
� 	
�����
��

1 @L>=7?M`587dg?> :l_`_`0 - g W 5 7?5[<\^`03g?<dM`5[<?T87\2 , 5[M 23@Lg W 5t_`7?584.2]>=^D<d<?5[T8g\2]>=@Lg?> :l@P:l0 - <?5tg W 5 <\g : , 230323g -
>lvB<45 2 g T W 5[ML0323@D5c:l7j< - <\g?58JL<cA$5j5 @D5[5[ML7?58032q: , 0]5 JL58g W >.M`<j>lvB<?5c:l7?T W 23@`y v >=7cAN>=7nMD5Qg 5Q7?J 2 @D2 @Dy
g W 5;5+* 23<\g 5Q@PT85 >lv\A?O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D<cE / vrT[>=^`7?<?5UA123g 2]< @D>=g v 5c:=<\2 , 0]5 g?>RT[>=@DM`^DT8g :
<?5c:l7?T W >u46587 g W 5 58@Ng\237?5�T80q:=<?< >lvr_a>U<?<\2 , 0]5 O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D<cA :l@DM*v >=7 g W 2]< 7?5c:=<?>=@BA
g W 5rT8>=J JL>=@;_`7 :=T8g\2]T[5r2]<eg?>L7?5[<\g\7\2]T8g >=^`7?<?5803465[<eg?> <?5c:l7?T W 23@`y v >=7 O - :l_`^`@D>c4 v ^`@DT8g\2]>=@D<F>lv
<\_a5[T82 JPTFv >=7\JL<cEdZ W 5 JL>U<\g T[>=J JL>=@�g - _ 5[<1>lvpv ^`@DT8g\2]>=@D< ^D<?5[M 23@ _`7 :=T8g\2]T[5r:l7?5 �N^P:=M 7 :lg\2]TUA
_D235[T[575 2]<?5Qk �N^P:=M 7 :lg?2]T :l@DM _`2]5[T[575 2]<?5Qki0323@D5c:l7 v ^`@DT8g\2]>=@D<cE 1 @ g W 2]<t<?5[T8g\2]>=@BA�5j5F< W :l030 M`5[<?T87\2 , 5
<?>=JL5H>lvdg W 5rg?5[T W @`2 �N^D5[<ev >=7 :l_`_`0 - 23@`y�O - :l_`^`@D>c4 v ^`@DT8g\2]>=@D<eg?> g W 5r<\g : , 230323g - :l@P:l0 - <\2]<F>lv
<45 2 g T W 5[M < - <\g?58JL< g W :lg W :c4N5 , 5[58@�M`584N580]>=_ 5[M 23@ 7?5[T[58@.g - 5c:l7?<cE

�
	�
 	�� � � 	 	 ���� � � � 	������� � ��� ��� � � � � � � � ���������

V 587 W :l_D<xg W 5 JL>U<\g vi:lJ 23032q:l7xg - _ 5L>lv?O - :l_`^`@D>u4 v ^`@PTQg?23>=@�2]< g W :lg yU234N58@ ,.- :��N^P:=M 7 :lg\2]T
v >=7\J

V (x) = xT Px
E Z W 5x<\g : , 230323g - :l@P:l0 - <\2]<e>lv O Z 1 < - <\g?58J < 2]<eT[>=J _`0]58g?580 - T[>c4N587?5[M ,.-

<\^PT W v ^`@DT8g\2]>=@D< :=< 5+* _ >=@D58@.g\2q:l0d<\g : , 230323g - 2]< 5 �N^`234U:l0]58@Ng g?> g W 5H5+* 2]<\g?58@DT[5H>lv :��N^P:=M 7 :lg\2]T
O - :l_`^`@D>u4	v ^`@DT8g\2]>=@*23@*g W 2]< Tc:=<?5 � 0+0 8 A 07I�0  E oP>=7 g W 5�<45 23g?T W 5[M 0323@D5c:l7 < - <\g?58J I 6 E 0 OQA
23g v >=030]>)5 < v 7?>=J Z W 5[>=7?58J 6 E M E M;g W :lgL2 vFg W 587?5 5+* 2]<\g?<L: T[>=J JL>=@��N^P:=M 7 :lg\2]T O - :l_`^`@D>u4
v ^`@PTQg?23>=@Iih)( OBodOQA

V (x) = xT Px
Adv >=7Lg W 5 T[>=@D<\g\23g\^D58@Ng < - <\g?58JL<

ΣA1
, . . . , ΣAk

Ajg W 58@
� V



�S��� 
 �"!#���%$&������!��&� ���"� �&� �	���'������� � ����� ���&
 � � ��������!H
����

g W 5r>u46587 :l030X< - <\g?58J 2]<e^`@`2 v >=7\J 0 - 5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5xv >=7 :l7 , 23g\7 :l7 - <45 23g?T W 23@`y <\23yU@P:l0]<cE
V :l7\gt>lvBg W 5e:l_`_a5c:l0a>lv ^D<\23@`yH<\^DT W v ^`@DT8g\2]>=@D<tT[>=JL5[<dv 7?>=J g W 5 vi:=T8gng W :lgjg W 51T[>=@DM 23g\2]>=@ v >=7
V (x) = xT Px

g?> , 5F:Hh)( OBo�v >=7
ΣA1

, . . . , ΣAk

Tc:l@ , 5 5 7\23g\g?58@ 23@ : 4N587 - <\23J _`0]5e0 23@D5c:l7
:l03y65 , 7 :l2]Trv >=7\J ExSN_a5[T82 JPTc:l030 - � & Q A 0 M+M  A

V (x) = xT Px
2]< : h)( OBo v >=7

ΣA1
, . . . , ΣAk

2 v
:l@PM >=@`0 - 2 v

P = P T > 0
I 6 E L O

AT
i P + PAi < 0

v >=7
1 ≤ i ≤ k.

Zp> MD:lg?5UAjJx^DT W 5t>=743 W :=< , 5[58@ Tc:l7\7?235[M >=^`gL>=@	g W 5 _`7?> , 0]58J�>lvxh)( OBo(5+* 2]<\g?58@DT[5 v >=7
vi:lJ 23032]5[< >lv�O Z 1 < - <\g?58JL< :l@DM�: @N^`J , 587 >lvjg W 5[>=7?58g\2]Tc:l0d7?5[<\^`03g?< :l7?5r@D>�5 :c4U:l230q: , 0]5 � 0 N 0 A
0 M+M`A 0 6+Q`A�8+8  E+oD^`7\g W 587\JL>=7?5UAN23gn2]<X23J _a>=7\g :l@.gng?> @D>=g?5 g W :lgng W 5 T[>=@DM 23g\2]>=@D<jyU2 4N58@ ,.- I 6 E L O
MD5 JP@D5H:L< - <\g?58J >lvX0323@D5c:l7FJ :lg\7\2 * 23@D5 �N^P:l0323g\2]5[< I�OB9 1 <QOt23@ g W 5xM`5[T82]<\2]>=@ 4U:l7\2q: , 0]5

P
Aa:l@DM

W 5Q@PT85HJL>NM`587\@;@.^`JL587\2]Tc:l0Xg?5[T W @`2 �N^D5[<ev 7?>=J g W 5rg W 5[>=7 - >lvjT8>=@.4N5+* >=_`g\23J 2 �u:lg\2]>=@�Tc:l@ , 5
:l_D_`03235[M�g?> M`58g?587\J 23@D5 5 W 58g W 587F>=71@D>=gF: h)( OBo 5+* 2]<\g?< � 0 6`A 0 M� E �e>)5t5846587cAP2 ge< W >=^`0]M , 5
@P>=g?5[M g W :lg�g W 587?5j:l7?5n<?>=JL5X2]<?<\^D5[<E5 23g W g W 5d@.^`JL587\2]Tc:l0`:l_`_`7?>6:=T W g?>Fh)( OBo 5+* 2]<\g?58@DT[5UAU:l@DM
g W :lgpg W 5ny658@D587 :l0`g W 5[>=7?58g\2]Tc:l0`_`7?> , 0]58J >lv M`58g?587\J 23@`23@`yx:l@P:l0 - g\2]T :l@DMr4N587\2 J : , 0]5tT[>=@DM 23g\2]>=@D<
g W :lgt:l7?515 �N^`234U:l0]58@.gng?>Hh)( OBo�5+* 2]<\g?58@DT[5 2]<j<\g\23030 >=_ 58@BEXZ W 51_`7?> , 0]58J >lvph)( OBo�5+* 2]<\g?58@DT[5
< W :l0 0 , 5F: J :@�m>=7ng?>=_`2]T1g W 7?>=^`y W >=^`gtg W 2]<ng W 5[<\2]<t:l@DM@5j5e< W :l030 W :[4N5 Jr^DT W JL>=7?51g?>x< : - >=@
g W 2]< �N^P58<\g?23>=@ :l@DMHg W 51:l_`_`7?>6:=T W 5[<dg?> 23gcAU@.^`JL587\2]Tc:l0 :l@DML>=g W 58745 2]<?5UA623@ 0q:lg?587nT W :l_`g?587?<cE 1 @
_ :l7\g\2]T8^`0q:l7cAUM`58g :l230]5[M , :=T 3.yU7?>=^`@DMr>=@xg W 5d_D7?> , 0]58J(:l@DMr: 7?584.2]575 >lv`g W 5n7?580]584U:l@Ngp0323g?587 :lg\^`7?5
:l7 5F_`7?5[<?58@.g?5[M 23@ g W 5 @D5+* g T W :l_`g?587cE
� W 2 0]5 �N^P:=M 7 :lg\2]T O - :l_`^`@D>u4LvK^D@DT8g\2]>=@D<j_ >U<?<?5[<?<jJ :l@ - :=M 4U:l@.g :ly65[<cA.23g W :=< , 5[58@ @D>=g?5[M ,.-
4U:l7\2]>=^D<+:l^`g W >=7?< � 6��.A 0 �.A 0 6 L Ng W :lgXh)( OBo 5+* 2]<\g?58@DT[5dJ : -F, 5j: T[>=@D<?587\4U:lg\234N5 5t: - >lvD5[<\g : , k
032]< W 23@`yF5+* _a>=@D58@Ng\2q:l0`<\g : , 230323g - v >=7�y658@D587 :l0 <45 23g?T W 58Mr032 @P5[:l7X< - <\g?58JL<�>=7�0323@D5c:l7pg\23JL5Qki4U:l7 - 23@`y
< - <\g 5QJL<cE 1 @ _P:l7\g\2]T8^`0q:l7cAP:l@ 5+*D:lJ _`0]5 W :=< , 5[58@ M`5[<?T87\2 , 5[M 23@�� 6��  g W :lg 230303^D<\g\7 :lg?5[<tg W :lgt23g
2]< _ >U<?<\2 , 0]5rv >=7 : <45 23g?T W 5[M;0323@D5c:l7 < - <\g?58J�g?> , 5H^`@`2 v >=7\J 0 - 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5H^`@DM`587
:l7 , 23g\7 :l7 - <45 23g?T W 23@`yx584658@ 2 va23g?<dT8>=@P<\g\23g\^D58@Ngn< - <\g?58JL< W :c465t@D>rh)( OBotE6Z W 2]< W :=<+@P:lg\^D7 :l030 -
0]5[Mxg?> g W 5nT[>=@D<\2]M`587 :lg\2]>=@H>lvP>=g W 587cAl_a>=g?58@Ng?2]:l030 - 0]58<?<�7?5[<\g\7\2]T8g\23465UAUT80q:=<?<?5[<�>lv�O - :l_`^`@D>u4Fv ^`@DTQk

� �



�S��� 
 �"!#���%$&������!��&� ���"� �&� �	���'������� � ����� ���&
 � � ��������!H
����

g?23>=@P<F23@ g W 5H0323g?587 :lg\^`7?5UEL/1@D5 5c:l7\0 - 5+*D:lJ _`0]5 >lvjg W 5H^D<?5 >lv : @D>=@ k �N^P:=M 7Q:lg\2]T	O - :l_`^`@D>u4
v ^`@PTQg?23>=@ v >=7 M`58JL>=@D<\g\7 :lg\23@`y�g W 5 <\g : , 230323g - >lv :;g\23JL5Qki4U:l7 - 23@`yR< - <\g?58J 2]< yU234N58@ ,.- g W 5
<?>lk Tc:l030]5[M O ^`7cs 5 V >U<\g\@`2 3N>c4HO - :l_`^`@D>c4 v ^`@DT8g\2]>=@D<cE Z W 5[<?5 v ^`@DT8g\2]>=@D<rT[>=J , 23@D5 �N^P:=M 7 :lg\2]T
:l@PM 23@Ng?58yU7 :l0Xg?587\JL< :l@DM :l7?>U<?5r23@ T[>=@`@D5[T8g\2]>=@H5 23g W g W 5HT80q:=<?<\2]Tc:l0 V >=_ >u4 <\g : , 230323g - T87\23g?5Qk
7?23>=@ � 07I�0 A L.& A 0 N+Q  E ��5 < W :l030X@D>�5 M 2]<?T8^D<?<x: @.^`J , 587x>lv >=g W 587 JL>=7?5 y658@D587 :l0dg - _a5[< >lv
O - :l_`^`@D>u4 v ^`@DT8g\2]>=@�g W :lg W :c465x:l_`_a5c:l7?5[M 23@ g W 5 0323g?587 :lg\^`7?5x>=@ g W 5x<\g : , 230323g - >lvd<45 23g?T W 5[M
< - <\g 5QJL< >c4N587 g W 5 _P:=<\g @.^`J , 5871>lv - 5c:l7?<cE

�
	�
 	 � � ������� � � � � ����� ���
	 � �� ���
	 � ����� � � � ��� � 	�� ����� � 	��

oP>=7 T[587\g :l23@�T80q:=<?<?5[< >lvX<45 23g?T W 5[M 0323@D5c:l71< - <\g?58JL<cA.g W 5 yU0]> , :l0B@P:lg\^`7?5 >lv+g W 5 T[>=@DM 23g\2]>=@D< 23@
I 6 E L OXTc:l@ , 5 ^`@DM ^`0 - 7?5[<\g\7\2]T8g\23465UEXG1@L5+*D:lJ _`0]51>lvB<\^DT W : T80q:=<?<d2]<Xg W :lgj>lva_`2]5[T[575 2]<?5Qki0323@D5c:l7
< - <\g 5QJL<cE+oD>=7j<\^DT W < - <\g?58JL<cAUg W 51<45 23g?T W 23@`y :=TQg?23>=@ 2]<n<\gQ:lg?5Qk M`58_ 58@DM`58@.g :l@DMLg - _`2]Tc:l030 - g W 5
<\gQ:lg?5 <\_P:=T[5 2]<H_P:l7\g\23g\2]>=@D5[M 23@Ng?>�: @N^DJ , 587L>lve7?58yU2]>=@D< I >lv g?58@	_ >=0 - W 5[M 7 :l0KO

Ω1, . . . , Ωk

A
5 2 g W g W 5 M - @P:lJ 2]T[<?5 23g W 23@

Ωi

yU234N58@ ,.-
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W :c465
: h)( OBotA!5 W 587?5
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f15[T[58@.g\0 - Aug W 5X_`7?> , 0]58J >lvPh)( OBo 5+* 2]<\g?58@DT[5+v >=7B<?5[T[>=@DM >=7?M`587�< - <\g?58JL< W :=< , 5[58@r:=M`M 7?5[<?<?5[M
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g 5t5[58@ :e_P:l237d>lva<\^DT W < - <\g?58JL<cEpoP>=7\J :l030 - A60]58g
A1, A2

, 5 �1^`745 23g�� J :lg\7\2]T[5[<d23@LT[>=J _P:l@`2]>=@
v >=7\J 23@

R
n×n

AD:l@DM T[>=@D<\2]M`587 g W 5 < - <\g?58J

ẋ = A(t)x A(t) ∈ {A1, A2}.
I M E 0 86O

��5 < W :l030pM`5[<?T87\2 , 5 7 58<\^D0 g < , 580]>�5 g W :lg1yU234N5 @D5[T[5[<?< :l7 - :l@DM�<\^10 T82]58@.geT[>=@DM 23g\2]>=@D<1v >=7 g W 5
O Z 1 < - <\g?58JL<

ΣA1

A
ΣA2

g?> W :[4N5;:	h)( OBotE 1 g < W >=^`0]M , 5 _ >=23@.g?5[M�>=^`g g W :lg <?>=JL5;>lv
g W 5 7?5[<\^`03g?< M 2]<?T8^D<?<?5[M W 587?5R5j587?5RJD7?<\g M 2]<?T[>u46587?5[M 23@*:�M 2�� 587?58@.g T[>=@.g?5+* gcA ,N- :l^`g W >=7?<
23@.4N5[<\g\23yN:lg\23@`y g W 5 _`7?> , 0]58J >lve: , <?>=03^`g?5 <\g : , 230323g - v >=7rg W 5 T80q:=<?<H>lv @D>=@ ki0323@D5c:l7Hv 585[M , :=T 3
< - <\g 5QJL<3.@P>)5 @ :=< O ^`7cs 5x< - <\g?58JL< � 07I�0 A�Q+M`A L�0  Et/1@D5x>lv+g W 5 JL>U<\g v ^`@DMD:lJL58@Ng :l0�7?5[<\^`03g?<
MD5Q7?2 4N5[M 23@xg W 2]<p:l7?5c: 2]<Bg W 5n<?>lk Tc:l030]5[M�� :l03J :l@ k �t:�3.^ , >u4.2]TQk V >=_a>c4aAU>=7 ��� V A�OB58J J :?5 W 2]T W
2]<pyU234N58@ , 580]>�5 :=<+Z W 5[>=7?58J M E L E 6 E ,e>=g?5ng W :lgd:1@N^`J , 587d>lv M 2�� 587?58@Ng+4N587?<\2]>=@D<+>lvPg W 5 ��� V
O�5QJ J : W :c465 , 5[58@�M`587\23465[M ,.- 4U:l7\2]>=^D<1:l^`g W >=7?< � L�0 A 07I�0 A�Q+M  E

� A��������GF � � � � ~ � ��.K� � ��$%5 �/. �	8:��./$%� �
A ∈ R

n×n
GI�-=�� ��86� )�� �J.C=�$-+

b, c ∈ R
n
���E1

γ > 0
�"�

R
A-�6<��")��%� O � � �M��=@+*� ."����.(."���9�����"$

(A, b)
�,+ �2=�8(� �#��.0�%� & �-=�� ./$ =��"�>�3A%�#��� � �����2G

���E1 ."����.

γ

2
+ Re{cT (jωI − A)−1b} > 0

N�=�$D���"�
ω ∈ R.

I M E 0 Q6O
� ����� ."���%$-�I�,+K+J=�8?�6$-� ���

ε > 0
G(�6��= +%�/./�")��?13��� ���/.0�

P = P T > 0
�"�

R
n×n ���E1��F$2�2���

�-=�� ��86� )�� �J.C=�$
q ∈ R

n
+%���%�	."����.

AT P + PA = −qqT − εP
I M E 6+N6O

Pb − c =
√

γq.
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:=< g W 5xhn237?T80]5rhn7\23g?587\2]>=@BADM`587\23465[M 23@	� Q��  ,N- ,F:l7?58@DM 7 : :l@DM �F>=0]M�5 - @BE � W 230]5Fg W 2]< 7?5[<\^`03g
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_a>=23@.gF>lvd4.2]575|g W 5Hhn237?T80]5Lhn7\23g?587\2]>=@;yU23465[<1g W 5 v >=030]>�5 23@`y T[>=@DM 23g\2]>=@ v >=7 h)( OBo 5+* 2]<\g?58@DT[5
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A, A − bcT ∈ R

n×n
A2� � ��$%5 �/. �	8:��./$%���-�-+F�"� �2=�8(��������=�� N�=�$%8

57���%$-�
b, c

��$2�(�2=�� ��86� )��2�J.C=�$-+!�"�
R

n
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ΣA, ΣA−bcT

����)��(� ��� � �
� N9���E1 =���� &:� N

1 + Re{cT (jωI − A)−1b} > 0
N�=�$D���,�

ω ∈ R.
I M E 6 0 O

Z W 5 <\^10 T82]58@DT - >lveT[>=@DM 23g\2]>=@ I M E 6 0 O v >=7Lh)( OBo5+* 2]<\g?58@DT[5@5 :=<r_`7?>u4658@ 23@Rg W 5 >=7\23yU23@P:l0
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� A��������GF � � � � � � ��.
A, A − bcT ∈ R
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57���%$-�
b, c

��$2�(�2=�� ��86� )��2�J.C=�$-+!�"�
R

n
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ΣA, ΣA−bcT

����)��(� ��� � �
� N9���E1 =���� &:� N ."���98:��./$%� � � $ = 1����J.

A(A − bcT )
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Ajg W 5 g\23JL5Qk
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4N587\2 J : , 0]5 @D5[T[5[<?< :l7 - :l@DM�<\^10 T82]58@.geT[>=@DM 23g\2]>=@D< v >=7Fh)( OBo 5�* 2]<\g?58@DT[5 v >=7 vi:lJ 23032]5[<e>lv O.Z 1
< - <\g 5QJL<cE � W 230]5e@D>H46587\2 J : , 0]5F@D5[T[5[<?< :l7 - :l@DM <\^10 T82]58@.g T[>=@DM 23g\2]>=@D< W :c465 , 5[58@ v >=^`@DM v >=7
:ey658@D587 :l0 vi:lJ 230 - >lv;O.Z 1 < - <\g?58JL<pg?> W :[4N5 : h)( OBotA6:e@N^`J , 587d>lv :l^`g W >=7?< W :c465j_`^ , 032]< W 5[M
<\^�0 TQ2]58@.gHT[>=@DM 23g\2]>=@D< v >=7 h)( OBo�5+* 2]<\g?58@DT[5UE Z W 5 :l23J >lv g W 2]<r<?5[T8g\2]>=@�2]< g?>�<\^`J J :l7\2 �c5
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G @.^`J , 587L>lveg W 5 <\^10 T82]58@NgLT[>=@DM 23g\2]>=@D<L7?58_ >=7\g?5[M >c4N587Hg W 5 _P:=<\gH@N^`J , 587 >lv - 5c:l7?<L:l7?5
23@.g\23J :lg?580 - 7?580q:lg?5[M	g?> g W 5 7?5[<\^`03g?<Hv >=7Lg\7\2q:l@`yU^`0q:l7 < - <\g?58JL<H_`7?5[<?58@.g?5[M	23@�S.5[T8g\2]>=@CM E I E 6
: , >u465UE 1 @ vi:=T8gcA`g W 5 < - <\g?58J T80q:=<?<?5[<1T[>c4N587?5[M ,.- <?>=JL5 >lvXg W 5[<?5 7?5[<\^`03g?<e:l7?5 <\^ , T80q:=<?<?5[<1>lv
g W >U<?5 < - <\g?58JL< g W :lgtvi:l030E5 23g W 23@ g W 5FvK7Q:lJL5K5t>=743 >lvXZ W 5[>=7?58J M E I E 0 E
� ��F F �E������� 9a}E���)�GF!z|{��)�B��*$�����
Z W 5dv >=030]>)5 23@`yF7?5[<\^`03g+>=@Lh)( OBo�5+* 2]<\g?58@DT[5dv >=7p< - <\g 5QJL<�5 23g W T[>=J Jx^`g\23@`y < - <\g?58J|J :lg\7\2]T[5[<
5 :=< 5[<\g : , 032]< W 5[M ,.- ,F:l7?58@DM 7 :L:l@DM C :l0q:�3.7\2]< W @P:l@ 23@	� Q I  E
� A��������GF � � $ ��& � ��.

A1, . . . , Ak

A2�K�:+*��.�= N � ��$%5 �/. �D8:��./$%���-�-+9�"�
R

n×n +%���%�	."����.

AiAj = AjAi

N�=�$
i, j ∈ {1, 2, . . . , k}.
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ΣA1

, . . . , ΣAk

����)��K� ��� � � O
G <\g :l@DMD:l7?M 7?5[<\^`03g�>lv`0323@D5c:l7p:l03y65 , 7 : � I 6�.<\g :lg?5[< g W :lgB2 v`g W 5XJ :lg\7\2]T[5[<
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As t approaches 0.808, a pair of complex
conjugate eigenvalues converge to a single 
real negative eigenvalue. If we increase t further,
this then splits into two negative eigenalues. 
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g > , 5nvi:l7+v 7?>=J(<\g\7 :l23y W gmv >=745t:l7?MBE+Ge<+23@ _`7?584.2]>=^D<dT W :l_`g?587?<cAN>=^`7n:l_`_`7?>6:=T W g?>Fg W 5 <\g : , 230323g -
:l@ :l0 - <\2]< >lv1g W 5[<?5 < - <\g?58JL<r2]< , :=<?5[MR>=@ g W 5 <?5c:l7?T W v >=7HT[>=J JL>=@>O - :l_`^`@D>u4�v ^`@DT8g\2]>=@D<cE
o+2 7 <\g\0 - A 5t5 _`7?5[<?58@Ng <?>=JL5 7?5[<\^`03g?<L>=@	g W 5�h)( OBo(5+* 2]<\g?58@DT[5 _`7?> , 0]58J v >=7 _ >U<\23g\234N5�O.Z 1
< - <\g 5QJL<cA 23@DM 2]Tc:lg\23@`y 5 W 587?5 _ >U<?<\2 , 0]5 g W 5�_`7?5[T82]<?5 0323@!3 , 58g 5t5[58@ h)( OBo 5+* 2]<\g?58@DT[5 :l@DM
5+* _a>=@D58@.g\2q:l0�<\g : , 230323g - v >=7 _a>U<\23g\23465 <45 23g?T W 5[M 0323@D5c:l7e< - <\g?58JL<cE
� W 2 0]5 >=^`7r:l@P:l0 - <\2]< g W ^D< vi:l7 W :=< , 5[58@ :l03JL>U<\gx5+*`T803^D<\234N5Q0 -;, :=<?5[M�>=@ h)( OBoP<cAp<?>=JL5L>lv
g W 5 _`7?>=_a587\g\2]5[< >lv _ >U<\23g\234N5 O Z 1 < - <\g?58JL< @P:lg\^`7 :l030 - yU23465�7\2]<?5 g?>�g W 5 T[>=@D<\2]M`587 :lg\2]>=@�>lv
>=g W 587 g - _a58< >lv T[>=J JL>=@ O - :l_`^`@P>c4 v ^`@DT8g\2]>=@H5 W 58@�23@N4N5[<\g\23yN:lg\23@`y g W 5L<\g : , 230323g - >lvt_ >U<mk
23g\234N5 <45 23g?T W 5[MR032 @P5[:l7L< - <\g?58JL<cE;/1@D5 <\^DT W _`7?>=_ 587\g - 2]<xg W :lgL: _a>U<\23g\23465DO Z 1 < - <\g?58J 2]<
5+* _a>=@D58@.g\2q:l0 0 - <\g : , 0]5 2 v�:l@DM >=@`0 - 2 vB23g W :=<t: �N^P:=M 7 :lg\2]T O - :l_`^`@D>u4Hv ^`@DT8g\2]>=@ g W :lgn2]<nyU234658@
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n
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v ^`@PTQg?23>=@P<cE
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23@.4N5[<\g\23yN:lg?5Fg W 2]< �N^D5[<\g\2]>=@BE
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/1^`7 J :l23@�:l2 J�23@ g W 2]< <?5[T8g\2]>=@ 2]< g?>�M`5[<?T87\2 , 5 g W >U<?5 _P:l7\g?< >lv g W 5 g W 5[>=7 - >lv _a>U<\23g\23465
O Z 1 < - <\g?58JL<H:l@DMR@D>=@ ki@D58yN:lg\23465 J :lg\7\2]T[5[<rg W :lgL:l7?5 JL>U<\gr7?580]584U:l@.grg?>�g W 5@5j>=743�>lv1g W 5
7 5QJ :l23@DMD5Q7x>lvjg W 5HT W :l_`g?587cExZp> , 5QyU23@ 5 23g W A%5j5 < W :l030X<?58g <?>=JL5r@D>=g :lg\2]>=@BEroD>=7 : 4N5[T8g?>=7
x ∈ R

n
Aa:l@DM :LJ :lg\7\2 *

A
23@

R
n×n

A
xi

M`58@D>=g?5[<eg W 5
ith
T[>=J _a>=@D58@.g >lv

x
:l@DM

aij

2]<eg W 5
(i, j)

58@.g\7 - >lv
A
EXZ W 7?>=^`y W >=^`g1g W 2]< T W :l_`g?587cA`g W 5Fv >=030]>�5 23@`yL@D>=g :lg\2]>=@ 2]<1:=M`>=_`g?5[M b

IK2KO v >=7
x ∈ R

n A x � 0
I
x � 0

OjJL5c:l@D< g W :lg
xi > 0

I
xi ≥ 0

Odv >=7
1 ≤ i ≤ n

�

IK232KO v >=7
A ∈ R

n×n
A
A � 0

I
A � 0

OnJL5c:l@D< g W :lg
aij > 0

I
aij ≥ 0

Odv >=7
1 ≤ i, j ≤ n

�

IK23232KO v >=7
x, y ∈ R

n
A
x � y

I
x � y

OnJL5c:l@D< g W :lg
x − y � 0

I
x − y � 0

O%�
IK234DO�JD@P:l030 - v >=7

A, B ∈ R
n×n

A
A � B

I
A � B

OnJL5c:l@D<
A − B � 0

I
A − B � 0

OQE

G|J :lg\7\2 *
A ∈ R

n×n 2]<1< :l2]M g?> , 5 @D>=@ ki@D58yN:lg\234N5 2 v A � 0
A :l@DM _ >U<\23g\234N5 2 v

A � 0
E 1 g 2]<

23J _a>=7\g :l@.geg?> :l_`_`7?5[T82q:lg?5rg W :lg 5 W 58@ 5t5x< : - g W :lg : J :lg\7\2 *�2]< @D>=@ ki@D58yN:lg\234N5 IK_ >U<\23g\234N5uOQA
g W 2]< 7?5Qv 587?< g?>�g W 5 58@Ng\7\2]5[< >lvxg W 5�J :lg\7\2 * A1:l@DM g W :lg 23g 2]< :�M 2�� 587?58@.g T[>=@DT[58_`g g?>�g W 5
_D7?>=_ 587\g - >lv+@D>=@ ki@D58yN:lg\23465 IK_ >U<\23g\234N5uOtM`5KJD@`23g?58@D5[<?< v >=7 < - J JL58g\7\2]T J :lg\7\2]T[5[<cE
Ge03<?>`Alv >=7X:1J :lg\7\2 *

A
23@

R
n×n A ρ(A)

M`58@D>=g?5[<+g W 5t<\_a5[T8g\7 :l0 7 :=M 23^D<X>lv
A
:l@DM

µ(A)
M`58@D>=g?5[<

g W 5FJ : * 23J :l0�7?5c:l0B_P:l7\g1>lvn:l@ - 5823y658@N4U:l03^D5x>lv
A
E ,F>=g?5Fg W :lg

A
2]< �1^`745 23g��x2 vd:l@DM >=@`0 - 2 v

µ(A) < 0
E

� �����=���=#�� � � ' �[}E���)�GFH��� ����� "K�����P{����=#;� {����*z �$� ��<�����F�{��)�B��*$�����
��5t@D>�5 23@Ng\7?>.M ^DT[5 g W 5 J :lg W 58J :lg\2]Tc:l0aM`5KJD@`23g\2]>=@D<n>lv T[>=@.g\23@N^D>=^P<mkig\23JL5e:l@DMLM 2]<?T87?58g?5Qkig\23JL5
_a>U<\23g\23465 O Z 1 < - <\g?58JL<cE
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ΣA : ẋ = Ax x(t0) = x0

�,+B��=@+%�/./�")�� � N
x0 � 0 ⇒ x(t) � 0

N�=�$D���"�
t ≥ t0

O

� ��F FH�G�;�)���

1 gX2]< 5j58030 k 3.@D>�5 @�� M+6`A'�B6�Dg W :lgdg W 5?O Z 1 < - <\g?58J
ΣA

2]<d_ >U<\23g\234N5t2 vB:l@DML>=@`0 - 2 v
:l030p>lvdg W 5x> � k M 2q:ly6>=@P:l0+580]58JL58@Ng?<F>lvXg W 5xJ :lg\7\2 *

A
:l7?5x@D>=@ ki@D58yN:lg\23465UEeSN^DT W

J :lg\7\2]T[5[<x:l7?5 3.@D>�5 @�:=<D� ��. ���#�%$eJ :lg\7\2]T[5[<cE oD^`7\g W 587\JL>=7?5UA g W 5 O.Z 1 < - <\g?58J
ΣA

2]< _a>U<\23g\23465 2 vj:l@DM�>=@`0 - 2 vdg W 5 J :lg\7\2 *�5+* _a>=@D58@Ng\2q:l0
eAt

2]< @D>=@ ki@P5QyN:lg?2 4N5
v >=7F:l030

t ≥ 0
� I Q  E1Z W ^D< 5t5 W :[4N5 g W :lg

A
2]<F:L9 58g��[0]587eJ :lg\7\2 *�2 vn:l@DM >=@`0 -

2 v
eAt

2]<j@D>=@ ki@D58yN:lg\234N5ev >=7 :l030
t ≥ 0

E ,e>=g?5 :l03<?>rg W :lg :xJ :lg\7\2 *
A
2]< 9 58g��[0]587

2 vd:l@DM >=@`0 - 2 v+23g?< g\7 :l@D<\_a>U<?5 2]<1:l0]<?> 9 58g��[0]587cE
1 g 2]< 23J _ >=7\g :l@.g g?> 7?5c:l032 �c5 g W :lg g W 5H_`7?>=_a587\g - >lvt_ >U<\23g\234.23g - 2]< T[>lk >=7?M 23@P:lg?5
M`58_a58@DM`58@Ng :l@DM W 58@DT[5L2]< @D>=g 23@N4U:l7\2q:l@.gx^`@DM`587x<\23J 230q:l7\23g - g\7 :l@D<mv >=7\J :lg?23>=@P<
>lv+g W 5 < - <\g?58J J :lg\7\2 *

A
E
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Σd
A : x(j + 1) = Ax(j) x(j0) = x0

�,+B��=@+%�/./�")�� � N
x0 � 0 ⇒ x(j) � 0

N�=�$D���"�
j ≥ j0

O
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Σd

A

2]< _a>U<\23g\23465 2 vd:l@DM
>=@`0 - 2 v+g W 5 J :lg\7\2 *

A
2]< @D>=@ ki@D58yN:lg\234N5UEnGe<5 23g W T[>=@.g\23@.^D>=^D<mkig\23JL5x< - <\g?58JL<cA

23gF< W >=^D03M , 5 3658_`ge23@ J 23@DM g W :lgFg W 5x_`7?>=_a587\g - >lvt: < - <\g?58J , 5823@`y _a>U<\23g\23465
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Ct5Qv >=7?5 JL>u4.23@`yr>=@BA$5t5 @D>=g?5 g W :lgng W 587?5 2]<t: T80]>U<?51T[>=@`@D5[T8g\2]>=@ , 58g 5t5[58@ 9 58g��[0]587jJ :lg\7\2]T[5[<
:l@PM @D>=@ ki@D58yN:lg\234N5dJ :lg?7\2]T85[<cEdSN_ 5[T82 JPTc:l030 - AU:l@ - 9 58g��[0]587�J :lg\7\2 *

A
23@

R
n×n

Tc:l@ , 5 5 7\23g\g?58@
I @D>=@ ki^`@`2 �N^D580 - >lvdT[>=^`7?<?5uO :=<

A = N − αI
A�5 W 587?5

N � 0
:l@DM

I
2]< g W 5 2]M`58@.g\23g - J :lg\7\2 *

23@
R

n×n Ed9 >=7?5[>c4N587cA µ(A) = ρ(N) − α
AD:l@DM

A
2]< �1^`745 23g�� 2 vd:l@DM >=@`0 - 2 v

α > ρ(N)
E
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Starting from non−negative 
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A1A2
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A1A2
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L E 6 E 0 @D>�5�23J _`032]5[< g W :lg g W 5Q7 5 2]< : h)( OBoRv >=7

ΣA1

A
ΣA2

:l@DM g W :lgrIK232KO W >=0]M`<cE
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g?58JL<cA h)( OBo 5+* 2]<\g?58@DT[5x2]<1@D>=g :LT[>=@D<?587\4U:lg\23465rT87\23g?587\2]>=@ v >=71^`@`2 v >=7\J�5+* _ >lk
@D58@.g\2q:l0d<\g : , 230323g - ^`@DM`587x:l7 , 23g\7 :l7 - <45 23g?T W 23@`yDE 1 @ vi:=T8gcAag W 5rg W 5[>=7?58J�<\g :lg?5[<

��� �



�S��� � 
�� !#��! � � ��!��&� ���"� �&� �	���'������� ��� � � �

g W :lgxv >=7r<\^DT W < - <\g?58JL<cAdh)( OBo�5+* 2]<\g?58@DT[5 2]<r5 �N^`234=:l0]58@.grg?> ^`@`2 v >=7\J 5+* _ >lk
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A2� � ��$%5 �/. � � ��. ���#�%$�8:��./$%���-�-+��"�
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ΣA1
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rank(A2 − A1) = 1
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A2
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2×2 57���%$2�

A1 =









−1.0655 0.4398

0.9943 −0.8963









, A2 =









−0.4131 0.5915

0.3932 −0.6585
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� ������G ."���6�%�><3�%��)@��� ���-+I= N ."��� 8:��./$%� �9� $ = 1����J.
A1A

−1
2

��$-�(<��")��%� A%&

σ(A1A
−1
2 ) = {5.4941, 2.3907}.
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G
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γ > 0

A-�:����&

��=@+%�/./�")�� $-� ��������8?A-�%$*OI�����%�
det(A1A2 + γI) > det(A1A2)
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 � 1 v�5j5 5 7\23g?5
B = A1A2
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IK2KO

det(B) > 0
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v >=7
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IK23232KO
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1 � 0

E
oD7?>=J IK2KOe:l@DM	IK23232KOQAa23gev >=030]>)5 <Fg W :lgcAa2 v 5j5 5 7\23g?5
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det(B + γI) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b11 + γ b12 b13

b21 b22 + γ b23

b31 b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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det(B + γI) =
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∣

∣
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∣

∣

∣

∣

∣

∣

∣

b11 b12 b13

b21 b22 + γ b23

b31 b32 b33 + γ
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+ γ

∣

∣

∣

∣

∣

∣

∣

∣

b22 + γ b23

b32 b33 + γ
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∣
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∣

∣

∣

∣

∣
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∣

∣

∣

∣
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∣

∣

∣

∣

∣

b11 b12 b13

b21 b22 + γ b23

b31 b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b11 b12 b13

b21 b22 b23

b31 b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+ γ

∣

∣

∣

∣

∣

∣

∣
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b11 b13

b31 b33 + γ
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∣

∣

∣

∣

∣
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det(B + γI) = det(B) + γ
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∣

∣

∣

∣

b22 + γ b23

b32 b33 + γ
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∣
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∣

∣

∣
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∣

∣
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∣

∣

∣

∣

b11 b13

b31 b33 + γ
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∣

∣

∣

∣
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∣
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∣

∣

∣
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∣

∣
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∣
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∣

∣

∣

∣

∣

∣

∣

∣

b22 + γ b23

b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

> det(B11) ≥ 0,

:l@PM
∣

∣

∣

∣

∣

∣

∣

∣

b11 b13

b32 b33 + γ

∣

∣

∣

∣

∣

∣

∣

∣

> det(B22) ≥ 0.
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1 g 2]< @D>�5�23J JL5[M 2q:lg?5 v 7?>=J�I & E & Ojg W :lg
det(A1A2 + γI) > det(A1A2)

:=< T80q:l23JL5[M E
� ��F FH�G�;�)���

Z W 5[>=7?58J & E M E 6H5[<\g : , 032]< W 5[<tg W :lgjv >=7t7?5c:l0
γ > 0

A`:l@DM 9 58g��[0]587 �1^`745 23g�� J :uk
g\7\2]T[5[<

A1
A
A2
23@
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3×3 A det(A1A2 +γI)

2]<n:l0 5 : - <dyU7?5c:lg?587dg W :l@
det(A1A2)

E
1 @ vi:=T8gcA ,.- 5+*D:lJ 23@`23@`yeg W 5d_`7 >N>lvDJL>=7?5jT80]>U<?580 - A�5j5jTc:l@r<?5[5dg W :lgpg W 5dv ^`@DT8g\2]>=@
γ → det(A1A2 + γI)

2]<1:l@ 23@DT87?5c:=<\23@`y v ^`@DT8g\2]>=@ >lv
γ
v >=7

γ > 0
EdoP>=7\J :l030 - A

2 v
γ2 > γ1 > 0

A+g W 58@
det(A1A2 + γ2I) > det(A1A2 + γ1I)

E;Z W 5 @D5+* g
T[>=7?>=030q:l7 - : , >=^`gjJ :lg\7\2 *L_a58@DT82 0]<j2]<t:l@ 23J JL5[M 2q:lg?5FT[>=@D<?5 �N^D58@DT[5e>lvBZ W 5[>=7?58J
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A
A2
A
det(A1A2) > 0
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A1

G
A2

A2� � ��$%5 �/. � � ��. ���#�%$ 8:��./$%���%�-+ �"�
R

3×3 OK�����%�	."���(8:��./$%� �

� $2=*1����J.
A1A2

���@+ �E= $2�2���M� �C<M��./�")�� �%�><3�%��)@��� ���%+*O 
 �����")@���#�%� ./� &@G�."��� ���%�E���"�
σγ[0,∞)[A1, A

−1
2 ]
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� A��������GF $ � � � � � ��.
A1

G
A2

A2� � ��$%5 �/. �I� ��. ���#�%$:8:��./$%���-�-+:�"�
R

3×3 5 �/."�
rank(A2 −

A1) = 1
O6�����%� ."��� � � L!+%&@+�.0�%8K+

ΣA1

G
ΣA2
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ẋ = A(t)x A(t) ∈ {A1, A2},
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−1.9545 0.2644 0.2379

0.8699 −2.2528 0.6458
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A1(A1 +bcT )
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."����.

σ(A1(A1 + bcT )) = {0.5042, 4.9846, 7.6010}.
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x1, x2

23@
R

n
<\^DT W g W :lg

Qixi = 0
v >=7

i = 1, 2
E

,F>)5 >=@ T[>=J , 23@`23@`y*IK2KOr:l@DM�IK232KO 5 23g W Z W 5[>=7?58J �.E 6 E 0 A 5j5 Tc:l@	<?5[5 g W :lg 23@Rvi:=T8g g W 587?5
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g W 58@ v >=030]>�5 < ,.- 5 �N^P:lg\23@`yLg W 5[<?5Fg 5j> _P:l7 :lJL58g?587\2 �u:lg?2]>=@D<cE
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Qi
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23@`yL23@ g W 5 <\g :lg?58JL58@.g1>lvpg W :lg g W 5[>=7?58J g :�3N5F4U:l03^D5[< >=g W 587 g W :l@

n − 1
EXoD>=7 23@D<\g :l@PT85UA!5t5

V � �



� ��� � ��� 
���� �	�%!�� � � �%� � ������! � � 
�����
���� � ��� ��!H� � ����� � �#���

T[>=^`0]M T[>=@D<\2]M`587 : _P:l237t>lvB5+* _a>=@D58@.g\2q:l0 0 - <\g : , 0]5 O Z 1 < - <\g?58JL<
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IK@D>=g , >=g W �c587?>NOQA`g W 5
W - _a587\_`0q:l@D5

H = {H ∈ Sym(n, R) : αxT HAx + βyT HAy = 0} I �.E M6O
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Z W 5@JD@P:l0tg 5t> 7?5[<\^`03g?<HT[>=@D<\2]M`587?5[M 23@ g W 2]<H<?5[T8g\2]>=@ T8>=@PT8587\@	_P:l237?< >lv��1^`745 23g�� J :lg\7\2]T[5[<
A1
A
A2

5 23g W
rank(A2 − A1) = 1
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n×n 5 �/."�
rank (A2 − A1) = 1

G�."���

$2����4:= N
Q1

86�3+�.BA-�
n − 1

O

� ��F FH�G�;�)���

G1@ 23J JL5[M 2q:lg?5 T[>=@D<?5 �N^D58@DT[5 >lv"OB58J J : �.E 6 E 6x2]<tg W :lgjv >=7tg 5t> �1^`745 23g��FJ :uk
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_a>=23@.g?< : , >=^`g g W 2]< 7?5[<\^`03g < W >=^`0]M , 5 58J _ W :=<\2 �c5[M EHop237?<\g\0 - Aa23g _`7?>c4.2]M`5[< 23@D<\23y W g 23@.g?> g W 5
7 5Q0q:lg\2]>=@D< W 2 _ , 58g 5t5858@ h)( OBo;5+* 2]<\g?58@DT[5 :l@DMHg W 5t5+* _a>=@D58@Ng\2q:l0P<\g : , 230323g - >lva<45 23g?T W 5[MH0 23@D5c:l7
< - <\g 5QJL<cA`:l@DM W :=<t23J _`0323Tc:lg\2]>=@P<tv >=7tg W 5FT[>=@D<?587\4U:lg\2]<\J >lvdh)( OBo 5+* 2]<\g?58@DT[5 :=< :rT87\23g?587\2]>=@
v >=7Hg W 5 5+* _a>=@D58@Ng\2q:l01<\g : , 230323g - >lvF<45 23g?T W 5[M 0323@D5c:l7L< - <\g?58JL<cE 1 @Rvi:=T8gcAn<\^`_`_ >U<?5 g W :lg 5j5
W :[4N5e: _P:l237t>lvB5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5 O Z 1 < - <\g?58JL<cA

ΣA1

A
ΣA2

A.< :lg\2]<mv - 23@`yxg W 5 W - _ >=g W 5[<?5[<
>lvtZ W 5[>=7?58J I E I E 0 E Z W 58@ >=@;g W 5H>=@D5 W :l@DM A

ΣA1

A
ΣA2

:l7?5r7\23y W g >=@;g W 5�/ , >=^`@DMD:l7 - s >lv
g W >U<?5 _P:l237?<r>lv < - <\g?58JL< g W :lg W :[4N5 : h)( OBotAE5 W 230]5 :lg g W 5 < :lJL5Lg\23JL5UAp23g v >=030]>�5 < v 7?>=J
Z W 5[>=7?58J 6 E M E 0 g W :lge:lg 0]5c:=<\g1>=@D5 >lv+g W 5 :=<?<?>.T82q:lg?5[M <45 23g?T W 5[M 0323@D5c:l7e< - <\g?58JL<

ẋ = A(t)x, A(t) ∈ {A1, A2}

ẋ = A(t)x, A(t) ∈ {A1, A
−1
2 }

2]< �E=�. 5+* _ >=@D58@.g\2q:l030 - <\g : , 0]5UE(Z W ^D<cA 0]>.>U<?580 - A1Z W 5[>=7?58J I E I E 0 M`5[<?T87\2 , 5[< <\23g\^P:lg\2]>=@D< 23@
5 W 2]T W g W 5 , >=^`@DMD:l7 - >lvFh)( OBo�5+* 2]<\g?58@DT[5 :l@DM�g W 5 , >=^`@DMD:l7 - >lv15+* _ >=@D58@.g\2q:l0t<\g : , 230323g -
T[>=23@DT82]M`5UE
GF<5j58030+:=< yU234.23@`yL23@D<\23y W g?< 23@Ng?>Lg W 5 @P:lg\^`7?5x>lv+g W 5xT[>=@D<?587\4U:lg\2]<\J%>lvjh)( OBo 5+* 2]<\g?58@DT[5r:=<
: T87\23g?587\2]>=@Rv >=7rg W 5 5+* _a>=@D58@Ng\2q:l0 <\g : , 230323g - >lve<45 23g?T W 5[MR0323@D5c:l7 < - <\g?58JL<cA+Z W 5[>=7?58J I E I E 0
_D7?>c4.2]M`5[<x: <?T W 58JL5rv >=7 > , g :l23@`23@`y�<\23J _`0]5UABJL5c:l@`23@`y=v ^`0nT[>=@DM 23g\2]>=@D< v >=7rh)( OBo�5+* 2]<\g?58@DT[5
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A1
A
A2
g W :lgd:l7?5j@D>=gX>=@`0 - <\23J _`0]5jg?>FT W 5[T 3aA

, ^`gcA=23@rg W 5j0323y W gX>lv Z W 5[>=7?58J 6 E M E 0 A6:l0]<?> W :[4N5t:eT80]5c:l7+JL5c:l@`23@`y 23@rg?587\JL<X>lvPg W 5tM - @P:lJ 2]T[<
>lv�<45 23g?T W 5[ML0323@D5c:l7t< - <\g?58JL<cE 1 @ vi:=T8gcANg W 5e<\23J _`0]5 v >=7\J >lvBg W 5[<?51T[>=@DM 23g\2]>=@D<t<\^`yUy65[<\g?<ng W :lg
2 v?5t5 Tc:l@R2]M`58@.g\2 v - T80q:=<?<?5[<r>lv1< - <\g?58JL< g?> 5 W 2]T W g W 5Lg W 5[>=7?58J :l_`_`032]5[<cA+g W 58@�23g 5 23030 , 5
_a>U<?<\2 , 0]5Lg?>�M`587\234N5 T[>=@DM 23g\2]>=@D<xv >=7 h)( OBo 5+* 2]<\g?58@DT[5 v >=7xg W 5[<?5 < - <\g?58J T80q:=<?<?5[< g W :lg :l7?5
, >=g W 5c:=<\2 0 - 4N587\2 J : , 0]5�:l@DM W :c465 M 237?5[T8gL23J _`032]Tc:lg\2]>=@D< v >=7 g W 5 5+* _ >=@D58@.g\2q:l01<\g : , 230323g - >lv
g W 5 :=<?<?>NT82q:lg?5[M <45 23g?T W 5[MR0323@D5c:l7 < - <\g?58JL<cE�ZE5t> 5+*D:lJ _`0]5[<H230303^D<\g\7 :lg\23@`y;g W 2]<r_ >=23@.g 5t587?5
_D7?>c4.2]M`5[M 23@ h W :l_`g?587 L A 5 W 587?5 5j5 < :)5 W >�5 Z W 5[>=7?58J I E I E 0 ^`@`2 JP5[<Hg 5j> >lv1g W 5 JL>U<\g
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: T[>=7\7?5[<\_ >=@DM 23@`y 7?5[<\^`03g v >=7 _P:l237?<1>lvXM 2]<?T87?58g?5Qkig\23JL5 O Z 1 < - <\g 5QJL< 23@ Z W 5[>=7?58J I E I E 6 E
1 @�h W :l_`g?587 L A 2 @ :=M`M 23g\2]>=@;g?> < W >)5 23@`y W >�5|g?> ^D<?5 g W 5x7?5[<\^`03g?<e>lvth W :l_`g?587 I g?> > , g :l23@
4N587\2 J : , 0]5 @D5[T[5[<?< :l7 - :l@DML<\^10 T82]58@.gnT[>=@DM 23g\2]>=@D<dv >=7th)( OBo 5+* 2]<\g?58@DT[5UA.:l@DM M`58JL>=@D<\g\7 :lg\23@`y
g W 5t7?>=0]5 g W :lgdg W 5[<?5 7?5[<\^`03g?<X_`0q: - 23@LM`58g?587\J 23@`23@`yH<\23J _`0]5 T[>=@DM 23g\2]>=@D<dv >=7jh)( OBo�5+* 2]<\g?58@DT[5UA
5t5H:l0]<?> 5+* g?58@DM`5[M�g W 5x7?5[<\^`03gF>lvjZ W 5[>=7?58J M E L E I I M`587\234N5[M�23@ � 0 6+8� O >=@�h)( OBo*5+* 2]<\g?58@DT[5
v >=7 _P:l237?<x>lv?O.Z 1 < - <\g?58JL< 5 23g W < - <\g?58J�J :lg\7\2]T[5[< 23@�T[>=J _P:l@`2]>=@�v >=7\J�g?> g W 5LTc:=<?5L>lv :
_ :l2 7 >lvj5+* _a>=@D58@Ng\2q:l030 - <\g : , 0]5 O.Z 1 < - <\g?58JL< 5 W >U<?5H< - <\g?58J�J :lg\7\2]T[5[< M 2�� 587 ,.- : y658@D587 :l0
7Q:l@!3 >=@D5 J :lg\7\2 * EXoD^`7\g W 587 5+* g?58@D<\2]>=@D< >lv+g W 2]< 7?5[<\^`03g5j587?5x:l0]<?>ryU234N58@ 23@ hj>=7?>=030q:l7 - L E M E 0
I g?> < - <\g?58JL<

ΣA1

A
ΣA2

5 23g W
rank(A2 − A−1

1 ) = 1
Ox:l@DM	hj>=7?>=030q:l7 - L E M E 6 IKg?> < - <\g?58JL<

ΣA1

A
ΣA2

v >=7 5 W 2]T W g W 587?5F2]<t<?>=JL5
c > 0

5 23g W
rank(A2 − cA1) = 1

OQE 1 g < W >=^`0]M :l0]<?> , 5
@P>=g?5[M g W :lgt23@ hj>=7?>=030q:l7 - L E M E 0 5j5 M`5[<?T87\2 , 5[M�:l@ 58@.g\237?5 T80q:=<?< >lv+<45 23g?T W 5[M 0323@D5c:l7 < - <\g?58JL<
v >=7D5 W 23T W h)( OBo 5+* 2]<\g?58@DT[5 5t:=< 5 �N^`234U:l0]58@.g g?>�^`@`2 v >=7\J!5+* _ >=@D58@.g\2q:l0 <\g : , 230323g - ^`@DM`587
:l7 , 23g\7 :l7 - <45 23g?T W 23@`yDE
Z W 5 5j>=743 >lvXh W :l_`g?587 & >=@ g W 5F<\g : , 230323g - >lv�_a>U<\23g\23465 <45 23g?T W 5[M 0323@D5c:l7 < - <\g?58JL< :l7?>U<?5F>=^`g
>lvF:l@	:lg\g?58J _`g g?>�2]M`58@Ng\2 v - v ^`7\g W 587H< - <\g?58J T80q:=<?<?5[<xg?> 5 W 23T W Z W 5[>=7?58J I E I E 0 T[>=^`0]M , 5
:l_D_`03235[M E 1 @ vi:=T8gcAP@N^DJL5Q7?23Tc:l0+23@.465[<\g\23yN:lg\2]>=@D< W :=M�23@`23g\2q:l030 - 0]5[M�^D<1g?> T[>=@��m5[T8g\^`7?5rg W :lge5+*.k
_a>=@D58@.g\2q:l030 - <\g : , 0]5 _ >U<\23g\234N5 O Z 1 < - <\g?58JL<5t>=^`0]M _`7?>u4.2]M`5x:l@D>=g W 587F5+*D:lJ _`0]5x>lvn: < - <\g?58J
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2n
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ω
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R
E+C - :l7\yU^`JL58@.g?<n2]M`58@Ng\2]Tc:l0Pg?> g W >U<?5 _`7?5[<?58@Ng?5[ML23@�� L�0  A623gXv >=030]>)5 <dg W :lgng W 587?5
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θ
>lvXM`58yU7?5[5

n
5 23g W 7?5c:l0�T[>N5+0 T82]58@.g?<e<\^DT W g W :lg

1 + Re{c′T S(ω)−1b} − bT (S(ω)∗)−1RS(ω)−1b =
|θ(jω)|2

det(ω2I + A2)
.

GF<ng W 510]5c:=M 23@`y T[>N5+0 T82]58@.g >lv
θ
2]<t>=@D5UA.g W 51_ >=0 - @D>=J 2q:l0 −θ(s) + det(sI −A)

W :=<jMD5QyU7 585
n − 1

Ap:l@DM g W ^D< ,.- I L E 0+0 OQA�g W 587?5 2]< <?>=JL5 7?5c:l0d465[T8g?>=7
q
IKg W 5 4N5[T8g?>=7 v >=7\JL5[M 5 23g W g W 5

T[>.5+0 T82]58@Ng?<e>lv −θ(s) + det(sI − A)
Ot<\^DT W g W :lg

−θ(jω)

det(S(ω))
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|θ(jω)|2

det(ω2I + A2)
= 1 + Re{c′T S(ω)−1b} − bT (S(ω)∗)−1RS(ω)−1b

= |qT S(ω)−1b − 1|2 I CFE M6O
�E.0� � � �

��5 @D>)5 < W >)5�g W :lgrI CFE M6OtJL5c:l@D< g W :lg g W 587?5 2]<1:H_a>U<\23g\23465 <?58J 2 k M`5KJD@`23g?5xJ :lg\7\2 *
P
<\^DT W

g W :lg
AT P + PA = −qqT − R

Pb = q + c′/2
I CFE I O

GF<
A
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P
<\^DT W g W :lg

AT P + PA = −qqT − R
EdZ W 2]<

P
g W 58@�< :lg\2]< JP5[<

S(ω)∗P + PS(ω) = qqT + R.
I CFE L O
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5t5 JD@DM g W :lg
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P
23@RI CFE I Oj< :lg\2]< JP5[<
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E
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R
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R
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R + (c′ + q)(c′ + q)T
2]< >lv+7 :l@!3

n − 1
EdZ W 2]< T[>=J _`0]58g?5[< g W 5 _`7?>.>lvX>lvXZ W 5[>=7?58J L E I E 0 E

V � �



� $!$ 
�!�!� � �

� 
(�	�!�!�X�  � $ � � � )1� ) � � � �  %$ ��
 � �

� ���%��
?��
 � �GF F�{ � � ~ ��& �
O�5Qg

Q = AT P + PA
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T
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o+2 7 <\g >lv :l030iAB@D>=g?5 g W :lgr:l@ - W - _ 587\_`0q:l@D5Lg W :lg 2]< g :l@`y658@Ng\2q:l0ng?> g W 5 T[>=@D5 PA
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A T[>=@.g\7 :=M 2]T8g\23@`yLg W 5
vi:=T8g g W :lg Hf

2]< g :l@`y658@Ng\2q:l0�g?> PA
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Ω
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M2
, 5 g W 5 J : * 23Jx^`J%4U:l03^D5

>lv
xT P0Ax

>=@
Ω
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x ∈ Ω
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EdSN23@DT[5 g W 5 : , >u465 2 @P5 �N^ :l0 23g - 2]<X^`@DT W :l@`y65[ML2 v;5t5 <?Tc:l0]5
x
,.- :l@ -

@P>=@ k �c5Q7 >x7?5c:l0 @.^`J , 587cA.23gnv >=030]>)5 <jg W :lg
AT (P0 + δP )+ (P0 + δP )A
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P̃ + P̃ Ã1 = T T Q1T ≤ 0.

oD^`7\g W 587\JL>=7?5
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x ∈ R
n.

IiheE 66O
V � �



,F>)5|0]5Qg
y
, 5H:l@ - @D>=@ k �c587?> 465[T8g?>=7e23@

R
n
E1Z W 58@BA

f−1(y)
5 23030X:l0]<?> , 5x@D>=@ k �c587?> :l@DM�23g
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ẋ = a(t)x

EDL 
 
 
 ��$2����+J�M�J./��=���+6=��

H ��.C=�8:��./��� � =@� ./$2=�� A 07I I 0 66OQb �B8+N��1�B8 0 A 0 Q & Q E
� M+N  �HEaYe^P:l@�:l@DM;fxE V :lg\g?>=@BErG @D>=g?5H>=@ g W 5��1^`745 23g�� <\g : , 230323g - >lvjJ :lg\7\2]T[5[<cE H ��.C= �

8:��./���-�=A�M I b L N+Q�� L�0+0 A 0 Q+Q+8 E
� M 0 	OdE wX0 � W :=>=^`2B:l@DM S E ,12]T8^`0]5[<?T8^BE H 1�)@���E�%�-+ �"� �7�"� �2��$ � ��./$%� �DL-� ��������� �/./&6� ��."��=*1@+

�"� � =�� ./$ =�� EnS 1 Ge9RA!6+N+N+N E
� M+6 	OdEBo :l7\23@P: :l@DMRS EBf 23@P:l0]M 2iE � =@+%�/./�")��:� �"� � ��$6+%&@+�.0�%8K+8E��*230]5 - 1 @Ng?587?<?T82]58@DT[5 S.587\2]5[<cA

6+N+N+N E
� M+M Lw EBoD587?>=@BE (1^P:=M 7 :lg\2]T <\g : , 23032 �c: , 2 0323g - >lv <45 23g?T W 5[M�< - <\g?58JL<F4.2q: <\g :lg?5 :l@DM >=^`g\_`^`g

v 5[5[M , :=T 3aEaZ�5[T W @`2]Tc:l0 f158_a>=7\gth 1 S6k V k I'& 8 ADhj58@Ng?587dv >=7 1 @.g?58030323y658@Ng hj>=@Ng\7?>=0BS - <\g?58JL<cA
9 1 Z A 0 Q+Q & E

� M I  V E � : W 23@D58gcA GrE ,e58J 237?>u4 <43.2iAPGrE � E�O�:l^ , Aa:l@DM 9REah W 230q:l032iE � �FL � =�� ./$2=@� � =*=��#A2= �
N�=�$ ��+*�95 �/."� � H � � H � E+9;:lg W 5t>=743 <cA 0 Q+Q L E

� M L ��pE7� :@� 2]T :l@DMR9RE (1^`7 58< W 2 E �7&M�%� ���E=�) 8:��./$%� � � ������./��=�� �"� +%&@+�.0�%8 +�.C�3A%�"� �/./& ���E1

�-=�� ./$ =�� EdG Tc:=M`58J 2]T V 7?5[<?<cA 0 Q+Q L E
� M & LotE`fxE � :l@.g\J :=T W 587cE � ��./$%� � �����2=�$%&@G���=�� ��8?�-+	�?���E1 
NEjh W 580]<?5c: A 0 Q L Q E
� M�� 	OdE �e^`7\4.23g?<cE SNg : , 230323g - >lvnM 2]<?T87?58g?5x0323@D5c:l7F23@DT803^D<\2]>=@D<cE��7�"� �2�@$ H � <3�*A%$2�����E1 �/."+ H � �

� � ���-��./��=���+8A�6+M 0 b I � �G8 L A 0 Q+Q L E
� M+8 	OdEE�e^`7\4.23g?<cADfxEPS W >=7\g 5Q@�A :l@DM /rED9;:=<?>=@BE V 7?580323J 23@P:l7 - 7?5[<\^`03g?<1>=@ g W 5 <\g : , 230323g - >lv

<45 23g?T W 5[M�_ >U<\23g\234N5 0323@D5c:l7H< - <\g?58JL<cE � ��A%86�/.�.0�21 .C=�� ��."���%8:��./���2���9����� =�$%& = N � ��. �

5�=�$-4*+K���E1 � &@+�.0�%8K+8A�6+N+N I E
� M+Q ��E �F:=M`MD:=M A3�HE.h W 58030q: , >=23@P: A`:l@DM w E.G1^`yU^D<\gcEBSNg : , 230323g - :l@DM M 2]<?<\23_P:lg\234.23g - g W 5[>=7 -

v >=7B@D>=@ ki@D58yN:lg\234N5jM - @P:lJ 2]Tc:l0.< - <\g?58JL<cb G�g W 587\JL>.M - @P:lJ 2]Tdv 7 :lJL575t>=743Fv >=7 , 2]>=0]>=yU2]Tc:l0
:l@DM _ W - <\2]>=0]>=yU2]Tc:l0p< - <\g?58JL<cE 1 @ � $2=*�%�2� 1��"��<@+6= N L 
 
 
 �2=�� NJ�%$-�%�E�-�6=�� 13� ���,+%��=�� ���E1

�-=�� ./$ =�� A�6+N+N 0 E
V � �



� � � ��� � ��
 � �����

� I N LYHE �e587?< W 3N>)5 2 g �UE /1@�T[>=@D5[<x:l@PM <\g : , 230323g - E �7�"� � ��$?��� <3�*A%$ � ���E1	�/."+:�%�M� � ���2��./��=���+8A
6�� L k 6�� & b 6 I Q��G6 L Q A 0 Q+Q+8 E

� I�0 LYHE �123@`7\2]T W <?58@ :l@DM GrE � E V 7\23g?T W :l7?M EBf15c:l0a:l@DM T[>=J _`0]5+* <\g : , 230323g - 7 :=M 232ibXG�<\^`7\465 - E
1 @ � =�� ./$ =�� = N � �E�%�%$�.C���"� � &@+�.0�%8K+8A _P:ly65[< 0+0 Q�� 0 & 6 EPCj23743 W :l^D<?587cA 0 Q+8+Q E

� I 6 LfxE �e>=7\@ :l@DM heE � > W @D<?>=@BE�� ��./$%� � H �E��� &�+-�,+8E+ht:lJ , 7\2]M y65�1@`234N587?<\23g - V 7?5[<?<cA 0 Q+8 L E
� I M LfxE��e>=7\@R:l@DM heE � > W @D<?>=@BE � =%� ���%+:�"� � ��./$%� � H �E��� &@+%�,+8E ht:lJ , 7\2]M y65 �1@`2346587?<\23g -

V 7?5[<?<cA 0 Q+Q 0 E
� I+I LfxE �e>=7?>�5 23g�� :l@DM V E��n:l7 :l2 - : E+hj>=@.g\7?>=0BM`5[<\23yU@ >lv+:l@ :l^`g?>=J :lg?5[M W 23y W 5 : - < - <\g?58J E

� $2=*�-�-� 1��"��<@+6= N ."��� L 
 
 
 A�8+8`I �UOQb Q 0 M��GQ+6 L A�6+N+N+N E
� I�L  � Eew E �1^`J _ W 7?5 - <cE L-� ./$2=*1����J./��=�� .C= �7�C� ��� <��*A%$ �@+ ���E1 $-�0� $2�-+*�%� .C��./��=�� ."���2=�$%&UE

SN_`7\23@`y6587mkC�n587\0q:lyDA 0 Q��B6 E
� I'& LGrE � :=M , : , :l2]5UA � E O 23@BA :l@DM GrEjS En9 >=7?<?5UE�hj>lk >=7?M 23@P:lg\2]>=@�>lv yU7?>=^`_D< >lv JL> , 230]5

:l^`g?>=@D>=JL>=^D<F:ly658@.g?< ^D<\23@`y @D5c:l7?5[<\g1@D582 y W , >=^`717\^`0]5[<cE�L 
 
 
 ��$ ����+J�M�J./��=���+D=�� H � �

.C=�8:��./��� � =�� ./$2=�� A I 8`I & OQb Q+8+8�� 0 N+N 0 A�6+N+N+M E
� I � L9RE � > W :l@D<?<?>=@ :l@DMGrEefe:l@Ng��c587cE�hj>=J _`^`g :lg\2]>=@ >lv _`2]5[T[575 2]<?5 �N^P:=M 7 :lg\2]T O - :uk

_`^`@D>u4 v ^`@DT8g\2]>=@D<pv >=7 W -., 7\2]MH< - <\g?58JL<cE L 
 
 
 ��$ ����+J�M�J./��=���+!=�� H ��.C=@8?��./��� � =@� ./$2=�� A
I M`I I OQb L+L+L � L+L Q A 0 Q+Q+8 E

� I 8 L9RE � > W :l@D<?<?>=@�A GrEjf1:l@.g��c587cA1:l@DM � EjG17��c58@BE V 2]5[T[575 2]<?5 �N^P:=M 7 :lg\2]T <\g : , 230323g - >lv
op^ � � - < - <\g?58JL<cE�L 
 
 
 ��$ ����+J�M�J./��=���+9=�� � ��� ��& � &@+�.0�%8K+8A � I & O8b � 0 M��1�B6$6 A 0 Q+Q+Q E

� I Q LZ E�� :=T �c>=7?573aE � =@+%�/./�")�� � � ���E1 
 �+%&@+�.0�%8K+8E�SN_`7\23@`y6587 hj>=J Jr^`@`2]Tc:lg\2]>=@P< :l@DM
hj>=@.g\7?>=0�wX@`yU23@D5[587\23@`y S 5Q7?235[<cA�6+N+N+6 E

� L N LZ � :l230q:lg W E �7�"� � ��$ +%&@+�.0�%8K+8E V 7?58@.g\2]T[5 �F:l030iA ,e575 � 587?<?5 - A 0 Q+8+N E
� L�0 LfxEnw E � :l03J :l@BE O - :l_`^`@D>c4 v ^`@DT8g\2]>=@D< v >=7 g W 5�_`7?> , 0]58J!>lv O ^`7cs 5 23@�:l^`g?>=J :lg\2]T

T[>=@.g\7?>=0iE � $ = �-�-� 1��"��<@+(= N ."��� � ��./��=��E��� H �2�M13�%86&6= N�� ���C�%�E�%�-+8A I Q`I 66OQb 6+N 0 �G6+N L A 0 Q & M E
V � �



� � � ��� � ��
 � �����

� L 6 ��E � :l_`0q:l@BENG T[>=_ >U<\23g\234.23g - _D7?> , 5UE �7�"� � ��$ H � <3�*A%$2�9���E1(�/."+ H �M� � ���2��./��=���+8ABM+M��.b 6+M�� �
6 L�0 A�6+N+N 0 E

� L M Lw E � :=<���3.^`7?575 2]T � :l@DM GrE6C W : - : Eaf1> , ^D<\gj<\g : , 230323g - :l@DM M 2q:ly6>=@P:l0;O - :l_`^`@D>u4Hv ^`@DTQk
g\2]>=@D<cE 1 @ � $ =*�%�2�21��"��<@+K= N L 
 
 
 �2=�� NJ�%$-�%�E�-�6=�� 13�2���,+%��=�� ���E1 �-=�� ./$ =�� A 0 Q+Q+N E

� L�I Lw E � :=<���3.^`7?575 2]T � :l@DM;GrE C W : - : E Ye2q:ly6>=@P:l0d<\g : , 230323g - 23@;g W 5r0q:l7\y65H<?Tc:l0]5H< - <\g?58JL<
:l_`_`7?>6:=T W E � =���� �"� �2��$ H �E�@� &@+%�#+8A�M L b 07I M�� 0)L 6 A 0 Q+Q+Q E

� L+L Lw E � :=<���3.^`7?575 2]T � :l@DM GrE.C W : - : E � ��./$%� �?1����*<M=��E��� +�.C�3A%�"� �/./&6�"�F+%&@+�.0�%8K+ ���E1?�2=�8 �

� ��.C��./��=��PEXCj23743 W :l^D<?587cA 0 Q+Q+Q E
� L.&  �F:=<?< :l@ � E � W :l03230iE � =���� �"� � ��$ � &@+�.0�%8K+8E V 7?58@Ng\2]T[5��F:l030iA 0 Q+Q & E
� L �  �rE �F2]58@DM 0iA � ENG MD:lJ - A.:l@DM V E SNg?580 �[@D587cE �d5[T8g?>=7n@D>=7\JL<t:=< O - :l_`^`@D>u4Hv ^`@DT8g\2]>=@D<dv >=7

0323@D5c:l71< - <\g?58JL<cE�L 
 
 
 ��$2����+*O =�� H ��.C=�8:��./��� � =�� ./$2=�� A�M�� I & OQb 8+M+Q��G8 I 6 A 0 Q+Q+6 E
� L 8  heE �F23@`yL:l@DM fxE`S W >=7\g?58@BEpG�<\_a5[T8g\7 :l0 T[>=@DM 23g\2]>=@ v >=7jg W 5F5+* 2]<\g?58@DT[5F>lv+:Hh)( OBo E 1 @

H 8?�%$%���2��� � =�� ./$ =�� � =�� NJ�%$2�%�E�%�8A�6+N+N I E
� L Q  � E �F7 :U:l2 �m584U:l@`y6587cE�G T W :l7 :=T8g?587\2 �u:lg\2]>U@>lv	O - :l_`^`@D>u4�M 2q:ly6>=@P:l0r<\g : , 230323g - ^D<\23@`y

�F:=MD:lJ :l7?M _`7 >NM ^DT8g?<cE �7�"� �2��$ H � <3�*A%$2� ���E1?�/."+ H �M� � ���-��./��=���+8A 0)L�0 b 6 I�L �G6 L�I A 0 Q+Q 0 E
� & N LZ E � E�O�: � 5 - E SN23Jr^`03g :l@D5[>=^D<1g?7\2q:l@`yU^`0q:l7\2]< :lg\2]>=@;>lvXJ :lg\7\2]T[5[< k OB>)5 7 :l@!3 Tc:=<?5[<e:l@DM

g W 5 @D>=@DM`587?>=yN:lg?>=7 - Tc:=<?5UE �7�"� �2��$D�@�E1:����� ./�"� �"� � ��$ H � <3�*A%$2�UA & I 0 OQb 6 & Q��GM+N L A 0 Q��B8 E
� &�0 LZ E � E�O�: � 5 - ADfxEPS W >=7\g?58@BAP:l@DM otE /rs ht:l237 , 7?5UEt/1@ g W 5 <\g : , 230323g - >lvXT[>=@.465+* <\^`JL< >lv

7 :l@!3Nk 0 _a587\g\^`7 , 5[MRJ :lg\7?23T[5[<cE 1 @ � $2=*�-�-� 1��"��<@+	= N H 8?�%$%���-��� � =�� ./$ =�� � =�� NJ�%$2�%�E�%�8A
G10q:=<43U: A�6+N+N+6 E

� & 6  V E;O�:l@DTc:=<\g?587x:l@DM �rEaZt2]<\JL58@D58g?<43 - E ����������� =�$%&�= N9� ��./$%���%�-+8E G Tc:=M`58J 2]T V 7?5[<?<cA
0 Q+8 L E

V � V



� � � ��� � ��
 � �����

� & M LYHE�OB5823g W A��E�OB5823g W 5c:=M A /rEX9;:=<?>=@BAn:l@DM	fxEdS W >=7\g?58@BE G 5 23@DM g\^`7 , 23@D5 , 58@DT W k
J :l743 v >=7 W -., 7\2]M < - <\g?58J :l@P:l0 - <\2]<t:l@DM M`5[<\23yU@BE 1 @ � $2=*�%�2�21@�"��<@+D= N ."���!L � H � 5�=�$%�>1

�-=���<�$2�-+-+8ADC :l7?T[580]>=@P: A�6+N+N+6 E
� &�I LYHEEOB5823g W A+fxEpS W >=7\g?58@BA �EEOB5823g W 5c:=M Ad/rEB9;:=<?>=@BA+:l@DM V E+hn^`7\7 :l@BE 1 <?<\^D5[< 23@�g W 5

M`5[<\23yU@ >lvt<45 23g?T W 5[M;0323@D5c:l7 T[>=@Ng\7?>=0d< - <\g?58JL<cb1G , 58@DT W J :l743;<\g\^DM - EKL-� .0�%$%�E��./��=��E���
��=���$%�E��� = N9�M1M�%�E./�")��6�2=�� ./$2=�� ���E1I+%�><��E����� $ =*�%�-+-+%�"��<UA 0 �.b 0 N+M�� 0+0 8 A�6+N+N+M E

� &+L  1 E�OB57536>�5 2]T �6E hj>=@.4N5+*�2 @.4N587\g\2 , 0]5 T[>=@D5[<r>lv J :lg\7\2]T[5[< k : ^`@`2 JP5[M�v 7 :lJL575t>=743 v >=7
g W 5H5 �N^P:lg\2]>=@D< >lv S - 034N5[<\g?587cA;O - :l_`^`@D>u4;:l@DM;f 2]T[Tc:lg\2iE �7�"� �2��$I��� <3�*A%$ � ���E1 �/."+I�%� �

� � ���-��./��=���+8A�6+8 & b 0 N�� � 0 M+M`A 0 Q+Q+Q E
� &.& LYHE!O 2 , 587��c>=@BE � 5 �/.C�%�3�"��<:�"�	+%&@+�.0�%8K+D���E1 �2=�� ./$ =�� EdCj23743 W :l^D<?587cA�6+N+N+M E
� & � LYHE�O 2 , 587��c>=@BA � E V E �e5[<\_P:l@ W : Aj:l@DM	GrEdS E+9 >=7?<?5UE SNg : , 230323g - >lvF<45 23g?T W 5[M 0 23@D5c:l7

< - <\g?58JL<cb : O 2]5Qk :l03y65 , 7 :l2qT T[>=@DM 23g\2]>=@BE�Z�5[T W @`2]Tc:l0 f158_ >=7\g h��ehdk Q+8+N 0 Athj58@Ng?587Hv >=7
hj>=J _`^`g :lg\2]>=@P:=0 �e2]<\2]>=@�:l@DM hj>=@Ng\7?>=0iA �j:l0]5 �1@`2346587?<\23g - A 0 Q+Q+8 E

� & 8 LYHE�O 2 , 587��c>=@BA � E V E �e5[<\_P:l@ W : Aj:l@DM	GrEdS E+9 >=7?<?5UE SNg : , 230323g - >lvF<45 23g?T W 5[M 0 23@D5c:l7
< - <\g?58JL<cbd:.O 2]5Qk :l03y65 , 7 :l2]TrT[>=@DM 23g\2]>=@BE � &@+�.0�%8K+9���E1 � =�� ./$2=�� ����.�.0�%$-+8A�M�� I M6OQA 0 Q+Q+Q E

� & Q LY :l@`2]580�O 2 , 587��c>=@ :l@DM GrE.SNg?58_ W 58@ 9;>=7?<?5UE C :=<\2]T _`7?> , 0]58JL<n23@ <\g : , 230323g - :l@DM M`5[<\23yU@
>lvX<45 23g?T W 5[M < - <\g?58JL<cE L 
 
 
 � =�� ./$ =�� � &@+�.0�%8K+ � �*<M� ���"� �8A 0 Q`I L OQb L Q��1�BN A 0 Q+Q+Q E

� �BN L9RE+O 23@BA.w E6YHENS.>=@.g :lyDA :l@DM � E �R:l@`yDE G*<\JL>N>=g W T[>=@.46587?<?5?O - :l_`^`@D>c4 g W 5[>=7?58J v >=7
7?> , ^D<\g <\g : , 230323g - E ��L H � ��=���$%�E��� = N9�-=�� ./$ =�� ���E1 =%�E./�"86� �*��./��=��PA!M I b 07I�L � 0)L�0 A 0 Q+Q L E

� � 0 LfxE%OB>N575 - E /1@ 7 :l@`y65[< >lvt7?5c:l0 O - :l_`^`@D>u4 g\7 :l@D<mv >=7\J :lg\2]>=@D<cE �7�"� � ��$ H � <3�*A%$2� ���E1

�/."+ H �M� � ���2��./��=���+8A 0 M b �BQ��G8+Q A 0 Q�� & E
� �B6 LY :c4.2]M��HE!O ^D58@ , 587\y6587cEBL-� ./$2=*1����J./��=�� .C=�� &��E��86����� &@+�.0�%8K+8E � > W @ �*230]5 - � S.>=@D<cA

,e575 �j>=743aA 0 Q��BQ E
� �BM LGrE=9RE+O - :l_`^D@D>c4aEB������<3�%� �%$2����� $ =3A%�#�%8 = N ."��� +�.C�3A%�"� �/./&K= NB8:=�./��=�� � 
 ��<�� �,+-�I./$2����+ �

�>��./��=���+��=EXZp: - 0]>=71:l@DM oD7 :l@DT82]<cA 0 8+Q+6 E
V � �



� � � ��� � ��
 � �����

� � I  � E OdEd9;:l@DT823030q:uk G1yU^`230q:l7cE G T[>=@DM 23g\2]>=@ v >=7 g W 5 <\g : , 230323g - >lv <45 23g?T W 5[M	@D>=@ ki0323@D5c:l7
< - <\g?58JL<cE�L 
 
 
 ��$2����+*O =�� H ��.C=@8?��./��� � =�� ./$2=�� A I�L I 0+0 O8b 6+N��.���G6+N��BQ`A�6+N+N+N E

� � L  � E�OdE�9;:l@DT823030q:uk G1yU^`230q:l7L:l@DM�fxEBGrE7� :l7?T82q: E G T[>=@.46587?<?5@O - :l_`^`@D>c4�g W 5[>=7?58J�v >=7
@D>=@`0323@D5c:l7e<45 23g?T W 5[M < - <\g?58JL<cE � &@+�.0�%8K+D���E1 � =�� ./$ =�� � ��.�.0�%$-+8A I+I b & � �1� 0 A�6+N+N+N E

� � &  /rE19;:=<?>=@:l@DM fxEeS W >=7\g?58@BE�G T[>=@��m5[T8g\^`7?5R>=@|>=@ g W 5�5+* 2]<\g?58@DT[5R>lvLT[>=J JL>=@
�N^P:=M 7 :lg\2]T�O - :l_`^`@D>c4�v ^`@DT8g\2]>=@D<Hv >=7H_a>U<\2 g?2 4N5 0 23@D5c:l7 < - <\g?58JL<cE 1 @ � $ = �-�2�21��"��<@+�= N

H 8?�%$%���2��� � =�� ./$ =�� � =�� NJ�%$2�%�E�%�8ADYF58@N4N587cA�6+N+N+M E
� �.�  /rEt9;:=<?>=@�:l@DM�fxE S W >=7\g?58@BE /1@�T[>=J JL>=@ �N^P:=M 7 :lg\2]T O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D< v >=7

_P:l237F>lvn<\g : , 0]5xM 2]<?T87?58g?5Qkig\23JL5.OBZ 1 < - <\g?58JL<cE 1 @ � $ = �-�-� 1��"��<@+I= N H 8?�%$%���2��� � =�� ./$ =��

� =�� NJ�%$-�%�E�-�8ADYF58@N4N587cA�6+N+N+M E
� �B8  /rEt9;:=<?>=@�:l@DM�fxE S W >=7\g?58@BE /1@�T[>=J JL>=@ �N^P:=M 7 :lg\2]T O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D< v >=7

_P:l237?< >lv <\g : , 0]5 M 2]<?T87?58g?5Qkig\23JL5 OBZ 1 < - <\g?58JL<cE L-��+�./�/./��.0��= N � ��."���%8:��./���%+����E1 �/."+

H �M� � ���2��./��=���+ � L2� H � ��=���$%�E��� = N9�%�M� � �C� 1?8:��."���%8:��./���%+8ABI & Q6O8b 6�� 0 �G6+8+M`A�6+N+N I E
� �BQ  /rE`9;:=<?>=@ :l@PM fxEDS W >=7\g?58@BEn/1@ g W 5 <\23Jr^`03g :l@D5[>=^D< M 2q:ly6>=@P:l0�<\g : , 230323g - >lvX:r_P:l237 >lv

_a>U<\23g\23465 0323@D5c:l7n< - <\g?58JL<cE .C=6�%�M���2��$ �"� �7�"� � ��$ H � <3�*A%$ �:���E19�/."+ H �M� � ���2��./��=���+8AG6+N+N I E
� 8+N  /rEX9;:=<?>=@BAnfxE ,rEdS W >=7\g?58@BA :l@DM	YHE OB5823g W E	wX4U:l03^P:lg\2]>=@ >lvF_`2]5[T[575 2]<?5��N^P:=M 7 :lg\2]T

JL58g W >.M`<r:l_`_`032]5[M�g?> g W 5 5 23@DM.kig\^`7 , 23@D5 , 58@DT W J :l743�5+*D:lJ _`0]5UE Zp5[T W @`2]Tc:l0tf158_ >=7\g
,�� 1 9 kmS`S6k 6+N+N 0 k 0+0 A SN23yU@P:l0]<e:l@DM S - <\g?58JL<(�e7?>=^`_BA ,�� 1 9;: - @D>N>=g W A�6+N+N 0 E

� 8 0  ,rE �rEu9 T hn0q:lJ 7?>NT W :l@DM 1 E �e>=03J :l@D>c4 <43 - E V 587mv >=7\J :l@PT85 , 58@D5KJDg?<X>lv W -., 7\2]MrT[>=@Ng\7?>=0
M`5[<\23yU@ v >=7 0323@D5c:l7e:l@DM @D>=@`0323@D5c:l71< - <\g?58JL<cE � $ = �-�-� 1��"��<@+K= N ."���(L 
�
 
 A�8+8`I �UOQb 0 N+8+M��
0 N+Q & E

� 8+6 LGrE 1 Ec9 5[5[<�:l@DM GrE[fxE[Ct587\y658@BE6YF5[<?T87\2 , 23@`y v ^`@DT8g\2]>=@D<B7?584.2]<\23g?5[M E3L 
 
 
 ��$ ����+J�M�J./��=���+

=�� H ��.C=�8:��./��� � =�� ./$ =�� A�6+N`I I OQb I �BM�� I �B8 A 0 Q�� L E
� 8+M 	OdE 9 58g��[03587cE SNg : , 230323g - >lvjJx^`03g\23_`0]5HJ :l7 3658g?<cb g W 5��12]T 3 < T[>=@DM 23g\2]>=@BE 
 �2=��E=�8?��./$%���2�UA

0 M`I I OQb 6��.� �G6+Q+6 A 0 Q I�L E
V � �



� � � ��� � ��
 � �����

� 8 I  � E fxEN9 5 - 587cE�/1@ g W 5e5+* 2]<\g?58@DT[5e>lv�O - :l_`^`@D>c4 v ^`@DT8g\2]>=@D<nv >=7jg W 5 _`7 > , 0]5QJ >lv�O ^`7cs 5UE
��O ��L H � � =�� ./$ =�� A�M`I M6OQb M��BM��GM+8+M A 0 Q &.& E

� 8 L  �HE`9�2]T W :l0]58g���3 - :l@DM�OnE �F587?58@DT[<?587cEnC 1 C /|<\g : , 230323g - >lv+0323@D5c:l71<45 23g?T W 23@`y < - <\g?58JL<cE
L 
 
 
 � $ ����+J�M�J./��=���+9=�� H ��.C=�8:��./��� � =�� ./$2=�� A I � I 0+0 OQb 0 8+Q L � 0 8+Q+8 A;6+N+N+6 E

� 8 & LGrE V Ej9 >=0]T W :l@D>u4*:l@DM*w E S E V - :lg\@`23g?<43.232iE(hn7\23g?587\2q:R>lvr:=< - J _`g?>=g\2]T <\g : , 230323g - >lv
M 2�� 587?58@.g\2q:l0�:l@DM M 2�� 587?58@DT[5F23@DT803^D<\2]>=@D< 58@DT[>=^`@Ng?587?5[M 23@ T[>=@.g\7?>=0 g W 5[>=7 - E�� &@+�.0�%8K+ �
� =�� ./$2=�� � ��.�.0�%$-+8A 0 M`I 0 OQb L Q�� &�I A 0 Q+8+Q E

� 8�� LZ Eu9 >=7\2 :l@DM��rE �e>B3U:lJL5UENG1@x5+* g?58@D<\2]>=@H>lvP: T80q:=<?<�>lvD< - <\g?58JL<Bg W :lg W :[4N5n: T[>=J JL>=@
O - :l_`^`@D>c4 v ^`@DT8g\2]>=@BE � ��."���%8:��./���%+ ���E1 � =�� ./$2=�� = N � �><��E��� + ���E1 � &@+�.0�%8K+8A 0 N b 6 &+L �
6+8 & A 0 Q+Q��.E

� 8+8  � E=9 >=7\2iA6Z EU9 >=7\2iAN:l@DM�� E �F^`7?>N5UEPG <?>=03^`g\2]>=@Lg?>eg W 5 T[>=J JL>=@@O - :l_`^`@D>c4rv ^`@DT8g\2]>=@
_`7?> , 0]58J v >=7 T[>=@Ng\23@.^D>=^D< g\23JL5 < - <\g?58JL<cE 1 @ � $ = �-�-� 1��"��<@+�= N � � ."� � =�� NJ�%$2�%�E�%�	=��

�K�2���,+%��=@� ���E1 � =�� ./$ =�� APS :l@�Ye2]58y6>`A 0 Q+Q��.E
� 8+Q  � ED9 >=7\2iADZ ED9 >=7\2iAP:l@PM � E �F^`7?>N5UE /1@;: T80q:=<?<1>lv+0323@D5c:l7eT[>=@D<\g :l@.ge< - <\g?58JL<5 W 2]T W

W :c465r: T[>=J JL>=@ �N^P:=M 7 :lg\2]T O - :l_`^`@D>c4 v ^`@DT8g\2]>=@BE 1 @ � $2=*�-�-� 1��"��<@+I= N � �*."� � =�� NJ�%$ �

�%�E�%�K=�� �K� ���,+%��=�� ���E1 � =�� ./$ =�� A`Z+:lJ _P: ADop0]>=7\2]MD: A 0 Q+Q+8 E
� Q+N  � E 9 >=7\2iA Z E 9 >=7\2iA :l@DM � E��F^`7?>.5UEeG <?58ge>lvjM 2]<?T87?58g?5Qkig\23JL5r0323@D5c:l7 < - <\g?58JL< 5 W 2]T W

W :c465F: T[>=J JL>=@�O - :l_`^`@D>u4 v ^`@DT8g\2]>=@ :l@DM 23g?<j5+* g?58@D<\2]>=@BE 1 @ � $ =*�%�2�21��"��<@+9= N H 8?�%$ �

���-�@� �2=�� ./$2=�� �-=�� NJ�%$2�%�E�%�8A VXW 230q:=M`5803_ W 2q: A 0 Q+Q+8 E
� Q 0  � E�9 >=7\2iA+Z E�9 >=7\2iAd:l@DM � E �F^`7?>.5UE S.>=JL5 @D575 <\^ , T80q:=<?<?5[<r>lv1< - <\g?58JL< W :c4.23@`y;:

T[>=J JL>=@ �N^P:=M 7Q:lg\2]T�O - :l_`^`@D>u4�v ^`@DT8g\2]>=@ :l@DM	T[>=J _P:l7\2]<?>=@ >lv 3.@D>�5 @	<\^ , T80q:=<?<?5[<cE
1 @ � $ =*�%�2�21��"��<@+K= N � ��."� � =�� NJ�%$2�%�E�%�D=�� �K�2���,+%�/=�� ���E1 � =�� ./$2=�� AD/17\0q:l@DM`>`ADop0]>=7\2]MD: A
6+N+N 0 E

V � �



� � � ��� � ��
 � �����

� Q+6 LGrE SNg?58_ W 58@ 9 >=7?<?5UE SN^`_ 587\4.2]<?>=7 - T[>=@.g\7?>=0 >lvxvi:lJ 23032]5[< >lvr0323@D5c:l7 <?58gmki_a>=23@Ng�T[>=@ k
g\7?>=030]587?<ekt_P:l7\g 0 b w *D:=T8gFJ :lg?T W 2 @DyDE9L 
 
 
 ��$ ����+J�M�J./��=���+6=�� H ��.C=�8:��./��� � =@� ./$2=�� A
I�0 I 0 N6OQb 07I�0 M�� 07I M 0 A 0 Q+Q & E

� Q+M  � E=S E ,F:l7?58@DM 7 :e:l@DMxGrEu9REuG1@`@P:=<45 :lJ - E �E.C�3A%�#� H 1M�%�E./�")�� � &@+�.0�%8K+8E V 7?58@Ng\2]T[5Qk �F:l030iA
0 Q+8+Q E

� Q I  � EDS E , :l7?58@DM 7 :H:l@DM � E C :l0q:�3.7\2]< W @P:l@BEpG�T[>=J JL>=@RO - :l_`^`@D>c4Lv ^`@DT8g\2]>=@ v >=7t<\g : , 0]5
O Z 1 < - <\g?58JL< 5 23g W T[>=J Jx^`g?2 @Dy AkiJ :lg\7\2]T[5[<cE L 
 
 
 ��$ ����+J�M�J./��=���+ =�� ����.C=�8:��./���

�-=�� ./$ =�� A�M+Q`I 0 66OQb 6 I'& Q��G6 I � 0 A 0 Q+Q I E
� Q L  � E S E�,F:l7?58@DM 7 :L:l@DM � EDC :l0q:�3.7\2]< W @P:l@BEdG MD:l_`g\23465 T[>=@Ng\7?>=0�^D<\23@`y Jr^`03g\23_`0]5 JL>.M`580]<cE

L 
 
 
 ��$ ����+*O =�� H ��.C=�8:��./��� � =�� ./$ =�� A I 6`I M6OQb 0 � 0 � 0 8��.A 0 Q+Q��.E
� Q &  � E+S E ,F:l7?58@DM 7 : A � E�C :l0q:�3.7\2]< W @P:l@BAd:l@DM�9RE�� E+hn23032 �6E G MD:l_`g :lg\2]>=@	:l@DM�0]5c:l7\@`23@`y

^D<\23@`yFJx^`03g\23_`0]5tJL>NM`580]<cA6<45 23g?T W 23@`yx:l@DMrg\^`@`23@`yDE L 
 
 
 � =�� ./$ =�� � &@+�.0�%8K+�� �*<M� ���"� �8A
0)L I M6OQb M�� � L�0 A 0 Q+Q L E

� Q��  � E S E ,F:l7?58@DM 7 : :l@DM�fxEP9RE �F>=0]M�5 - @BE1Gy65[>=JL58g\7\2]Tc:l0XT87\23g?587\2]>=@ v >=71g W 5r<\g : , 230323g -
>lv+T[587\g :l23@ @D>=@ ki0323@D5c:l7 @D>=@ k :l^`g?>=@D>=J >=^D<1< - <\g?58JL<cE L 
 
 
 � $2����+J�M�J./��=���+ =�� � �"$2�����/.

�����2=�$%&UA 0+0 I M6OQb I N & � I N��.A 0 Q &�I E
� Q+8  ,rE`/10]58@`y :l@DM � E1,F:l7?58@DM 7 : EX/1@ g W 5F5+* 2]<\g?58@DT[5F>lvpM 2q:ly6>=@P:l0B<?>=03^`g\2]>=@D<tg?>rg W 5 O - :uk

_`^`@D>u4 5 �N^P:lg\2]>=@�v >=7e: g W 237?M�>=7?M`587e< - <\g?58J E 1 @ � $ = �-�-� 1��"��<@+I= N H 8?�%$%���2��� � =�� ./$ =��

� =�� NJ�%$-�%�E�-�8A�6+N+N+M E
� Q+Q LZ E /e> , : :l@DM � E oD^`@P: W :=< W 2iE /1@�: T[>=J JL>=@ �N^P:=M 7 :lg\2]T O - :l_`^`@D>c4 v ^`@DTQk

g\2]>=@ v >=7	5 2]M`580 - M 2]<\g :l@.g < - <\g?58JL<cE L 
 
 
 ��$2����+J�M�J./��=���+	=�� H ��.C=�8:��./��� � =@� ./$2=�� A
I 6`I 0 66OQb 0 & Q�� � 0 & Q+Q A 0 Q+Q��.E

� 0 N+N  Z E./e> , :x:l@DM�� EUoD^`@P: W :=< W 2iEBSNg : , 230323g - 7?> , ^D<\g\@D5[<?<Xv >=7d0323@D5c:l7j<\g :lg?5 <\_P:=T[5 JL>.M`580]<Xk
: O - :l_`^`@D>u4 J :l_`_`23@`y :l_`_`7?>6:=T W E � &@+�.0�%8K+ � � =�� ./$ =�� � ��.�.0�%$-+8A�6+Q b 0 Q 0 � 0 Q & A 0 Q+Q��.E

V � �



� � � ��� � ��
 � �����

� 0 N 0  Z EU/e> , :F:l@DM � EuoD^`@P: W :=< W 2iE ZE5t>eT[>=@DM 23g\2]>=@D<XT[>=@DT[587\@`23@`y T[>=J JL>=@	�N^P:=M 7 :lg\2]T O - :uk
_`^`@D>u4 v ^`@DT8g\2]>=@D<nv >=7j0323@D5c:l7t< - <\g?58JL<cE L 
 
 
 ��$2����+��M�J./��=���+ =�� H ��.C=�8:��./��� � =@� ./$2=�� A
I 6`I L OQb � 0 Q��1�B6 0 A 0 Q+Q��.E

� 0 N+6  Z E�/e> , : :l@DM�� EaoD^`@P: W :=< W 2iE /1@ g W 5 <\23Jx^`03g :l@D5[>=^D<xM 2q:ly6>=@P:l0n<\gQ: , 230 23g - >lvt0 23@D5c:l7
M 2]<?T87?58g?5Qkig\23JL5x< - <\g?58JL<cE�� &�+%.0��8K+9���E1 � =�� ./$2=�� � ��.�.0�%$-+8A�M & b 0 � L � 0 8+N A 0 Q+Q+Q E

� 0 N+M  V E V 580]58g\2]5[<t:l@DMLfxE6GrE6YF5uht:l7\0]>`E Ge< - J _`g?>=g\2]T <\g : , 230323g - >lv JHk <45 23g?T W 5[M < - <\g?58JL<d^D<mk
23@`y O - :l_`^`@P>c4Nki032 3N5dv ^`@DT8g\2]>=@D<cE 1 @ � $ = � O = N H 8?�%$%���2��� � =�� ./$ =�� � =@� NJ�%$-�%�E�-�8AUCt>U<\g?>=@BA
0 Q+Q 0 E

� 0 N I  S E V 58g\g?587?<?<?>=@�:l@DM CFEGOB58@`@P:l7\g?<?>=@BEdSNg : , 230323g - :l@DM 7?> , ^D<\g\@D5[<?<nv >=7 W -., 7\2]M < - <\g?58JL<cE
1 @ � $2=*�%�2� 1��"��<@+ = N � ��."� � =�� NJ�%$-�%�E�-�!=����K� ���,+%��=�� ���E1 � =@� ./$2=�� A �e> , 5UA � :l_P:l@BA 0 Q+Q & E

� 0 N L  S E V 58g\g?587?<?<?>=@ :l@DM�CFE�OB58@`@P:l7\g?<?>=@BE?OB9 1 v >=71<\g : , 230323g - :l@DM 7?> , ^D<\g\@P58<?< v >=7 W -., 7\2]M
< - <\g?58JL<cE 1 @ � $ =*�%�2�21��"��<@+K= N ."��� H 8?�%$%���-��� � =�� ./$2=�� � =�� NJ�%$-�%�E�-�8A 0 Q+Q��.E

� 0 N &  G1@DM 7?5 �c5 � V >=0q:��D<43.2iE`/1@H23@�JD@`23g - @D>=7\JL<d:=<"O - :l_`^`@D>c4 v ^`@DT8g\2]>=@D<�v >=7�0323@D5c:l7X< - <\g?58JL<cE
L 
 
 
 ��$ ����+*O =�� H ��.C=�8:��./��� � =�� ./$ =�� A I N`I �UOQb 0 6��BN�� 0 6��+M A 0 Q+Q L E

� 0 N��  G1@DM 7?5 �c5 � V >=0q:��D<43.2iEHO - :l_`^`@D>u4�v ^`@DT8g\2]>=@	T[>=@D<\g\7\^DT8g\2]>=@ ,.- 0323@D5c:l7H_`7?>=yU7 :lJ J 23@`yDE
L 
 
 
 ��$ ����+*O =�� H ��.C=�8:��./��� � =�� ./$ =�� A I 6`I �UOQb 0 N 0 M�� 0 N 0 & A 0 Q+Q��.E

� 0 N+8  G1@DM 7?5 �c5 � V >=0q:��D<43.2iENo`^`7\g W 587pT[>=J JL58@Ng?<+>=@ �%�F5[T8g?>=7�@D>=7\JL<+:=<�O - :l_`^`@D>u4Fv ^`@DT8g\2]>=@D<
v >=7 0323@D5c:l71< - <\g?58JL<cE�L 
 
 
 ��$ ����+*O =�� H ��.C=�8:��./��� � =�� ./$ =�� A I M`I 66OQb 6+8+Q��G6+Q 0 A 0 Q+Q+8 E

� 0 N+Q :�HEN9RE V >=_a>c4aE+/1@ g W 5F: , <?>=03^`g?5F<\g : , 230323g - >lv�@D>=@`0323@D5c:l7 T[>=@Ng\7?>=0 < - <\g?58JL<cE H ��.C=�8:� �
./��=�� ���E16'!�%8:=�.0� � =�� ./$2=�� A!6+6`I 86OQb Q &�0 �GQ��+Q A 0 Q &�0 E

� 0+0 N  �e58@`7 - 9RE V >�5j587F:l@DM�G W kmh W ^D@`y Zp<?>=2iE 1 J _`7?>c4.23@`y g W 5 _`7?5[M 2]T8g\2]>=@D<e>lvXg W 5Hhn237?T80]5
hn7\23g?587\2]>=@ ,.- T[>=J , 23@`23@`y��N^P:=M 7 :lg\2]T v >=7\JL<cE!L 
 
 
 ��$ ����+*O =�� H ��.C=�8:��./�/� � =@� ./$2=�� A
0 8`I 0 OQb &+L � & �.A 0 Q��BM E

V � �



� � � ��� � ��
 � �����

� 0+0+0  w E S E V - :lg\@`23g?<43.232+:l@DM OdE CFEPfe:l_ >=_a>=7\gcE V 587\2]>.M 2]TrJL>=g\2]>=@ :l@DM�g?5[<\g?< v >=7 : , <?>=03^`g?5
<\g : , 230323g - >=@r@D>=@`0323@D5c:l7+@P>=@D<\g :lg\2]>=@P:l7 - < - <\g?58JL<cE H ��.C=�8:��./��=�� ���E1 ' �%8:=�.0� � =@� ./$2=�� A
L 6`I 0 N6OQb 0 M��BQ�� 0 M$8��.A 0 Q+Q 0 E

� 0+0 6  �rEufe:=M��\:c4.2 :l@DM V Elf1>U<?58@.g W :l0iE � �"86��� .C��� � =��3+D��$%������<����>��$%� �*��./��=��PE SN_`7\23@`y6587mkC�d587\0q:lyDA
6+N+N+N E

� 0+0 M  GrEjfe:l@Ng��c587 :l@DM�9RE � > W :l@D<?<?>=@BE V 2]5[T[575 2]<?5 0323@D5c:l7��N^P:=M 7 :lg\2]T;>=_`g\23J :l0 T[>=@Ng\7?>=0iE
L 
 
 
 � $ ����+J�M�J./��=���+9=�� H ��.C=�8:��./��� � =�� ./$2=�� A I�L I I OQb & 6+Q�� & M'�.A�6+N+N+N E

� 0+07I @OdE CFE fe:l_ >=_a>=7\gcE+Ge< - J _`g?>=g\2]TF<\g : , 230323g - :l@DM _a587\2]>NM 2]TFJL>=g?23>=@P< >lv�^`@DT[587\g :l23@ g\23JL5Qk
4U:l7 - 23@`yF< - <\g?58JL<cE 1 @9� $2=*�%�2�21��"��<@+ � ��$ 1 � =�� NJ�%$2�%�E�%� =����K�2���,+%��=�� ���E1 � =�� ./$ =�� A�Op:�365
Cj^D58@P:6�e2]<\g : A`op0]>=7\2]MD: A 0 Q+Q I E

� 0+0)L  fxEnf15[M W 5 � 587cE �d>=03g?587\7 :�Jr^`03g\23_`032]587?< IK2KO :l@DM|IK232KOQE ��L H � ��O H � <3O � �,+J� O � ��."��O]A
& I I OQb L Q+6�� & 6+M A 0 Q+8 L E

� 0+0 &  fxE`Z E`f1>.T 3U:uv 58030q:l7cE � =���)���� H �E��� &@+%�,+8E V 7\23@DT[58g?>=@��1@`2346587?<\23g - V 7?5[<?<cA 0 Q��BN E
� 0+0 �  �rE �rEPf1>U<?58@ , 7?>NT 3aE1G O - :l_`^`@D>u4 v ^`@DT8g\2]>=@ 5 23g W :l_`_`032]Tc:lg\2]>=@D<Fg?> <?>=JL5x@D>=@`0323@D5c:l7

_ W - <\2]Tc:l0B< - <\g?58JL<cE H ��.C=�8:��./���-�UA 0 b M 0 � L M A 0 Q & 6 E
� 0+0 8  �*230]<?>=@ � EDf ^`y W E �7�"� �2��$ � &@+�.0�%8� ���2=�$%&UE V 7?58@.g\2]T[5 � :l0 0iA 0 Q+Q & E
� 0+0 Q  w ENS.58@D58g : E � =�� �0� ��<M��./�")��!� ��./$%���%�-+ � H �?L-� ./$ =*1����J./��=��F.C= ����� =�$%&6���E1 H �M� � ���2��./��=��PE

G1030]58@ :l@DM �1@G5 23@BA 0 Q�� I E
� 0 6+N  �rEpS W 2 J AXYHE � E ,e> W AX:l@DM � E �rE+S.5[>`E hj>=J JL>=@ O - :l_`^`@D>u4;v ^`@DT8g\2]>=@D< v >=7r5+* _ >lk

@D58@.g\2q:l030 - <\g : , 0]5 @D>=@ ki0323@D5c:l7 < - <\g?58JL<cE 1 @ ��L H � �2=�� NJ�%$-�%�E�-� =�� �-=�� ./$ =��(���E1 �/."+

�%�M� � ���2��./��=���+8ADop0]>=7\2]MD: A 0 Q+Q+8 E
� 0 6 0  fxE S W >=7\g?58@BA YHE�OB5823g W A � EPoD> - A :l@DM�fxE �F230]M ^ �XE Z >)5 :l7?M`<F:l@;:l@P:l0 - <\2]<e:l@DM�M`5[<\23yU@

v 7 :lJL575t>=743 v >=7FT[>=@`y65[<\g\2]>=@ T[>=@.g\7?>=0+23@ T[>=J Jx^`@`2]Tc:lg\2]>U@ @D58g 5j>=743 <cE 1 @ � $ = �-�-� 1��"��<@+

= N ."���	� 
3."��� ���#� 5�=�$-4 +2��=%� =�� �M1M�-�E./�")��6���E1:�#�2��$%���"��<I+%&@+�.0�%8K+8A�6+N+N+M E
V � 	



� � � ��� � ��
 � �����

� 0 6+6  fxEPS W >=7\g?58@BA � E S E ,F:l7?58@DM 7 : AP:l@DM /rED9;:=<?>=@BEj/1@�T[>=J JL>=@�N^P:=M 7 :lg\2]T O - :l_`^`@D>u4
v ^`@DT8g\2]>=@D<cE 1 @ � $ = �-�-� 1��"��<@+F= NDL 
 
 
 � =�� NJ�%$-�%�E�-� =�� �K�2���,+%��=�� ���E1 � =�� ./$2=�� A�O�:=<
�n58yN:=<cA�6+N+N+6 E

� 0 6+M  fxE.,rE.S W >=7\g?58@BA /rE69;:=<?>=@BANotE./rs.ht:l237 , 7?5UA.:l@DM V E.hn^`7\7 :l@BEaG ^`@`2 v - 23@`y v 7 :lJL575t>=743
v >=7 g W 5 S 1 S`/ hn237?T80]5 hn7\23g?587\2]>=@ :l@DM >=g W 587��N^P:=M 7 :lg\2]TL<\gQ: , 230 23g - T87\23g?587\2q: E L-� .0��$%�E� �
./��=��E��� ��=���$%�E��� = N � =�� ./$ =�� A �.� I 0 OQb 0 �G8 A�6+N+N I E

� 0 6 I  fxE ,rEdS W >=7\g?58@BAt/rEX9;:=<?>=@BAdotEd/rs ht:l237 , 7?5UAt:l@DM V Enhn^`7\7 :l@BERG ^`@`2 v - 2 @Dy v 7 :lJL5Qk
5t>=743 v >=7 g W 5 S 1 S`/%hn237?T80]5 hn7\23g?587\2]>=@	:l@DM�>=g W 5Q7 �N^P:=M 7 :lg\2]T <\g : , 230323g - T87\23g?587\2q: E 1 @

� $2=*�-�-� 1��"��<@+6= N 
 ��$ =%��� ��� � =�� ./$ =�� � =�� NJ�%$2�%�E�%�8APht:lJ , 7\2]M y65UA�6+N+N+M E
� 0 6 L  fxE�,rEDS W >=7\g?58@;:l@DM � EPSaE�,F:l7?58@DM 7 : Ej/1@ g W 5 <\g : , 23032 g - :l@DM 5+* 2]<\g?58@DT[5 >lvXT[>=J JL>=@

O - :l_`^`@D>c4�v ^`@DT8g\2]>=@D<rv >=7H0323@D5c:l7L<\g : , 0]5 <45 23g?T W 23@`y�< - <\g?58JL<cE 1 @ � $2=*�%�2�21��"��<@+ � �*."�

� =�� NJ�%$-�%�E�-�K=�� �K� ���,+%��=�� ���E1 � =�� ./$ =�� A`Z+:lJ _P: ADop0]>=7\2]MD: A 0 Q+Q+8 E
� 0 6 &  fxE ,rE+S W >=7\g?58@	:l@DM � E+S E ,F:l7?58@DM 7 : E �e<\23@`y�JL>.MD:l0 :l@P:l0 - <\2]<xg?> 23@.465[<\g\23yN:lg?5 g W 5

<\g : , 230323g - >lvd:HT80q:=<?< >lv W -., 7\2]M < - <\g?58J E�L 
 
 ��=���$%�E��� =�� � =�8(� ��./�"��< �@�E1 � =@� ./$2=�� A
Q`I 66OQb 8 0 �G8+8 A 0 Q+Q+8 E

� 0 6��  fxE ,rEjS W >=7\g?58@�:l@DM � EjS E ,F:l7?58@DM 7 : E ,e5[T[5[<?< :l7 - :l@DM <\^10 T82]58@.g T[>=@DM 23g\2]>=@D<Lv >=7
g W 5 5+* 23<\g 5Q@PT85 >lv : T[>=J JL>=@��N^P:=M 7 :lg\2]T O - :l_`^`@D>c4�v ^`@DT8g\2]>=@;v >=7 9 <\g : , 0]5 <?5[T[>=@DM
>=7?M`587j0323@D5c:l7tg\23JL5Qki23@.4U:l7\2q:l@Ng < - <\g 5QJL<cE 1 @ � $2=*� O = N H 8?�%$%���2��� � =�� ./$2=�� � =�� NJ�%$2�%�E�%�8A
h W 2]Tc:ly6>`A�6+N+N+N E

� 0 6+8  fxE�,rE.S W >=7\g?58@ :l@DM � E S E�,F:l7?58@DM 7Q: E�/ @ T[>=J JL>=@!�N^P:=M 7 :lg\2]T O - :l_`^`@D>u4Hv ^`@DT8g\2]>=@D<
v >=7j_P:l237?< >lvp<\g : , 0]5 OBZ 1 < - <\g?58JL< 5 W >U<?5F< - <\g?58J J :lg\7\2]T[5[< :l7 5123@ T[>=J _P:l@`2]>=@ v >=7\J E
L 
 
 
 � $ ����+J�M�J./��=���+9=�� H ��.C=�8:��./��� � =�� ./$2=�� A I 8`I I OQb &�0 8�� & 6 0 A�6+N+N+M E

� 0 6+Q  fxE ,rE`S W >=7\g?58@BA � EDS E ,F:l7?58@DM 7 : AD:l@DM /rE.9;:=<?>=@BEpG�7?5[<\^`03g >=@ T[>=J JL>=@��N^P:=M 7 :lg\2]T
O - :l_`^`@D>c4 v ^`@DT8g\2]>=@D<cE�L 
 
 
 � $ ����+J�M�J./��=���+B=�� H ��.C=�8:��./��� � =�� ./$2=�� A I 8`I 0 OQb 0+0 N�� 0+0 M A
6+N+N+M E

V � �



� � � ��� � ��
 � �����

� 0 M+N  fxE#,rEpS W >=7\g?58@BA+otE�� ht:l237 , 7?5UAd:l@DM V E+hn^`7\7 :l@BE /1@�g W 5 M - @P:lJ 2]TL23@D<\g : , 230323g - >lv
: T80q:=<?< >lv <45 23g?T W 23@`y�< - <\g?58JL<cE 1 @ � $2=*�%�2�21@�"��<@+ = N9L � H � �2=�� NJ�%$-�%�E�-� =�� H $�./� ���������
L-� .0�%�"� �><3�%�E�-�D�"�F' � ���B� �"8?� � =�� ./$ =�� A�6+N+N+N E

� 0 M 0  f1> , 587\g ,rEXS W >=7\g?58@BE H �E./��1�& = N � &3A%$%��1 � &��E��86���-��� � &@+�.0�%8K+?5 �/."� H �M� � ���-��./�/=��

.C= H ��.C=�8:=�./�")�� � =�� ./$ =�� E VXW Y g W 5[<\23<cA�YF58_P:l7\g\JL58@Ngr>lvtwX0]5[T8g\7\2]Tc:l0t:l@DM�w+0]5[T8g\7?>=@`2]T
wX@`yU23@D5[587\23@`yDA��1@`2346587?<\23g - hj>=030358y65xYe^ , 0323@BADf158_`^ , 032]T >lv 1 7?580q:l@DM A 0 Q+Q & E

� 0 M+6  f1> , 587\g ,rEaS W >=7\g?58@ :l@DM �F^`J _P:lg\2nS E ,F:l7?58@DM 7 : Ee/1@�g W 5r<\g : , 230323g - :l@PM�5+* 2]<\g?58@DT[5
>lvBT[>=J JL>=@ O - :l_`^`@D>c4Hv ^`@DT8g\2]>=@D<dv >=7n0323@D5c:l7j<45 23g?T W 23@`yr< - <\g?58JL<cEaZ�5[T W @`2]Tc:l0af158_ >=7\g
Q+8+N L A hj58@.g?587 v >=7eS - <\g?58JL<eS.T82]58@DT[5UA �j:l0]5�1@D2 4N587?<\23g - A 0 Q+Q+8 E

� 0 M+M  f1> , 587\g ,rEDS W >=7?g?58@ :l@DM �F^`J _P:lg\2+S E�,F:l7 5Q@PM 7 : E ,e5[T[5[<?< :l7 - :l@DM <\^10 T82]58@.g T[>=@DM`2 k
g\2]>=@D<ev >=7Fg W 5H5+* 2]<\g?58@DT[5H>lvt: T[>=J JL>=@��N^P:=M 7 :lg\2]T O - :l_`^`@D>c4�v ^`@DT8g\2]>=@ v >=7 :	JD@`23g?5
@.^`J , 587 >lvr<\g : , 0]5 <?5[T[>=@DM�>=7?M`587 0323@D5c:l7 g\23JL5Qki23@.4U:l7\2q:l@Ng < - <\g?58JL<cE L-� .0�%$%�E��./��=��E���

��=���$%�E��� = N H 1M�%�E./�")�� � =�� ./$ =�� ���E1 � �><��E��� � $ = �-�-+-+%�"��<UA 0 & b �BN+Q��1�B6+8 A;6+N+N+M E
� 0 M I  YHE YHEPS.2 0 �\:�3aE ����$C<3� � � �2���#� � &��E��86����� &@+�.0�%8K+8E ,e>=7\g W k �e>=030q:l@DM A 0 Q��B8 E
� 0 M L  fxEaS�3N>N>=y :l@DM heE�O�:l^BE 1 @D<\g : , 230323g - >lvj<\0]>)5 0 - 4U:l7 - 23@`y < - <\g?58JL<cE L 
 
 
 ��$ ����+*O =��

H ��.C=�8:��./��� � =@� ./$2=�� A 0 � I 0 OQb 8 & �GQ+6 A 0 Q��B6 E
� 0 M &  � E`w E SN0]>=g\23@D5x:l@DM ��5823_`23@`y@O 2iE H �M� � �C� 1 � =���� �"� � ��$ � =�� ./$ =�� E V 7?58@.g\2]T[5 �F:l030iA 0 Q+Q 0 E
� 0 M��  �HE�� EDSNJ 237\@D>c4aE�L-� ./$2=*1����J./��=�� .C=:."���9."���2=�$%& = N 1�� � �%$-�%� ./����� �"�E��� �3+%��=���+8EpG1JL587\2]Tc:l@

9;:lg W 58J :lg\2]Tc:l0XS.>.T82358g - A�6+N+N+6 E
� 0 M+8  YHEBSNg\23_P:l@D>c4.2]TL:l@DM;YHE SN230 �\:�3aExhj>=@N4N5+* 9 kiJ :lg\7\2]T[5[< :l@DM _a>=0 - g?>=_`2]THM - @P:lJ 2]TH< - <mk

g?58JL<cE 1 @ � $ =*�%�2�21��"��<@+K= N L 
 
 
 �2=�� NJ�%$-�%�E�-�6=�� 13�2���,+%��=@� ���E1 �-=�� ./$ =�� A 0 Q+Q��.E
� 0 M+Q  YHE 9RE SNg\23_P:l@D>c4.2]TF:l@DM YHE YHE SN230 �\:�3aE�SNg : , 230323g - >lv _a>=0 - g?>=_`2]T1< - <\g?58JL<d4.2q: T[>=@N4N5+* 9 k

J :lg\7\2]T[5[<H:l@DM�_P:l7 :lJL58g?587mk MD58_a58@DM`58@.g O - :l_`^`@D>u4;v ^`@DT8g\2]>=@D<cE � =���� �"� �2��$ H �E��� &@+%�,+8A
I N b L 8+Q�� & N+Q A�6+N+N+N E

V � �



� � � ��� � ��
 � �����

� 07I N  heEtZp>=J 0323@BA �HE � E V :l_`_P:=<cAF:l@DM S E S :=<\g\7 - E hj>=@�
D2]T8g 7?5[<?>=03^`g\2]>=@�v >=7 :l237 g\7Q: 0 T
J :l@P:ly658JL58@.gcbHG <\g\^DM - 2]< Jx^`03g\2q:ly658@.g W -., 7\2]M�< - <\g?58JL<cE L 
 
 
 � $2����+J�M�J./��=���+?=��

H ��.C=�8:��./��� � =�� ./$ =�� A I M`I I OQb L N+Q�� L 6 0 A 0 Q+Q+8 E
� 07I�0  9RE`GrE��e2]M - :=< :lyN:l7cE � =���� �"� �2��$ +%&@+�.0�%8K+D���E��� &@+%�,+8E V 7?58@.g\2]T[5 �F:l030iA 0 Q+Q+M E
� 07I 6  9RE��e230q:l_`0q:l@P: AP/rE`9;:=<?>=@BA YHE�OB5823g W AP:l@DM �E�OB5823g W 5c:=M E � $2=*�%�2� 1��"��<@+K= N ."��� 5�=�$-4 �

+-��=%� =�� 86��� ./� � �*<3�%� . �-=�� ./$ =�� ���%�>1 ��. � � LD� ��&��E= =�."�MG � �0�E.0�%8?A2�%$ 
 � � �6ApT W :l_`g?587
�chj>=@.g\7?>=0d>lv - :�5tki7 :lg?5L:l@DM <\2]M`5[<\0323_ 23@ I k 5 W 5[580n<\g?5[587\23@`y Tc:l7?< 5 23g W :=T8g\^P:lg?>=7xT[>=@ k
<\g\7 :l23@.g?<��=EnSN_`7\23@`y6587mkC�n587\0q:lyDA�� W g\g\_Bb ����555 E M`T[<cE :=TUE ^!3aE

� 07I M  S E ��582]<?<?58@ , 587\y6587cE V 2]5[T[575 2]<?5Qk �N^P:=M 7 :lg\2]Tt:l@DM _`2]5[T[575 2]<?5Qki0323@D5c:l7�O - :l_`^`@D>c4Fv ^`@DT8g\2]>=@D<
v >=7 M 2]<?T8>=@.g\23@.^D>=^D< < - <\g?58JL<cE L-� .0�%$%�E��./��=��E��� ��=���$%�E��� = N � =�� ./$ =�� A 0 N`I 0 OQb 0 � 0 � 0 8+N A
0 Q & Q E

� 07I+I  9REUGrE �*2]T 3 <cA V E V 580]58g\2]5[<cA.:l@DM fxEUYF5uht:l7\0]>`Eahj>=@D<\g\7\^DT8g\2]>=@ >lva_`2]5[T[575 2]<?5?O - :l_`^`@D>u4
v ^`@DT8g\2]>=@D<1v >=7F<\g : , 23032]<\23@`y <45 23g?T W 5[M < - <\g?58JL<cE 1 @�� $ = �-�2�21��"��<@+�� ��$ 1 � =�� NJ�%$-�%�E�-�:=��
�K�2���,+%��=@� ���E1 � =�� ./$ =�� A!O�:�3N5 Cj^D58@P:6�e2]<\g : A`op0]>=7\2]MD: A 0 Q+Q I E

� 07I�L  � E heE��*23030]58JL<cE OB5c:=<\g < �N^P:l7?5[< <\g :lg\2]>=@P:l7 - >=_`g\23J :l0 T[>=@Ng\7?>=0x:l@DM g W 5 :l03y65 , 7 :l2]T
f 2]Tc:lg\g\2�5 �N^P:lg\2]>=@BE�L 
 
 
 ��$ ����+*O =�� H ��.C=�8:��./��� � =�� ./$ =�� A 0 & I & OQb & 6 0 � & M I A 0 Q�� 0 E

� 07I'&  � E�OdE��*23030]58JL<cE�Z W 5 hn237?T80]5�hn7\23g?587\2]>=@�:l@DM �N^P:=M 7 :lg\2]T O - :l_`^`@D>u4	v ^`@DT8g\2]>=@D< v >=7
<\g : , 230323g - :l@P:l0 - <\2]<cE�L 
 
 
 ��$ ����+*O =�� H ��.C=�8:��./��� � =�� ./$ =�� A 0 8`I I OQb 0 8 I A 0 Q��BM E

� 07I �  � E � ^`0��XAUfxEUS W >=7\g?58@BAN:l@DM V E6hn^`7\7 :l@BEP/1@Hg W 5
45◦

M`58yU7?5[5j7?58yU2]>=@ :l@DMrg W 5j^`@`2 v >=7\J
:=< - J _`g?>=g\2]Te<\g : , 230323g - >lv�T80q:=<?<?5[<n>lv�<?5[T8>=@PM >=7?M`587n_P:l7 :lJL58g?587t4U:l7 - 23@`yH:l@DM <45 23g?T W 5[M
< - <\g?58JL<cE�L-� .0�%$%�E��./��=��E��� ��=���$%�E��� = N � =�� ./$2=�� A � L I 0+0 OQb 8 0 6���8+6+M A�6+N+N+6 E

� 07I 8  YHE �e2]5UA3�HE �e2]5UAN:l@DM OdE ��:l@`yDE hj>=J _`0]58g?5 T W :l7 :=T8g?587\2 �u:lg\2]>U@ >lv �N^P:=M 7Q:lg\2]Tt0 - :l_D^`@D>c4
v ^`@DT8g\2]>=@D<rv >=7r_`0q:l@P:l7LM 2]<?T87?58g?5 < - <\g?58JL<cE � =�8686�������2��./��=���+?�"� �E=���� �"� �2��$:+J���C�%�E�-�

���E1:����8?�%$%���-��� +%�"86���>��./��=��PA!Q`I I OQb I N L � I�0 & A;6+N+N I E

V � �



� � � ��� � ��
 � �����

� 07I Q @OdE��e2]5UA S E1S W 2]< W 3.23@BA :l@DM�9REtoD^BE V 235[T[575 2]<?5 O - :l_`^`@D>u4 v ^`@DT8g\2]>=@D< v >=7 7?> , ^D<\g
<\g : , 230323g - >lv 032 @P5[:l7rg\23JL5Qki4U:l7 - 23@`y;< - <\g?58JL<cE � &@+�.0�%8K+ � � =�� ./$2=�� � ��.�.0�%$-+8A M��.b 0 &+L �
0 � 0 A 0 Q+Q��.E

� 0)L N  �E �F2 @DyDA (rE � W :l@`yDA � E � W :l@`yDAd:l@DM (rE �R:l@`yDE;S.>=JL5 y65[>=JL58g\7\2]T _D7?>=_ 587\g\2]5[< >lv
O - :l_`^`@D>c4 5 �N^P:lg\2]>=@ :l@DMROBZ 1 < - <\g?58J E H ��.C=�8:��./���2�UA�M��.b M 0 M��GM 0 & A�6+N+N 0 E

� 0)L�0  heE �ev >=^`032]<+:l@DMrfxE=S W >=7\g?58@BE G @.^`JL587\2]Tc:l0 g?5[T W @`2 �N^D5dv >=7+<\g : , 230323g - :l@P:l0 - <\2]<p>lvP0 23@D5c:l7
<45 23g?T W 5[M < - <\g?58JL<cE�+%��A%86�/.�.0�21 .C=?."��� L-� .0�%$%�E��./��=��E��� ��=@��$��E�@�7= N � =�� ./$ =�� A�6+N+N I E

V � V


