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Abstract

This thesis deals with the stability analysis of switched linear systems. Such systems
are characterised by a mixture of continuous dynamics and logic-based switching
between discrete modes. This system class appears in a large variety of control systems

and has a wide field of applications in the modern industrial society.

While the application of switched control systems can be very beneficial, their stability
analysis is often complex. Even though, switched system analysis has been studied
extensively in the last decade, few analytical tools for stability have been developed.
To date, the most common stability tools are based on numerical optimisation that
provide little insight into the (in)stability properties of the process. The objective of
this thesis is to develop stability tools that are readily applicable and provide some

support for the design process of controllers for switched systems.

In this thesis stability criteria for hybrid systems that resemble many of the classical
stability results for linear time-invariant systems are derived. The principal tool
employed for stability analysis of the systems is Lyapunov theory: both quadratic and
non-quadratic Lyapunov functions are used to derive compact eigenvalue conditions
that guarantee stability of certain classes of switched systems. New results for second
order switched systems are developed, a describing function technique for switched
systems is presented, and pole-placement techniques for stabilising switched single-
input single-output (SISO) PID control structures are derived. In addition, the results
also lead to new more compact versions of well known SISO stability criteria for
nonlinear systems of the Lur’e type. In this context, we show that well known criteria
such as the Circle Criterion, Popov Criterion, and the KYP lemma can be evaluated

in a compact manner.
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Chapter 1

Introduction and overview

In this introductory chapter, we motivate the study of switched and hybrid
systems, and point out some of the issues associated with the stability of
these systems. We also provide a rough overview of the nature of available
stability results in the area, along with a brief outline of the work contained

in the remainder of the thesis.

1.1 Introductory remarks and motivation

Over the past two decades dramatic progress in computing capabilities has resulted
in the synthesis and implementation of increasingly complex dynamical systems.
In this context, control systems often fulfill several objectives or interact in a net-
work of decentralised control systems. Such systems typically exhibit simultane-
ously discrete and continuous dynamics and are known as hybrid dynamical sys-
tems. Control-problems that can be described in such a form can be found in ap-
plications in various industrial fields like aircraft control [BM00, BM01], traffic con-
trol [HV00, TPS98, GLS94], automotive control [Sho96, CGS04], and power systems
[RBM 197, PL99|. It is fair to say that the theory of hybrid systems is by now a
well-established research area with contributions from several research communities

such as engineering, mathematics and computer science.

The subject of this thesis is a class of hybrid systems that is known as switched linear

systems. The continuous dynamics of switched linear systems are described by a set
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of linear time-invariant differential equations which involve (at least partially) the
same states. Each of these differential equations represent the dynamics of a linear
time-invariant (LTI) system, often referred to as constituent systems of the switched
linear system. The discrete dynamics are represented by some logic- or event-driven
switching unit that alternates the linear dynamics at distinct time-instances. An

example of a possible closed-loop controller structure is shown in Figure 1.1.

Switching unit

Controller 1 ——

Controller 2 ——

Process —

Controller N ——

Figure 1.1: Example of the structure of a switched control system.
Here a bank of N controllers is used to control the process. At any given time
only one of the controllers is active in the closed-loop and supplies the control
signal. The switching unit determine the controller to be active at any given time

instant.

Switched control systems can be applied for a number of reasons. In the following list

some scenarios are described that motivate the study of switched systems.

(i) Switching process. Maybe the most obvious reason for applying a switched
control-scheme is given for the case where the process itself is inherently multi-
modal such that its dynamics change (more or less) instantaneously over time.
Examples for such behaviour can be found in mechanical systems where a gear-
box is fundamental part of the dynamics. Consider the longitudinal dynamics
of an automobile. In each gear the dynamics can be described by a different
continuous model [Sho96]. A change of gear can then be viewed as a mode-

switch of the overall longitudinal dynamics.

(i) Multiple control objectives. Even when the plant itself does not exhibit

switching dynamics, switched controllers can be used to meet multiple control
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objectives. This can be necessary when the process is exposed to changing
environments or disturbances. A good example for an application with such
changing objectives is the control of wind-turbine power generators [LLMS02,
LSLT03]. For reasons of security and performance the generator operates in

different modes depending on the current wind-speed.

(iii) Performance and constraints. Control-design is typically a trade-off be-
tween several objectives such as response speed, over-shoot, robustness, dis-
turbance attenuation and control- and state-constraints. Some limitations of
classical linear or non-linear controllers can be overcome by switching appro-
priately between individual controllers that are designed for specific tasks (for
examples see [FGS97],[MKO00] and references therein). For example, the perfor-
mance of a PI controller can be improved by switching off the integral part of
the controller when the error is large. For large errors the remaining propor-
tional controller provides fast response, while the PI controller provides good

low-frequency disturbance attenuation when the error is small.

(iv) Adaptive control. For processes with uncertainties and largely varying dis-
turbances, adaptive controllers can be applied to account for the changing oper-
ating conditions. Switched dynamical systems arise naturally as a consequence
of the introduction of the multiple-models, switching and tuning paradigm in
[NB95, NB97]. Here, a number of different models are used to represent the
various operating conditions. With each model a controller is associated whose
parameters are tuned as long as the changes are small. When the conditions
change rapidly, the model is selected that describes the current situation best
and its associated controller is applied. Such a switching scheme allows for a

much faster adaptation than classical single-model adaptive controllers.

While the application of switched controllers can undoubtedly be beneficial, the sta-
bility analysis of the resulting closed-loop systems is by no means trivial. At first
sight, one might assume that the switched system only exhibits properties of the in-
volved linear systems and therefore is stable whenever the constituent linear systems
are stable. However, it is not hard to demonstrate that such a conjecture is false (see
[LM99, DBPLO0] for examples). In fact, the switching action between the constituent
systems can induce a wide range of dynamical behaviour that cannot be observed in

any of the constituent systems.
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To assist intuition consider the following example of the “Car in the desert” borrowed

from [SN98c| that illustrates a possible instability mechanism of the switched system.

o - YCVAN

Figure 1.2: ‘The car in the desert’

Imagine the situation depicted in Figure 1.2. A man is stranded with his
car in the desert. As depicted he has two possible strategies (a and b) to
reach the oasis and being saved from starvation. Both of those strategies
can be considered as “stable” since they will lead to the rescue of the man.
However, if the man initially follows strategy a but changes his mind after
a while to follow strategy b, he might get further away from the oasis
as indicated by path c. Continuation of changing his strategy in such
a fashion would lead to catastrophic results. However, would he choose
for example larger time-intervals between the change of his strategies (or

simply never change his mind) he would reach the oasis safely.

While the above example is somewhat frivolous, it still shows one of the many possible
instability mechanisms of switched linear systems (known as chattering instability).
The two strategies a and b represent trajectories in the state-space of the constituent
stable LTT systems. A change of strategy corresponds to switching the dynamics from
one vector-field to the other. Although the resulting trajectory c consists of fractions
of trajectories belonging to strategy a or b, it exhibits a completely different qualitative
behaviour. Furthermore, we observe that the same set of strategies (constituent
systems) can result in stable and unstable trajectories, depending on the switching
scheme applied. Therefore the switched system is only properly defined by the set of

constituent systems in conjunction with admissible switching schemes.

This distinction motivates various approaches to the stability analysis of switched
systems. Depending on the objectives and constraints of the application, different

lines of inquiry are appropriate. Consider for example the case where we have little
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influence on the closed-loop dynamics of the constituent systems. In such situation
it might be of interest to identify switching rules that result in stable behaviour.
The opposite approach considers a class of admissible switching schemes and aims to
design a set of controllers that ensure stability. Restriction of the class of admissible
switching schemes usually results in a greater freedom for the design of the individual

controllers.

This thesis is focussed on the stability analysis of switched linear systems with arbi-
trary switching schemes. Thus we derive conditions on the dynamics of the constituent
systems such that the stability of the switched system is guaranteed. This is the most
general case of the latter approach and is pertinent whenever the admissible switch-
ing schemes cannot be specified or a high degree of robustness (with respect to the
switching scheme) is required. Moreover, as shall be discussed in a later section, the
stability problem of switched systems with arbitrary switching is equivalent to robust
stability of certain classes of parameter-varying systems. A pleasant ‘by-product’ of
the analysis of switched systems for arbitrary switching is therefore, that the results

are immediately applicable to the corresponding robustness problem.

1.2 Brief overview on existing stability approaches

The stability of the closed-loop system is probably the most fundamental objective
for the control design. It is well known that efficient control-design methods can only
be developed when the stability properties of the system are fully understood. In
order to motivate the approaches in this thesis, this section provides a brief overview
on the nature of available stability results for switched linear systems with arbitrary

switching. A detailed review follows in Chapter 2.

The analysis of switched systems has received considerable attention from various
research communities in the past decade. Most results are based on Lyapunov’s sta-
bility theory which has played a dominant role in the analysis of dynamical systems
for more than a century. Roughly speaking, Lyapunov theory guarantees stability
of the dynamical system if a function (called Lyapunov function) with a certain set
of properties can be associated with that system (see Section 2.4 for the full defin-
itions). The crucial part of applying Lyapunov’s theory is to find such a Lyapunov

function or at least to establish that one exists. For linear time-invariant (LTI) sys-
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tems this is rather straight forward since a simple eigenvalue-test reveals the existence
of a quadratic Lyapunov function. Moreover, the existence of a quadratic Lyapunov

function is necessary and sufficient for the asymptotic stability of an LTI system.

However, the analysis of switched linear systems is more complex. The introductory
discussion indicates that the existence of a quadratic Lyapunov functions for each of
the constituent LTI systems is not sufficient for the stability of the switched system.
But it is well known that the switched system is stable if there exists some common
Lyapunov function that satisfies the conditions of the Lyapunov theory simultane-
ously for all constituent systems. More recently, a number of converse theorems have
been established [MP86, MP89, DM99|, showing that such common Lyapunov func-
tion always exists when the switched linear system is stable for arbitrary switching.
However, general conditions for determining the existence of a common Lyapunov
function for switched systems are unknown. Therefore, most stability results consider

some class of switched systems or a specific type of common Lyapunov function.

We can roughly categorise the available stability results for arbitrary switching into
numerical and analytic conditions, based on either quadratic or non-quadratic Lya-

punov functions.

The majority of results use common quadratic Lyapunov functions (CQLF) to estab-
lish stability. The most applicable analytic results are formulated in terms of eigen-
value properties of the system matrices (e.g. eigenvalue or matrix-pencil conditions)
or apply to subsystems with specific properties such as commuting system matrices
or triangular systems. While those conditions are very compact and simple to apply
in practice, the greatest disadvantage lies in their restriction to a rather small class of
systems. Numerical approaches for the existence of a CQLF are applicable to a much
greater class of systems. This is mainly due to the fact, that the CQLF problem can
be formulated as linear matrix inequalities (LMI) for which powerful solution-tools
are available [BEFB94]. However, solving the respective LMIs only provides an an-
swer to the existence (or non-existence) of a CQLF and does not provide any insights

into the dynamical behaviour or guidelines for the controller design.

In contrast to LTI systems, the existence of a common Lyapunov function of the
quadratic type is in general not necessary for the stability of switched systems. It is
not hard to find stable switched systems for which no CQLF exists. In those cases,

stability conditions that are based on the existence of a CQLF will lead to conservative
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results. This problem can be overcome by considering alternative types of Lyapunov
functions as for example piecewise linear or piecewise quadratic Lyapunov functions.
In the work on the converse Lyapunov theorems it is shown that such types of common
Lyapunov functions always exist if the system is stable. The crucial question here
is to determine the number of pieces needed to construct such Lyapunov function.
In general, this problem appears to be rather difficult. Therefore, most results using
these types of Lyapunov function concern switched systems where switching occurs
along specified switching surfaces in the state-space. Such a structured state-space can
be used as a guideline for the layout of the piecewise Lyapunov function. Analytic
results using piecewise Lyapunov functions for arbitrary switching are very scarce.
There are a few numerical approaches to finding a piecewise linear Lyapunov function.
However, these algorithms also suffer from the problem that the number of partitions
is unknown and effectively are not applicable to systems of order higher than three

or four.

1.3 Overview and contributions

The subject of this thesis is the stability analysis of switched linear systems where
arbitrary switching signals are admissible. As the previous discussion shows, there
is a large number of stability results for this system class available in the literature.
However, many of the conditions obtained are theoretical, non-constructive results
or impose considerable restrictions on the control design for the systems. The main
objective in this thesis is to contribute stability conditions that provide some insight
into the stability (or instability) properties of the switched system and can support

the design process of controllers for switched systems.

A second motivation for the work in this thesis stems from the fact that the majority
of the stability tools available use quadratic forms to establish stability. This can
lead to conservative results since the existence of a quadratic Lyapunov function is
sufficient, but in general not necessary for stability. In other words, the considered
system might well be stable even when a CQLF fails to exist. For this reason we choose

alternative approaches in order to establish stability for a larger set of systems.

In the following Chapter 2 we formally define the switched systems considered in this

thesis and introduce the relevant notions of stability. Furthermore, we discuss some
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typical stability problems that arise in the analysis of this system class and review

the most relevant stability theory that is related to the work in this thesis.

In Chapter 3 a class of second-order switched systems is considered. We derive a
simple stability condition (45° Criterion) which is based on eigenvalue properties of
the constituent systems matrices. The formulation of the stability condition in terms
of the eigenvalues has the advantage that the condition is invariant under co-ordinate
transformations. We employ two types of Lyapunov functions to establish stability for
this condition: quadratic Lyapunov functions and a type of piecewise linear Lyapunov
functions. Clearly, the existence of either Lyapunov function is sufficient for the
stability of the switched system. However, both Lyapunov functions are needed to
derive the stability condition presented. The analysis reveals that the use of the
piecewise linear Lyapunov function is particularly beneficial when the constituent
LTI systems have real eigenvalues. For some of these cases, the quadratic Lyapunov
function fails to exist. Moreover, the derivation of the results allows to directly
construct such piecewise linear Lyapunov function for a given switched system. This
could prove useful for the development of design-methods for controllers for switched

systems.

While switched systems have only been explicitly studied for roughly a decade, their
analysis is closely related to classes of nonlinear systems that have been the subject
of earlier research. In Chapter 4 we consider a particular type of switched system
that is related to the classical single-input single-output Lur’e system. We show
that typical stability problems for these two system classes are equivalent such that
stability results obtained for these systems are mutually applicable. A recent result
in [SNO3b] relates the Circle Criterion to a simple eigenvalue test of the product of
the constituent system matrices. We extend this result to show that a large number
of classical stability conditions for the Lur’e system can be formulated as eigenvalue
conditions of a matrix product. In fact, any condition that relates the location of the
Nyquist plot to a disk in the complex plane can also be expressed as an eigenvalue
test (for example the sensitivity analysis of LTI systems). This can be useful for the

robust design of controllers with several constraints.

The same system class is subject of the analysis in Chapter 5. Here we choose a
frequency-domain approach which is motivated by a stability conjecture originally
formulated in [PT74]. The authors use an approach similar to describing functions

for stationary nonlinearities to detect the existence of periodic motion. In Chapter 5



1.3 Overview and contributions 9

we analyse this conjecture and examine a number of questions arising from it. In this
context the existence of a periodic solution in the proximity of the stability boundary
is of particular interest. While it remains an open question whether or not the non-
existence of a periodic solution is sufficient for stability, we can establish that its
absence is of some significance for the stability of the system. Based on this analysis
we derive stability conditions that approximate the stability boundary arbitrarily
close. Note, that these results are simultaneously valid for Lur’e systems and the

corresponding class of switched systems.

In Chapter 6 we shift the focus from the pure analysis of the system to a design-method
for a switched controller. We propose a controller architecture which is suitable to
meet typical requirements for a switched process. We pursue two goals in this chapter.
Firstly, we exploit the structure of the resulting closed-loop system to derive simpli-
fied stability conditions for systems with an arbitrary, finite number of subsystems.
Secondly we derive conditions for the controller-design that minimise the transient

responses when the plant switches under certain circumstances.

The work described in the thesis has led to a number of publications in international
conference proceedings and peer-reviewed journals. In particular, results of Chapter 3
concerning the proposed piecewise linear Lyapunov function and the 45° Criterion
for systems with real eigenvalues have been published in [WCS01], [WSC02b| and
[WSC02a]. The extension of the matrix-product result in [SN03b] to multiplier criteria
in the frequency domain in Chapter 4 has been published in [SCWO03] and [SCWO04].
The relation of the existence of periodic motion to the absolute stability problem in

Chapter 5 has been discussed in [WFS03].






Chapter 2

Stability of switched linear

systems

In this chapter we define the class of switched linear system and the notion
of stability that are subject of the analysis in this thesis. Further, a num-
ber of problems regarding the stability of this system class are described,
followed by a brief review of the known stability results on switched linear

systems that are available in the literature.

2.1 Introductory remarks

Switched linear systems are defined by a set of linear time-invariant (LTI) systems
and a switching mechanism that orchestrates between them. A key issue for the
stability analysis of the switched system is the interaction of the piecewise constant
dynamics and the switching mechanism. In fact, for some switching patterns this
interaction can cause unstable behaviour in a switched system formed from a set of
stable LTI systems and vice versa. For most of this thesis we are concerned with
finding conditions on the family of subsystems that guarantee stable behaviour for

arbitrary switching schemes.

In this chapter we formally define the class of switched systems considered in this
thesis and the relevant notions of stability. Further we describe some major stability

problems concerning switched systems that have been studied in the recent past. In
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Section 2.4.2 a brief overview on Lyapunov theory in relation to switched systems is
given and a number of fundamental converse theorems stated which form the theoret-
ical basis of many stability results. In the last two sections we briefly review stability
results available in the literature for switched systems with arbitrary and constraint

switching signals, respectively.

2.2 Switched linear systems

The switched linear system consists of a finite set of linear time-invariant (LTT) sys-

tems
Ya,:  @(t) = A1), A, eR™™ ieZI={1,...,N}. (2.1)

We refer to ¥ 4, interchangeably as constituent system i, subsystem i or mode ¢ of the
switched system. The index-set Z denotes the set of modes i. Since the subsystems
are uniquely defined by their system matrix A;, we will often refer to the system A;,

meaning the autonomous linear time-invariant system > 4, defined by A;.

Note, while each subsystem is described by an individual system matrix A;, the state-
vector x € R™ is shared between them. At any given point in time one and only one
subsystem ¥ 4, describes the evolution of the state z(t). For most of this thesis we shall
consider systems that switch arbitrarily between the constituent systems while the
switching law may be unknown. However, we require that once the system switches
into a given subsystem, it remains in that mode for some time interval. Although
this time interval may be arbitrarily small, it excludes the possibility that an infinite

number of switches occur in finite time, known as Zeno behaviour [Lib03].

The switching sequence describes the switching action between the constituent sys-
tems. The time instance where mode switches occur are given by a sequence of
switching instances t;. With every switching instant ¢ we associate the mode iy, € 7
that describes the subsystem that becomes active in the respective switching instant.

Together they form the switching sequence given by the sequence of ordered pairs
(t()7i0)7 (tluil)v Tty (tkvzk)v e
where tg <t; < ...<tp <...,and iy € Z, Zk?észr]kaO

The k' switching interval is given by t; < t < t,,1; where the switched system is

in mode 4. During that interval the state z(¢) evolves according to &(t) = A;, z(t).
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Recall that the state vector x is common to the constituent systems and therefore is
continuous at the switching instances. Thus the initial state xz(ty) for &(t) = A;, z(t)
is the terminal state of &(t) = A;, _, x(t),

o(te) = tetl,lcr,?qk z(t).

The length of the k' interval is denoted by 7, = tpy1 — tg > 0.

The above elements fully describe the dynamics of the switched linear system. In
order to describe the switched system in a closer form we introduce the switching

signal which determines the interaction of the subsystems.

Definition 2.1 (Switching signal) A switching signal o(t) is a piecewise constant

function o : RT — I with the following properties:

(i) the points of discontinuity are the sequence of numbers tg < tq < ... <t <...;

(ii) there exists a lower bound T, > 0 for the interval between two consecutive

discontinuities ty,tr11, such that tpy1 — ti > Tin for all k;

(iii) o(-) is continuous from the right, i.e. o(t) =iy for tp <t < tiy1.

Using the elements described above we can define the switched linear system as a
linear time-varying system with piecewise constant, linear dynamics given by a family

of linear time-invariant systems.

Definition 2.2 (Switched linear system) Let A = {A4;,..., Ay} C R™*" be a
finite set of system matrices defining a family of linear time-invariant systems X 4,,
1el = {1, .. .,N} and let S be the set of admissible piecewise constant switching
signals o(+) : RT™ — Z. Then the switched linear system is defined by

E.A7S : x(t) = A(t)x(t), (2.2)

where A(t) € A and A(t) = Ay, o(t) € T for allt e RT and all o(-) € S.

For most of this thesis we assume that the switching law allows for arbitrary switching,
meaning that the set S contains all functions o (-) with the properties in Definition 2.1.
In these cases we shall omit the set S in the notation and simply refer to X 4 as the

switched system.
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As a final piece of notation z(t, o, zg,c) denotes the state vector x at the time ¢ for
a given initial condition zy = x(typ) and where the dynamics of the system switches
according to 0. When the meaning is clear from the context we will simply use x(¢)
to denote a trajectory or solution of the system. In the next section is shown that
the solution z(t, g, xo, o) of the switched system exists for all £ € R* and any given

initial state x¢, initial time to and switching signal () € S.

Representation of the solutions

At any time instant exactly one subsystem X 4, is active and according to the assump-
tions, the solution z(t) is continuous, albeit not continuously differentiable. Figure 2.1
shows an example for a state trajectory of a second-order switched system. Between
two consecutive switching instances the trajectory has all characteristics of a linear
time-invariant system. At the switching instances, the trajectory is possibly non-

smooth but continuous.

15

0.5 il

Figure 2.1: Sample-trajectory of an unforced second-order switched
linear system. The initial state is (0,1) and the switching instances

are indicated by a dot.

As for linear time-invariant systems we can write the solution of (2.2) for a given

switching signal o(-) and initial state z( as
x(t,to,xo,()’) = (I)U(t,to) Zo

where @, (¢, tp) denotes the transition matrix of the switched system (2.2) with switch-

ing signal o(-).
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The solution x(t) can be constructed by piecing together the respective solutions of

the constituent LTT systems. For the EY interval t, < t < tix+1 we obtain
a(t) = e@alt=to) gz,
Since x(tx+1) is the initial state for the following interval we get for tx1 <t < tg42
o(t) = e(Aml(t—tkH)) e(Aika)x(tk)

with T — tk+1 — tk.
The transition matrix ®, (¢, tp) and with that the solution of (2.2) for any given initial
state xg and any given switching signal o(-), is uniquely defined by

x(tat07m070) = (I)O'(t7t0) Zo

k—1
with B, (t,tg) = elAunlt=mw) T <o
=0

where tj, is the last switching instant before ¢, i.e. tx <t < tg11.

Non-autonomous systems

Thus far we defined the switched linear system as an unforced system without input
and output, commonly referred to as an autonomous system. Of course, for control
systems the input-output behaviour is of major interest. We therefore introduce the

non-autonomous switched system.

Similar to (2.1) we consider the set of constituent linear time-invariant input-output

systems given by

z(t) = Ajx(t) + Biu(t) (2.3a)
y(t) = Cuz(t), Viel (2.3b)

where u(t) € R” denotes the input and y(t) € RP is the output of the system. The
matrices B;, C; are of according dimensions. In the special case that r = p = 1 we

speak of (2.3) as a single-input single-output (SISO) system.

The non-autonomous switched system is then defined by the family of time-invariant
input-output systems (2.3) for ¢ € Z. Thus, the input-output behaviour in each mode
1 € T is defined by the matrix triple (A;, B;, C;). The input u(t) and the output y(t)

signals are shared by all constituent systems.
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Including the switching signal o(-) € S we obtain for the non-autonomous switched
system
z(t) = A(t)z(t) + B(t)u(t) (2.4a)
y(t) = C(t)x(t) (2.4b)

where A(t) = Ay, B(t) = By and C(t) = Coyy for all t € RY and o(t) € Z.
Note, that the matrices A(t), B(t), C(t) switch synchronously at exactly the same
time instances t;. Thus, the non-autonomous switched system is defined by the set of
input-output systems {(A;, B;,C;)}, i € T and the set of admissible switching signals
o()eS.

2.3 Stability theory of switched systems

Stability is a fundamental requirement for all control systems. As we shall see, there
are a number of questions pertaining to the stability of switched linear systems that
are as yet unanswered. Before we begin our discussion of these question we shall now
introduce the formal definitions of the types of stability that are considered in this

thesis.

2.3.1 Internal stability

Internal stability considers stability of the autonomous system in view of an equilib-
rium point z.. A point z. € R™ is called equilibrium of the autonomous system (2.2)
if Ajx, = 0 for all ¢ € Z. In particular, the origin is always an equilibrium point

of (2.2).

Definition 2.3 (Uniformly stable equilibrium) The origin is said to be a uni-
formly stable equilibrium of (2.2) if for any given € > 0 there exists a 6(g) > 0 such
that

|zol < d(e) = |z(t,to,z0,0)| <& Vit>ty, Vo()eS.

Note that () does neither depend on tg nor on o(-). Hence, stability of the equilib-

rium is uniform with respect to the initial time and the switching signal o(-).

If there exists a region around the origin such that all trajectories starting within that

region converge to the origin, we speak of an attractive origin.
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Definition 2.4 (Uniformly attractive equilibrium) The origin is said to be a

uniformly attractive equilibrium of (2.2) if there exists a §, > 0 such that

lzo| < 0 = x(t,to,z0,0) =0 as t— o0 Vig>0,Vo()eS.
Again, uniformity applies with respect to the initial time and the switching signal.
Combining both notions of stability we obtain asymptotic stability.

Definition 2.5 (Uniform asymptotic stability) The origin is said to be a uni-

formly asymptotically stable equilibrium if it is uniformly stable and uniformly attrac-

tive.

Figure 2.2 shows an illustration of the above notions of stability.

Figure 2.2: Illustration of stability definitions. The dashed line stays
within the ball €, but will not converge to the origin (equilibrium). Systems with
such trajectories are called stable. The solid trajectory stays within the e-ball

and converges to the equilibrium, i.e. such systems are asymptotically stable.

An even stronger property is exponential stability which refers to the rate of conver-

gence.

Definition 2.6 (Uniform exponential stability) The origin is said to be a uni-
formly exponentially stable equilibrium if there exist real numbers a,b > 0 such that

all solutions of (2.2) satisfy

|z (¢, to, zo)| < a||:c0||e*bt VYit>tg,Vo()eS.
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Some remarks are in order for the case where S contains all switching signals as in

Definition 2.1:

(i) For linear time-varying systems asymptotic stability is equivalent to global asymp-

totic stability, i.e. the region of attraction is the whole state-space [Kha96].

(ii) For switched linear systems uniform attractivity, uniform asymptotic stability

and uniform exponential stability are all equivalent [Ang99, DM99].

Note, that in all definitions uniformity is with respect to all admissible switching
signals o(-) € S§. For most of this thesis we are interested in stability of arbitrary
switching between the constituent systems, i.e. S contains all signals as defined in
Definition 2.1. However, when a system fails to have an asymptotically stable equi-
librium in S, we might still be able to find a subset 8’ C S of switching signals for
which stability can be established.

For the remainder of this thesis we omit the term “uniform” and use asymptotic stabil-

ity and exponential stability interchangeably, meaning uniform exponential stability.

2.3.2 Input-Output stability

All the above notions of stability consider unforced systems and describe the behaviour
of the state trajectories z(t) for initial states xg # 0. In contrast to that, input-
output stability addresses the stability of the non-autonomous system with initial
state zg = 0 and relates the output behaviour of the system to bounded inputs. If all
bounded inputs u(-) result in outputs y(-) that are themselves bounded, we speak of

bounded-input bounded-output stability (BIBO-stability).

Definition 2.7 (BIBO-stability) The non-autonomous switched linear system (2.4)
is BIBO-stable if there exists a finite constant v > 0 such that for any initial time tq,
any switching signal o(-) € S and any bounded input signal u(-), the corresponding

output signal y(-) satisfies
sup [y(t)] < sup Ju(t)]
t>to t=>to

Essentially, BIBO-stability provides that input signal cannot be amplified by a gain

greater than some finite constant ~.
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There are strong relations between input-output stability and internal stability (see
e.g. [AMG6Y] for a thorough discussion). Most relevant in our context is, that the non-
autonomous system (2.4) is bounded-input bounded-output stable, if the correspond-
ing autonomous system (2.2) is uniformly asymptotically stable [Rug96]. Therefore,

we will focus our analysis on the internal stability of the autonomous switch system.

2.3.3 Stability problems for switched linear systems

Determining asymptotic stability for a single LTI system is rather simple. It is well

known that the system
z(t) = Ax(t), A e RM

is asymptotically stable if and only if the eigenvalues of A lie in the open left half of
the complex plane [Kai80]. Matrices A with such properties are referred to as Hurwitz
matrices. However, for switched systems with arbitrary switching it is not sufficient
for stability that all constituent systems X 4, are stable LTI systems. Instead, the
switching between the modes can cause instability even if the LTI systems on their

own are stable. This is illustrated by the following example.

Example 2.1 Consider the set of system matrices A = {A1, A} with

-0.5 -1.0 0 1
A = , Ay =
15.0 —1.5 -1 -1
It is readily verified that both matrices are Hurwitz and therefore the respective LTI

systems are asymptotically stable.

We choose a periodic switching signal where the switched system is first in mode 1 for

% time-units and then in mode 2 for g—g time-units. We apply the following switching

(01) () (i) ().« =

The trajectory of the switched system for this switching signal and the initial state

sequence

(1,1)T is shown as a dashed line in Figure 2.3. Clearly, this switching signal results

in an unstable trajectory.

However, choosing a slightly different switching signal can result in opposite stability

behaviour. Choose the periodic switching sequence

(01, (). (). (7). =
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This switching signal results in a trajectory that converges to the origin, shown as a

solid line in Figure 2.3. Note that the only difference between the switching sequences
(2.5) and (2.6) is the ratio of the time that the system stays in each mode.
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Figure 2.3: Sample trajectories of the switched system in Example 2.1 illustrating differ-

ent behaviour for the same set of subsystems depending on the applied switching sequence.

The trajectory in dashed line results from the switching sequence in (2.5), the solid line

corresponds to the switching sequence in (2.6). The initial state is (1,1) in both cases.

The above example demonstrates that a set of stable LTI systems can result in an

asymptotically stable or an unstable switched system, depending on the set of switch-

questions arise:

in asymptotical stable switched systems ¥ 4 s7

ing signals associated with it. Hence the stability problem of switched systems break

down to finding combinations of system matrices A and sets of admissible switch-

ing signal S that result in asymptotically stable switched systems. Naturally two

(i) Given a set of switching signals S, which class of system matrices A will result

linear systems:

switched system X 4 s is asymptotically stable.

(ii) Given a set of matrices A, find a set of switching signals S, such that the

We can identify four major problems of merit in the literature on stability of switched
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(i)

(i)

(iii)

(iv)

Arbitrary switching. This problem is to identify sets of matrices A that result
in exponentially stable switched systems with arbitrary switching signals, i.e.
all switching signals described in Definition 2.1 result in asymptotically stable
trajectories. In particular the system must be stable for constant switching
signal o(t) = ¢. Thus it is necessary that each of the constituent systems is a

stable LTI system.

Time-dependent switching. This is the first of two problems that considers
stability for a subset of switching signals. The switching signals are classified by
the time-interval between two consecutive switching instances. The constituent
systems are usually assumed stable. Hence sufficiently slow switching will result
in asymptotic stable behaviour [LHM99|. The task is to find the minimum time
between two consecutive switching instances to guarantee stability. The most
prominent approaches are the dwell-time problem and the multiple-Lyapunov

function approach.

State-dependent switching. This problem again, considers a subset of switch-
ing signals. In contrast to the previous problem, the switching signal is depen-
dent on the state-vector. For every subsystem regions in the state-space are
identified where they are allowed to be active while preserving stability of the
switch system. The regions may overlap but have to cover the whole state-space

as a union.

Stabilising switching signals. Here, the switched system is formed by un-
stable LTI systems. The goal is to construct switching signals, that result in
stable trajectories. Such switching signals are commonly referred to as stabilis-

ing switching signals.

2.4 Lyapunov Theory

Lyapunov theory has played a key role in the stability analysis of linear and nonlinear

system for a long time [Kal63, Rug96, Vid93]. It is therefore not surprising that many

stability results for switched systems are based on Lyapunov Theory. In this section we

briefly recall Lyapunov’s stability theorem and define the common Lyapunov function

for switched linear systems.
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Common Lyapunov functions play an important role for the stability of switched sys-
tems. If there exists a common Lyapunov function for the constituent LTI systems
then the switched system is exponentially stable for arbitrary switching signals. Con-
versely, a number of authors have shown that the existence of common Lyapunov

function is also necessary for the exponential stability of the switched system.

2.4.1 Lyapunov functions

The idea behind Lyapunov’s stability theory is as follows: assume there exists a
positive definite function with a unique minimum at the equilibrium. One can think
of such a function as a generalised description of the energy of the system. If we
perturb the state from its equilibrium, the energy will initially rise. If the energy
of the system constantly decreases along the solution of the autonomous system, it
will eventually bring the state back to the equilibrium. Such functions are called
Lyapunov functions. While Lyapunov theorems generalise to nonlinear systems and
locally stable equilibria (see [Vid93] for a thorough discussion) we shall only state

them in the form applicable to our system class.

Theorem 2.8 (Lyapunov stability) The equilibrium x = 0 of the switched linear
system (2.2) is uniformly asymptotically stable if there exists a continuous, differen-

tiable and radially unbounded function V : R™ — R with

Vo) = 0 is a unigue minimum, (2.7a)

Viz) > 0 elsewhere (2.7b)
such that the derivative along the solutions x(t,to,zo,0) of (2.2) is negative, i.e.

d
% V (z(t, to, w0,0)) < 0 YV xo#0, t#ty (2.8)

for allinitial times to and all switching signals o(-) € S, where ty, denotes the switching

mstances.

A function that satisfies the first two conditions (2.7) is sometimes referred to as

Lyapunov function candidate.

The requirements that V(x) is continuous and differentiable are classical and cus-
tomary assumptions. In general, the function V(z) does not need to be continuously

differentiable as long as its decrease along the system trajectories can be guaranteed.
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Note that the above Lyapunov theorem is applicable to switched systems with any
class of switching signals. In the following we shall focus on applying Lyapunov theory
to switched systems with arbitrary switching signals. If V() is a Lyapunov function
for the switched system (2.2) with arbitrary switching signals, V' (x) is certainly also a
Lyapunov function for each of the constituent LTI systems X 4,. Functions for which
the properties (2.7) and (2.8) hold simultaneously for the systems X 4, are called

common Lyapunov functions.

Definition 2.9 (Common Lyapunov function) The function V : R" — R is a
common Lyapunov function for the family of LTI systems ¥ 4,, A; € A, if V(z) is a

Lyapunov function candidate and satisfies
VV(z)A;z < 0 VA eA zeR" (2.9)

where VV denotes the gradient of V.

The existence of a common Lyapunov function for the constituent systems is sufficient
for asymptotic stability of the switched system (2.2) with subsystems 4. To see
this consider the following. Between the two consecutive switching instances ty, tx41
the switched system evolves according to ¥4, for which VV(2)A; z < 0. At any
switching instant the state is continuous and after switching into mode i1 we get
VV(z)A

irs1 @ < 0. Thus the derivative is always negative along the solutions of (2.2).

A formal proof of the following theorem can be found in [Lib03].

Theorem 2.10 (Sufficient condition for asymptotic stability)
The switched linear system (2.2) is asymptotically stable for arbitrary switching signals
o(-) € S, if there exists a common Lyapunov function V(z) for the constituent LTI

systems X a,, 1 € T.

Common Lyapunov functions are of great importance for establishing asymptotic
stability of switched linear systems with arbitrary switching signals. We shall note

some properties that will be used throughout this thesis.

(i) Coordinate independence.
Lemma 2.11 Let V(z) be a common Lyapunov function for the LTI systems
Y, with A; € A and choose the co-ordinate transformation & = Sx with S €
R™ " non-singular. Then V(S™1Z) is a common Lyapunov function for the

transformed systems E&' with /L =54,5"1.
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(iii)

Proof. V(S™'%) is a Lyapunov function for ¥ ; if and only if
VV(STl#) Az < 0
The gradient of V(S~1%) with respect to # is VV(S~1#)S~!. Thus
VV(S™'a) S84 < 0
Substituting 4; = SA4;5~1 and # = Sz yields
VV(iz)Az < 0

The latter holds according to the assumption that V' (z) is a Lyapunov function

for ¥ 4,. O

Convex combination.

Lemma 2.12 Let V(z) be a common Lyapunov function for the LTI systems
Y4, with A; € A. Then V (x) is also a Lyapunov function for the LTI systems
3z with

N
A = Y A with 0; >0, Y =1 (2.10)
3 =1

Proof. V(z) is a Lyapunov function for the LTI system ¥ ; if and only if

N
V(@)Y il < 0 (2.11)
=1
N
& ZaiVV(x)Aix < 0.
=1

Since V(z) is a Lyapunov function for the LTI systems ¥ 4,, VV(z)A4;x is a
negative scalar for all A; € A. The convex combination of negative numbers
yields a negative number. Hence (2.11) holds and V' (z) is a Lyapunov function

for EA' O

Robustness.

Both exponential stability and the existence of a common Lyapunov function
are robust properties in the sense that they are retained under sufficiently small

parameter perturbations [SOCCO00].
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In particular the properties (i) and (ii) are used in many stability results for switched
linear systems. Moreover, Lemma 2.12 implies that V(z) is also a Lyapunov function

for the (continuously) parameter-varying system
(t) = A(t)z(t), A:R— co{Ay,..., An}. (2.12)

Thus stability results for switched linear systems guaranteeing the existence of a
common Lyapunov function for the constituent systems, are also valid for the robust

stability of the related parameter-varying system (2.12).

2.4.2 Converse Theorems

A number of converse Lyapunov theorems establish that the existence of a common
Lyapunov function is also necessary for the asymptotic stability of the switched system
(2.2) with arbitrary switching signals. While these theorems are not constructive, they
provide an important theoretical basis for the development of analytic and theoretic
stability results. Although, the results stated in this section are originally proven for
differential inclusions and polysystems, we shall state them as they apply to switched

linear systems of the form (2.2).

Dayawansa and Martin investigated in [DM99] the existence of common Lyapunov
function for dynamical polysystems, a collection of smooth vector fields, similar to
differential inclusions. In the context of switched linear systems they show that uni-
form asymptotic stability is equivalent to the existence a smooth common Lyapunov

function.

Theorem 2.13 The origin of the switched linear system (2.2) is stable if and only
if there exists a C*° positive definite function V(x) such that VV (z)A;xz < 0 for all
A; € Al

In the same paper it is shown that the statement of the above theorem applies equiva-
lently to the existence of a C'! function V : R® — R. Hence, a necessary and sufficient
condition for uniform asymptotic stability of the switched linear system (2.2) is the
existence of a continuously differentiable Lyapunov function as well as the existence

of a smooth Lyapunov function.

1A function is C' if it has continuous partial derivatives of all orders; a function is called C'! if

its first partial derivative is continuous.
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In the context of differential inclusions Molchanov and Pyatnitskii investigated the
existence of Lyapunov functions that are not necessarily continuously differentiable

[MP86, MP89]. In this context, the usual derivative is replaced by

where &; = A;x is the direction of the trajectory in the point z when the subsystem
34, is active, and

ov(z) . V(E@+ A -V(x)
o Ah}}ro A

is the one-sided derivative. Then, u(x) is the maximum over all one-sided derivatives

of V(z) at the point € R™ in the directions of §; = A;x.

With that, Molchanov and Pyatnitskii derive a number of important results in [MP86,
MP89]|. They show that a switched linear system is uniformly asymptotically stable
if and only if there exists a common quasi-quadratic Lyapunov function for the con-

stituent systems [MP89].

Theorem 2.14 The origin of the switched linear system (2.2) is asymptotically stable
if and only if there exists a strictly convez, homogeneous® of degree two Lyapunov

function V (z) of the form
V(z) = 2 L(x)z, L(z) € R™*™ (2.13)
with L(x)T = L(zr) = L(ax), acR
Vo) = 0

such that the derivative u(x) is strictly negative along all solutions x(t), i.e.

.. VvV (x)
fi:A}fﬂv 8&

2
< —=ylx]”, ¥>0. (2.14)

The function V' : R™ — R is convex, but not always continuous differentiable. At every
point z, L£(x) is symmetric and £(-) is radially constant. The description for V(z)
as a quasi-quadratic, stems from the form of (2.13). In case that L£(x) is piecewise
constant a piecewise quadratic Lyapunov function is obtained; if £(x) is constant over

the whole state-space, V' (z) is a common quadratic Lyapunov function.

Consider the piecewise linear function

V(@) = |La| (2.15)

2A function V : R® — R is homogeneous of degree p if V(ax) = aPV(z) for all @ > 0 and = € R™.
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where L € R™*™ and rank{L} = n < m. V,,(x) satisfies condition (2.7), thus V,,(x)
is a Lyapunov function candidate. The row-vectors of L are the normals to the faces
of centrally symmetric polyhedrons. Therefore Lyapunov functions of the form (2.15)

are sometimes also referred to as polyhedral Lyapunov functions.

The level surface of (2.13) can be approximated by the surface of such convex poly-
hedron. It is shown in [MP86] that by choosing m large enough, it is always possible
to find a function V,,(x) of the form (2.15) such that the condition (2.14) is satisfied.

With V,,,(x) we can associate a piecewise quadratic Lyapunov function
2
Viz) = [Lz| (2.16)

which also defines a necessary and suflicient condition for the asymptotic stability of

the switched linear system (2.2).

Theorem 2.15 [MP86] The origin of the switched linear system (2.2) is asymptot-
ically stable if and only if there exists a piecewise linear Lyapunov function (2.15)
(piecewise quadratic Lyapunov function (2.16), respectively) whose derivative along

all solutions is negative as in (2.14).

With these results, general conditions for the existence of common piecewise linear
and piecewise quadratic Lyapunov functions is established. These converse theorems
provide a theoretical justification for the search of Lyapunov function conditions as

described in the following sections and for much of the work in this thesis.

Similar results in the context of discrete-time switched systems have been obtained
by Brayton and Tong in [BT79]. For background to that material and the relation
to the absolute stability problem refer to [MP86, Pya70]. Further results on general
classes of Lyapunov functions and their existence for classes of uncertain systems can

be found in [Bla94, Bla95, BM99].

2.5 Stability results for arbitrary switching

The results described in the previous section provide general necessary and sufficient
conditions for the asymptotic stability of switched linear systems for arbitrary switch-
ing signals. However, in order to apply these results, we need to develop methods

to find such common Lyapunov function or derive conditions that guarantee its exis-
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tence. Since it is certainly not feasible to randomly test all possible Lyapunov function
candidates, stability results are commonly restricted to a specific class of Lyapunov
function candidates. In this section we describe some of the methods developed in

the past.

2.5.1 Common quadratic Lyapunov functions

A necessary condition for the asymptotic stability of the switched system (2.2) with
arbitrary switching signals is that the constituent LTI systems X 4,, ¢ € Z are asymp-
totically stable. It is well known that the existence of a quadratic Lyapunov function
is necessary and sufficient for asymptotic stability of LTI systems. A natural ques-
tion is therefore, under which conditions a number of LTI systems share a common
quadratic Lyapunov function. In this section we collect conditions for the existence

of such functions.

Given the quadratic form
V(z)=2"Pzx  with P=PT >0 (2.17)

it is readily verified, that such function satisfies the conditions (2.7) for a Lyapunov

function candidate.

We speak of V(x) as a common quadratic Lyapunov function (CQLF) for the LTI
systems X 4, with A; € A, if (2.17) satisfies simultaneously

ATP+PA;, = —-Q,;, with (2.18)

Qi = QF > 0 forallie{l,...,N}. (2.19)

The existence of such a common Lyapunov function is sufficient but in general not
necessary for the asymptotic stability of the switched linear system (2.2) [DM99].
However, it is possible to identify system classes for which the existence of a CQLF

is also necessary [Mas04].

Triangular system matrices

There is number of classes of switched systems for which the existence of a CQLF is
readily given by the structural properties of the system matrices A; € A. A relatively

simple example for such a class are switched systems where the system matrices A;,
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i € T are Hurwitz and symmetric [CL97]. In this case the matrices A; are negative
definite and hence the identity matrix I is a common Lyapunov function for the

constituent LTT systems.

For switched systems with two constituent system we note the following result from

[BBP78] that proves useful deriving stability conditions for pairs of LTI systems.

Theorem 2.16 Let A € R™*"™ be a Hurwitz matriz. Then any quadratic Lyapunov
function V(zx) for the LTI system ¥ 4 is also a Lyapunov function for ¥ 4-1.

The CQLF existence for sets of matrices that can be simultaneously transformed
into upper triangular form is subject of various publications. It has been shown by
several authors that a set of matrices A; € A that are in upper triangular form and
Hurwitz have a CQLF. Hence by Lemma 2.11, so does any set of matrices that can be
simultaneously transformed into upper triangular form by similarity transformation

(see e.g. [MMK96, SN98b]). The version of the theorem stated here is from [SN98a).

Theorem 2.17 A sufficient condition for the Hurwitz matrices A; € A sharing a
common quadratic Lyapunov function is that there exists a nonsingular matriz T €

C"*™ such that TA; T~ € C™™" is upper triangular for all i € {1,...,N}.

The proof of this theorem uses on the fact that systems of this form can be represented
as cascades of first order or certain (very benign) second order subsystems, which again

can be shown to be asymptotically stable.

The strength of Theorem 2.17 is that it is applicable to switched systems with any
finite number of subsystems of arbitrary system order. However, it is not easy to
determine whether a set of matrices is simultaneously triangularisable. Theorem 2.17
includes a much earlier results on the CQLF problem. Narendra and Balakrishnan
established that a set of stable LTI systems with commuting system matrices, i.e.
A;Aj =AjA; Vi, j€{l,...,N} has a common quadratic Lyapunov function [NB94].
However, it is a well known result of linear algebra that a commuting family of real
matrices can be simultaneously triangularised by a real orthogonal matrix [HJ85]. A
number of further conditions on simultaneously triangularisable systems can be found

in [Laf78].

In [LHM99, ALO1] the problem is related to the solvability of Lie algebras. The Lie

algebra conditions can be considered as an extension of the commuting matrices results
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above by linking the commutators [A;, A;] to the existence of a CQLF. It turns out,

that matrices for which the Lie algebra is solvable are simultaneously triangularisable.

A further drawback is that the property of simultaneous triangularisation is not ro-
bust under parameter perturbations (see [SOCCO00]| for an example). A robustness
analysis of Theorem 2.17 can be found in [MMK97|. The approach here is to bound
the maximum allowable perturbations of the matrix parameters from a nominal (tri-
angularisable) set of matrices, while guaranteeing the existence of a CQLF. Other
approaches extend the results by relaxing the simultaneous triangularisabilty condi-
tion. In [SOCO01, SOC02] conditions are derived where the triangular property only
needs to apply for any pair of matrices in A. Here asymptotic stability of the switched
system is guaranteed although there might not exist a CQLF for all constituent sys-
tems. However, all those conditions suffer from a more or less strong restriction on

the structure of the system matrices A;.

Matrix pencil conditions

The convexity property of common Lyapunov functions (Lemma 2.12) provides a
powerful tool for the stability analysis of switched linear systems. Recall that V(x)
is a common Lyapunov function for the LTI systems X 4,, ¢ € Z only if it is also a

Lyapunov function for all LTI systems ¥ ;5 with
N N
A = ZO@Ai with (77 Z 0, ZO@ = 1.
i=1 i=1

It is well known that there exists a Lyapunov function for the LTI system X 7 if
and only if the eigenvalues of A lie in the open left half of the complex plane. If
the spectrum of co{Al, cee AN} has an eigenvalue with positive real part, it follows
that there exists an LTI system with system matrix A € co{Al7 LA N} for which no
Lyapunov function exists. Then it follows from the converse theorems in Section 2.4.2
that the switched system (2.2) with A = {A;,..., Ay} is not asymptotically stable
for arbitrary switching signals. In fact, it has been shown in [SOCCO00] that in such

case there exists a destabilising switching sequence.

There are a number of stability conditions for switched systems that are formulated in
terms of the spectrum of the convex combination of the constituent system matrices
for switched systems that consist of two subsystems. To comply with standard ter-

minology of the literature we shall refer to the convex combination A + (1 — a) Ag,
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a € [0,1] as the matrix pencil o,[A1, A2]. There are two such matrix pencil results

concerning the existence of a CQLF for second order systems.

Theorem 2.18 [SN97] A sufficient condition for the existence of a CQLF for the
switched system (2.2) with A = {A;, Ao} C R**? s that the eigenvalues of the matriz

pencil 0,[A1, As] are negative and real for all a € [0,1].

Of course, the condition of this theorem requires that the matrices A;, i = 1,2 are
Hurwitz and have real eigenvalues. This restriction can be relaxed adding a further

condition which also yields necessity for the existence of a CQLF [SN99]:

Theorem 2.19 A necessary and sufficient condition for the existence of a CQLF for
the switched system (2.2) with A = {Ay, As} C R?*2 is that the eigenvalues of the
matriz pencils 04[A1, As] and oo[A1, Ay are in the open left complex plane for all

a € 0,1].

This theorem is inspired by Theorem 2.16 and its implications regarding the spectrum
of the matrix pencil. Theorem 2.16 provides that any quadratic Lyapunov function
V(x) for ¥4, with A € R™*™ is also a Lyapunov function for ¥ 4—1. Hence, there
exists a CQLF for the systems ¥ 4, and X 4, if and only if there exists a CQLF for

ZAl and ZAZ—I.

This reasoning generalises to systems with NV subsystem. Consider the set Ay obtained
by substituting any k matrices A; € A by their inverse A L It follows that it is
necessary for the existence of a CQLF for the LTI systems ¥ 4,, A; € A, that all

matrices in the convex hull co (.Ak) are Hurwitz for all 0 < k < N.

In [SNO2] a relation of the eigenvalues of the matrix pencil o,[A;, As] for all o € [0, 1]

and the eigenvalues of the product A5 LA, is established.

Lemma 2.20 Let Ay, Ay € R?*2 be Hurwitz matrices. The eigenvalues of the matriz-
pencil 0,[A1, As] are in the open left half-plane for all o € [0,1] if and only if the

matriz product A;lAl has no negative, real etgenvalue.

Using this lemma the matrix pencil condition of Theorem 2.19 reduces to a simple
eigenvalue test of the matrix products Ay 'A4; and A; A; when A, Ay € R?>*2. This

result has been recently extended to a class of n-th order systems [SMCCO04]:
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Theorem 2.21 Let Ay, Ay € R™*™ be Hurwitz matrices where rank{A; — As} = 1.
There exists a CQLF for the LTI systems X4, and X4, if and only if the matrix

product A1 As has no negative, real eigenvalues.

Linear matrix inequalities

The problem of finding a CQLF for a set of LTI systems can be formulated as a
feasibility problem of linear matrix inequalities [BEFB94, EGN00|.

Recall that V(z) = 2T Px is a CQLF for the systems Y 4, , if P is a symmetric, positive
definite matrix and satisfies inequality (2.18) simultaneously for all A; € A. These

conditions define a system of linear matrix inequalities (LMIs) in P, namely
P = P >0 (2.20a)

(AJP+PA) < 0 for ie{l,...,N}. (2.20b)

The system of LMIs (2.20) is said to be feasible if a solution P exists. Therefore, the
problem reduces to the convex optimisation problem of checking whether the LMIs
(2.20) are feasible. Due to the powerful convex optimisation algorithms developed
over the last two decades, such problems can be solved with great efficiency. Imple-
mentation of such algorithms in software packages like the LMI toolbox for MATLAB

[GNLC95] have made the approach widely used.

The great advantage of the LMI approach is that it is applicable to switched systems
of any order and with any number of subsystems; only restricted by computational
capacities. However due to its numerical nature, little insights are provided into why
a CQLF may or may not exist. Moreover, it has been shown that it is not hard to
construct examples for which the most commonly used LMI toolbox for MATLAB fails

to give the appropriate answer [MSLO1].

2.5.2 Common piecewise linear Lyapunov functions

The converse Theorem 2.15 provides that there exists a common piecewise linear Lya-
punov function (PLF) if and only if the switched linear system (2.2) is asymptotically
stable. It is therefore reasonable to search for simple conditions that guarantee the

existence of such type of common Lyapunov function for a set of LTT systems.

Piecewise linear functions are commonly defined in terms of the [; or the [, norm.
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We shall use the definition in [MP89]:
Vie) = [La] (2.21)

where L € R™*™ m > n has full rank n. Such functions are radially unbounded, have

a unique minimum and the onesided derivative exists [MP89, KAS92].

For a common piecewise linear Lyapunov function for a set of LTI systems the fol-

lowing condition is obtained in [MP89]:

Theorem 2.22 The function V(z) = |Lz|, is a common piecewise linear Lyapunov
function for the LTI systems ¥4, with A; € R"™™ ¢ € T if and only if there exist
Q; € R™*™ 4 €T such that

N
%ck"‘Z”Qlk” < 0 (2.22)
1Zk
and
LA —QiL = 0 (2.23)

Remark: This theorem is the special case for p = oo of the result in [KAS92] for

general Lyapunov functions based on p-norms, V(z) = |Lz|,,.

The approach of utilising piecewise linear Lyapunov functions can be tracked back to
the sixties with a series of papers by Rosenbrock [Ros62] and Weissenberger [Wei69]
on Lur’e type systems. But powerful algebraic tools for the existence of piecewise
linear Lyapunov functions remain scarce. One reason for this might be due to the
open problem of deciding on the number of faces m that are needed to find a piecewise

linear Lyapunov function for a given system.

Regarding LTI systems, this problem has been recently addressed in [BP01] and
[Bob02]. In this work, the authors relate the number of faces of the PLF (2.21) to the
location of the spectrum of the system matrix A. Let K(m) denote the sector of the

complex plane whose bisector is the negative real axis and whose angle is (1 — %) .

Theorem 2.23 [BP01] Let V(x) with L € R™*™ be a piecewise linear Lyapunov
function (2.21) for the LTI system ¥4 with A € R™*™ and the eigenvalues of A are
distinct. Then the following holds:

o(A) C K(m).
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Of particular interest is the minimum number of faces for which there exists a PLF
for a given LTI system ¥ 4. We shall denote this number as v(X4). For LTI systems
with real eigenvalues the minimum number of faces v(X 4) can be directly computed

[BPO1]:

Theorem 2.24 Let X4 be a LTI system where A € R™*™ has distinct real eigenval-
ues. Then v(X4) =n+ 1 and the spectrum of A lies in the sector K(v(X4)).

For systems with non-real eigenvalues the minimum number of faces v(X 4) is still

unknown. However, an upper bound for v(34) is given in [Bob02].

The above theorems can serve as a starting point for the derivation of conditions
for the existence of a common PLF for a set of LTI systems. Using the convexity
property of Lemma 2.12 we can immediately find necessary conditions in terms of the

eigenvalues of the matrices of the convex hull co(A).

Theorem 2.25 Consider the LTI systems ¥ 4,, A; € A C R ™ where the eigenval-
ues of A; are distinct for alli. Let V(x) = |Lz| ., with L € R™*™ be a common PLF
for the LTI systems ¥ 4,, A; € A, then

U o4) c K(m).

A€co(A)

Proof. The proof follows directly from Theorem 2.23 and the convexity property of

the common Lyapunov function in Lemma 2.12. O

Most results for the existence of a common PLF are of numerical nature. As for the
search of common quadratic Lyapunov functions, optimisation algorithms are used to
find matrices L and Q; that satisfy the conditions (2.22) and (2.23). However, the
search for a common PLF is more complex since the size of L is unknown. Com-
mon algorithms starting with an initial set of vertices (or alternatively faces) of a
polyhedron, check whether the conditions (2.22) and (2.23) are satisfied for the con-
stituent systems and refine the shape (and possibly the number of vertices) until an

appropriate function is found.

Brayton and Tong were one of the first to suggest an algorithm to successively
construct a PLF for discrete-time systems [BT79, BT80|. The majority of meth-
ods for calculating PLFs are similar and mainly seek to find algorithms that con-

verge more reliably and efficiently. Powerful approaches using linear programming
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for fast optimisation and various refining methods have been suggested by Polanski
[Pol95, Pol97, Pol00] and Yfoulis et al. [YMWP99, YMWO02, YS04| . However, the
computational effort still increases immensely with the system order n. Consequently,

the algorithms are currently only feasible for systems of order three, maybe four.

2.6 Stability results for constrained switching

The results we discussed so far consider asymptotic stability of switched linear sys-
tems with arbitrary switching signals. However, in many practical applications some
switching signals can be discarded. For example, this could be due to bandwidth
limitations of the hardware that do not allow switching above a certain frequency or
due to other design specifications that exclude certain switching sequences. In these
cases common Lyapunov function approaches can lead to conservative results since
they even provide for dynamics caused by switching signals that are not admissible for
the system. Even if a common Lyapunov function fails to exist, it might still be pos-
sible to establish stability for a (sub-)class of switching signals. This is in particular

important for systems with unstable constituent systems.

In this section we describe a number of stability conditions that account for partic-
ular properties of the switching signal. The first approach bases upon the idea of
monitoring the evolution of a set of Lyapunov functions (Multiple Lyapunov func-
tion approach) which yields indirectly a stable switching signal. The second guaran-
tees stability by explicit calculation of a minimum time between consecutive switches

(dwell-time approach).

In the third part of this section we briefly describe a number of results obtained for
piecewise linear systems where the switching action depends on the current state of
the system. This approach leads to a partitioned state-space where switching occurs
along specific switching surfaces. These partitions can be used to construct piecewise

Lyapunov functions for the switched system.

2.6.1 Multiple Lyapunov function

The key idea of the multiple Lyapunov function approach is to employ a number of

different Lyapunov functions (commonly one for each subsystem) instead of a single
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Lyapunov function for all constituent systems. The idea is to derive conditions on the
switching signal such that the switched system is guaranteed to be stable. In other
words, given a set of system matrices A we identify a class of switching signals for

which an asymptotically stable switched system is obtained.

Roughly speaking the idea is that we only allow to switch back to a particular mode @
if the value of the associated Lyapunov function V;(z) has decreased since we left that
mode the last time. This idea should probably be credited to Peleties and DeCarlo
who showed that asymptotic stability is achieved by switching in such fashion [PD91].?
However, several authors have modified and extended this approach over the last ten
years. Branicky formulated this approach as a general concept for stability analysis
and established results that are also applicable for switched systems with nonlinear
subsystems in [Bra98|. In this section we shall describe this result in terms of the
switched linear system (2.2) to illustrate the main ideas behind this method. For
a thorough overview on multiple Lyapunov functions see [DBPL00] and reference

therein.

Given the switching system (2.2) we associate Lyapunov functions V;(z) € V for each
subsystem A; € A. While each V; decreases when the i*" subsystem is active, any
other function V}, j # ¢, may increase (c.f. Figure 2.4). Consider now the values of V;
at the beginning of each interval. If the sequence of these initial values is decreasing

for all modes i, the system is asymptotically stable.

Theorem 2.26 Let A be a set of stable system matrices A; € A, let V; € V be
a Lyapunov functions for the LTI system X4, for all i € T and let o(-) € S be a
switching signal. Consider the pairs of switching instances (t;,t;); for the mode i,
with j < 1 such that o(t;) = o(t;) =i and o(ti) # i for t; < tp <t;. The switched

linear system ¥ 4.5 s asymptotically stable if there exist a v > 0 such that
Vi(e(t) = Vi(e(t)) < —la(ty)]® (2.24)

for all pairs (tj,t;); and all o(-) € S.

Note, that if (2.24) holds for all switching signals defined in Definition 2.1 then ac-

cording to the converse Theorems 2.14 and 2.15 there exists also a common Lyapunov

3In the original paper the authors consider systems that switch along switching surfaces in the

state-space. This approach is discussed in Section 2.6.3.
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Vi(z)

Va(z)
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Figure 2.4: Multiple Lyapunov functions. Evolution of the Lyapunov func-
tions V71 and Va. The solid lines indicate that the respective subsystem is switched
in and therefore V; decrease. When the other system is active, the value may
increase (dashed lines). If the sequences of initial values ’x’ and ’¢{>’ constantly

decrease, the switched system is asymptotically stable.

function for all subsystems. However, Theorem 2.26 does not rely on the explicit

construction of this common Lyapunov function.

If a common Lyapunov function fails to exist, we might be still able to construct stable
switching signals using multiple Lyapunov functions. However, the resulting set of
switching signals S depends on the initial choice of Lyapunov functions V;. Therefore,
an unfortunate choice of Lyapunov functions may lead to conservative switching rules
or even no result. Further, in order to apply Theorem 2.26 we need the values of
the respective Lyapunov functions V;(z) at the switching instances. In general this
requires the knowledge of the state at these times, whereas classical Lyapunov stability

approaches do not require any knowledge about the solutions.

The multiple Lyapunov function approach is not dependent on the system order or
number of subsystems. It can even be applied to heterogenous hybrid systems (where
the structure of the subsystems is not homogeneous) and to hybrid systems that switch
between nonlinear vector fields & = f;(x) as Branicky proves in a first generalisation

of the multiple Lyapunov function approach in [Bra94, Bra98].

The original theorem in [PD91] applies multiple Lyapunov functions to switched sys-



38 Stability of switched linear systems

tems with unstable subsystems. This requires a relaxation on the properties of the
function V;. Instead of demanding that their derivatives along the solutions of the sub-
system A; is negative for the whole state space, we can only require that this holds for
certain regions €2; C R™*"™. In this case the functions V; are often call Lyapunov-like
functions. This allows more freedom of choosing appropriate functions V;, however,
the associated system A; is only allowed to be active if x € ;. Obviously, the union
of all regions [J,; €2; has to cover the whole state space (c.f. Section 2.6.3 on state

dependent switching below).

In a more general framework, but also applicable to our case, Ye et al. relax this
condition further [YMH98, Mic99]. Here, the value of V; may increase in a bounded
fashion, even if the respective system A; is active, i.e. A; may be switched in even if
x ¢ ;. Asymptotic stability can be shown if the initial values of V;(x(tx)) form a

decreasing sequence for each mode.

2.6.2 Dwell-time approach

An alternative approach to determine a set of switching signals S that yields as-
ymptotically stable switched systems X 4 s is to restrict the minimum time interval
between two consecutive switching instances. This time constant 7p < t;41—t; Vi€l
has been termed dwell-time?. When the constituent subsystems X 4, are asymptoti-

cally stable, sufficiently slow switching will yield stability.

For switched linear systems this dwell-time can be explicitly calculated [Mor96].

Theorem 2.27 Let S;, denote the set of switching signals with a dwell-time Tp.

Then, the switched linear system (2.2) is asymptotically stable for the switching signals

o(:) €S, if
> i
™ sup { 3

with a; > 0 and \; > 0 such that

HeAit < Nt Yit>0.

Choosing the dwell-time as in the above theorem, ensures that the norm of the transi-

tion matrix ®(t,tg, xo, o) of the switched system is bounded by the transition matrix

4The term is chosen to suggest that the switching signal "dwells" on each of its values for at least

Tp time-units
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of the subsystem X 4, with the smallest decay rate.

This result was extended by Hespanha and Morse in [HM99], where the average dwell-
time 7p is introduced. Here single switching intervals in o(-) are allowed to be smaller
than 7p provided that the average of all switching intervals in o(+) is no smaller than
7p. Discarding the first Ny switchings, we request that the number of switchings
between any to > t1 > to does not exceed % afterwards. The set of such switching

signals is denoted with S[7p, Ny).

Theorem 2.28 Given the set of system matrices A; € A, i € Z and a positive
constant \g such that A; + Aol is asymptotically stable for all i € T, then, for any
chosen \ € [0, \o), there is a finite constant 75, such that (2.2) is asymptotically stable

for all switching signals o(-) € S[Tp, No| if Tpo > T5.

This average dwell-time 7/, can be calculated involving similar parameters of the

subsystems as in Theorem 2.27.

The work of Zhai et al. [ZHYMO0Oa| modifies this result such that the lowest average
dwell-time 77, ensures that the switched system achieves a chosen Ly gain. The above

results can be extended such that stable and unstable subsystems ¥ 4, are allowed

(e.g. [ZHYMOOb, Yed01]).

2.6.3 State-dependent switching

In the previous subsections we discussed approaches where the stability conditions
impose restrictions on the switching instances. Another approach to constrained
switching is state-dependent switching, where switching occurs whenever the state-
trajectory crosses a pre-defined switching surface. The switching signal in (2.2) is
then formally defined by o : R"*"™ — 7. However, for state-dependent switching it
is common to characterise the switching by a partitioned state-space. The partitions

describe regions €2, in the state-space where a certain subsystem X 4, is active.

There is a number of problems that can be considered using a partitioned state-
space. Typical examples include the stabilisation of switched systems with unstable
subsystems and optimal control for constraint systems. In this section we shall only

outline some of the approaches to illustrate the main ideas.

State-dependent switching appears in some of the earliest papers on the design of
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switching systems [PT73, PD91, PD92|. One way to establish stability is to find a so-
called Lyapunov-like function whose derivative along the solutions of the subsystems

is only negative in the regions where the respective subsystems are actually active.

As in the multiple Lyapunov function approach we define a family of function V; :
R™ — R for ¢ € Z, each associated with one of the subsystems ¥ 4,. A Lyapunov-like
function for the system ¥ 4, with the equilibrium zy € §; C R™*™ is a real-valued

function that satisfies the conditions for a Lyapunov function for ¥ 4, in €2;, namely

Vi(0) = 0 (2.25a)
Vi) > 0 (2.25b)
iV(m(t,to,xo,U)) < 0 (2.25¢)

dt
for all z € ;. In other words, outside the region €2; none of the above conditions

need to hold.

There are several approaches to establish stability for a switched system with such
a partitioned state space. One such approach is a version of the multiple Lyapunov

function approach as described in Section 2.6.1 [PD91, PD92].

When using quadratic Lyapunov-like functions V;, the problem of finding the functions
V; that satisfy the relaxed conditions (2.25) can be formulated as LMIs. Consider the
simple case where the same Lyapunov-like functions V;(z) = 2" Px, i € T is used in
all regions €2;. For each region €; we require that zT(A] P + PA;)z is negative for
z € Q;. To account for this relaxed requirement a method known as S-procedure is
applied. Construct matrices S; such that 'Sz > 0 for € ;. Then we obtain the

following relaxed stability condition
AP+ PA; +S;, < 0 (2.26)

for all i € Z. Since 2" Sz > 0 for x € Q;, then T (A] P+ PA;)z < 0 is satisfied when
x € Q;. However, " S;z is allowed to be negative outside €2; and hence allows for
2T (AP + PA;)x > 0 in those regions. Condition (2.26) defines a system of LMIs
in the variable P and therefore we can apply the methods of Section 2.5.1 to test its
feasibility.

In [JR9S8]| this approach is extended to formulate LMIs where the Lyapunov-like func-
tions are quadratic functions V;(z) = 2 Pz, but different for each region. By formu-
lating further constraints it is ensured that the Lyapunov-like functions are continu-

ously joined together at the boundary of the regions, i.e. V;(z) = V() for x € Q;NQ;.
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Thus when the LMI is feasible we obtain a piecewise quadratic Lyapunov function for

the switched system. An example of such a Lyapunov function is shown in Figure 2.5.

&

Q,

Ty F =

Qs

T
Figure 2.5: Level curves of a piecewise quadratic Lyapunov function con-

structed for a partitioned state-space using the LMI-approach in [JR9S8].

2.7 Conclusions

In this chapter we defined the system class and the stability notions that are the
subject of this thesis. The stability analysis of switched linear systems is much more
complex than the stability of LTI systems and raises a number of stability problems.
Despite the large number of available stability results, there are still many questions
unresolved. In particular there is a pressing need for results that can easily be used

as a basis to develop powerful design methods for switched linear systems.

While the theoretical stability results are valid for a wide range of system classes and
supply an important basis for their stability analysis, they are usually non-constructive
and therefore not immediately applicable for a given control-problem. In contrast to
this, the numerical tools provide a direct answer to the stability problem for a given
system. However, they are lacking any guideline for the control design and do not
provide any insight into the stability or instability mechanisms. Moreover, they are
either restricted to quadratic stability (LMI approach) or are only applicable for

systems of relatively low order.
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Analytical stability tools have the potential to bridge the gap between stability theory
and practical control design. However, most available results impose considerable
restrictions on the system class and commonly only consider quadratic stability which
can lead to conservative results. The objective in this thesis is twofold. Firstly, we
aim to derive stability conditions that provide some assistance for the control-design
for switched linear systems; and secondly, we use non-quadratic approaches in order
to establish stability for a larger set of systems than purely quadratic approaches can

provide.



Chapter 3

The 45° Criterion

We consider asymptotic stability of the class of switched linear systems
Y4 consisting of two subsystems A = {Al,Ag} C R2*2 where arbitrary
switching signals are admissible. It is shown that the switched linear sys-
tem X 4 is asymptotically stable if the spectrum of Ay + (1 — a)Ay lies
within a certain region of the complex plane for all o € [0,1]. It is demon-
strated that the stability result extends upon quadratic stability by using a
new type of piecewise linear Lyapunov function. The existence of a com-
mon quadratic Lyapunov function and the common piecewise linear Lya-
punov function can be related to properties of the spectrum of the convex

combination for different subclasses of the second-order switched system.

3.1 Introductory remarks

In this chapter we consider the class of switched linear systems with two subsystems

Y4, and ¥4, where A, Ay € R2X2, Thus the system dynamics are given by
z(t) = A@t)xz(t) A(t) € A= {A;, Ay} C R**? (3.1)

while the set of switching signals S contains all functions as in Definition 2.1, i.e.
we consider arbitrary switching between the matrices A; and As. Therefore we shall
omit the set of switching signals for the remainder of this chapter and simply refer to
(3.1) as the switched system X 4. In this chapter we derive conditions on the matrices

Ay and A, that guarantee asymptotic stability of the switched system X 4 by the
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existence of a common Lyapunov function.

The converse Lyapunov theorems in Section 2.4 establish that a necessary and suf-
ficient condition for asymptotic stability of the switched system (3.1) is that there
exists a common Lyapunov function for A; and As. Of course this requires, that the
constituent systems are stable LTI system, i.e. A; and A, are Hurwitz matrices. For
LTT systems the Hurwitz property of the system matrix is necessary and sufficient
for both, asymptotic stability and the existence of a quadratic Lyapunov function.
However, this does not guarantee stability for the switched system as illustrated in
Example 2.1. Yet, the existence of a common quadratic Lyapunov function (CQLF)

ensures asymptotic stability of the switched system.

Even though, common quadratic Lyapunov functions proved to be very useful for
establishing stability, there are cases where such approach can lead to conservative
results [Bro65, DM99, SN98b]. In particular, the example in [DM99] demonstrates
that switched linear systems can be asymptotically stable for arbitrary switching even
if the constituent systems have no common quadratic Lyapunov function. The work
of this chapter aims to extend the class of systems for which asymptotic stability can

be established by introducing a new type of Lyapunov function.

The stability condition derived in this chapter is formulated in terms of the eigenval-
ues of the convex combination A+ (1—a)As, a € [0, 1]. Although this approach has
been considered before for the existence of common quadratic Lyapunov functions we
shall extend these results by also employing a type of piecewise linear Lyapunov func-
tion. The analysis reveals that depending on properties of the constituent systems,
either the quadratic Lyapunov function or the piecewise linear Lyapunov function is

more suitable to establish stability of the switched system.

The chapter is organised as follows. In the following section the piecewise linear
Lyapunov function under consideration is introduced and elementary properties for
its existence for LTI systems derived. In Section 3.3 available pencil conditions for the
existence of common quadratic Lyapunov Lyapunov functions are summarised along
with some technical lemmas that shall proof useful for deriving the main results. In
Section 3.4 the main stability result is proven and the existence of the two types of

common Lyapunov function for different system-classes is discussed.
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3.2 The unic Lyapunov function

The following example illustrates that for certain switched systems common quadratic

Lyapunov functions might not be the best choice to establish asymptotic stability.

Example 3.1 Consider the switch system (3.1) with constituent system matrices

—4.3 —4.6 1.8 —-24
A = . Ay = . (3.2)

—-0.6 -—-1.1 9.3 -11.9
The eigenvalues of Ay are approximately —5 and —0.4; Ao has the eigenvalues —10.0
and —0.1. Hence, both LTI systems are stable and have a quadratic Lyapunov function
each. A sample trajectory of the switched system (3.1) with system matrices (3.2) is
depicted in Figure 3.1. Here switching occurs every % time-units; the initial state is
z(0) = (1,1)T. The switching signal was chosen to be little stabilising to demonstrate

some ‘worst’ behaviour of the system.

0.5 b

Figure 3.1: Sample trajectory of the switched system in Example 3.2

The switching instances are clearly visible as corners of the trajectory in the phase-
plane. For such switched system a common quadratic Lyapunov function does not
appear to be the optimal choice, since its level-sets are ellipses in the state-space and
therefore are less suitable to account for such corners in the trajectories. (In fact, we
shall see later that there exists no CQLF for the constituent systems in this example.)

The shape of the trajectory suggests to look for a type of Lyapunov function that is
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not continuously differentiable and therefore can account for the characteristics of the
trajectories. In this section we propose a piecewise linear Lyapunov function for the

analysis of switched systems and derive properties for its existence for LTI systems.

3.2.1 Definition

In this section we introduce a piecewise linear Lyapunov function defined on the basis
of the [;-norm. It can be considered as a special case of the polyhedral Lyapunov
functions considered in [Pol97] and of the norm-based Lyapunov functions discussed

in [KAS92].

Definition 3.1 (Unic Lyapunov function candidate) Let Ly € R**2 be a non-
singular diagonal matriz, and T € R?*?2, nonsingular, then a unic Lyapunov function

candidate is defined as

V(z) = ||LdT 'z|,. (3.3)

V(x) has a unique minimum at x = 0, is positive definite otherwise and radially
unbounded and therefore satisfies the conditions for a Lyapunov function candidate

in Theorem 2.8.

The level-sets given by {xc | Vize) =¢, ¢> O} describe parallelograms in the phase-

plane with vertices along the vectors given by the columns of T~1 (c.f. Figure 3.2).

A o A s
z=Tz
/ T T1
V(z) = |LaT x|, Va(@) = | La],

Figure 3.2: Level-curves of the unic and diagonal unic Lyapunov function
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For the special case where T is the identity I the vertices of the level-sets of V(z)
are on the co-ordinate axis. We refer to such Lyapunov functions Vy(x) = |Lsz| as
diagonal unic Lyapunov function. Note, that any LTI system X4 for which a unic
Lyapunov function V(z) exists, the co-ordinate transformation Z = T~'x yields the
system ¥ 5, with A = T~YAT such that V(%) = |LaZ| is a diagonal unic Lyapunov

function for ¥ ;.

The stability conditions presented in this chapter are based on eigenvalue properties
of the system matrices. Since the eigenvalues of A are invariant under the similarity
transformation 7' we shall derive most results in terms of the existence of a diagonal
unic Lyapunov function for ¥ ;. If we can find a similarity transformation 7" such
that V4(Z) is a diagonal unic Lyapunov function for ¥ 4 then V(z) = | LT 'z is a
unic Lyapunov function for ¥ 4. Hence, there exists a unic Lyapunov function V()

for ¥ 4 if and only if there exists a diagonal unic Lyapunov function Vy(z) for X ;.

Before analysing the existence of a common unic Lyapunov function for a set of LTI
systems, we shall examine the existence of a diagonal unic Lyapunov function for a

single LTI system.

Diagonal unic Lyapunov functions for LTI systems

In the following we consider the existence of a diagonal unic Lyapunov function
(dULF) for a single LTT system ¥ 4. We shall use simple geometric relations of the
entries of the system matrix A to construct a dULF and derive conditions for which
such Lyapunov function exists. These conditions can be confirmed by application of

Theorem 2.22 for norm-based Lyapunov functions.

Consider the LTI system with system matrix

A = , a,b,c,d € R.

Since the dULF has its vertices on the co-ordinate axis of the phase-plane we consider
the flow Az of the system along the co-ordinate axis as depicted in Figure 3.3. We
construct a dULF by choosing the level-set along the flow at the point (—1,0). The
flow of ¥ 4 is given by the vector & = [~a —c|T. It follows that the Lyapunov surface
crosses the xo-axis at the point (0, —£). By symmetry the other vertices of V(z) are

given by (1,0) and (0, £).
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Figure 3.3: Construction of a diagonal unic Lyapunov function for an LTI system X 4.

By the construction of the Lyapunov function we can deduce conditions on the entries
of A. For the point (—1,0) being a vertex of the Lyapunov function we require that
a < 0 and by symmetry d < 0. Next, let £ denote the projection along the flow at
(0, =) onto the x;-axis. The flow at the point (0, — <) has to cut inside the Lyapunov

surface (at the limit being parallel). Thus we require |[£| < 1. Basic geometry reveals

be
€l = | 1
‘bc| < ‘ad’.

The flow along the faces of the parallelogram is a convex combination of the flow
at the vertices. Therefore the above conditions are necessary and sufficient. These

observations are summarised in the following lemma.

Lemma 3.2 A necessary and sufficient condition for the system ¥ 4 with system

matrix

a b
A = , a,b,c,d € R

c d

to have a diagonal unic Lyapunov function Vy(z) is that

ad®> > bt (3.4)

and a,d < 0. (3.5)
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Proof. Since the dULF is a piecewise linear Lyapunov function we can apply Theo-
rem 2.22 using the version for {;-norms that can be found in [KAS92|. V(z) = |Lax|,

is a Lyapunov function for the system X 4 if and only if

2
< 0 3.6
B Qkk+lz_1:|fﬂk| (3.6)
1#k
where
LiA = QLy
L 0 a b a1 Q2 L O
0 I c d q3 Q4 0 I
a g—lb
& QR = 2
Ly ¢

The inequality (3.6) for the diagonal dominance of @ yields then

l l
max{a+|-=c , d+ Ly < 0
l L2
It follows immediately that a,d < 0. Further
l _
a+|2cl <0 & Z—Q —4
ll ll |C|
1 Iy |b]
d+|—=b 0 = —
+ L < & 2 > =
Hence,
b l2 a
- = - 3.7
‘ d ll ’ C ‘ ( )

Corollary 3.3 (dULF for LTI systems) Let X4 be an LTI system that satisfies
the condition for the existence of a dULF in Lemma 3.2. Then Vg(x) = |Lqz|, is a
Lyapunov function for ¥ 4 with
L O b l
Ly = ! with ‘E‘<‘l—2<‘g
0 I L ¢

, bl eR (38)

Proof. This follows immediately from inequality (3.7) of the proof of Lemma 3.2. O
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3.2.2 Eigenvalue condition for LTI systems

The above necessary and sufficient conditions for the existence of a diagonal unic
Lyapunov function are based on the entries of the system matrix and therefore are
co-ordinate dependent. We shall now derive a condition on the eigenvalues of the
systems matrix A that guarantees the existence of a unic Lyapunov function Vy(x)

for the system X 4.

A necessary and sufficient condition for the existence of a quadratic Lyapunov function
for an LTI system X 4 is that the eigenvalues of A lie in the open left half of the complex
plane. Analogous, we can identify a region in the complex plane that contains the

eigenvalues of A if and only if there exists a unic Lyapunov function for ¥ 4.

Definition 3.4 (45%-Region) The 45°-Region is the open subset Qu5 of the complex
plane defined by

Qs = { s ‘ Re{s} < —| Im{s}| }C (3.9)
ATm{s}
—
N
Oy —_ 4

/ Re{s}
/
—

Figure 3.4: The 45°Region in the complex plane.

Lemma 3.5 The eigenvalues of the matriz A € R%2%2 lie within the 45°-Region if and

only if A is Hurwitz and
tr’A > 2detA

where tr2 A denotes (trace(A))>.
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Proof. The eigenvalues of A are given by

1 /1
A = §trAi ztr2A—detA.

If the eigenvalues are real, the Hurwitz condition suffices.

Otherwise, the eigenvalues are complex if and only if
tr’A —4detA < 0. (3.10)
The eigenvalues \; are in the 45°-Region if and only if Re{\} < 0 and

‘Re{)\}’ > ’Im{)\}|

trA 1

—rz > | ,/ZtrQA —det A
tr2 A 1

r4 > ’ 4tr2A—detA’
tr2 A 1

r4 > —ZtrgA +det A

tr’A > 2detA

O

Based on the previous findings we can derive a necessary and sufficient condition for
the existence of a unic Lyapunov function by constraining the eigenvalue location of

A to the 45°-Region.

Theorem 3.6 (Unic Lyapunov Function for LTI systems) Let A be a Hurwitz
matriz in A € R?*2. There exists a unic Lyapunov function for the LTI system X 4

if and only if the eigenvalues of A lie within the 45°-Region.

Proof. We prove sufficiency and necessity of the theorem separately.

Sufficiency: Consider the LTI system ¥4 where A € R?*? is Hurwitz with complex
eigenvalues A /o = pFiv with p, v € R, v # 0 and eigenvectors x+iy with x,y € R2x1,
Then the eigenvalue equation A(z +iy) = (u £ iv)(x £ iy) yields

Ax

U — vy and
Ay

v+ Wy .

The vectors x,y cannot be linearly dependent as we can see from the following con-
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tradiction. If z,y are linearly dependent, i.e. y = kx, k € R\ {0}, we get

Az = (p—vk)x
Ak = (v+ pk)x

= k(p—vk) = v+ puk
0 = (1+k)v.

This equality does not hold if the eigenvalues of A are non-real (v # 0). Thus z,y

have are linearly independent.

Consider the non-singular matrix 7' = (ac y) € R?*2, Similarity transformation

yields
A = T AT
_ v
= L

It follows by Lemma 3.2 that there exists a diagonal unic Lyapunov function Vy(z) =
|Lqx|, for ¥ ; since |p| > |v| and p < 0. Hence, V(z) = ||LdT’1x||1 is a unic
Lyapunov function for X 4. The invariance of the eigenvalues under similarity trans-

formation proves the condition.

For the case that A has negative real eigenvalues, a simple modal transformation, i.e.

diagonalisation of A, reveals the existence of a diagonal unic Lyapunov function.

Necessity: For necessity we show by contradiction that there is no similarity transfor-
mation such that ¥ ; has a diagonal unic Lyapunov function if the eigenvalues of A

lie outside the 45°-Region.

Suppose we have an appropriately transformed matrix

with eigenvalues outside the 45%Region. Applying Lemma 3.5 yields
tr’A < 2detA
(a+d)? < 2ad—2bc
a?+d*> < —2be.
Since a? + d? > 0, both sides are non-negative and we get after squaring

(@ +d%)° < 4’ (3.11)
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Assume that there exists a diagonal unic Lyapunov function for 3 ;. Then Lemma 3.2

provides
b2 < a*d?.
With inequality (3.11) we get
(a2 +d2)2 < 4P < 4aPdP.

But this implies

(a2 +d2)2 < 4a?d?

(a>—d?)° < o
Since the left side of the above inequality is non-negative, the inequality does not

hold and thus the system X ; cannot have a diagonal unic Lyapunov function. This

implies that there exists no unic Lyapunov function for ¥ 4.

3.3 Preliminary results and definitions

3.3.1 Matrix Pencil

The stability condtion derived in this chapter is formulated in terms of the eigenvalues
of the convex combination awA; 4+ (1 — a)A,. In accordance with the convention of

earlier publications in this area we define the matrix-pencil as follow.

Definition 3.7 (Matrix Pencil) The matriz pencil 0,[A1, As] is the convex com-

bination of the matrices Ay, As, given by

UQ[A17A2] = oA + (1 — OZ)AQ, o€ [07 1] (312)

Note, that the eigenvalues of a matrix depend continuously on its entries [HJ85].
Therefore, the eigenvalues o,[A1, As] describe a continuous locus in the complex
plane while « varies in [0, 1]. We shall refer to that locus as the eigenvalue locus of

the matrix pencil.

Recall from Section 2.4 that V(z) is a Lyapunov function for ¥4, and X4, if and
only if it is also a Lyapunov for all LTI systems X 4 with A = aA; + (1 — a)Ay for
a € [0,1] (Lemma 2.12).
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As we shall see, the eigenvalues of the matrix pencil can provide insight into the
stability of the switched system. For instance, consider the case were the matrix pencil
oalA1, A2] has an eigenvalue with non-negative real part for some « € [0,1]. Thus,
for some «g € [0, 1], we obtain the unstable system matrix Ag = agA; + (1 — ag)As
for which no Lyapunov function exists. It follows immediately from Lemma 2.12 that
there exists no common Lyapunov function of any type for ¥ 4, and ¥ 4, and hence the
switched system (3.1) is not asymptotically stable for arbitrary switching. Therefore,
a necessary condition for asymptotic stability of the switched system (3.1) is that the
eigenvalues of the matrix pencil lie in the open left half-plane for all « € [0,1]. We
shall say, such matrix pencil is Hurwitz. For details on the instability of switched

systems see [SOCCO0].

For the existence of a common quadratic Lyapunov function for two second order LTI
systems we recall the following two theorems which shall be applied for deriving the

main results in this chapter.

Theorem 3.8 (Sufficient condition for CQLF) Let A1, Ay € R**? be Hurwitz
matrices with real eigenvalues. A sufficient condition for the existence of a CQLF for
the LTI systems X4, and X4, is that the matriz pencil 0,[A1, A2] has negative, real

eigenvalues for all o € [0,1].

Proof: see [SN97].1

Theorem 3.9 (Necessary and sufficient condition for CQLF) Let A; and A,
be Hurwitz matrices in R2*2. A necessary and sufficient condition for the existence
of a CQLF for the LTI systems Y4, and X4, is that the pencils o,[A1, As] and
0| A1, A5 Y] have eigenvalues in the open left half of the complex plane for all a € [0, 1].

Proof: see [SN99|.

The following lemma provides a simple condition for testing the Hurwitz property of
the matrix-pencil o,[A;, A3] for second order systems [WSO01], [SNO2]. This makes
some calculations in this chapter more tractable and, more importantly, simplifies the

condition for the CQLF existence to a simple eigenvalue-test.

1Originally, this theorem was restricted to matrices with distinct eigenvalues. However, it can
be shown that the theorem extends to matrices with identical eigenvalues, by introducing ¢ as the

difference between the eigenvalues and letting e — 0.
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Lemma 3.10 (Matrix-product equivalence) Let Ay, Ay € R?*2 be Hurwitz ma-
trices. The matriz-pencil o4[A1, As| is Hurwitz for a € [0,1] if and only if the matriz

product AglAl has no negative, real eigenvalue.

Proof. According to the assumptions A; and As are both Hurwitz. Hence,
tr(aa[Al, AQ]) = atrd; +(1—-a)trdy < 0, for all « €[0,1].

It follows that o,[A1, A2] cannot have purely imaginary eigenvalues. Thus, the matrix
pencil o,[A41, As] is non-Hurwitz if and only if there exists an «g € (0,1) for which

Oag[A1, A2] is singular. Then,

(aoAl + (1 - (Jéo)Az)’U = 0
]_ _
(47" M+ —21)v = 0
ag
]_ _
A Ay = -2
Qg

Hence, A5 A; has a negative, real eigenvalue —% if and only if the matrix pencil

0alA1, As] is non-Hurwitz. O

Lemma 3.10 provides simple algebraic conditions for the Hurwitz property of the

matrix pencil which will be used extensively in the proofs of the main results.

Moreover, it allows the reformulation of Theorem 3.9 as an eigenvalue condition. Note
that the eigenvalue loci of 04[A1, As] and 04[Az, A;] are identical. Hence, A5 A; has
real negative eigenvalues if and only if Al_lAg does. Moreover, by symmetry and

Theorem 3.9 we can formulate the following corollary.

Corollary 3.11 Given two Hurwitz matrices A1, Ay € R?*2. A necessary and suffi-
cient condition for the existence of a CQLF for the LTI systems ¥ 4, and X 4, is that

the matriz products A1_1A2 and A1As have no negative, real eigenvalues.

3.3.2 Some technicalities
Before we commence deriving the main results in this chapter, we collect some prop-
erties of the matrix pencil that are frequently used in the later proofs.

Even though the theorems in this chapter will be stated in terms of the matrix pencil

oalA1, As], for algebraic simplicity the proofs will be given in terms of the related
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matrix pencil o,[A1, As] defined by

O~ [Al, AQ] = A1 + ’}/AQ y Yy S [0, OO) (313)

The eigenvalue loci of the matrix pencils 0,[A41, A2] and oy[A1, A3] have equal prop-
erties in terms of their relative location to sectors in the complex plane with vertex

at the origin and the negative real axis as bisector.

Lemma 3.12 The matriz-pencil 0,[A1, As] with Ay, A2 € R™ ™ has an eigenvalue
that is real, complex or lies in the 45°-Region, if and only if the eigenvalues of Ay or

oy[A1, As] for v > 0 has an eigenvalue with the same property, respectively.

Proof. Consider the matrix-pencil o,[A1, A3] for a € (0,1]. Then,

1_
GalA1, As] = a(A1+aaA2), Va0

Define f : (0,1] — [0, 00) with v = f(a) = 1=%. Then,

1 1
0alA1; As] = m(AlJFVAﬂ = m"v[Al,Az} 7=0.

The positive scaling factor ﬁ does not effect the considered properties of the eigen-

values (real, complex or within the 45°-Region) and can therefore be omitted. The

singularities v = —1 and « = 0 are not in the considered intervals.

For ao = 0 the eigenvalues of the matrix-pencil o,[A1, As] equal the eigenvalues of A;.

This completes the proof. (Il

The following lemma describes the dependency of deto.,[A;, A2] on . For ease of

exposition we shall use the following notation throughout:

tr; = trA;

Ai = det AZ Viel.
Lemma 3.13 Let A, Ay be nonsingular matrices in R?*2, then

det (U’Y [Al, AQ] ) = AQ’Y2 + AltI‘ (Al_lAg) Yy + Al . (314)

Proof. Let A; and Ay be given by

ar a by b
A, = 1 a2 A = 1 02

az Qa4 b3 b4
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then the determinant of the matrix pencil is given by

det (A1 +vA2) = (a1 +b1)(aq + vbs) — (a2 + vb2)(az + yb3)

(b1b4 — b2b3)72 + (a4b1 + a1b4 — a3b2 — a2b3)’7 + (a1a4 — a2a3)

= Aoy + (asby + arby — azby — azbs)y + Ay

Consider
ay —a by b asbr — asbs  agby — ash
A1A1_1A2: 4 2 1 b2 _ 401 203 a4b2 204
—az  a bs by a1bz —asby  a1by — azbs
With Altr(AflAg) = tr(AlAflAg) the result follows. O

Similar elementary calculations reveal the following relation between the traces of the

matrix-products A1 As and A1_1A2.

Lemma 3.14 Let Ay, Ay be nonsingular matrices in R?*2, then

tr(AlAQ) = tI‘ltI'Q - Altr (Al_lAQ) (315)

Proof. This relation can be shown using similar elementary calculations as in the

proof of Lemma 3.13 above and is therefore omitted. O

3.4 Sufficient condition for stability

In this section a number of theorems are presented that relate the eigenvalue locus of
the matrix-pencil 04[A41, A2] and the 45°-Region to the existence of a common unic or
common quadratic Lyapunov function. The aim is to derive a sufficient condition for
asymptotic stability of (3.1). Since the existence of the two types of Lyapunov function
under consideration differs for various subclasses we shall discuss the following cases

separately:

(i) the system matrices A1, Ay € R?*? are Hurwitz and have real eigenvalues;
(i) the system matrices A, Ay € R?*2 are Hurwitz and have complex eigenvalues;

(iii) the system matrices A, Ao € R?*? are Hurwitz one of which having real eigen-

values and the other having complex eigenvalues.
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Combining the results obtained in the discussion of these cases yields to a compact
and readily applicable condition for asymptotic stability of the switched system (3.1)

for arbitrary switching signals.

Theorem 3.15 (45° Criterion) The switched linear system (3.1) with A={A1, As},
Ay, Ay € R?*2 and arbitrary switching signals complying with Definition 2.1 is as-
ymptotically stable if the eigenvalue-locus of the matriz pencil 0,[A1, As], a € [0, 1]

lves completely in the 45°-Region.

This theorem is proven in the course of this section and is a direct consequence of the

Theorems 3.8, 3.16, 3.21 and 3.23.

Even though the above stability condition holds for all three cases, the analysis of the
different system classes gives insight into their different characteristics. The existence
of the type of Lyapunov function differs for each system class which gives insight into
different properties of the system. By discussing each case separately, we attempt to

highlight those differences.

3.4.1 Constituent systems with real eigenvalues

We begin our discussion by switched systems consisting of subsystems with real eigen-
values, i.e. A = {41, Ao} C R?*? where Ay, Ay are Hurwitz and have real eigenvalues.
By Theorem 3.8 there exists a common quadratic Lyapunov function (CQLF) for ¥ 4,
and X4, if the eigenvalue locus of 0,[A41, As] is Hurwitz and real for all a € [0, 1].
However the eigenvalues of the matrix-pencil o,[A41, As] can be complex for some
a € [0,1] even if the eigenvalues of A, Ay are real. The subsystems of the introduc-
tory Example 3.1 have such property as is shown by the eigenvalue locus depicted in

Figure 3.5.

For such cases we need to resort to the eigenvalue locus of o,[A1, A5'] to establish
quadratic stability (c.f. Theorem 3.9). Unfortunately, there is not always a CQLF
for such systems. Using Lemma 3.10 we can quickly verify that the matrix pencil
0a[A1, As] of Example 3.1 is non-Hurwitz since the product A;* Ay has negative real
eigenvalues. Thus the LTI systems ¥ 4, and ¥ 4, have no CQLF. However we shall
show that asymptotic stability of the switched system (3.1) can still be established via
the existence of a common unic Lyapunov function, given that the eigenvalue locus

lies in the 45°-Region.
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Figure 3.5: Eigenvalue locus of the matrix pencil o4[A1, A2] of the switched
system in Example 3.1. The eigenvalues of A; and Az are indicated by crosses,

the dots represent the eigenvalues of 0o [A1, A2] for some values of a € [0, 1].

Theorem 3.16 (Sufficient condition for common unic LF) Let A, A, € R?x2
be Hurwitz matrices with real eigenvalues. The linear systems ¥ 4, and X4, have a
common unic Lyapunov function if the matriz pencil 04[A1, A2] has complex eigen-

values for some a € (0,1) and its eigenvalue-locus stays within the 45°-Region for all

a € [0,1].

The key-idea of the proof is to find points in the phase-plane where the flows of X 4,
and ¥4, are co-linear. We apply a similarity transformation defined by these points
of common flow and establish the existence of a common diagonal unic Lyapunov
function (dULF) for the transformed systems ¥ ; and ¥ ;, under the conditions of
the theorem. The existence of a common dULF for the transformed systems implies
the existence of a common unic Lyapunov function for the original systems. Before

presenting the proof of Theorem 3.16, we discuss some preliminary findings.

Lemma 3.17 Given two matrices Ay, Ay € R**2 with negative, real eigenvalues for
which the matriz pencil 0,[A1, As] has complex eigenvalues for some o € [0,1]. Then

the matriz S = A2_1A1 has distinct, positive, real eigenvalues.

Proof. As noted in Section 3.3.2, the matrix pencil o,[A;, A3] has complex eigenval-
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ues for o € [0, 1] if and only if o,[A;, A3] does so for v > 0. Hence, there exist some

~ > 0 for which

tr2 (O',Y[Al, AQ} ) < 4det (0’7 [Al, AQ] ) .

On both sides of the inequality we have second order polynomials in v given by
pi(y) = tr’o, = (tr;+7try)?
and, using the expression (3.14) of Lemma 3.13 we obtain

p2(y) = 4deto, = 4A272+4A1tr(A1_1A2)'y+4A1.

Since A; and Ay are Hurwitz it follows that their traces are negative. Hence, p;(7)

has a negative double zero at vy = —% and is positive otherwise.

Since the determinant of A, is positive, the second parabola pa(y) is positive for
v — Zoo. Further the eigenvalues of o, are real for v = 0 and v — oo. Hence,
p1(y) > pa(v) for vy = 0 and v — oo. Moreover, for the values 7. > 0 where the
matrix-pencil 0., has complex eigenvalues, we have p1(v.) < pa2(7c). It follows that
there are two values 71,72 > 0 for which p1(y) = p2(7y). These observations are

shown graphically in Figure 3.6.

f()

Figure 3.6: Geometric relation of parabolas p1(v) and pa(v)

Two parabolas can intersect at most twice, i.e. pa(y) < pi1(y) for v < 0. Since
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p1() has a negative zero, pa(y) has to have two real zeros, one of which is less than

_try

Yo =—5 <0 With those two findings we can prove the result:
(i) p2(7v) has two real zeros:
Altr? (AT Ar) —4A1Ay > 0
tr? (A" 4z) > 44—
tr2S > 4detS > 0.
From the first inequality follows that S = A1_1A2 has distinct eigenvalues since

itrQS —det S # 0. The last inequality implies that S has real eigenvalues with

the same sign.
(ii) p2(7y) has a negative zero:
—Agtr (A7'4;) < 0
trS > 0

Hence, S has a positive eigenvalue and with the above argument the proof is

complete. O

The above lemma implies that the matrices A; and As have points in the phase-plane
where the flow is co-linear, i.e.
Asveei = kiAivers
AIIAQ Ucf; = ki/Ucf,i s k; > 0.
The vectors of common flow v, ¢ = 1,2 are the eigenvectors of S = Al_lAQ and

k; > 0 are the eigenvalues of S. Since the eigenvalues k; are distinct we can construct

the non-singular transformation matrix

T = (Vef;1 ver,2) (3.16)

consisting of the eigenvectors of S. Then the transformed system matrices A4; =
T—'A;T have co-linear flow along the x;- and xs-axes. These observations are sum-

marised in the following corollary.

Corollary 3.18 Given two matrices A1, Ay € R?*2 such that AIIAQ has real, posi-
tive eigenvalues ki, ks. Then there exists a non-singular transformation T such that
~ a b A kla kgb
C d klc de
with a,b,c,d € R and k1,ky > 0.



62 The 45° Criterion

Proof. Let Dg be the diagonal matrix with eigenvalues k1, ko of S such that Dg =
T~1'ST. Then

Ay = T 1AST
= T YA AT AT
= AT7'ST

= A1 Dg

O

Note, if Vy is a diagonal unic Lyapunov function for X 5 , then Vj is also a Lyapunov

function for X 5 . This follows immediately from condition (3.8).
With that we can end the preliminary discussion and proof Theorem 3.16.
Proof. [Proof of Theorem 3.16]

By assumption, the matrix pencil ¢,[A;, A3] has complex eigenvalues for some « €
(0,1). Therefore, we can apply Corollary 3.18 and consider the matrix pencil of
the transformed matrices A1, A>. The eigenvalues are invariant under the similarity
transformation 7', hence the eigenvalue loci of o, [2117 flg] and o,[A1, Ag] are identical.
Applying Lemma 3.12 the eigenvalues of the matrix pencil o4[A1, A5, o € [0,1] lie

in the same sectors as the eigenvalues of o, [/11, flz], ~v > 0. We consider

~ ~ a b kla kgb
U’y[Alu AQ] = +7
c d klc kgd

[14+k7]a [1+koy]b

14+ kiy]e [1+kay]d

14koy
a 1+k1"/b
= [1 + kl’y]
c 14koy
1+k1y

The eigenvalues the matrix A € R™*"™ lie in the 45°-Region if and only if the eigen-
values of [1+ k17| A do. Hence, the positive factor (1 + k1) does not change the
eigenvalue-locus of o,[A1, As] with respect to the 45°%-Region. Therefore we shall omit

that factor in the further discussion.
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Define the parameter

14 Koy
1+ kv’

Without loss of generality we can assume that ko > k;. Then ¥ € T' = [1, :—f) for
v > 0. We obtain

a b
Oy = v yel.
c Ad

The existence of a diagonal unic Lyapunov function can be established by extracting

the relation of the trace and determinant of os:
trlo; = (a+ 3d)?
detos = (ad—bc)y.

By our assumptions we get the following relations:

(i) the matrices A;, Ao have real eigenvalues, i.e. at the endpoints of I" we have
tIQUQ > 4detoy;

(ii) the matrix pencil has complex eigenvalues for some 4 in the interior of T’
tr205 < 4detoy;

(iii) the eigenvalues of the matrix pencil are within the 45°-Region for all 4 € T

trga:y > 2deta.~y.

These relations are illustrated in Figure 3.7. From (i) and (ii) we get that the parabola
tr?o5 crosses the straight line given by 4 det o5 twice in I'.

Note that tr?c5 has a unique minimum and a double zero at 5y = —%. The above

argument implies that 9 < 0, hence a and d have the same sign. Since A, is Hurwitz,

trA; < 0 and it follows that a,d < 0.

Relation (iii) gives that tr?cs does not intersect with 2det o5 for 4 € I'. Since the
minimum of the parabola is zero, we can infer that there is no intersection for any

4 € R. Hence,

d?3? 4+ 2bcy+a®> > 0  VAER.
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Figure 3.7: Geometrical relation of the trace and determinant of o5.

That immediately yields the remaining condition (3.4) for the existence of a diagonal

unic Lyapunov function
v’e? —a*d® < 0.

Thus, there exists a diagonal unic Lyapunov function for Aj.

It follows from Condition (3.8) that any diagonal unic Lyapunov function Vy(x) =
| Laz|, for ¥ 5 is also a Lyapunov function for ¥ 5 . By similarity V(z) = ||LdT*117||1

is a common unic Lyapunov function for ¥ 4, and X 4,. O

Theorem 3.16 complements Theorem 3.8 to a sufficient condition for asymptotic stabil-
ity of the switched system (3.1) with real eigenvalues. If the matrix pencil o, [41, As]
has real eigenvalues for all « € [0,1], Theorem 3.8 guarantees the existence of a
common quadratic Lyapunov function. In case that the matrix pencil has complex

eigenvalues for some « € (0,1) a common unic Lyapunov function exists.

Corollary 3.19 (45° Criterion) The switched linear system (3.1) with system ma-
trices Ay, Ay € R2*2 with real eigenvalues, is asymptotically stable for arbitrary
switching signals if the eigenvalue-locus of the matriz pencil o, [A1, As], a € [0,1]

lies completely in the 45°-Region.
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Discussion and application of the result

In the following we demonstrate the application of the result and discuss further im-
plications of the 45° Criterion for the existence of the two types of Lyapunov function

considered. In particular we are interested in how conservative the 45° Criterion is.

The following example demonstrates the application of the result and shows that the
45° Criterion extends upon quadratic stability. If is further demonstrated that an
explicit unic Lyapunov function is immediately obtained by the application of the
results in this chapter. This can prove valuable in practice when a stable switched

system is to be designed.

Example 3.2 (No common quadratic LF, but common unic LF)

Consider the switched system in the introductory Example 3.1 with

—4.3 —4.6 1.8 —-24
Al = ) A2 =

—0.6 -—-1.1 9.3 -11.9

Figure 3.5 shows that the eigenvalue-locus of the matrix pencil o,[A1, As] lies com-
pletely in the 45°-Region. However, the eigenvalues of the matrix product A; A, are
approximately {—35.94, —0.05}. Since they are both negative and real, by Lemma 3.10
no common quadratic Lyapunov function exists. But Theorem 3.16 guarantees the

existence of a common unic Lyapunov function.

A specific unic Lyapunov function is obtained as follows. The matrix product Al_lAg
has positive real eigenvalues such ¥ 4, and ¥ 4, have points of co-linear flow in the

phase-plane. For the transformation matrix T given in (3.16) we obtain

—0.7875  0.7235
T =

—0.6164 —0.6903

yielding the transformed system matrices

- —5.1813 —0.2827 - —0.0515 —12.9902
A = and Ay =

2.9597 —0.2187 0.0294 —10.0485

With Corollary 3.3 we obtain a common diagonal unic Lyapunov function for ¥ 5
and ¥ 5, by choosing Lq with % € [1.2927,1.7506 ], where the interval is simply given
by the ratio of the column entries of A;. Common unic Lyapunov functions for ¥ A

and ¥ 4, are immediately given by V(z) = ||LdT’1x||1.
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A sample level-set of the unic Lyapunov function with % = 1.52 and the flow of
the constituent systems are depicted in Figure 3.8a. Some sample trajectories of the
switched system together with some level-sets of the Lyapunov function are shown in

Figure 3.8b. t

0.8 4 08

06F g 06|
0.4 - 04
02r 1 02
-0z g -02f
04t g 04t
_os} e -06F

—0.8} 4 -0.81

() (b)
Figure 3.8: Unic Lyapunov function for the switched system in Example 3.2. Part (a)
shows the flow of the vector fields of the constituent LTI systems on a level set of the unic Lyapunov
V(z) = ||LdT’1x||1. Part (b) shows two sample trajectories of the switched system for the initial

conditions (1,1) and (0.5, —1), respectively, and some level sets of the Lyapunov function.

The above example demonstrates the need for the two types of Lyapunov function
to formulate the stability condition in Corollary 3.19. Moreover, we can identify the
existence of each type of Lyapunov function with the respective behaviour of the
eigenvalue locus of o,[A1, As]. This suffices for stability of the switched system, but
is by no means necessary for stability. However, the 45°-Region provides a neces-
sary condition for the existence of both types of Lyapunov function, as the following

theorem reveals.

Theorem 3.20 (Necessary Condition) Let Ay, Ay € R?*? be Hurwitz matrices
with real eigenvalues and for which the matriz pencil 0,[A1, As] has eigenvalues out-

side the 45°-Region for some « € [0,1]. Then

(i) there exists no common unic Lyapunov function for X4, and X a,;
(ii) there exists no common quadratic Lyapunov function for X4, and ¥ 4,.
Proof.  Statement (i) follows directly from the preliminary discussion. If V is a

common Lyapunov function for ¥ 4, and ¥ 4, then it is also a Lyapunov function for

all systems defined by convex combinations «A; +(1—«a)Asz, o € [0,1], (Lemma 2.12).
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However, if for some ag € [0,1] the matrix pencil 0,[A4;, A2] has eigenvalues outside
the 45°-Region, then there exists no unic Lyapunov function for the LTI system
defined by agA; + (1 — ap)As. Hence, ¥4, and X4, cannot share a common unic

Lyapunov function.

To prove statement (i) we show that under the given assumptions, the matrix product

Aq Ay has real negative eigenvalues. Then by Corollary 3.11 there exists no CQLF.

If the matrix pencil has eigenvalues outside the 45°-Region then there exists a v > 0

for which
tr2c7,y < 2deto,.
With (3.14) we get
(trq + tro '70)2 < 2A2'y§ + 2Atr (AflAg) Yo + 241
rearranging and substituting (3.15) yields
(tr3 — 200) 7§ + 2tr (A Ax)yo + trf —2A; < 0.

Since A; and A, have real eigenvalues, i.e. tr; — 44A; > 0, the above parabola is
positive for v = 0 and 7 — oo. It follows that for the inequality to hold, the parabola

has two positive real zeros. That implies —tr(A;As) > 0 and

tf2 (AlAQ) — (tr% — 2A2) (tf% — 2A1) > 0

tI‘2 (AlAQ) — trftr% + 2A1t1‘§ + 2A2tr% — 4A1A2 > 0.
Rearranging gives
2 1 2 2 1 2 2
tr (AlAQ) —4A1 Ay > 5 (tI‘l — 4A1) try + 5 (tI'Q — 4A2) try.

Since A;, A have real eigenvalues the righthand side of the inequality is positive.
Hence, the product A; As has real eigenvalues. Since its determinant is positive and
its trace is negative, both eigenvalues are real and negative. This violates the necessary

condition for CQLF existence in Corollary 3.11. O

The above theorem establishes that the 45°-Region is also a necessary condition for
the existence of the two types of Lyapunov functions under consideration when A, A
have real eigenvalues. Although none of these Lyapunov functions exists when the

eigenvalue-locus of o,[A1, As] lies outside the 45°-Region for some «, the switched
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system might still be asymptotically stable. However, the following example demon-
strates that the 45°-Region is the largest sector (with vertex at the origin and the
negative real axis as bisector) that results in a sufficient stability condition of the kind

in Theorem 3.15.

Example 3.3 We can construct a limit system by choosing an eigenvalue of zero for
both subsystems. Further, let the eigenvectors associated with these eigenvalues be
(=1 1)T and (1 1)T. For the remaining eigenvectors we choose (1 0)T and (0 1)T,
respectively, and let the associated eigenvalues be -100 and -200. The resulting system

matrices are

- —100 —100 - 0 0
Al = and Ag = (317)

0 0 200 —200
The eigenvalue locus of such system just touches the boundary of the 45°-Region as
shown in Figure 3.9. When switching slow enough, the trajectories describe a limit

cycle as in Figure 3.10.

- —-200 71&0 71(‘90 71;0 7&0 7130 75‘0 76‘0 4‘0 72‘0 0 1
Figure 3.9: Eigenvalue locus of 04[A1, A2] for ~ Figure 3.10: Sample trajectory and eigenvec-

the system in (3.17). tors of the system in (3.17).

Small perturbations of such system can lead to switched system with unstable trajec-

tories. Choose

N —100.00 —99.99 - —0.02 0
A = and A, =
0 —0.01 202.01  —200.00
The transition matrix @(i—O,O) — e TeMT has a spectral radius of 1.005. Hence,

the switched system is just unstable for switching signals with switching instances at
every ‘;—0 time-units. Of course, the eigenvalue locus is just outside the 45°-Region for

some « € [0, 1]. O
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Summarising the results of this section, we can relate the different behaviour of the
eigenvalue locus of g,[A1, As] to the existence of the two types of Lyapunov functions
for second order systems with real eigenvalues. If the eigenvalue locus remains real
and Hurwitz for all a € [0, 1], then a common quadratic Lyapunov function exists
(Theorem 3.8); if there are complex eigenvalues of 0,[A;, A3] for some values o €
[0,1], but the eigenvalue locus stays within the 45%Region for all @ € [0,1], then
the existence of a common unic Lyapunov function is guaranteed (Theorem 3.16);
and if the matrix pencil has eigenvalues outside the 45%Region for some « € [0, 1],
then neither a common quadratic Lyapunov function nor a common unic Lyapunov
function exists (Theorem 3.20). However, recall that the non-existence of those two
types of Lyapunov function does not necessarily imply the instability of the switched

system.

The 45° Criterion in Corollary 3.19 provides a compact and readily applicable con-
dition for stability of second-order systems with real eigenvalues. In the following
two sections we extend this extended this result to systems with arbitrary eigenvalues
in the 45°-Region and discuss its implications for the existence of common unic and

common quadratic Lyapunov functions.

3.4.2 Constituent systems with complex eigenvalues

In this section we analyse to what extent the results on the 45° Criterion in the
previous section generalise to switched systems where Ay, Ay € R?*2 have complex
eigenvalues. We will see that the stability condition formulated in Corollary 3.19 also
holds for this system class. However, necessity for the considered types of Lyapunov

functions cannot be established.

Theorem 3.21 (Sufficient condition for CQLF) Let Aq, Ay € R?*? be Hurwitz
matrices with non-real eigenvalues in the 45°-Region. The systems X 4, and X 4, have
a CQLF if the eigenvalues of the matriz pencil 0,[A1, As] lie in the 45°-Region for
all a € [0, 1].

Proof. We shall proof the theorem by employing the sufficient condition for CQLF
existence in Theorem 3.8. By assumption the matrix pencil o4[A1, As] is Hurwitz,
thus it remains to be shown that o,[A;', As] is Hurwitz. By Lemma 3.10 this is

equivalent to the matrix product A1 As having no negative real eigenvalues.
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By assumption and Lemma 3.12, the eigenvalue locus of the matrix-pencil A; + vAs

lies in the 45°-Region for all v > 0. Hence,
tr? (A] +7A43) > 2det (A + vA2) Vvy>0.
Substituting the expressions (3.14) and (3.15) and rearranging yields
p(y) = (tr3 —2A5) v* +2tr (A1 A2) v+ tr] — 241 > 0 Vy>0. (3.18)

By assumption, As has complex eigenvalues within the 45°-Region and therefore
tr3 — 2A, > 0. Hence, the parabola p(y) has a minimum. Thus, inequality (3.18)
holds if and only if (a) all zeros of p() are negative, or (b) p(y) has no real zeros.

For the first case (a), we require that

—2tI‘(A1A2) < 0

tI‘(Al Ag) > 0.
This, together with det(A4;42) = A1As > 0 implies that A; A5 has eigenvalues in the
open right half-plane.

In the latter case (b), we require

tr? (A1 Ao) — (tr3 — 2A5) (tr] —2A¢) < 0
tr2 (A3 Ag) — tritrs + 2A0tr3 4+ 2A tr3 —4A;A5 < 0

1 1
tYQ(AlAQ) - 4A1A2 - 5 (tl‘% - 4A1) tl‘g - 5 (tr% - 4A2) trf < 0.

According to our assumptions A, Ay have non-real eigenvalues, thus tr? — 4A; < 0.
This leaves

1 1
tr2(A1Ady) —4A1A, < 3 (tr§—4A1)tr§+§ (tr3 —4As) tr} < 0.

Hence, A1 As has complex eigenvalues.

In both cases (a) and (b) the matrix product A; A has no negative real eigenvalues.
Thus by Lemma 3.10 and Theorem 3.8 a common quadratic Lyapunov function for

Y4, and ¥ 4, exists. ]

With the above theorem the stability statement of Corollary 3.19 can be extended to

second order systems with complex eigenvalues.
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Discussion of the result

In the previous section we found that the 45° Criterion is also a necessary condition for
the existence of a CQLF and CULF if Ay, A; have real eigenvalues. In the following
we shall discuss whether the 45°-Region is of similar significance if the eigenvalues of

the constituent systems are complex.

We start considering two examples where the eigenvalue locus of o,[A1, As] is outside

the 45°-Region for some « € [0, 1].

Example 3.4 Consider the switched system (3.1) with system matrices

~1.67 —0.83 —0.51 —1.45
A = Ay = (3.19)

1.60 0.23 0.34 -1.31

The eigenvalue locus of 0,[A1, As] is Hurwitz and lies outside the 45°-Region for some
a € [0,1] as shown in Figure 3.11. However, the eigenvalues of the matrix product

Ay Ay are approximately A1 o = —1.0259+0.20853. Thus there exists a CQLF for ¥ 4,

and EAz'
15 - - - - - - - - - 1.
1 P 1
% +
05 05
+ x
0 0
+ X
05 05
% +
1 RN 1

Figure 3.11: Eigenvalue-locus of the matrix Figure 3.12: Eigenvalue-locus of the matrix

pencil o4 [A1, A2] with (3.19). pencil o4 [A1, A2] with (3.20).

Not surprisingly the 45° Criterion is not necessary for the existence of a CQLF for
the case that the eigenvalues of the constituent systems are complex. However, it is
not hard to find examples for which no CQLF exists when the eigenvalue locus leaves
the 45°-Region for some « € (0,1).
In Figure 3.12 the eigenvalue locus of 0,[A1, As] with

-1.89 —-0.31 0.32 —-1.08

A = Ay = (3.20)
122 —0.68 0.56 —1.23
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is shown. The eigenvalues of the matrix product AiAs are approximately Ay =
—0.8427 and Ay = —0.4169. Hence, ¥ 4, and X4, do not have a common quadratic

Lyapunov function. O

This observation suggests that it might be hard to find a larger sector that gives rise

to a sufficient condition of the kind of Theorem 3.21 for the existence of a CQLF.

For systems with real eigenvalues two types of Lyapunov functions are required to
prove stability for systems satisfying the 45° condition. In the current case with
subsystems with complex eigenvalues only considering common quadratic Lyapunov
functions was sufficient. It remains open whether the condition in Theorem 3.21 is

also sufficient for the existence of a common unic Lyapunov function.

Example 3.5 Consider the switched system with

-1.2 05 -0.9 -15
A = and A, =

-0.2 -0.9 0.2 —-1.5
The matrix product S = A1_1A2 has the complex eigenvalues 0.9364 + 0.7221:. Thus
the systems ¥ 4, and ¥ 4, have no points of co-linear flow in the phase-plane. There-
fore the method used in the previous section to construct a common unic Lyapunov

function cannot be applied.

However, for this example we can find a diagonal unic Lyapunov function. Applying
Corollary 3.3 yields that a dULF for system X 4, satisfies

by

l2 a1

— < |2 < | =

d1 ll ’Cl
l

0.5556 < -2 < 6.
L
For system ¥4, we require % € [1,4.5]. Since the two intervals intersect we can

choose % = 2 to obtain a common unic Lyapunov function V(z) = |Lgz| with

1 0
Ly =

0 2

satisfying both conditions. A level-set of V' (x) together with the flows of System X 4,
and X4, is shown in Figure 3.14. g

Certainly it is not always possible to find common diagonal unic Lyapunov function.
Whether or not the 45° condition is sufficient for the existence of a common unic

Lyapunov function for systems with complex eigenvalues has yet to be proven.
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Figure 3.13: Eigenvalue-locus of the matrix Figure 3.14: Common unic Lyapunov function

pencil o4 [A1, A2] in Example 3.5. for the system in Example 3.5.

3.4.3 The mixed case

After we have discussed the two cases of switched systems consisting of subsystems
with real and complex eigenvalues, respectively, it remains to prove stability for the
case where one matrix has real eigenvalues and the second matrix has complex eigen-

values in the 45°-Region.

Similar to the first case where both matrices Ay, A> have real eigenvalues, we will
employ both types of Lyapunov function to establish stability. Before presenting the

main result we shall note the following preliminary lemma.

Lemma 3.22 Let Ay, Ay € R?*2 be Hurwitz matrices, one of which has real eigen-
values and the other non-real eigenvalues. If the eigenvalues of the matriz pencil
aA; + (1 — a)Ay lie in the 45°-Region for all o € [0,1] then one of the following

statements is true:

(i) the matrices A1 As and AflAz have no real, negative eigenvalue;

(ii) the matriz Al_lAQ has distinct, positive, real eigenvalues.

Proof. Without loss of generality we assume that the eigenvalues of A; are complex
and the eigenvalues of A, are real. By assumption the matrix pencil o.,[A1, As] is Hur-

witz. Thus the matrix product A; " Ay has no negative real eigenvalues (Lemma 3.10).

From the assumptions on the eigenvalues of A;, A2 and the matrix pencil o,[A4;1, As]
we can derive conditions on the relation of the trace of the matrix-pencil o, [A4;, As]

to its determinant for v > 0.
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Consider the two parabolas given by

pi(7) = tr? (A1 +74s) = (try +7tra)”
pa(y) = 2det(A; +742) = 20077 +2A4tr (A7 As) v + 24,
The parabola p;(7y) has a unique negative zero at yg = —%. Since the eigenvalues

of the matrix pencil o,[A1, A] lie in the 45°-Region for all v > 0, it follows that
p1(y) > pa2(7) for v non-negative. The parabolas can only intersect for negative

values of ~.

2
tr=oy 4 det o,

2det o,

7y

complex — |: «— real — — complex eigenvalues

inside 45° — §<—out—>§ «— inside 45°

Figure 3.15: Geometric relation of the trace and determinant of the matrix pencil in Lemma 3.22.

Consider the case (i) where p1(7) and p() have an intersection for v < 0. Hence,
(trq + ’ytr2)2 —2A07% — 2Aqtr (Al_lAg) v—2A; = 0.
With Lemma 3.14 we get
(tr3 — 2A5) ¥* + 2tr (A1 Az) v+ trf — 24, = 0.

This polynomial in v has a negative root only if tr (4; A2) > 0. Since the determinant
det(A;143) = A;As > 0 we conclude that the matrix product A; Ay has eigenvalues

in the right half-plane.
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In case (i) the parabolas p; () and p2(7y) do not intersect for v € R. This implies that
p2(7y) has two real roots, at least one of which is negative. Consider now the parabola

p3(y) = 2p2(7y) = 4det 0., which of course has also two real zeros. We obtain

_ A
trQ(AllAg)—élA—j > 0

tr® (A7'Az) > ddet (A7'As) .
Hence, the matrix product AflAQ has distinct real eigenvalues.

By assumption A; has complex eigenvalues, thus p3(0) > p1(0) while p;(0) > p2(0)
(because of the 45° Condition). Hence, the two real zeros of pa(vy) and ps(y) are
either both positive or both negative. Since we require that ps(y) has a negative zero

it follows that both zeros are negative. Therefore

—2A1tr(A;1A2) < 0
tr (A7T4;) > 0.

Since the determinant det (A7 'As) = ﬁ—? > 0 it follows that the matrix product

AflAg has positive real eigenvalues. O

We can now prove the stability result for the mixed case.

Theorem 3.23 (Sufficient condition for stability) Let A;, Ay € R?>*2 be Hur-
witz matrices, one of which has real eigenvalues and the other non-real eigenvalues.
The switched linear system (3.1) is asymptotically stable if the eigenvalues of the
matriz pencil Ay + (1 — a)Ay lie in the 45°-Region for all o € [0, 1].

Proof. We will establish stability of the switched system by showing that under the
given assumptions there either (i) exists a common quadratic or (i) a common unic

Lyapunov function for the LTI systems 34, and ¥4,.

Consider the two cases of Lemma 3.22. In case (i) it follows with Corollary 3.11 that
there exists a CQLF for the systems ¥4, and X 4,.

In the second case the matrix § = AflAg has distinct positive real eigenvalues.
Hence we can transform the system matrices as in Corollary 3.18 such that the points
of common flow are along the co-ordinate axis. We can establish the existence of
a common diagonal unic Lyapunov function for the transformed systems by similar

arguments as in the proof of Theorem 3.16 on page 62. O

In the following we present two examples that illustrate the results in this section.
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Example 3.6 Consider the switched system (3.1) with system matrices

—-04 -04 —-0.1 0
A = and A, =

24 -—-14 0.5 —-0.8
The eigenvalue locus of o,[A1, As] is in the 45°-Region as shown in Figure 3.16.
The eigenvalues of A7'Ay are complex. Thus there exist no points of co-linear flow.
However, the eigenvalues of the matrix product A1 As are Ay = 0.8154 and Ny =
0.1446. Hence, there exists a common quadratic Lyapunov function. A level set of

the quadratic Lyapunov function V(x) = x" Px with

2.3552 0.0582

0.0582 0.6033

is shown in Figure 3.17. O

T T T T T T T T T . . . . . .
08
081 + 1
061
06 ., 1
04l
04 B
02 B o2 N
. . . .
0.1 0 01 02

oF JEOSRPN A: e — > of x/
-02 b -02F W
—04f 1 —04f =
-06f " 1 o6k
08 +( 1 —08|

L L L L L L L L L L L L
-1 -0.9 -0.8 -0.7 -0.6 -05 -0.4 -0.3 -0.2 -0.1 0 -04 -0.3 -0.2

L L
0.3 0.4 0.5

Figure 3.16: Eigenvalue-locus of the matrix Figure 3.17: Common quadratic Lyapunov

pencil o04[A1, A2] in Example 3.6. function for the system in Example 3.6.

Example 3.7 This example demonstrates that the 45° Criterion extends stability
results obtain by using only common quadratic Lyapunov functions. Consider the

switched system (3.1) with system matrices

0.3 —-0.5 -1.2 -1.2
A = and A, =
1.3 -1.9 04 —-0.6
The eigenvalues of the matrix product AiAs are approximately \; = —0.87 and

Ay = —0.11. Hence no CQLF exists for ¥4, and ¥ 4,. Yet, the eigenvalue locus of
0alA1, As] lies in the 45°-Region as shown in Figure 3.18.
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We can construct a common unic Lyapunov function following the same procedure as

in Example 3.5. A level set of the unic Lyapunov function V (x) = ||LdT’1ch1 with

1.0 0 0.8253 —0.6278
Ly = and T =

0 1.3 0.5647  0.7784

is shown in Figure 3.17. O

N A | gij%@
| f =

=
J | % |

Figure 3.18: Eigenvalue-locus of the matrix Figure 3.19: Common unic Lyapunov function

pencil o04[A1, A2] in Example 3.7. for the system in Example 3.7.

3.5 Conclusions and outlook

The main contribution of this chapter is a sufficient condition for the asymptotic sta-
bility switched systems consisting of two second-order subsystems. The formulation
of the condition in terms of the eigenvalues of the matrix-pencil o,[A;, A5] ensures
independence of co-ordinate transformations and is therefore readily applicable. In
case of the existence of a common unic Lyapunov function, an explicit range of Lya-
punov functions is directly obtained by the derivations. Therefore the stability of
the switched system can be incorporated as a parameter constraint into the design

process of the switched system.

Stability of the switched system is established by employing two different types of
Lyapunov functions, quadratic and unic. It is shown that the stability condition can
only be established after introduction of the latter type which accounts for certain

characteristics of the considered switched systems.

The existence of either type of Lyapunov function has been analysed in relation to

characteristics of the eigenvalue locus of the matrix pencil for different system classes.
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We note that the unic Lyapunov function appears more suitable whenever one of
the constituent systems has real eigenvalues. For this system class the existence of

common quadratic Lyapunov functions can yield conservative results.

For switched systems with real eigenvalues it has been shown that the 45° Criterion
is also a necessary condition for the existence of either type of Lyapunov function
considered. In this context the 45°-Region is the largest region (with vertex at the
origin and the negative real axis as bisector) for which eigenvalue locus conditions of

the form of Theorem 3.15 can be obtained.

Future work

Unfortunately, it is not possible to generalise the 45° Criterion in Theorem 3.15 to

switched systems with higher order subsystems.

Consider the switched system with system matrices

04 14 0 0.9 —-05 —1.0
A = 06 -06 —-05 |- 4= -10 04 08 |- (321
03 08 —0.6 1.1 —1.0 —1.7

The eigenvalue locus of the matrix-pencil o,[A1, As] lies completely in the 45°-Region

as shown in Figure 3.20. However, the spectral radius of the transition matrix
d(2m,0) = el2meMT

is approximately 1.35. Hence, the switching signal with switching instances at every 7

time-units results in unstable behaviour [Rug96].

However, empirical studies suggest that the 45° Criterion might hold for switched
linear systems where the system matrices of the constituent systems are given in the

companion form

0 1 0 0
0 0 1

A = 0
0 0 0 1

—ap —a1 -+ —Ap—2 —0p-1
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0.8 q
0.6 q

0.4r q

Figure 3.20: Eigenvalue locus of o4[A1, A2] for the system matrices (3.21).

Such system matrices are obtained for systems described by the time-varying differ-

ential equation
n—1
v = D )y +u (3.22)
k=0

where the coefficients a(t) are piecewise constant and change discontinuously within

finite parameter sets.

For the generalisation of our result two problems arise. Firstly it is important to
determine a suitable type of Lyapunov function that can be employed to establish
stability. Secondly, although the empirical studies suggest that the 45°-Region might
yield sufficient conditions for the stability of this class of systems, a different region
could be more significant for the considered system class. In this context the Theorems
2.23 and 2.24 on piecewise linear Lyapunov functions for LTI systems might prove
valuable; both in determining the number of faces of the Lyapunov function needed

and in indicating the appropriate spectral region.






Chapter 4

Spectral conditions for classical

stability results

In this chapter we formally relate a class of switched linear systems to the
non-linear system known as Lur’e system. It is shown that the switched
system is asymptotically stable for arbitrary switching if and only if the
Lur’e system is absolutely stable. This implication allows for the mutual
application of stability results obtained in each area. We extend a result
from [SN0O3a] to derive spectral versions of classical stability conditions for
Lur’e systems. Some examples highlight the benefits of these new formu-

lations.

4.1 Introductory remarks

In this chapter we consider the asymptotic stability under arbitrary switching signals
of switched linear systems that consist of two subsystems of order n and whose system
matrices A; € A are in companion form. In Section 2.4 it is shown that a common
Lyapunov function for the constituent systems ¥ 4, and ¥ 4, is also a Lyapunov func-
tion for all LTI systems ¥z with A = aA; + (1 — @)Az, o € [0,1]. We shall use
this observation to establish the equivalence of the asymptotic stability of the sys-
tem class defined above and the classical problem of absolute stability of single-input

single-output Lur’e systems.
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Given these observations, the question arises, how the stability results obtained for
Lur’e systems relate to problems from the analysis of switched systems. In this chapter
we establish that results from the stability theory of both system classes are mutually
applicable, and further, that results from the Lur’e problem can give new insights into
the stability properties of switched linear systems. More specifically, recently it has
been shown in [SN03a| that the Circle Criterion derived for the SISO Lur’e system
can be utilised to derive a necessary and sufficient condition for the existence of a
CQLF for the switched system in terms of the product of the system matrices. The
main contribution in this chapter is the generalisation of this result that makes it
applicable to a wide range of stability conditions formulated in terms of the frequency

response.

The chapter is organised as follows. In the first section the single-input single-output
Lur’e system is introduced and the equivalence of the respective stability problems
is shown. In the second section the main lemma is derived which relates the clas-
sical frequency response inequality to spectral properties of a matrix product. The
frequency-response inequality in question appears in a large number of classical analy-
sis tools. Therefore, the matrix product equivalence has potentially many implications

in various areas. Some of these implications are discussed in Sections 4.4 and 4.6.

4.2 The Lur’e problem and switched linear systems

4.2.1 Lur’e systems and absolute stability

Lur’e systems are nonlinear feedback systems consisting of a linear time-invariant
forward path and a memoryless (possibly time-varying) nonlinearity in the feedback

path. The block structure of such system is shown in Figure 4.1.

The dynamics of the system are given by

z(t) = Az(t)+ bu(t)

t) = c'x(t) + du(t)

= o(ty() (4.1c
= (1) (4.1d

<

z(t

(t)
(t)
(t)
u(t)

where x(t) € R™,y(t), z(t),u(t),d € R, the system matrix A € R™ ™ and b,c are
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0 U Tz = Az + bu Y

\j

y=cx+du

A

Figure 4.1: Block diagram of the single-input single-output Lur’e system.

vectors in R”. In accordance with convention the quadruplet (4,b,c",d) is assumed

to be a minimal realisation of the proper rational transfer function
G(s) = c"(sI—A) "b+d (4.2)

such that (A, b) is completely controllable and (A, c") is completely observable.!

The non-linearity ¢(-,-) is a time-varying scalar function ¢ : Rt x R — R satisfying
kiy? < o(tyly < key®  VyeRteR? (4.3)

where k1,ks € R and k1 < ks. The above condition is a sector constraint for the
nonlinearity; we say that ¢(-,-) belongs to the sector [k1, ko]. This property has the
graphical interpretation as shown in Figure 4.2: for all t € RT and y(¢) € R the graph
of ¢(t,y(t)) is bounded by the sector defined by two straight lines with the slopes k1
and ks.

Summarising the above, the Lur’e system is completely defined by the linear transfer
function (4.2) and a given sector [ki,k2]. Subject to this definition, the problem
is to find conditions on G(s) which ensure asymptotic stability for any nonlinearity

satisfying the sector condition (4.3). More formally we define absolute stability:

Definition 4.1 (Absolute stability) Given the linear SISO system (4.1a)—(4.1b)
with (A,b) controllable and (¢, A) observable and two numbers ki, ks € R, ki < k.
The equilibrium x = 0 is absolutely stable if it is globally uniformly asymptotically
stable for every function ¢ : RT x R — R belonging to the sector [k, ka].

INote, that for any given proper rational transfer function G(s) we can find a realisation with the

mentioned properties [Che71].
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A kay

Figure 4.2: Illustration of a sector-bound nonlinearity.

Note that the absolute stability problem is concerned with the stability of an entire

family of systems, since ¢(-, -) can be any function satisfying the sector condition (4.3).

Remark: If the nonlinearity ¢(-,-) is linear in y(t), i.e. $(t,y) = ¢'(t)y(t), we can apply

a loop transformation to obtain the transformed Lur’e system with

- _ G(s)
¢ = TG0

oty) = ¢'(t) = ky(t)
where ¢(-) belongs to the sector [0, k] where k = %. For the remainder of

this chapter we shall consider Lur’e systems with sector nonlinearities belonging to

[0, k].

Remark: Let 1 + kod = 0 for some ko € [0,k]. For this feedback gain we obtain an

unstable closed-loop system since

. d
sll{& GCl(S) - 1+ kod’

Using the loop-transformation and Nyquist arguments we can assume without loss of

generality that 1+ dk > 0.
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4.2.2 Equivalent stability problems

In this section we show that the absolute stability problem for Lur’e systems is equiv-
alent to the asymptotic stability of a class of switched linear systems.
Let the transfer function G(s) of the linear part of the Lur’e system be given by

Prs™ + ...+ past +pis+po
ST+ gpo18" T s+ s+ qo

G(s)

As realisation (A, b, c", d) of the transfer function G(s) we choose the control canonical

form:
0 1 0 0
0 0 1
A = : S 0 (4.4)
0 0o - 0 1
—q —q1 - —4qn-2 —qn-1
where ¢q;, 7 = 0,...,n — 1, are the coefficients of the characteristic polynomial of A.

We refer to that matrix structure as companion form of A. Further,

b = (0...01)"
CT = ((pO_anO) (p1—an1) (pn—l_ann—l))
d = Pn

Consider now the special case where the nonlinearity ¢(-, -) only takes on the extreme

values on the sector bound such that

o(tyt) = ¢'(y(t),  ¢'(t) €{0,k} (4.5)
Thus, ¢’ : Rf — {0,k} is a piecewise constant function.

Substitution into the equations (4.1) yields

¢'(t)
z(t) = chx(t)

i) = (A — % bcT> z(t) (4.6)

The above equations (4.6) and (4.5) describe an autonomous switched linear system

with constituent system matrices
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A = A
k

Ay = A-— T
2 T

where the switching signal o(¢) = 1 for ¢/'(t) = 0 and o(t) = 2 for ¢'(t) = k. Note

that (4.6) describes a class of switched systems where the constituent system matrices

have a difference rank of one, i.e. rank{A4; — A2} = 1.

We show now that the Lur’e system (4.1) is absolutely stable if and only if the switched

linear system (4.6) is asymptotically stable for arbitrary switching signals.

Theorem 4.2 Let the quadruplet (A,b,c,d) be a minimal realisation of the proper
transfer function G(s). Then the Lur’e system (4.1) with nonlinearity ¢(-,-) belonging
to the sector [0, k] is absolutely stable if and only if the switched linear system (2.2)

with A = {A, A— 1_~_%l)(:T} s asymptotically stable for arbitrary switching signals.

Proof. The switched system with A = {A;, Ao} is asymptotically stable for arbitrary
switching signals if and only if ¥ 4, and ¥ 4, have a common Lyapunov function V (x)
(c.f. Section 2.4). That implies that V(z) is also a Lyapunov function for all LTI
systems ¥ 5 with A = aA; + (1 — a)A; for all a € [0,1].

On the other hand, at any given time instant ¢ the Lur’e system (4.1) is equivalent

to the LTT system

i(t) = (AH¢(t)dbCT> z(t)  o(t) €0,K].

We need to show that the sets of matrices given by {aA1 + (1 —a)ds, a €0, 1]}

and {A — 1 f{;& —be', o(t) € [O,k]} are equivalent. We require that for any given

¢(t) € [0, k] there exists an « € [0, 1] such that

k N 4 9@ T
aA+(1—a)<A—1+kdbc> = A 71+¢(t)dbc .
Thus we need to show
k _ @)
(=Uitm ~ 1+ o(t)d
o(t) 1+kd
“ T1xé(t)d Kk

Since 1+¢(t)d > 0 for all ¢(t) € [0, k] there is a unique « € [0, 1] for every ¢(¢) € [0, k].

This proves that the sets of matrices are equivalent. Hence the common Lyapunov

function V(x) for A; and A is also a Lyapunov function for the Lur’e system. O
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4.3 Spectral condition for a class of strictly positive

real transfer functions

In the previous section is shown that the absolute stability of the Lur’e system (4.1)
and the asymptotic stability of the switched system (4.6) are equivalent problems.
Therefore, stability conditions from either research area are mutually applicable.
Naturally, the question arises how stability results obtained for the respective sys-
tem classes relate. In this chapter we consider the CQLF existence problem which

plays a major role in the stability theory for both system classes.

Inspired by the matrix-pencil conditions in Theorem 2.19 for second-order systems
and their matrix product formulation of Lemma 2.20 Shorten & Narendra utilised the
Circle Criterion to derive a matrix product condition for the existence of a CQLF,
[SNO3b]. In this chapter we show that a generalised form of that result is applicable

to a wide range of conditions obtained for Lur’e systems.

Before we state the main result of this section we shall note two preliminary results

that will prove useful later. The first lemma is a well known result from linear algebra:

Lemma 4.3 [Kai80] Let A € R"*? and B € RP*™. Then,
det(I, — AB] = det[I, — BA] (4.7)

where I,, denotes the identity matriz in R™*™ and I, € RP*P.

The next lemma is a generalisation of a result used in [Kal63]. We shall therefore

retain the original notation.

Lemma 4.4 Let A € R™" be Hurwitz and c¢,b € R™! and (A,b,c") a minimal
realisation of the strictly proper transfer function G(s). Then, the numerator and

denominator polynomials of the rational function,

, _ T(=w?)
1+ Re{G(w)} = M (Gw) (4.8)
are given by
P(—w?) = (1= cTA (2L + 42) 7" b) det[w?L, + 47, (4.9)

|M(jw)]* = det[w’l, + A?%].
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Proof. The transfer function G(s) can be written as (see A.13 in [Kai80])

det [sI, — A+ bcT] — det [s],, — A]

G(s) det [sI, — A]

(s, —A) b =

Substituting this into (4.8) we obtain for the left side

, det [jwl, — A+ bc'] — det [jwl, — A]
1+ Re{G(jw)} = 1+Re{ det Ty — Al

det [jwl, — A+ bc| — det[jwl, — A]) det[—jwl, — A
= 1
+ det[jwl, — A] det|—jwl, — 4]

2In + A2 —bcTA — jwbcT] }
_ (4.10)
det w2I + A2]

Applying an appropriate similarity transformation, we may assume without loss of

generality that the rank-one matrix be' is in one of the Jordan canonical forms:

0 0
w0 0

1 0 0
0 O 0

be' = , be' = 0 0 0
0 0

0 0

Direct computation yields then for the numerator in (4.10)

Re{ det [w?l, + A% — beTA — jwbeT] } = det [wT, + A% — beTA]

Hence,
det [w2In + A% — bcTA]
det [wQIn + AQ}

1+ Re{G(jw)} =

det [w?I,, + A?] det[],, — (w?I, + Az)_l beT A
det [wQIn + AQ]

Applying Lemma 4.3 to the numerator yields

det [wQIn + A2] (1 —c"A (wQIn + A2)71 b)

1+Re{G(jw)} = det [w?1,, + A2]

I'(—w?)
[M(je)[?
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We can now state the main result of this section. The principal ideas of this lemma

appeared first in [SN0O3b] with variations and extensions in [SCWO03].

Lemma 4.5 Let G(s) be a proper rational transfer function with poles in the open
left half-plane and {A,b,c,d} be a minimal realisation of G(s) such that G(s) =
cT(sI—A)~'b+d, and let K € R satisfy K+d > 0. Then the following are equivalent:

(1)) K +Re{G(jw)} >0, VweR,

(i) the matrices Ay = A and As = (A — Kb—j:d) are Hurwitz and the matriz product

Ay As has mo negative real eigenvalue.

Proof. The first statement in the lemma can be written as
K +Re{G(jw)} > 0, VweR (4.11)
K +d+Re{c (jwl, —A)~'b} > 0
Applying Lemma 4.4 we obtain

(1= cTA (W21, + 4%) 7" b) det [w?T,, + A7)
det [w2I,, + A?]

K+d-1+ > 0

K+d—c"AWL,+ A% > 0
which is equivalent to

det [K +d — cTA(w?I, + A*)7'b] > 0.

Applying Lemma 4.3 yields
det[(K +d)I,, — (WL, + A*)"'bc"A] > 0

det[(w’L, + A%)7'] det[(K + d)(w’I, + A%) —bc'4] > 0

\Y
o

~ N 1
det [(UJZI" + AQ) 1] (K + d) det l:wzln + A2 - MbCTA:|

Since A is Hurwitz, all real eigenvalues of A2 are positive. Thus det [wgln + A2] >0

for all w € R. With K + d > 0 we obtain

det {wQIn + (A - bcT)A] > 0. (4.12)

1
K+d

Let Ay = Aand Ay, = A— ﬁbcT and suppose A; Ay has no negative real eigenvalue.

Then inequality (4.11) holds for all w € R, thus K + Re{G(jw)} >0V w € R.
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On the other hand, if the product A3A; has a negative real eigenvalue then there
exists some wg > 0 for which det [w%]n + AgAl] = 0 and condition (4.12) does not
hold, i.e. condition (4.11) is violated if A; Ay has the eigenvalue —w3. O

4.4 Implications for classical stability results

A number of classical stability conditions for Lur’e systems are stated as strictly

positive real (SPR) conditions of some transfer function H(s).

Definition 4.6 (Positive real transfer function) /[NT75/ A function H(s) is pos-

itive real if
(i) H(s) is real for s € R,

(i1) Re{H(s)} > 0 for all Re{s} > 0.
H(s) is strictly positive real if and only if H(s — ), € > 0 is positive real [Tay74].

Determining whether a transfer function is strictly positive real is not always straight
forward (see [NT73] or [IT87] for details). However the following result shall be

sufficient for the cases of our discussion.

Theorem 4.7 [IT87] Let H(s) be a rational transfer function with poles in the open
left half-plane and relative degree n* = 0, i.e. numerator and denominator have the

same degree. Then H(s) is strictly positive real if and only if

Re{H(jw)} > 0 forallweR. (4.13)

Applying Lemma 4.5, we can formulate a new condition for strict positive real transfer

functions.

Theorem 4.8 Let (A,b,c,d) be a minimal realisation of the proper transfer function
H(s) with poles in the open left half-plane and d > 0. Then H(s) is strictly positive
real if and only if (A — ébcT) is Hurwitz and the matriz product A (A — ébCT) has no

negative real ergenvalue.

This theorem follows immediately from Theorem 4.7 and Lemma 4.5. A generalisation

of the result for the case d = 0 can be found in [SKO04].
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Many conditions derived for Lur’e systems are based on the positive realness of some
transfer function. We shall now employ the Lemma 4.5 to obtain eigenvalue conditions

for results formulated in terms of strictly positive real functions.

One of the most fundamental results derived for Lur’e systems is the Kalman Yaku-
bovic Popov (KYP) lemma. Note that a number of different versions of the KYP

lemma have been derived by various authors (see [NA89, Vid93] for an overview).

Theorem 4.9 (KYP lemma) Given a Hurwitz matrizc A € R™"*™ and vectors b, ¢ €
R™ such that the pair (A,b) is controllable and given scalars k > 0 and € > 0, and
a positive definite matrix @ € R"*™. Then there exists a positive definite matriz

P € R™ ™ and a vector g € R™ satisfying

ATP+PA = —q¢" —eQ (4.14a)
Pb—c" = /g (4.14b)

if and only if
k+Re{c' (jwl,—A)"'b} > 0 VweR. (4.15)

The system considered in the KYP lemma satisfies the assumptions of Lemma 4.5.

Therefore we can reformulate the KYP lemma as eigenvalue condition.

Theorem 4.10 (Spectral version of the KYP lemma) Given a Hurwitz matriz
A € R™™ and vectors byc € R™ such that the pair (A,b) is controllable and given
scalars k > 0 and € > 0, and a positive definite matriz Q € R™*™. Then there exists
a positive definite matriz P € R™*™ and a vector ¢ € R™ satisfying (4.14) if and only

if the matriz product A (A - %bcT) has no negative real eigenvalue.

The KYP lemma plays a key role in the proof of several stability results for Lur’e

systems. One of the best known stability condition is the Circle Criterion.

Theorem 4.11 (Circle Criterion) Consider the Lur’e system (4.1) with the trans-
fer function G(s) and sector nonlinearity ¢(t,y) belonging to the sector [0,k]. Then
system (4.1) is absolutely stable if G(s) is a stable transfer function and

1

v +Re{G(jw)} >0 forallw e R. (4.16)

It follows from Lemma 4.5 that the condition (4.16) holds if and only if the matrices

A; = A and Ay = (A - ﬁbcT) are Hurwitz and the matrix product A;As has
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no negative real eigenvalue [SN03b|. Since the matrices Ay, Ay represent the closed-
loop system we can immediately incorporate loop-transformations for arbitrary sector

bounds by choosing A; = A— —E—_bcT and Ay = A k2_peT where A is the system

1+kid T 1tkeod
matrix of the transformed transfer function G(s) = #2(5) The Criterion takes then

the following form.

Theorem 4.12 (Spectral version of the Circle Criterion) Consider the Lur’e
system (4.1) with the transfer function G(s) and sector nonlinearity ¢(t,y) belonging
to the sector [k1, ko] with ki, ks € R. Then system (4.1) is absolutely stable if A1 and

As are Hurwitz and the matrixz product Ay As has no negative real eigenvalues.

Sufficiency of the Circle Criterion for the existence of a CQLF was directly shown in
[NG64] by means of the KYP lemma. Necessity was first established in [Wil73] using

indirect arguments. With Lemma 4.4 we can derive an alternative proof for necessity:

Suppose condition (4.16) is violated, i.e.

%+Re{G(jw)} =0

for some wp. Then by Lemma 4.4

det(w%[—i—AzAl) = 0

det (w§Az'+41) = 0 (4.17)

The latter follows since A is Hurwitz. This implies that the matrix pencil
o [Al_l,Ag] = A1_1 + vAjy is singular for v = w2. However, it is a necessary con-
dition for the existence of a CQLF that the matrix pencil o.,[A]", A] is Hurwitz for

all v > 0.

Multiplier criteria

For various classes of the Lur’e system (4.1) stability conditions have been derived in
terms of the frequency response G(jw) involving the use of multipliers, e.g. [Pop61,
ZF68, CN68]. These conditions typically require the existence of some transfer func-

tion M (s), called multiplier, such that
Re{M (jw)G(jw)} > 0 VweR.

to establish stability of different classes of the Lur’e system.
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In many cases M (s)G(s) is a bi-proper real rational transfer function with poles in
the open left half-plane where (A,b,¢,d) is a minimal realisation of M (s)G(s) with
d > 0. For these cases we can apply Lemma 4.5 to obtain eigenvalue conditions for

stability. The best known multiplier criterion is the Popov criterion:

Theorem 4.13 (Popov Criterion) Let G(s) = ¢ (sI — A)~' b be the transfer func-
tion of the system (4.1) and consider the time-invariant feedback nonlinearity ¢(-)
belonging to the open sector (0,k). Then the feedback system is absolutely stable if
there exists a number o > 0 such that H(s) = + + (14 jaw)G(s) is strictly positive

real.

Applying Theorem 4.8 on strict positive realness and Lemma 4.5 we can reformulate

the Popov criterion.

Theorem 4.14 (Spectral version of the Popov Criterion) Consider the sys-
tem (4.1) where d = 0 and with the time-invariant nonlinearity ¢(-) belonging to
the open sector (0, k). Let H(s) = + 4 (1+ jow)G(s) and let (A,b,¢,d) be a minimal
realisation of H(s). Then system (4.1) is absolutely stable if there is a number oo > 0
such that d # 0, the poles of H(s) are in the open left half-plane, the matrices Ay = A
and Ay = A — %I;ET are Hurwitz, and the matriz product A1As has no negative real

eigenvalues.

Note, that in all the above classic frequency-domain conditions, the test of an infinite
number of points w € R has been replaced by a single eigenvalue calculation in the

time-domain.

Relation to Optimal control

An alternative condition for the existence of the quadratic Lyapunov function of the
KYP lemma can be found in the context of optimal control. The condition is given in
form of eigenvalue constraints on the Hamiltonian matrix associated with the solution
of the algebraic Ricatti equation [BEFB94|. There exists a Lyapunov function of the
form (4.14) for the Lur’e system (4.1) if and only if the Hamiltonian matrix
q o A-— %bcT FbbT

—g—zccT —AT + b

has no (non-zero) purely imaginary eigenvalues.



94 Spectral conditions for classical stability results

This condition has a similar form as the spectral condition for KYP lemma in The-
orem 4.10. This suggests that the eigenvalues of the Hamiltonian matrix H and the
eigenvalues of the matrix product are related. Indeed the following equivalence can

be established [CS04]
2 LT
det (Ao, — H) = det</\ I, — A4 - zbe )) :

From that follows that the Hamiltonian matrix H has a purely imaginary eigenvalue
jw # 0 if and only if the matrix product A (A — %bcT) has a real negative eigen-

value —w?.

4.5 Implications for switched systems

In the previous section the implications of Lemma 4.5 for frequency inequality con-
ditions for Lur’e type systems have been outlined. On the other hand, the principle
ideas of Lemma 4.5 have been initially used to derived necessary and sufficient condi-
tions for the existence of a CQLF for a class of switched systems [SN03a]. Moreover,
the eigenvalues of the matrix product A; A, and the eigenvalue locus of matrix-pencil
0alA1, As] are closely related. In this section a number of results are collected to
summarise the relation of the matrix products, matrix-pencils and the existence of a

CQLF for the LTI system ¥ 4, and X 4,.

In [Loe76] and [BBP78| the following is shown.

Theorem 4.15 Let A € R™*"™ be a Hurwitz matrixz. Then any quadratic Lyapunov

function V(x) for the LTI system ¥ 4 is also a Lyapunov function for ¥ 4-1.

Recall from Lemma 2.12 that if there exists a common Lyapunov function for the
systems 34, and ¥4, then the matrix pencil o,[A1, A2] is Hurwitz for all v > 0.
From Theorem 4.15 it follows that it is also necessary for the existence of a CQLF

for 4, and ¥4, that the matrix pencil o, [A] ", Ay] is Hurwitz for all y > 0.

Lemma 4.16 [SN98a] Let Ay, Ay be Hurwitz matrices in R"*™. A necessary con-
dition for the existence of a CQLF for the systems ¥4, and X4, is that the matriz
pencils 0,[Ay, As] and o, [AT!, Ay, and equivalently o,[As, A1] and o,[A5*, Ay], are

Hurwitz.
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Note that the conditions of the above lemma are also sufficient for the existence of
a CQLF when A, Ay € R?*? (Theorem 2.19). For this system class Lemma 2.20
establishes that the matrix pencil o,[A;, As] is Hurwitz if and only if the matrix
product A7 ' A, has no negative real eigenvalue. Thus there exists a CQLF for X 4,
and X4, with A, Ay € R?*2 if and only if Ay, A5 are Hurwitz and the matrix products

AflAg and A; A; have no negative real eigenvalue.

This result can be generalised for a class of systems with A, Ay € R™ ™ using a

variation of the proof of Lemma 4.5 and its relation to the Circle Criterion [SMCC04].

Theorem 4.17 Let Ay, As be Hurwitz matrices in R™*™ and rank{As — A;} = 1.
Then the LTI systems X4, and ¥4, have a CQLF if and only if the matriz product

Ay Ay has no negative real eigenvalue.

Note that for matrices A;, Ay € R™ ™ with a difference of rank 1, only one of the
two matrix products needs to be checked. In fact, it has been shown for systems with
rank{A; — As} = 1 that system class the product A7'A, cannot have any negative

real eigenvalues and that the matrix-pencil 04[A41, Ag] is always Hurwitz [LSCO02].

Assuming that A;, Ay are Hurwitz, it follows from (4.17) that the matrix product
A1 Ay has no negative real eigenvalue if and only if A; +vA; ! is non-singular. Further,
by Theorem 4.16 it is necessary for the existence of a CQLF that the matrix-pencil
0,[A1, A;'] is Hurwitz. Hence, a necessary and sufficient condition for the existence
of a CQLF for the switched system (4.6) is that A; +yA; ! is Hurwitz for all v > 0.
This has a somewhat surprising analogy to Aizerman’s famous conjecture [Aiz49]. The
corresponding formulation of this conjecture for our system class is that the system
(4.6) is absolutely stable if A; 4+ yAy is Hurwitz for all v > 0. It is well known that

the Aizerman Conjecture is false.

From the above discussion we can conclude the following summarising corollary.

Corollary 4.18 Let Ay, Ay be Hurwitz matrices in R™*™ and rank{As — A1} = 1.
Then the following statements are equivalent:
(i) there exists a CQLF for the LTI systems X 4,, Xa,, EA;1 and EA;;
(ii) the matriz products A;As, AflAg, A Ay and AglAl have no negative real
eigenvalues;
(iii) the matriz pencils Al_1 +~vAs, A1 +~As, A2_1 +~A1, and Ay +~A; are Hurwitz
for all v > 0.
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4.6 Application of the generalised SPR condition

In this section we consider some examples to demonstrate the application of some of
the results in this chapter. It is shown that the application of Lemma 4.5 can simplify
some control-design tasks. Moreover, we show that the graphical interpretation of the
frequency inequality allows the application of Lemma 4.5 to further design criteria

for LTT system.

Not least due to its graphical interpretation the Circle Criterion proves very useful for
the design of linear controllers for nonlinear systems. Let D(k1, k2) denote the disk in
the complex plane with diameter on the real axes defined by the interval [—ﬁ, _1712 ] .

Then the graphical version of the Circle Criterion is given by:

Theorem 4.19 The Lur’e system (4.1) with nonlinearity ¢(-,-) belonging to the sec-
tor [ki,ks] and G(s) = ¢"(sI — A)™'b + d with v poles in the right half-plane is

absolutely stable if

(i) 0 < ki < ka: the Nyquist plot of G(s) lies entirely outside the disk D(ki,k2)

and encircles it v times counter-clock-wise;

(ii) 0 =ky < ko : v =0 and the Nyquist plot of G(s) lies entirely to the right of the

line Re{s} = —k%;

(iii) k1 < 0 < ky : v = 0 and the Nyquist plot of G(s) lies entirely inside the disk
D(k1, ko).

The main difference of the formulation of the stability results in terms of the fre-
quency response and the matrix product, lies in the fact that the classical stability
results are formulated in terms of the open-loop transfer function G(s) whereas the
matrix-product conditions involves the closed loop system matrices A — k;bc'. The
original formulation of the stability conditions proves very useful when applying clas-
sical frequency-domain design methods like loop-shaping, the eigenvalue condition

could have advantages to determine parameter-constraints.

Example 4.1 Consider the Lur’e system with the linear transfer function given by
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and nonlinearity ¢(-,-) belonging to the sector [k1, kz]. The objective is to determine

pairs of parameters (ki, k) such that the Lur’e system is absolutely stable.
Applying the condition of Theorem 4.12, let A = A — kibc" and Ay = A — kybc'.
Then we obtain for the matrix product

—1—ky -2
A Ay =

24+2ky 3—k1

We can now calculate the eigenvalues of that matrix product for values (ki,kz2) in
the parameter space. Figure 4.3 shows the properties of the eigenvalues of A1 Ay over
the parameter space. For parameter pairs that yield a matrix A, A, with negative
real eigenvalues are dark shaded. The white area indicates parameter combinations
for which the Circle Criterion holds. From this diagram we can directly read off,

parameter combinations that ensure the stability of the Lur’e system.

Imaginary Axis

matrix product A . A2

has no negative
real eigenvalues

Figure 4.3: Sector bounds for which the matrix
product A; Az in Example 4.1 has negative real

eigenvalues

Figure 4.4: Nyquist plot of G(jw) for Exam-
ple 4.1 with circles given for nonlinearities be-

longing to two different sectors.

Figure 4.4 shows the Nyquist plot of G(jw) to verify those findings. For comparison
with the classical Circle Criterion we choose the three sectors [—0.8,4], [0,7] and
[1,12]. As indicated in Figure 4.3, the first two points yield stable systems and for
the last sector bounds there exists no CQLF. For the first sector we have to apply
case (#i1) of the Circle Criterion, i.e. the Nyquist plot lies inside the disk D(—0.8,4)
(dashed line). In the second case the Nyquist plot lies to the right of the (dotted) line
Re{s} = —%. Only the third case violates the Circle Criterion since the Nyquist plot
intersects the disk D(1,12) (solid line). These findings for the three cases marked in

Figure 4.3 are confirmed by the matrix product condition. O
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Example 4.2 (taken from [Kha96])

Consider the Lur’e system (4.1) with the unstable linear transfer function

4
(s=1D)(s+3)(s+3)

G(s) =

Again, we are interested in determining sectors [ky, ka] for which the system is stable.

Choosing some minimal realisation { A, b, ¢} of G(s), Theorem 4.12 provides a straight

Nyquist Diagram

Imaginary Axis

Real Axis

(b)

Figure 4.5: Stability evaluation for Example 4.2. Part (a) shows the results of the

evaluation of the matrix product. For parameter combinations in the dark grey area the ma-
trix product has negative real eigenvalues. In the light grey areas one of the matrices A1, Ag
is non-Hurwitz. Only sector bounds of the white area satisfy the conditions of Theorem 4.12.
Part (b) shows the Nyquist plot of G(s). Two parameter combinations are chosen for verify
the results with the Circle Criterion. The sector bound [3, 3.5] correspond to the disk in the
right lope, the disk of the sector [1.6,1.8] lies in the left lope.

forward answer. Let Ay = A — kibc' and Ay = A — kobc". The eigenvalue condition
of Theorem 4.12 for different sector bounds is depicted in Figure 4.5a. The dark
shaded areas denote parameter combinations (ki,ks) for which the matrix product
Ay As has real negative eigenvalues. For the light shaded areas the product has no
negative real eigenvalue, but either A, or A, is not Hurwitz and therefore the system
has no common quadratic Lyapunov function. Only for parameters in the white area

the requirements of Theorem 4.8 are satisfies and thus there exists a CQLF.

Figure 4.5b shows the Nyquist plot of G(jw). From the Circle Criterion we know that
the Nyquist plot must encircle the disk D(k1,ks) once counter clockwise, since the
G(jw) has one pole in the right half-plane. Hence the disk has to be inside the left
Iope.
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4.6.1 Other Nyquist-based circle conditions

The graphical interpretation of the Circle Criterion in Theorem 4.19 suggests that the
eigenvalue condition in Theorem 4.12 is applicable to other conditions expressed by
the location of the Nyquist plot and some circle in the complex plane. Such conditions

appear for example in the sensitivity analysis of linear systems [APH98].

The following example demonstrates how the eigenvalue condition in Theorem 4.12
can be applied to design a PI-controller for a nonlinear plant, subject to stability and
sensitivity constraints. The example is taken from [?] where similar analysis is used

to design a switched controller for an ABS system of an automobile.

Example 4.3 Consider the system in Figure 4.6. The plant is given by the Lur’e

system with linear part Gp(s) = ﬁ and nonlinearity ¢(-,-) belonging to the sector

[1,4]. The objective is to design a Pl-controller such that the closed loop system is

stable and has a sensitivity to modelling errors of My = 0%6'

_.Q_. Ge(jw) |— G,p(jw) -

Figure 4.6: Control system of Example 4.3.

The transfer function of the PI-controller is given by
Cels) = K+ —*
where K, K; > 0 are the design parameters.

We shall now apply the matrix product condition parameterised by K, and K; to

obtain a controller that satisfies both constraints.

Stability analysis The closed loop system in Figure 4.6 is equivalent with the
Lur’e system with nonlinear feedback belonging to the sector [1,4] and linear transfer

function
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Gp(s)
14 Gp(s)Ge(s)
S
s+ 353 +3s2+ (1+ K,p)s + K;

Choosing the control canonical realisation {A4,b, c} of G(s) we can apply Theorem
4.12. We evaluate the matrix product (A — bcT) (A — 4bcT) for values of K, and K;
we are interested in. The matrix product has negative real eigenvalues for parameter
combinations (K, K,) above the dashed line in Figure 4.7. Thus we obtain controllers

that satisfy the stability constraint by the parameter space below the dashed line.

0.8 T

= = stability
— sensitivity

0.7 q
st i
05T T T ~al 1

031 -~ 1

0.1 N 4

Figure 4.7: Parameter constraints for the controller in Example 4.3.
Parameter combinations below the dashed line satisfy the stability constraint,

combinations below the solid line satisfy the sensitivity constraint.

Sensitivity analysis The sensitivity constraint