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Abstract

The main themes of this thesis are networked dynamic systemsa related cooperative
control problems. We shall contribute a number of technical esults to the stability theory
of switched positive systems, and present a new cooperatigentrol paradigm that leads to
several cooperative control schemes which allow multi-agesystems to achieve a common
goal while, at the same time, satisfying certain local constints. In this context, we also
discuss a number of practical applications for our results.

On a very abstract level, we rst investigate the stability of @ unforced dynamic system
or network that switches between di erent con gurations. Next, a control input is included
to regulate the aggregate behaviour of the network. Lastlypdking at a particular instance
of this problem setting, an estimation component is added tthe mix.

To be more speci ¢, we rst derive a number of necessary and su cient, easily veri able
conditions for the existence of common co-positive linear apunov functions for switched
positive linear systems. This is particularly useful given tle classic result that, roughly,
existence of such functions is su cient for exponential stability of the switched system
under arbitrary switching. Such switched systems may repreaé a networked dynamic
system that switches between di erent con gurations.

Next, we develop several cooperative control schemes for tmerked, dynamic multi-
agent systems. Several decentralised algorithms are dewuis¢hat allow the network to
achieve what may be calledmplicit, constrained consensus Constrained in the sense
that the aggregate behaviour of the network (assumed to be an@étion of the totality of its
states) should assume a prescribed valuémplicit in the sense that the consensus is not
to be reached on the states directly, but on values that are fanction of the states. This
can be used to assure inter-agent fairness in some sense, whiatakes this result relevant
to a large class of real-world problems. Initially, three algathms will be given that work
in a variety of settings, including non-linear and uncertain settings, time-changing and
asymmetric network topologies, as well as asynchronous statgpdates. For these results,
the general assumption is that the aggregate behaviour ofetmetwork is made accessible to
each node so that it can be incorporated into the control algothm.

Then, a somewhat more speci ¢ application is addressed, naaty (algebraic) connec-
tivity control in wireless networks. This is a setting where he aggregate behaviour (the
network's connectivity level, roughly an algebraic measuref how well information can
ow through the network) has to be estimated rst before it can ke regulated. To that end,
a fully decentralised scheme is developed that allows thencectivity level to be estimated
locally in each node. This estimate is then used to inform a demtralised scheme to adjust
the nodes' interconnections in order to drive the network to tle desired connectivity level.

Finally, three further real-world applications are discusse that rely on the results pre-
sented in this thesis.
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God is love.
Whoever lives in love lives in God,
and God in them.
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CHAPTER 1

Introduction

In this rst chapter we brie y establish the context for the w  ork developed in
this thesis and give an overview of its structure. We also pro vide a number of
motivating examples to set the stage for some of the main resu Its derived in
subsequent chapters.

Chapter contents

1.1 Overview and structure
1.2 Motivating examples

1.1 Overview and structure

With man's innate desire and drive to expand, conquer, progess, improve and optimise,
the technological tools created in the process also never ase to grow. This growth may
happen both in terms of sheer size and in complexity. In the pat century in particular, two
new key ingredients were added to the development: miniatusation and communication.
On the one hand, systems increased in functionality but at ttre same time decreased in
size (computers are just one of the many examples for this tred). On the other, systems
also became more and more connected thanks to more e cientdster, capable and reliable
communication means (think of the banking and stock trading systems, governments, or
indeed the Internet). Both trends combined lead to large sysems composed of many
small but interconnected components rather than of one lage, monolithic block. The
advantages of that are evident due to the distributed natur e of the system it would be
more robust to disturbances than a centralised system with fis single point of failure, and
it could also better adapt to locally changing environments However, it is also clear that
many individuals need to cooperate to achieve a common tds

Cooperation is typically de ned as the process of working together towad the same
end, and cooperation is clearly paramount between the elenmts in such networked settings
as lack thereof would certainly not lead to the desired commn goal. This may explain
the growing interest in recent decades in enabling large sysms to exhibit such needed
cooperative behaviour.
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In this context, the main theme of this Ph.D. thesis is networked dynamic systems
related to which three problems are studied. First, we will be looking at switched positive
systems which, in some sense, may be interpreted as network§scalar systems that switch
between di erent topologies. Here, we shall make several edributions to the relatively
young research area obwitched positive systemsdy providing a number of necessary and
su cient stability conditions for switched positive linea r systems. Second, we will investi-
gate networks of systems with switching topologies that hae some form of global control
input in order to regulate the network's aggregate behaviow. In particular, we will de-
rive a number of decentralised algorithms that enable multragent systems to cooperatively
achieve a common goal while additionally ful lling certain localised constraints. Third, an
extension of this problem is studied where an estimation component needs to be added to
the network in order to rst estimate the aggregate network behaviour before it can be
cooperatively regulated.

Stability of switched positive systems can be seen as a sulrgblem of general systems
theory and switched systems in particular. Cooperative cotrol, in turn, is a relatively novel
concept that is closely related to several traditional control approaches, in particular
large-scale systemsdecentralised control and more recently multi-agent systems These
relevant elds of research will rst be discussed in detail in the literature review in the next
chapter. We shall then present our main results in Chapters3, 4 and 5. The applications
chapter, Chapter 6, will complement the theoretical contributions by providi ng several
applications where those results could be of use. Finally, & draw some conclusions from
our work and suggest future directions.

Before moving on to the literature review, let us give a few mdivating examples for
the work carried out in this thesis.

1.2 Motivating examples

1.2.1 Stability of a wireless network power control algorit hm

Various radio communication technologies rely on the so-déed Code Division Multiple
Access (CDMA) method to select and use radio channels for broadcast and reption,
Schulze and Liiders(2009.1 It is based on the general idea in data communications
that several transceivers should simultaneously utilise asingle communication channel
to transmit and receive information in order to maximise speacial and temporal use of
the spectrum. This concept is known as themultiple access concept. However, with
multiple sources broadcasting at the same time, the broadcst power needs to be carefully
adjusted and controlled as each transmission between one paf nodes interferes with the
communication between other nearby nodes in the network. Ths, a compromise needs

1 To name two of the most high-pro le applications, the  Global Positioning System (GPS) as well as
mobile phone standards cdmaOne and CDMA2000 are based on this method.



1.2. MOTIVATING EXAMPLES 3

to be found for each communication pair on the one hand power output should be
minimised to limit the interference with other nodes' communications, but on the other it

must be large enough to guarantee a stable communication lia (i. e. the signal needs to
be by a factor larger than the local interference level in or@r to be correctly picked up by
the receiver).

A seminal power control algorithm for wireless networks is e Foschini-Miljanic (FM)
algorithm, Foschini and Miljanic (1993, which works in a fully decentralised way. It
adjusts and minimises each node's power output all while olerving certain quality of
service requirements. This algorithm has been proved to betable to various kinds of
perturbations and adverse conditions. However, only recetty has it been shown that it is
stable even in the presence of time-varying time-delays.

At the heart of this result (presented in Section 6.]) is a delay-independent stability
property of switched positive systems that ultimately relies on the existence of certain types
of Lyapunov functions. Necessary and su cient conditions and checks for their existence,
as derived in thethird chapter, are thus relevant to a large class of real world problems.

1.2.2 Emissions control in tra ¢ networks

A second example would be a network of cars driving around in aity, where the city
council is trying to implement some form of CO, emissions control. Assume the overall
objective would be that the aggregate emissions of all carsapticipating in the scheme do
not exceed a prescribed level. Fairness dictates that no cashould be allowed to pollute
more than others, thus the cars should adjust their behaviou so that they all produce the
same CQ emissions (in other words, reach a consensus on the emissi&n But assuming
that the emissions are a direct function of the cars' speed (ad that di erent cars have
di erent e ciency levels, depending on their weight, engine, etc.) some cars may be able
to drive faster than others for a given level of permissible missions.

In order to implement the emissions control scheme the couricmay place a humber
of monitoring units around the city to measure the overall emissions level and broadcast
that (global) information to all the cars in the network, alo ng with the value of the desired
or allowable emission level. Clearly, the cars need taooperate in order to achieve the
desired emission level since the city-wide (tra c related) emissions are just the sum of the
individual contributions.

To make such cooperation possible we assume that the cars aable to broadcast their
own emission level to vehicles in their vicinity. The so-esablished communication network
can then be used to reach an agreement among the cars on a comon emission level.
Additionally, incorporating the information from the city -wide emissions broadcast, the
cars should now be able to conjointly adjust their speed so tht the resulting emissions
match those of other cars in the network, and also so that the werall emissions produced
throughout the city reach the admissible level.
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Highlighting some of the particularities of this setting we note that the topology of the
resulting communication network would be constantly changng as the cars drive around
and move in and out of range from each other; the communicatin network will not neces-
sarily be symmetric some cars may not be able to broadcast asfar as others, or some
of the transmissions may be lost; and the dependence of emisas on the driving speed is
usually non-linear.

Problems of this type will be considered inChapter 3 and a real-life application along
these lines is discussed in thefth chapter .

1.2.3 Topology control in wireless sensor networks

Lastly, consider a di erent type of wireless network, this time one that interconnects small
sensor units ormotes Assume that a large number of such battery powered motes are
dropped roughly uniformly distributed over a de ned area. T he (usually identically built)
motes would be equipped with a battery, a transceiver, one omore sensors and some kind
of processing unit. Networks of this type are very common andvidely used, Aky Id z et al.
(2002. The radio in the motes is used to form a network between all he nodes, and one
objective here could be to adjust the broadcast power of theiradios so that this network
reaches a prescribed level of (algebraic) connectivity. Heever, one may additionally re-
quire that all nodes should last equally long in terms of batery power. The rst objective
would be important for certain types of algorithms whose rate of convergence depends on
the level of connectedness of the graph they evolve on, and ¢hsecond objective guarantees
maximum life-time of the network without node failures (due to power shortage).

Clearly, the power used by the radio directly in uences the time-to-live (TTL) of a
node. However, the overall power consumption may vary amongodes depending on their
individual workload, and the batteries may also have slighty varying initial charges. As-
suming that the radio is the biggest power consumer in each nte, they will be able to
in uence their TTL by varying the power setting of their radi os. But now, depending on
the power used, each node can broadcast information to morerdewer nodes in its vicinity.
As di erent nodes will use di erent power settings, the resulting topology of the commu-
nication graph will generally be asymmetric, and changing oer time. In this setting, we
would like to nd a decentralised algorithm that adjusts the node's power setting so that
on the one hand all nodes eventually have equal TTLs, but on tle other hand also guaran-
teeing a certain guaranteed level of connectedness of thegwlting communication network.
This means that again the objective is a combination of localand global constraints, with
additionally an identi cation component involved.

This problem setting will later be studied in detail in the fourth chapter.

With these motivating examples in mind, let us know move on tothe literature review.



CHAPTER 2

Literature Review

This second chapter reviews related work reported in the lite rature and puts
the thesis into the context of existing research. In particu lar, we discuss the
areas of switched positive systems, large-scale systems, decentralised control,
and cooperation in networked multi-agent systems.

Chapter contents

2.1 Introduction

2.2 Switched Systems and Positive Systems

2.3 Large-Scale Systems and Decentralised Control
2.4  Cooperation and consensus

2.1 Introduction

As we mentioned in the introduction, three areas of researctare particularly relevant to
this thesis. Before going into the details, let us brie y state their key objectives:

Switched positive systemgocus on systems whose overall dynamics switch over time
between a number of distinct constituent behaviours or dynamnics, and whose states
are only de ned in and thus con ned to the non-negative orthant.

Large-scale systems and decentralised contragheory aims at developing a theoreti-
cal framework particularly suited for the analysis and control of large systems, and
typically attempts to nd or design constituent system dyna mics with the property

that, when connected together, the resulting closed-loop ystem will be stable. In

particular, the implemented control laws should be decentelised, so that there is no
single, centralised entity that regulates the system.

Networked multi-agent systemsand in particular consensus and cooperation therein:
Attempts are made to develop consensus algorithms or protaals that pose an inter-
action rule specifying the information exchange between agnts and usage of com-
municated information to update the agents' states so that the system reaches an
agreement of sorts, and that the system achieves a certaiigoal cooperatively .

5
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Leaving the rst research area aside for a moment, the last tvo elds generally deal
with systems that are not monolithically large, but large in the sense that they are
composed of a great number of interconnected, more granulasubsystems that have both
some amount of self-interaction as well as some interactin with neighbouring subsystems,
but not every other subsystem. Put di erently, the graph describing interactions among
subsystems is assumed to be sparsely connected.

Such a setting naturally lends itself to be treated by decompsing the system into its
parts rather than investigating everything as a whole. Similarly, with our growing desire
for even larger, even more complex systems, it may not be atérctive to use a single large,
central computer to control the system be it for economic, r eliability or pure technical
feasibility reasons. This becomes evident by consideringhte many, diverse real world
applications such as power networks, communications netwids, large chemical plants and
oil re neries, ecological systems, tra ¢ networks, economic and nancial systems, or nite
element discretisations, just to name a few.

In the following literature review, by no means encyclopedt in nature, we begin by
discussing switched positive systems as they are particutly relevant to the third chapter
of this thesis. We then approach the area of large-scale sysins and decentralised control,
reviewing some of the most common results used to analyse arstabilise large systems.
Finally, we visit the more recent notion of achieving an aggegate behaviour cooperatively
as well as the idea of consensus and agreement in dynamicalstgms. Cooperative control
may be considered as a separate eld from the more traditionbdecentralised control theory
in that it typically deals with even larger, but more homogeneous systems formed by a
network of interconnected, but all in all similar entities.

2.2 Switched Systems and Positive Systems

The class ofswitched positive systemsefers to dynamical systems that have two important
qualities: They are positive, which means their states are only de ned for non-negative
values and that they remain in the closed positive orthant throughout time. Additionally,
they are of switched nature, that is their evolution is not governed by a single bu several,
di erent dynamic system formulations between which the sygem switches over time, and
which represent di erent, distinct system behaviours.

Both types of systems play a crucial role in many real world aplications: For many
physical variables only positive values are meaningful (fo instance, masses, liquid con-
centrations, temperatures, volumes,etc.; but also quantities of objects or probabilities),
and while switched behaviour can be observed in a number of naral sciences, it is most
prevalent in man-made applications (for instance, considerobotic systems switching be-
tween di erent operating modes, transmission boxes in vehiles, networked systems with
changing communication topologies, event-driven systemsetc.).
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In the following, we begin by giving an overview of switched gstems. This is followed by
a discussion of positive systems where restriction of the ate to the closed positive orthant
allows for much more comprehensive stability results than & available in the general case.
In the last subsection, we nally present a number of resultsfrom the relatively young eld
of switched positive systems that unites both elds.

2.2.1 Switched systems

It is generally understood that a switched system consists ba number of dynamic sys-
tems called constituent systems subsystemsor modes (representing di erent behaviours )
together with a switching rule or switching signal that orchestrates the switching among
them. Switched systems are thus closely related to and can bgeen as a sub-class diybrid
systems since they constitute a mix of both dynamic elementgthe state evolution governed
by di erential or di erence equations) and discrete time elements (the piecewise constant
switching function).

A great deal of attention has been given to switched systemsof a number of reasons.
First, this framework allows a much more natural modelling o many real-world phenom-
ena which exhibit switching between di erent, distinct behaviours (common in biological
networks for instance,de Jonget al., 2004. Then, it is also of particular use in the context
of intelligent control systems which attempt to improve overall performance by switching
between di erent, tailor-made controllers that are more appropriate for di erent (local)
operating regimes,Ge and Sun(2005. Furthermore, switching between even the simplest,
linear systems can produce very complex behaviours includg chaos and multiple limit
cycles, Yang and Chen (2008. Another interesting fact is that even if given two pla-
nar, linear, time-invariant systems that are exponentially stable, stability under arbitrary
switching among the two vector elds associated with these Il systems is not, in general,
guaranteed to be stable. In other words, it may well be possile to construct a switching
sequence that results in an unstable overall behaviourLiberzon and Morse (1999. To
illustrate this point, an example of a destabilising switching sequence applied to a system
consisting of two (individually exponentially stable) LTI systems is given inFigure 2.1 on
the following page

While work on the more general problem of di erential equations with time varying
parameters has been ongoing since the early 1900Bgrron, 1930 Mazel', 1954 Sell, 1963
Conti, 1967 Coppel, 1978, a new body of literature focusing in particular on switched
systems (where system parameters varabruptly with time) has been growing since the
1990s. For a more in-depth treatment of the wealth of results(the vast majority of which
only applies to linear systems) refer to the books byLiberzon (2003; Murray-Smith and
Shorten (2003; Li et al. (2009; Ge and Sun(2005; Boukas (2006; Mahmoud (2010 or
the survey articles by Liberzon and Morse (1999; Michel (1999; Decarlo et al. (2000;
Hespanha (20049; Lin and Antsaklis (2009 and in particular Shorten et al. (2007 on
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Figure 2.1: Trajectory resulting from a destabilising switching sequepe in a switched
system of two Hurwitz stable second order LTI systems.

which parts of this section are based. Most of the research catypically be attributed to
two fundamental questions: Is a switched system stable undearbitrary switching, or (if
not) is it stable when certain restrictions are placed on theswitching signal?

In the following, we shall discuss some of the literature thadealt with these questions.

Stability under arbitrary switching

Since Lyapunov theory plays a key role in the stability analysis of dynamic systems, it
should come as no surprise that most of the results concerngnswitched systems also
rely on such ideas. It is easy to see that if a Lyapunov functia exists for a switched
system under arbitrary switching which also includes constant switching signals
then this function must be valid for each constituent systemin isolation as well. In other
words, such function would have to be acommon Lyapunov function for all subsystems.
Indeed, a classic result for linear (continuous-time) swithed systems shows that existence
of a common Lyapunov function is equivalent to uniform exponential stability or absolute
stability, seeMolchanov and Pyatnitskii (1989; Dayawansa and Martin (1999; Liberzon
and Morse (1999; Fornasini and Valcher (2011) for more details and the precise de nition
of these terms. A similar result for discrete time systems ca be derived from Brayton and
Tong (1979; Barabanov (1988. In that context, most of the literature appears to focus on
nding common quadratic Lyapunov functions, but other types such as linear or piecevse
quadratic / linear have also received attention.

Converse Lyapunov theorems Loosely speaking, these results guarantee existence of Lya
punov functions given stability. They have been establishe for di erent types of switched
systems, including linear systems olchanov and Pyatnitskii, 1989 Blanchini, 1995, non-
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linear systems Dayawansa and Martin, 1999 Mancilla-Aguilar and Garcia, 2000, uncer-
tain systems (Lin and Antsaklis, 20059, systems with dwell-time! (Wirth , 2005b, or
input-to-state stable systems (Mancilla-Aguilar and Garcia, 2001). But while it is useful
to know such correspondence between stability and Lyapuno¥unction existence, nding
tests that guarantee the existence of a common Lyapunov function (and thus stabity) is
probably most relevant for practical applications. In the linear case, this basically means:
What conditions must the system matrices of the constituent systems ful | in order for
the overall system to be stable under arbitrary switching? Sich existence questions can be
approached numerically and algebraically.

Numerical tests The advantage of focusing on common quadratic Lyapunov funtons is
that their existence problem can be formulated as a set ofinear matrix inequalities. If the
resulting system of inequalities isfeasible that is if a solution exists, then the switched sys-
tem will be exponentially stable, Boyd et al. (1994; Ghaoui and Niculescu(2000; Liberzon
and Tempo (2004); Ibrir (2008. A di erent technique involving periodic switching signa ls
was derived in Margaliot and Yfoulis (2006. Techniques for the systematic construction
of common piecewise linear Lyapunov functions (which were ansidered as early as the
1960s in the context ofLur'e systems Rosenbrock 1963 Weissenberger 1969 and com-
mon polyhedral Lyapunov functions have been studied inBrayton and Tong (1979 1980);
Barabanov (1989; Pola«ski (1995 1997); Johansson and Rantzer(1998); Pola«ski (2000);
Yfoulis and Shorten (2004); Christophersen and Morari (2007). Unfortunately, all these
approaches only provide su cient conditions for stability , and even if they can answer the
stability question (provided the original problem is not to o large), they usually provide
little insight as to why a system is stable or not.

Algebraic conditions These tend to provide more meaningful answers to the stabity
guestion and shine more light on the dynamical properties obwitched systems. However,
the general problem of proving common Lyapunov function exstence for linear systems
is yet to be solved. There are nonetheless a number of usefuksults for speci c types of
linear systems (all, of course, under the assumption that eeh of the constituent systems is
stable). For instance, if the system matrices are symmetricor normal, then the resulting
system will be stable under arbitrary switching, Zhai and Lin (2004); Zhai et al. (2006.
Triangular systems also always have a common (quadratic) Lgpunov function Mori et al.
(1997; Shorten and Narendra(1998. In fact, for such systems, exponential stability of the
constituent systems is equivalent to uniform exponential $ability under arbitrary switch-
ing. This is particularly useful since even certain non-triangular systems can be brought
into triangular form: For instance, it is well known that if s ystem matrices commute with
each other, then there exists a unitary matrix which can be ugd to transform each system
matrix into upper triangular form, Horn and Johnson(1985; Narendra and Balakrishnan

1 As well shall see later, these are systems which cannot switc h arbitrarily fast, but have a uniform
upper bound on the switching rate.
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(1994. If the system matrices do not commute, but if the Lie-Algebra generated by them
is solvable, then it is Lie's theorem Humphreys, 1972 that guarantees that the system is
simultaneously triangularisable.

Extensions to these ideas have been reported i8horten and Cairbre (20013b, 2002);
Solmazet al. (2007, attempting to relax the somewhat restricting requirement of simul-
taneous triangularisability to pairwise triangularisability. Fu rther necessary and su cient
stability results for special classes of systems concern pa of: planar systems Shorten
and Narendra, 200Q 2002, third-order systems (King and Shorten, 2004 2006, and sys-
tems with rank one di erence (Shorten and Narendrg 2003 King and Nathanson, 2006).
A necessary and su cient condition for the robust existence of a common quadratic Lya-
punov function (hence implying exponential stability) wit h respect to certain types of
perturbations is discussed inHinrichsen and Pritchard (1989; Shorten et al. (2007) where
the concept of stability radii is used. Su cient conditions based on Lyapunov operators
were developed inOoba and Funahashi(1997ab,c, 1999. Lastly, necessary and su cient
asymptotic stability conditions for general switched linear systems were reported for the
discrete-time case inLin and Antsaklis (2005h; Bhaya and das Mota Chagas(1994 and
for the continuous-time case inBhaya and das Mota Chagas(1994; Lin and Antsaklis
(2009.

While all these results are promising they are generally hadt or computationally ex-
pensive to check for systems of larger dimensions and/or wit many constituent systems.
Also, not all applications require stability under arbitrary switching, as we shall see next.

Stability under restricted switching

Many real-word system cannot switch instantaneously or hae a natural upper bound
on the switching rate (consider gear changes in a car for insince); in other cases the
system may not be able to switch from any one mode to any other rade, but must adhere
to a prescribed switching sequence/order (for example, it wuld be rather unlikely that
an automatic gearbox would chance directly from fth to rst gear). Given sucha priori
knowledge of time domain or state space restrictions on thewitching signal, it is possible to
nd less conservative stability results. Also, another interesting question concerns whether
it is possible to restrict switching to result in a stable overall behaviour for systems that
contain a number of unstable modes.

Slow switching On an abstract level, it is easy to understand how restrictims on the
switching rate can contribute to stability: Assume a switched system is composed of stable
subsystems with the property that, when a subsystem is actiated, it exhibits a short
intermittent increase in energy. Since the subsystems aretable, they would absorb the
initial energy increase quickly. But if one switches too quckly between the systems,
this increase may build up quicker than it can be absorbed wi th the result that the
switched system would not be stable. If, however, the switcing rate was restricted and
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each subsystem is given enough time to absorb the temporarycrease, then the switched
system would be stable. RecallFigure 2.1 on page 8which showed a somewhat fast
switching sequence if the same system is switched just a little bit slower, the solution

will actually converge, seeFigure 2.2 below.

State 2

Figure 2.2: Trajectory of the same system and same initial condition as usd in Fig-
ure 2.1, but this time using a slower switching sequence.

Such ideas of constraining the switching rate have been studd extensively over the past
decades, initially in the context of systems with slowly valying parameters, see for instance
Desoer(1969; lichmann et al. (1987; Guo and Rugh (1995. In the switched systems
literature, the term dwell-time captures this concept, Hespanha (20040; Hespanha and
Morse (1999; Morse (1996; Zhai et al. (2001). It de nes the (uniform) lower bound on
the time intervals between consecutive switching instants A classical result then con rms
the intuition, Morse (1996: If the dwell-time is su ciently large, a switched system b ased
on Hurwitz stable subsystems is asymptotically stable for ay switching system respecting
the dwell-time constraint. However, it is also intuitive th at, occasionally, the dwell-time
constraint may be violated without compromising stability, provided this does not happen
to frequently. This led to the introduction of the more forgi ving average dwell-timeconcept
(Hespanha and Morse 1999, for which a similar result exists but since the required
average dwell-time may be smaller than the xed one it will allow for a broader class of
switching signals. Similar concepts for the discrete time ase exist as well,Zhai et al.
(2002. Unfortunately, it appears that most of the existing results only provide rather
conservative bounds on the dwell-time tight conditions on the truly required minimum
dwell-time are still a topic of research,Shorten et al. (2007). Converse Lyapunov theorems
for the dwell-time case are reported inWirth (20059; De Santiset al. (2004); Pola et al.
(2004.
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Apart from de ning a minimum time between switches, it may al so be required, in cases,
to introduce an upper boundon the time the system is allowed to stay in a mode. Switching
signals obeying such upper bound then may allow a switched syem with unstable modes
to be overall stable as the system is not allowed to spend too much time in the unstable
mode. Work investigating such situations includesLin et al. (2003; Zhai et al. (2003,
2002; Yedavalli and Sparks (2007).

State-dependent switching As mentioned earlier, the switching may also be constrained
by rules that depend on the state vector of the system. This ca come in two avours
either the switching is directly a function of the state value (switching is entirely dictated by
the state vector alone), or it is arbitrary but subject to certain constraints that depend on
the state. The latter (more general) set-up is considered irthe next chapter. The former,
more common set-up assumes that the state space is partitiadd a priori into closed (but
possibly unbounded) regions or cells whose interiors arpairwise disjoint but whose union
covers the entire state space (such regions are usually deteal by in the literature), and
each of these -regions has a particular subsystem associated to it so thathe system
automatically switches into that mode whenever its state etters that region. In other
words, it is assumed that there are a number of hyper-surfacethat completely determine
all the system'’s mode switches. Such a situation is illustréed in Figure 2.3below. Since the
switching can no longer be arbitrary it may be unduly restrictive to require the existence
of a common Lyapunov function. In fact, there may not be such a function dtogether
but the system may still be asymptotically stable. A common goproach is then to look for
a family of (local) Lyapunov functions usually one Lyapuno v function for each region

which are then pieced together to create an overall funct ion which then provides for
asymptotic stability.

1
! 2
(System 1) (System 2)
N
ﬂ’,
& 3
(System 3)
State 1
Figure 2.3: lllustration of the positive orthant being divided into three pairwise disjoint

and conic  regions. In each of these ;-regions, only modei can be activated.
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This idea was applied in Johansson and Rantzer(1998 to switched a ne systems
by adopting a numerical technique called the S-procedure (Azerman and Gantmakher,
1965 Uhlig, 1979. It allows the systematic construction of piecewise quadatic Lyapunov
functions which, combined, then guarantee stability underthe state-depending switching
rule. Further results for di erent system types using this type of Lyapunov function being
mostly based on Linear Matrix Inequalities have been repored in Pettersson and Lennart-
son (1996 1997); Hassibi and Boyd(1998; Johanssoret al. (1999; Feng (2002; Pettersson
and Lennartson (2002; Lee (2008; Yong et al. (2008. An attempt to generalise the piece-
wise quadratic Lyapunov function approach to more general dinctions of polynomial form
were given inPrajna and Papachristodoulou(2003; Papachristodoulou and Prajna(2009.

Multiple Lyapunov functions  This framework is another way of deriving restrictions on
the switching rate (but in some formulations also the switching sequence) in order to guar-
antee stability. It sits somewhere in the middle between tine space and state space based
restrictions. As the name suggests, the rough idea is to useon just one but combine
multiple non-traditional Lyapunov-like functions (usual ly one for each subsystem) to con-
struct another non-traditional overall Lyapunov function  non-traditional in the sense
that it may have discontinuities and may not be decreasing eerywhere. This Lyapunov-
like function then dictates the restrictions on the switching sequence. There are several
versions of this concept, but the simplest is to constrain the switching in such a way as to
guarantee that if the system is to switch into one particular mode i then the associated
Lyapunov-like function must 1) be strictly decreasing at that point and 2) its value must
be less than what it was when the system last left that mode. I&as initially due to Peleties
and DeCarlo (1991, 1992 motivated a number of useful results in that direction, seefor
instance asBranicky (1994 1998; Ye et al. (1998; Geromel and Colaneri(2006ab); Zhang
et al. (2009ab). Unfortunately, as in classical Lyapunov theory, it is not straightforward
to choose the candidate Lyapunov functions, in particular those that would minimise the
resulting times.

Before moving on to switched positive system, it should be nted that a third funda-
mental question relating to constraining the switching may be asked: Namely, whether it
is possible (and if so and how) to construct astabilising switching sequence when one or
more subsystems are unstable. To limit the scope of this chapr, this shall not be dealt
with here, but the interested reader is referred to the survg papers mentioned earlier (in
particular Lin and Antsaklis, 2009.

2.2.2 Positive Systems

A somewhat di erent restriction arises when studying so-cdled positive systems(some-
times, if non-linear, they are also referred to asmonotone systemswith the assumption
that the origin is stable, Ruer et al.,, 2010. As we mentioned earlier, these are systems
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where the states only make sense for non-negative values hence, the dynamics must
be such that the system never leaves the closed positive orémt.

Systems with such constraints on the state space have beenghsubject of many recent
studies in the control engineering and mathematics literatire, see for instanceBerman
and Plemmons (1979; Berman et al. (1989; Johnsonet al. (1993; Farina and Rinaldi
(2000; Kaczorek (2002; Virnik (2008; Haddad et al. (2010 or the proceedings of the
series international symposia onPositive Systems: Theory and Applications(POSTA'03;
POSTA'06; POSTA'09). The interest in such systems is hardly surprising since tley are
encountered in as diverse areas as economici¥ofnson 1974 Meyn, 2008, biology (God-
frey, 1983 Jacquez and Simon1993 2002 Arcak and Sontag, 2006, electronics (Benvenuti
and Farina, 1996), social sciencesBartholomew et al., 1991 de Kerchove and Van Dooren
2006, communication networks Zander (1992); Foschini and Miljanic (1993; Shortenet al.
(2006, decentralised control’iljlak (1978, or indeed mathematics (probabilities are pos-
itive quantities) just to name a few. While both nonlinear and linear positive systems
have been studied, much recent attention has focused on botkime-varying (in particu-
lar switched) and time-invariant positive linear systems, and on the Metzler matrices that
characterise the properties of such systems. A classicalsalt states that a continuous-time
linear time-invariant (LTI) system starting in the positiv e orthant will remain positive if
and only if the system matrix is a Metzler matrix (that is, it h as non-negative o -diagonal
elements); in the discrete time case, it must be a non-negate matrix, Farina and Rinaldi
(2000. Note that this property is independent of stability. For d iscussions on reachability
and controllability in positive systems, which are out of the scope of this literature review,
please refer toCaccetta and Rumchev(2000; Fornasini and Valcher (2005; Valcher and
Santesso(2010.

As for general systems, any type of Lyapunov function may of ourse be used to study
the stability properties of positive systems. For a generalLTI system, the existence of a
quadratic Lyapunov function (which is based on general but msitive de nite matrices) is
necessary and su cient asymptotic stability. In the case of positive LTI systems, however,
this matrix has a simpler structure: Here the existence of asictly positive diagonal matrix
is necessary and su cient for asymptotic stability, Farina and Rinaldi (2000. Furthermore,
thanks to the positivity property of these systems, co-positive Lyapunov functions may also
be employed to study stability and as noted in Caml bel and Schumacher(2004), these
may be less conservative as they take into account that the sttes only evolve in the positive
orthant. For instance, with linear co-positive Lyapunov functions one searches for a strictly
positive vector, which is even more attractive due to the even simpler structire. In the
LTI case the existence of such a linear function is also equalent to the system matrix
being Hurwitz, see for instanceMason et al. (2009; Horn and Johnson (1997). Stability
properties of positive non-linear systems were recently sidied in Mason and Verwoerd
(2009 and Ruer et al. (2010; positive descriptor systems were considered irVirnik
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(2008. But while positive linear time-invariant system are now completely understood,
time-varying results appear to be scarce.

2.2.3 Switched positive systems

In this last subsection, we now turn our attention to the combination of both system
types. When studying the stability of a switched system that switches between positive
LTI systems, the types of Lyapunov functions mentioned aboe (i. e. quadratic and linear
co-positive) would naturally suggest themselves. Clearlysince switched positive systems
are a subclass of switched systems, all results mentioned ithe previous section on gen-
eral switched systems hold. However, since they do not takento account the positivity
constraint on the state, attempts have been made to nd less onservative stability results
that are tailor suited to this system type. Let us conclude this section by reviewing a
number of recent results rst for the continuous time, and then the discrete time case.

Continuous-time switched positive systems

Common quadratic Lyapunov functions Necessary and su cient conditions for existence
of common quadratic Lyapunov functions for arbitrary switching between two continuous-
time positive 2D systems were discussed isurvits et al. (2007. An eigenvalue condition
on the product of the system matrices was derived that is equialent to uniform asymptotic
stability. Attempts to generalise these results and the gemral problem of nding necessary
and su cient conditions for systems with higher dimensions so far only include the 3D
case inFainshil et al. (2009. Common diagonal Lyapunov functions in particular were
investigated in Mason and Shorten(2004). A very recent publication (Alonso and Rocha
2010 presented general (but only su cient) existence conditions for common quadratic
Lyapunov functions in both the continuous- and discrete time case for systems of arbitrary
size (both in terms of dimension and number of subsystems) lisg multidimensional sys-
tems analysis. Their condition relies on a certain test-matix (which is constructed based
on the constituent system matrices) being Schur-stable.

Common linear co-positive Lyapunov functions Necessary and su cient conditions for
existence of common linear co-positive Lyapunov functionsvere initially studied in Mason
and Shorten (2007). A result was presented for switching between two constitent systems
of arbitrary dimensions involving the convex hull of the sygsem matrices being Hurwitz
stable. This work was later extended inKnorn et al. (20099 to arbitrarily many systems,

which is the content of the next chapter of this thesis.

Common quadratic co-positive Lyapunov functions Additional equivalent conditions
to the previous result were given in the Fornasini and Valcher (2010, including the fact
that such common linear co-positive Lyapunov function may ke used directly to construct
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common quadratic co-positive Lyapunov functions (althouch they are of rank one). Nec-
essary and su cient existence conditions were also studiedn Bundfuss and Dir (2009
and formulated amounting to feasibility checks of suitably de ned linear inequalities, in an
attempt to answer some of the general problems posed i§Gaml bel and Schumache(2004).
The work by Gurvits et al. (2007 also includes equivalent conditions for the existence of
such functions for the 2D case with two modes studied.

A di erent approach involving most unstable switching law s was applied to the case
of arbitrary dimensions in Margaliot and Branicky (2009.

Discrete-time switched positive systems

The results for linear co-positive Lyapunov functions nd straightforward extensions to the
discrete time caseFornasini and Valcher (2011). In fact, in said paper it is shown that if a
common linear co-positive Lyapunov function exists, then acommon quadratic Lyapunov
function can be found, which in turn implies that a common quadratic co-positive Lyapunov
function must also exist. Switched linear co-positive Lyapnov functions were discussed
in Liu (2009, where existence of such functions can be equivalently fonulated as linear
programming problems as well as linear matrix inequality poblems.

In some sense, the types of systems encountered so far typilyado not involve thousands
of states and are usually of dense nature (in the linear casfor instance it is never assumed
that the system matrices are sparse). This contrasts with the next class of systems that we
turn our attention to, where the opposite is assumed many states, but overall sparse
systems.

2.3 Large-Scale Systems and Decentralised Control

While research in the area of large-scale systems and contrtherein started in the second
half of the 20th century, they continue to be of interest to this day as shown, for instance,
by the ongoing series of IFAC symposia Large Scale System&heory and Applications ,
(IFAC TC 5.4, 2010. Although the term large is of rather relative nature, we shall
simply assume that it refers to systems that are large enougiso that traditional analysis
and control techniques start to reach their limits, and where a partitioned interpretation is
of bene t either conceptually or computationally. Many cla ssical approaches pre-suppose
some form of centrality be it centrality of a priori information (system model, pa-
rameters, etc.), centrality of measurements or centrality of actuation. However, as systems
grow larger, complexity also grows rapidly: if not exponentally, it still grows faster than
the system size. This implies that typically sooner rather than later centralised design,
analysis or control approaches cannot be used due to the shesize of the problem. For
instance, in principle Lyapunov's Method (Khalil, 1992 Miller and Michel, 2007 can be
applied to large, complex multidimensional systems, but inpractice, apart from the fact
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that there is no obvious choice for a suitable Lyapunov functon candidate, one would also
quickly encounter computational problems.

Figure 2.4: Visual representation of a small protein protein intera ction network based
on data by Uetz et al. (2000. In these networks, proteins form the nodes, and
they are linked together if they interact in some way or otherresulting in an undi-
rected graph. The graph shown here only contains about 50Qodes; other publicly
available data sets contain signi cantly larger networks, kit these are dicult to
visualise.

As stated by Sezer and ’iljak (1996, one can usually identify three basic reasons why
it is often necessary to move beyond classic one-shot appaches: i) dimensionality, ii)
information structure constraints, iii) uncertainty.

Decentralising or decomposing the task at hand (be it moddling, analysis, or indeed
control of a large-scale system), that is breaking the prol#m down into smaller but inter-
connected sub-problems, oftentimes is not only the only chace at regaining tractability,
but in many cases also allows for much more meaningful insigh into the problem, es-
pecially if it is of distributed nature in the rst place. Pre sumably, these sub-problems
could initially be treated independently by analysing their stability properties in isolation,
to then be re-combined again (taking into account the nature of their interconnections)
to give insights into the original, large system. In addition to control theoretic aspects,
guestions of interconnection- and communication structue and related stability issues then
become relevant.

An intuitive way of creating large-scale systems is to take darge number of individual
systems and interconnect them. This is bottom up approachis typically referred to as
synthesis Alternatively, at top down approach is taken in the decomposition-aggregation
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procedure. Here, the overall system rst needs to be broken dwn into somewhat in-
dependent sub-groups (decomposition) to be then studiedn isolation and nally put
together again (aggregation) to derive properties for theoverall system. Both approaches
are illustrated in Figure 2.5 on the facing page

The latter procedure is prominent in and probably originated from the economics lit-
erature, see for instanceTheil (1954); Green (1964). It has been described bySimon and
Ando (1961) as?

(i) We can somehow classify all the variables in the economy into a small number
of groups;

(i) we can study the interactions within the groups as though the interactions
among groups did not exist;

(iii) we can de ne indices representing groups and study the interaction among
these indices without regard to the interactions within each group

In the context of large-scale systems, this three-step praess takes the following form,
seeSandellet al. (1978:

Step 1: The system is supposed to consist of interconnected hsystems. It is as-
sumed that this decomposition or tearing has already been sgci ed, and that
a description of each subsystem and a description of the inteconnection is
available.

Step 2: It is assumed that each subsystem, when considered ifsolation, is stable [or
has been stabilised]. Furthermore, some quantitative measire of this stabil-
ity (e.g., a lower bound on the rate of decrease of a Lyapunov finction) is
available.

Step 3: A condition is now speci ed in terms of this quantitat ive measure and some
quantitative measure of the magnitude of the interconnection, and it is shown
that the interconnected system is stable if the condition hdds.

Let us rst review how this procedure applies to large-scalesystems, starting with
decomposition techniques followed by ways of aggregatinghe stability properties of the
subsystems to derive stability of the overall system. We tha discuss how such systems
may be stabilised.

2.3.1 Decomposition

As we mentioned earlier, decomposition of a given large-st& system is in many cases
the only option one has to analyse the system, even with ever ore powerful computing
equipment and increasingly sophisticated numerical tools While work on how to best
decompose complex systems started in the second half of thast century by the seminal
work of Kron (1963 on electrical networks, it is reported in Himmelblau (1973 that as
early as 1830 and 1843 C. F. Gauss and his student C. L. Gerlinguccessfully solved

2 Emphasis added.
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Synthesis Decomposition
00000 0 -0 00000 0 -0
Figure 2.5: lllustration of the bottom up synthesisand the top down decomposition-

aggregation approach in the analysis of large-scale systems; the overdarge-scale
system is shown on the top, whereas the individual subsystsfim isolation are shown
on the bottom.

systems of equations by exploiting diagonal structures. Rievant monographs in the area
include Himmelblau (1973; Sage(1977; Jamshidi (1983; Chen et al. (2004; Antoulas
(2005.

Two basic approaches can be distinguished: Tearing alonghysical or mathematical
lines. In the former case, the system is broken down accordinto physical considerations
and the subsystems have a physical coherence usually repegging distinct, natural struc-
tures. In the latter case, the system is decomposed by a purglmathematical algorithm

hence without any consideration for physical meaning tog ether with, possibly, some
coordinate transformations before and after the decomposibn. As the physical decom-
position is strongly application dependent but usually intuitive to perform (given enough
insight into the problem at hand) it shall not be discussed hee.

Mathematical decomposition in itself can be of exact or appoximative nature. That
is, either they produce equivalent models with identical béiaviour, or reduced models
(via model-reduction) that are a simpli cation of the original system, thus introducing
approximation errors. In the exact case, the objective is toyield subsystems that are as
independent as possible, as then the remaining, hopefullynsall interactions among sub-
systems can be regarded as perturbations to otherwise isdked systems which facilitates
their study signi cantly. In the approximative case, however, one aims to signi cantly re-
duce the size of the system (that is, approximate the overalbystem with a low-dimensional
one) while preserving key properties such as stability, pasivity or steady-state response,
so that then traditional analysis methods can be applied.

19
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Exact decomposition

While the in uential work by Kron (1963 investigated decomposition along physical lines,
it was Steward (1962 1965 that rst introduced information ow-based algorithms fo r
identifying sparsity in large systems of equations in orderto produce weakly coupled sub-
systems. Further partitioning / tearing methods were developed in Sargent and Westerberg
(1964); Ledet and Himmelblau (1970; Young (1977); Himmelblau (1973. Unfortunately,
most decomposition techniques have been developed for sgshs of algebraic equations
only; it appears that the systematic decomposition of dynanic equations is still unre-
solved. Therefore, decomposition is usually performed ba&sl on the physical or structural
characteristics of the system.

Model reduction

Classical model reduction techniques for dynamic systemstypically in state-space for-
mulation, both continuous- or discrete-time) are numerous and basically fall into three
categories:

(i) Singular value decomposition (SVD) based methods
(ii) Krylov (or moment matching) based methods
(iii) Iterative methods that combine aspects of both.

As only exact analysis methods are considered in this thesisve shall not describe these
techniques in detail. The interested reader is invited to rder to the excellent tutorial papers
by Antoulas et al. (1999; Antoulas and Sorensen(2001) and the numerous references
therein.

Nonetheless, model reduction techniques can signi cantlyeduce the size of a system
to a point where traditional analysis techniques become fesible again. However, in the
case of exact decomposition of the system, or where the modéd already available in
decomposed form, stability of the overall system cannot be eadily determined unless the
stability properties of the subsystems are aggregated by akerving original interconnection
structure. This will be discussed in the following subsecibn.

2.3.2 Aggregation

A natural question to ask is whether stability of an interconnected system can be readily
deduced or derived from stability properties of its individual subsystems. To answer this
question, it is natural to attempt to somehow aggregate the stability properties of the
individual systems to determine overall stability. Genera references discussing the key
results in this area include’illak (1978; Michel and Miller (1977); Vidyasagar (1982);
Michel (1983; Gruji¢ et al. (1987); Lakshmikantham et al. (1991). It appears that work in
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this area has followed two strands: To derive stability with Lyapunov methods, and with
input-output methods.

For both approaches, two di erent assumptions are imaginalle, se€iljak (1978: Either
the constituent systems are assumed to be stable in isolatig or they cannot function
properly (are unstable) when on their own. This leads to the smewhat philosophical
guestion whether the increase in complexity by interconneting the systems will lead to an
improvement in stability and reliability of the aggregate system, or not. Intuitively, in the
second case where the systems are not self-su cient, intemnnection may lead to certain
cooperative e ects that could potentially produce overall stability contrary to the rst
case where interconnection may actually produce amnstable system, say for instance due
to unstable feedback loops being introduced by certain conections.

A key property of large-scale systems is uncertainty in the mterconnection structure.
Whether this is due to inexact models or time-changing inteconnections from structural
perturbations, subsystems generally may connect or discarect from each other during
operation, and this behaviour needs to be included in any sthility analysis of such systems.
To take this into consideration, the concept of connective stability was introduced iniljak
(1972: A system is connectively stable if and only if it remains stble (in the sense of
Lyapunov) for all possible interconnection topologies, inother words under any structural
perturbation. Since this includes in particular the case wtere all subsystems are completely
isolated from each other, one generally assumes that all sslystems are stable on their own,
Sandellet al. (1979.3

Lyapunov methods

Indeed, the initial work by Bailey (1965 and the ood of subsequent papers followed this
path by assuming that a Lyapunov function exists for each sulsystem in isolation* Then,
the individual Lyapunov functions can either be cast into another scalar Lyapunov function
for the aggregate system by forming a weighted sum of the origal functions, or they can
be combined into what is called aVector Lyapunov function (Bellman, 1962 Matrosov,
1972 1973. In both cases, the interconnection structure plays an imprtant role: In order
to derive stability, certain constraints must be placed on the nature and magnitude of the
interactions between the free subsystems.

In the context of large-scale systems, vector Lyapunov funiions were rst used in
the seminal work by Bailey (1965. Subsequent results both for linear and non-linear
systems were obtained by Piontkovskii and Rutkovskaya (1967); Matrosov (1972 1973;

3 Exceptions to this assumption however are commented on in th e section dedicated to Input-Output
based methods, see below.

4 Roughly speaking, a Lyapunov function is a norm-like, posit ive-de nite function that decreases along
all system trajectories if one such function can be found, t  hen the system can be shown to be stable,
Lyapunov and Fuller (1992). The advantage of using such functions in general is that kn owledge of actual
solutions of the dynamic system are not required for the stab ility analysis, and they do not assume linearity
of the original system.
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Gruji¢ and 'iljlak (1973; iljlak (1983; Lunze (1989; Nersesov and Haddad 2006, most
of which rely on the comparison principle (Mdller, 1926 Lakshmikantham and Leela 1969
Miller and Michel, 2007 to ultimately show stability of the original problem. Refe rences
for the scalar Lyapunov function approach include Thompson (1970; Araki et al. (1972);
Araki and Kondo (1972; Michel and Porter (1972; Michel et al. (1982; Liu and Lewis
(1992, and some argue that this approach leads to less conservat stability results than
in the vector case. In fact, it can be shown that many applicatons of the vector Lyapunov
function approach can be reduced to the scalar approachylichel (1977).

As mentioned earlier, the nature of the interconnections béveen the subsystems play
an important role. Both procedures require the construction of certain test-matrices, and
in many cases the required interconnection properties wilcause those test-matrices to be
M -matrices (which will be discussed in detail in the next chapter). The ecial properties
of this class of matrices plays a key role in the technical profs of the relevant results;
additionally, they elegantly allow to show connective stahlity, 'iljak (1972.

Generalisations Both methods were generalised in a number of waydylichel and Miller
(1977. To name a few, matrix Lyapunov functions were used inDrici (1994); Martyn t uk
(1998 2002 to further extend the above techniques to systems with ovelapping decompo-
sitions (that is systems, where states may be shared amongubsystems) as well asto nd
more e cient and less conservative stability tests. For decomposition techniques based on
graph theoretic considerations, which can be of great advaige if the connected system is
composed of multiple strongly connected components, refeto Michel et al. (1978; Tang
et al. (1980. Discrete time versions of the above results were presentein Araki et al.
(197D; Gruji¢ and ’iljak (1973; Araki (1979; Martynt uk et al. (1996. Modi cations
of both Lyapunov approaches required for dealing with in nite dimensional systems were
considered inMatrosov (1973; Rasmussen and Miche(19760; Michel and Miller (1978.
This allowed to apply these results to systems with delay Anderson, 1979 Mori et al,,
1981, Chang, 1985 Xu, 1999, functional and partial di erential equations ( Ohta, 1981,
Volterra integro-di erential equations ( Wang et al., 1992 or hybrid systems (Michel and
Miller, 1977. Stochastic systems were considered iMichel (19753; Ladde and ’iljak
(1979; Michel (1975H; Rasmussen and Michel(19769; Socha (1986 and discontinuous
systems inMichel and Porter (1971); Ruan (199J); Stipanovi¢ and 'iljak (20023).

While one can safely say that the stability theory for large-scale systems based on
Lyapunov methods has reached a relatively mature levelMichel (1983, it has one major
drawback: Lyapunov stability only applies to the equilibri a of unforced systems.

Input-Output based methods

While this restriction on the system structure is not only removed by input-output based
methods, they also typically give even less conservative seilts, are more easy to apply in
practise as crucial test parameters (the gains) are more refily related to actual design
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parameters in the overall system, and the equilibrium of theinterconnected system does
not need to be knowa priori, Sandell et al. (1978. Input-output stability ignores the
internal system description and only focuses on the stabity of how the system's inputs
are mapped to its outputs. In other words, it considers a systm to be stable if its outputs
will be bounded for every input signal that is also bounded (h some sense), that is, loosely
speaking, the system cannot be destabilised by the input.

Literature in this area can again be classi ed into two main categories, namely deriving
methods involving nite gains, and methods using notions ofdissipativity / passivity. Both
approaches of input-output stability ( Sandberg 1964 Zames 1966 Desoer and Vidyasagar
2009 have then been applied to arbitrary interconnections of a Arge number ofmulti-input
multi-output (MIMO) feedback systems. While such interconnections cou be viewed as
one large MIMO-system in itself, as before, it is often prefeable to take advantage of its
decomposed form.

Finite gains Initial results that fall in the rst category were given by Tokumaru et al.
(1973; Porter and Michel (1974; Cook (1974; Araki (1976; Lasley and Michel (1976).
They followed the typical steps of rst assuming that the MIM O subsystems are given in a
particular (but very general) standard formulation (often referred to asinput-output feed-
back system, then requiring the operators used in these formulations b have small gains
and the non-linear elements in it to be sector boundedand nally showing stability of the
overall system by placing further conditions on the gains ofthe operators that re ect the
interconnection structure. Using such general operator baed input-output descriptions
allows the theory to also cover non-linear, time-varying syptems both in continuous- and
discrete-time, Callier et al. (1978. The gain condition on the subsystems is required for
their input-output stability ( via the small gain theorem Zames 1966. The interconnec-
tion gains are usually used to construct a test matrix whose ¢ading principal minors are
required to be all positive. Somewhat similar to the Lyapunos-based approach discussed
in the previous section,M -matrices again play a key role as they ful | this property, Lasley
and Michel (1976; Moylan (1977); Araki (1978, and also elegantly provide for connective
stability. Placing more restrictions on the isolated subsystems and their interconnection
structure, a number of additional results are possible suchas obtaining circle criterion
based @Araki, 1978 or Popov-type (Lasley and Michel 1976 stability conditions, or using
results from positive operator theory, Sundareshan and Vidyasagan1977. Graph theo-
retic decomposition techniques were developed by iiCallier et al. (1976 1978 to derive
simpler stability tests; this work also helped Vidyasagar (1980 to derive conditions for
the well-posedness of large-scale interconnected systemaput-output stability results for
interconnections of stochastic systems were studied iisutmann and Michel (1979ab).

5 The general input-output approach for linear systems has al so received some criticism however as
the truncation operator required in most proofs introduces  a non-linearity and unwanted harmonics in the
frequency domain that make the approach only applicable to ¢ ertain types of systems, namely small gain
and dissipative systems.
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Dissipativity Another way of approaching input-output stability can be fo und for inter-
connections ofdissipative or passive systems, Willems (1972; Hill and Moylan (1976);
Moylan and Hill (1978; Hill and Moylan (1980. Roughly speaking, the concept of dissi-
pativity is a natural generalisation of Lyapunov theory to open systems (that is systems
with inputs and outputs). In the context of dynamical systems it refers to systems that
cannot produce energy on their own and cannot store all the egrgy that is given to them,
in other words they absorb supplied energy in some way. The study of such systems
often involves construction of an internal function called the storage function For stabil-
ity analysis, this function can be seen as (or used to derivea Lyapunov function for the
system; in thermodynamics, it can be related to the internal energy and entropy of the
system. A classical result Willems, 1972 73) shows that any neutral interconnection of
dissipative systems forms itself a dissipative system (wlth is thus input-output stable as
well); by neutral it is meant that the interconnections mu st be lossless, i. e. not introduce
additional supply or dissipation. This was extended to moregeneral interconnections in
Vidyasagar (1977); Moylan and Hill (1978; Sandberg (1979; Vidyasagar (1979 where
conditions are presented that require certain test matrices re ecting the interconnection
structure to be positive de nite. Extensions to discrete-time systems can be found in
Haddad et al. (2004).

Before moving on to the area of decentralised control we not¢éhat attempts have been
made to compare and draw parallels between the Lyapunov andnput-output stability
based approachesAraki (1978; Moylan and Hill (1978.

2.3.3 Basic concepts of Decentralised Control

Closely related to the stability analysis of large-scale sgtem is the area of decentralised
control. Its concepts are somewhat complementary to largescale systems analysis and, over
the last four decades, it has been concerned with developingontrol techniques that are
particularly suited for these types of systems. The decompsition and analysis techniques
presented earlier also give answers to the fundamental qusn of how to break down a
given large-scalecontrol problem into manageable and only weakly coupled sub-problas,
which can then be solved in isolation with relative ease. Theimplementation of such
solutions will be greatly simpli ed if only locally availab le information (system states and
outputs) are used, and the reduced communication overhead W certainly have reliability
and economic bene ts as well. Furthermore, delays in the indfrmation availability and
exchange generally have a detrimental e ect on control sys¢tms. Thus, if the control
stations only use local information that is presumably morereadily and quickly available,
then this approach poses another advantage over centraliskesolutions.

6 A simple example would be passive components in electrical ¢ ircuits, such as resistors or capacitors;
a transistor in turn is not dissipative as it is an active co mponent.
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There is a large number of excellent books and survey paperseering this vast topic
(including both theory and applications). To name a few, the monographs by’iljak (1978
Jamshidi (1983; Tamura and Yoshikawa (1990; 'iljak (1991); Lunze (1992; Zefevi¢ and
'iljak (2010; Davison and Aghdam(2011) cover the topic more broadly whereas the review
papers bySezer and ‘iljak (1996); Sandellet al. (1978; Ikeda (1989; Chae and Bien(1992);
iljak  (1996); 'iljak and Zefevi¢ (1999; Jiang (2004); ’iljak and Zefevit¢ (2005; Bakule
(2008); Perutka (2010 are also good starting points to explore the eld.

In the following, we brie y give an overview of the typical methodologies encountered,
the necessary presumptions to guarantee feasibility of thecontrol problem, and some of
the most common design approaches for both weakly and stromg coupled systems.

Methodologies

When attempting to design suitable controllers given the canplexity of large-scale systems,
three basic methodologies can be identied: i) decentraliation, ii) decomposition, iii)
robustness and model simpli cation, Bakule (2008.

The rst one, decentralisation, concerns thestructure of the information to be used
in the control system. As stated above, the objective is to oty use locally available
information in each subsystem, leading to a more or less ingendent implementation of
the control stations. ’iljak (1997 and Lunze (1992 suggest two di erent scenarios
decentralised controller design for strongly or weakly copled subsystems. In the st case
there is a strong interdependence between subsystems, henthe controller design for each
subsystem must take into account at least an approximate modl of the neighbouring
subsystems, whereas such coupling e ects can be neglecten the second case. Clearly,
due to the increased complexity of the resulting closed loogystem in the rst case, weakly
coupled systems are preferable for controller design.

The decomposition methodology, which was already extensively discussed in #hprevi-
ous section, serves as a tool to analyse and synthesise largeale systems, with the main
goal of reducing the computational complexity of the task. Robustness analysis and model
simpli cation attempt to exploit the nature of the uncertainties or the model in order to
further reduce the complexity of the control design task.

Reachability and decentrally stabilisable systems

As in classic control theory, controllability and reachability requirements need to be satis ed
for any feedback controller design to succeed. By its very rnare, the idea of feedback
control consists of regulating a system by some from of actio applied to its inputs, where
this action depends on and is a response to the system's behaur as re ected by its
outputs. Clearly, in order for the control action to be successful, i must be able to in uence
or reach the system's states, and the system's states neetd be su ciently represented
(or at least observable ) in its outputs for the controller to react appropriately. These two
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fundamental concepts are de ned asnput- and output reachability (‘iljak , 1978. Inspired
by the work of Lin (1974 on structural controllability, analysis of such system properties is
formalised by graph-theoretic concepts. To apply this poweful machinery, the state-space
model of the system is described as a directed graph (whosertiees are the states, inputs
and outputs, and whose arcs represent interactions among #m). Structural conditions
guaranteeing that systems can indeed be stabilised by a deatalised control action include
the so-calledmatching conditions and non-matching conditions (Ikeda, 1989 Leitmann,
1993 'iljak , 1991).

Weakly coupled systems

Loosely speaking, systems where the interaction between drent subsystems are only
weak are referred to asweakly coupled systems In such systems the control design
can be performed independently and based on the individualibsystem models only. This
allows the wealth of classical control techniques to be emplyed to achieve suitable stability

properties (to name a few, such techniques include for instace pole placement by state
feedback, root-locus or parameter plane methodsjljak , 1978 Lunze, 1992 Chen et al.,

2004 Lunze, 2008. After stabilisation of the isolated systems, an aggrega¢ model of the
system is built do derive stability of the interconnected system, taking into account the

nature and magnitude of the interactions.

Unfortunately, the more basic control design techniques tad to lead to high-gain feed-
back solutions which may be prohibitive in practical applications or even infeasible if
the strength of the interconnections is not knowna priori. This led to shift of attention
towards adaptive control solutions where the gains are autmatically adjusted as needed
for overall stability. An extensive overview of these methals in the context of large-scale
systems is given in'iljak (1996); Perutka (2010.

Nonetheless, weak coupling between subsystems is a desil@lproperty, and the next
section discusses a number of techniques from the decentiggd control literature that allow
decomposition of a given system into weakly coupled systems

Decomposition techniques for decentralised control

The decomposition principle stands for a loose collectia of methods surrounding the
common goal of breaking down a given large-scale system inta set of lower dimensional
subsystems that are weakly coupled. As we mentioned earliesuch decomposition is often
done based on physical or structural characteristics of thesystem, provided of course that
the subsystems are su ciently disjoint in nature. But while tearing along the boundaries
of physical subsystems may yield useful insights into the oerall system behaviour and
interplay of its components, it may not necessarily lead to he most e cient decomposition.

Since universal decomposition techniques do not depend orapticular a priori engineering
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knowledge about the system, they can usually be applied to layer classes of problems and
additionally lead to computationally more e cient results .

A common decomposition technique, thenested -decompositions (Sezer and ’iljak,
1986 1991, Zefevit and ’iljak, 1994 Amano et al., 1996, consists in its basic form of
graph-theoretic algorithm that clusters system states togther through symmetric row and
column permutations of the matrices of the state-space remsentation. It yields a weakly
coupled collection of subsystems where the strength of theozipling (which impacts the
size and number of the subsystems) can be adjusted by varyintpe parameter. This basic
approach was extended in many directions to cope with time-édlays in the interconnections,
nonlinear and uncertain interactions, stochastic systemsor descriptor systems, to hame a
few. An extensive list of references for these extensions icde found in Bakule (2008.

Further composition algorithms like the Lower Block Triangular (LBT) compositions
(Sezer and 'iljak, 1996 or input and/or output reachable acyclic decompositions('iljak ,
1991 yield hierarchical interconnection patterns between thesubsystems. These structures
0 er signi cant computational advantages when standard feedback controller design or
observer design techniques are used.

Another class of decomposition techniques are the so-catleoverlapping decompositions
(iljak , 1991, 1996. When systems are strongly coupled andoverlap, they share com-
mon parts and inputs, which means that control needs to confam with these information
structure constraints. This also means that the overall sysem will have no e ective -
decompositions in its original form. To deal with these situations, one often-used approach
consists of expanding the original problem (with its strondy coupled subsystems) into a
higher dimensional system where the subsystems then appearakly coupled and permit a
suitable -decomposition an overlapping -decomposition A general framework for this
concept and surrounding ideas is given by thenclusion principle, seelkeda et al. (1981);
Bakule (1989; 'iljak (1991); Chu and ’iljak (20095.

K 11 0 0 Ka  |Ka2| O 0 K11 0 K 13
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(a) Block-diagnoal structure (b) Overlapping structure (c) BBD structure

Figure 2.6: Dierent matrix structures after decomposition, c.f. ’iljlak and Zefevi¢
(2005.

A related class of decompositions for strongly coupled sysis areBBD decomposi-
tions (iljlak , 1996 Bakule, 2008 Zefevi¢ and 'iljak, 2005h 2010. Whereas in disjoint
systems the feedback gain matrices (relating the system oputs to the inputs) can be
transformed into block-diagonal (BD) forms, this is not possible in overlapping systems,
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and only block tri-diagonal (BTD) or bordered block-diagona(BBD) forms can be achieved
(seeFigure 2.6 on the previous pagefor an illustration of these structures). Nonetheless,
these formulation have still the advantage that they allow controllers gains patrticularly in

very large and sparse systems to be computed in an e cient way, in prticular allowing

those computations to be performed on massively paralleled architectures with minimal

inter-processor communication overheads.

Many of the existing techniques for overlapping systems, s='iljak and Ze£evi¢ (2005);
Bakule (2008 for a comprehensive overview, involve linear matrix inegalities (Boyd et al.,
1994 for which e cient solvers exist, ’iljak and Stipanovi¢ (2000; 'iljak and Zefevi¢
(2009; Zefevit and iljak (20059; Swarnakar et al. (2007).

These remarks conclude this section on large-scale systeraad decentralised control.
The idea of cooperatively controlling a large system's behdour is closely related to the
area of decentralised control, but has been treated somewhaeparately in the literature.
Decentralised control is typically concerned with an overdl system that is to exhibit a
certain behaviour, and to achieve this, a global control gois decentralised. In cooperative
control, a somewhat di erent angle of attack appears to be t&ken, presenting more of a
bottom-up approach: A large number of individual, largely similar and mostly autonomous
entities is joined up to form an aggregate, networked systenthat is then to exhibit a certain
behaviour.

2.4 Cooperation and consensus

As mentioned above, consensus and cooperation in networkewshulti-agent systems has
recently attracted much attention in the research community. For a great introduction
into the eld and examples of its many, diverse applicationssee for instance the surveys by
Ren et al. (2005, Olfati-Saber et al. (2007 and Murray (2007, as well as the collection
of references atReynolds (200)).

2.4.1 History

Consensus and agreement problems were studied systematilyaas early as the 1960 in the
context of management science and statisticskisenberg and Gale(1959; Norvig (1967);
Winkler (1968; DeGroot (1974. Later, those ideas were picked up in di erent contexts,
such as fusion of sensor datal(uo and Kay 1989 Benediktsson and Swain 1992Estrin et al.
2001 Olfati-Saber and Shamma 20050r see the proceedings of the IEEE conferences on
Multisensor Fusion and Integration for Intelligent Systems), medicine (Weller and Mann,
1997, decentralised estimation (Levy et al., 1983 Mutambara, 1998 Gupta, 200§ Olfati-
Saber, 2007, clock synchronisation (Schenato and Gamba 2007 Carli et al., 2008, or
simulation of ocking behaviour ( Reynolds 1987 Vicsek et al., 1995 see alsoFigure 2.7
on the facing pagefor an example) just to name a few.
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Figure 2.7: lllustration of a ock of birds where, in grossly simplied te rms, each bird

adjust its speed and heading relative that of nearby ockmat which leads to the
coordinated group behaviour often observed in nature (suchsain bird ocks, sh
schools, herds.etc.)

2.4.2 Networked dynamic systems

Particularly in the last decade the general problem of consesus nding in networked
dynamic systems has been focused on intensely. It typicallgomes in many avours de-
pending on the application. These variations include whetter the topology of the graph
representing the inter-agent communications remains xedor changes over time; it is undi-
rected or directed; the agents can manipulate the state on wich to reach consensus in-
stantly or only with certain dynamics; if each node's state is scalar or multidimensional,
whether there are delays in the information exchange; or if h nodes update their states
in a synchronous fashion or on their own pace. While the inital work by Borkar and
Varaiya (1982; Tsitsiklis (1984); Tsitsiklis et al. (1986; Reynolds (1987%); Vicsek et al.
(1995 on consensus and coordination was based on bi-directionahformation exchange
between neighbouring nodes (leading to undirected commuuation graphs) with rigorous
convergence proofs given ifdadbabaieet al. (2003, this has been extended to include di-
rected communication graphs for instance inBeard and Stepanyan(2003; Olfati-Saber and
Murray (2004; Moreau (2005; Ren and Beard (2005; Fang et al. (2005. Another gen-
eralisation allowed asynchronous consensus protocols sbat not all nodes had to perform
state updates at the same instant,Olfati-Saber and Murray (2004); Hatano and Mesbahi
(2005; Blondel et al. (2009; Fang et al. (2009; Cao et al. (2006. Closely related was the
work that also considered changing graph topologies]adbabaieet al. (2003; Tanner et al.
(2003b; Beard and Stepanyan(2003; Ren and Beard(2005; Olfati-Saber (2006. Further
generalisations of the problem allowed the inclusion of age dynamics (typically linear,
second order systems) in the consensus problerianner et al. (20033b); Olfati-Saber and
Murray (2003; Olfati-Saber (2006, which play an important role in networks of mobile
agents that move with nite dynamics. In some situations the consensus variable may not
be directly altered by the nodes, but only implicitly. Such a situation is dealt with in
Stanojevi¢ and Shorten(2008 20091.
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However, most of these papers only focus on so-calladhconstrained consensus appli-
cations. When the consensus, that the system is to reach, sk ful | external conditions
(such as a common heading of a ock of agents, but in a particudr direction), three ap-
proaches are usually taken, se®eard et al. (2001); Lawton et al. (2003; Ren and Beard
(2009 and citations therein: leader-following (Wang, 1991, Mesbahi and Hadaegh 1999
Singh et al., 200Q Fax and Murray, 2004 Ji et al., 2006, virtual structure based (Lewis
and Tan, 1997 Beard et al., 2000 Shi et al., 2006 or behaviour based Balch and Arkin,
1998 Anderson and Robbing 1998 Lawton et al., 2003 Parker, 1998 Chen and Luh, 1994
Velosoet al., 2000 approaches.

Leader-following

The rst concept presents a common technique used typicallyto make formations of au-
tonomous mobile agents follow desired trajectories. The ida is that all agents in the are
programmed to follow a designated leader node, as sketcldein Figure 2.8 below. How-
ever, the problem with these architectures is usually that they not only depend heavily
on the leader, but it appears that little discussion of the case where the leader adjusts its
state based on feedback of the totality of the states of the nivork has taken place, and
most of the systems dealt with in that context are linear.

O O o O—_ O
Leader ‘ /
O | -
O Regular agent Q Q
(a) Step 1. (b) Step 2. (c) Step 3.

Figure 2.8: lllustration of three steps of a typical leader following based control algorithm.
With the system in a given position (step 1), the leader movesomewhere (step 2)
in response to which the other agents move to follow him (step).

Virtual structures

In the virtual structure approach, the entire network of agents is treated as a single entity,
the virtual structure. The desired behaviour is then assigred to the virtual structure
relative to which each member controls its own behaviour. Ths approach is illustrated
in Figure 2.9 on the facing page
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Figure 2.9: lllustration of three steps of a typical virtual structure based control algo-

rithm. With the system in a given position (step 1), the virtual structure is moved
(step 2) in response to which all agents move to follow theirssigned positions rel-
ative to the virtual structure (step 3).

Behaviour based

In the behavioural approach, each agent's behaviour is baseon a combination (e.g.
weighted sum) of a number of desired behaviours, such as gosgeking, formation keeping,
obstacle and collision avoidancegtc. An example for this is shown in Figure 2.10 below.
A typical application of these techniques arerendez-vousproblems with obstacle and col-
lision avoidance, where the agents are to meet in a certain pte, but avoid running into
obstacles or crashing into each other during the approach.

O Other agent
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Obstacle Target
Figure 2.10: Illustration of the behaviour basedapproach, where the agent's nal action

is a combination of three desirable behaviours: Goal seekin@\), obstacle avoidance
(B) and collision avoidance with other agents C).

It is in this third class that our work later in Chapters 4 and 5 could be placed, as
the desired behaviour of the agents in our networks is both a@mbination of localised and
global constraints.

With these remarks we close this literature review section a move on to present our
rst sets of results for switched positive systems.






CHAPTER 3

Switching

This chapter develops necessary and su cient conditions for  the existence of
common linear co-positive Lyapunov functions rst for the s tate-dependent and
then the arbitrary switching case for sets of positive LTI sys tems, both in
continuous-time and discrete-time. Additionally, numeri ¢ methods for checking
these conditions are provided, we discuss what can be done if the conditions are
violated, and also provide a few preliminary examples for ou r results.

Chapter contents

3.1 Introduction

3.2 Preliminaries

3.3 State-dependent switching case

3.4 Arbitrary switching case

3.5 Discrete-time switched positive systems
3.6 Examples of usage

3.7 Conclusion

3.1 Introduction

The focus of this chapter will be on switched positive lineartime-invariant (LTI) sys-
tems, and in particular on the existence of common linear cqositive Lyapunov functions
(CLCLF). It presents joint work with Dr. O. Mason and Prof. R. Shorten and has been
published in Knorn et al. (20093b).*

In some sense, such systems may be interpreted as a (possillgnse) interconnection of
scalar systems, where the graph describing the system intactions changes abruptly over
time. Now, recall the well known result that the existence ofa linear co-positive Lyapunov
function is both necessary and su cient for the exponential stability of a positive linear
time-invariant (LTI) system, Farina and Rinaldi (2000. In light of our earlier remarks
concerning common Lyapunov functions in general it may appear overly conservéive to

1 It should also be noted that Theorem 3.2 may be deduced from the independent, more general results
on P-matrix sets given in Song et al. (1999), of which the author was unaware of when the result was
developed.
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34 CHAPTER 3. SWITCHING

study the existence of such Lyapunov functions for switchedystems. However, establishing
conditions under which such functions exist is nonethelesa natural place to begin the study
of stability of switched positive linear systems.

For one, common Lyapunov functions are very useful since esience of such functions
implies exponential stability of the overall switched system, Fornasini and Valcher (2011).
Additionally, many of the interesting properties of positive systems can be attributed to
the existence of linear co-positive Lyapunov functions. Ofparticular interest is the work
by Haddad and Chellaboina(2004), in which the existence of such a function was related
to delay independent stability properties that are possesed by many positive systems.
Exploiting these properties further, we will later demonstrate the use of one of the main
results in the applications chapter (Section 6.1on page 117.

Contributions

Inspired by this and related work, the main contributions of this present chapter will be
the derivation of tractable conditions for the existence ofa common linear co-positive
Lyapunov function for a nite number of LTI systems that are a ssociated either with the
entire positive orthant (arbitrary switching) or with poly hedral regions partitioning the
positive orthant (state-dependent switching). In both cases, compact and easily veri able
conditions are obtained. We also show that our results diretty carry over to the discrete-
time case.

Structure

The rest of this chapter is structured as follows: The next setion sets up the notation
and de nes linear co-positive Lyapunov functions. We then gesent our main results both
for the case of state-dependent switching $ection 3.3, and for arbitrary switching ( Sec-
tion 3.4). Next, we shall discuss how these results can easily be apptl to discrete-time
systems. Finally, before making some concluding statement Section 3.6 highlights the
signi cance of our results and gives a number of examples thtamotivate their use.

3.2 Preliminaries

3.2.1 Notation

For general notational conventions, please take note of théNotation section on page 153
We say that matrices or vectors are positive (non-negative)f all their entries are positive
(non-negative); this is written as A 0 resp. A 0, where 0 is the zero-matrix of
appropriate dimension. A matrix A is said to be Hurwitz stable (or just Hurwitz ) if all

its eigenvalues lie in the open left half of the complex plane A matrix is said to be Metzler



3.2. PRELIMINARIES 35

(in the literature also referred to as essentially non-negativg if all its o -diagonal entries
are non-negative Metzler, 1945.

Also, let C R" be aclosed, pointed, solid convex conéor proper convex cong if and
only if its interior is not empty and x + y 2 C for any x;y 2 C and non-negative scalars
;. Such cone is calledpolyhedral if and only if it can be written as the intersection
of nitely many closed half spaces, each containing the origh on its boundary, Berman
and Plemmons(1979. In other words, it has nitely many extremal rays (or generators).
Figure 3.1 below gives an illustration of a polyhedral proper convex cae in R® ; with three
extremal rays.

Figure 3.1: lllustration of a polyhedral proper convex cone in with threegenerators.

3.2.2 De nitions

A dynamic system is calledpositive? if and only if, for any non-negative initial condition, all
its states remain in the closed positive orthant throughouttime (irrespective of the system
being stable or not). A classic result for LTI systems showslhat a necessary and su cient
condition for this to hold true is that the system matrix A is a Metzler matrix: In that
case (and only that case)e® !, which characterises the solution of the di erential equation,
is non-negative for allt 0 (Luenberger, 1979, implying that all solutions starting from
non-negative initial conditions remain non-negative.

We now de ne the class of switched positive linear systems atsidered in the following.

De nition 3.1 (Switched positive linear system, continuous time)
A switched positive linear time-invariant system with N modes and of dimensiom is
a dynamical system of the form

X(1) = Agix oy X(t) with x(t=0)= xp, O (3.1)

2 Technically, one may also use the word non-negative , whic h would be more accurate, but the term
positive is typically used.
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subsystemsor modes.

Furthermore, we will always assume that all the A; matrices are Metzler matrices (in
order to ensure positivity of the system) and Hurwitz matrices (in order to ensure stability
of each individual mode).

Finally, we de ne the following type of Lyapunov function:

De nition 3.2 (Linear co-positive Lyapunov function)

The function v(x) = vTx is said to be alinear co-positive Lyapunov function (LCLF)
for the positive LTI system x = Ax if and only if v(x) > 0 and v(x) < O for all x O,
or, equivalently, v 0 andv'A 0.

For more background on Lyapunov theory and related conceptsespecially in the con-
text of switched systems, please refer to the references pwented in the literature review
on page 8

3.3 State-dependent switching case

We rst consider necessary and su cient conditions for the existence of common linear
co-positive Lyapunov functions (CLCLF) for sets of positive LTI systems where each con-
stituent system is associated with a closed convex region dhe closed positive orthant.

3.3.1 Main result

Consider the following partition of the state-space: Assune that there exist N possibly
overlapping proper convex cones G  R", such that the closed positive orthant R"
can be written asR", = [ N; G. Moreover, assume that there areN stable positive LTI
subsystemsx = Ajx such that the ith mode can only be active when the state vector is
in the coneG.

Our rst main result gives a necessary and su cient conditio n for the existence of a
CLCLF for this type of switched positive linear system with state-dependent switching.
Formally, we provide a condition for the existence of a vectov 0 such that vTA;x; < 0

ments is true:
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() There is a positive vector v 2 R" such thatv'Ax; < 0 for all non-zero x; 2 C; and
i=1;:::;N.

P
(if) There are vectors x; 2 G, with i =1;:::;N, not all zero such that iNzl Aix; 0.

Proof (i) ): (i):®* Assume that (i) holds. Then, for anyv 0 we have
T A T
VAiX1+ i+ VANXN 0 (32)

which immediately implies that (i) cannot hold.

2 (i) ) (i):_ Assume that (ii) does not hold, i.e. there are no vectorx; 2 C not all
zero such that 1, Aix; 0. This means that the following intersection of convex cones

is empty:

np o n 0
iz1 Aixij :x;j2GC,notallzero \ x 0 =;: (3.3)
I {z YLz}
01 OZ

By scaling appropriately it is easy to see that this is equivdent to:

np Py o n o]

iz1 Aixi 1 xi2G; o kxikg=1 v\ x 0 = (3.4)

I {z Yooz}
O O2
where k k, denotes the usual spatiall-norm. Now, O; and O, are disjoint non-empty
closed convex sets and additionallyO; is bounded. Thus, we can apply Corollary 4.1.3
from Hiriart-Urruty and Lemaréchal (2001) which guarantees the existence of a vector
v 2 R" such that

maxv'y < inf vy (3.5)

y20; y20 >
As the zero vector is inOy, it follows inf, 5 ,vy 0. However, asO is the conefx  Og
it also follows that inf,,o ,vy 0. Thus, inf,,o,v'y =0. Hence,v'ly Oforally 20,
and it follows that v 0. Moreover, from (3.5), we can conclude that for anyi = 1;:::;N
and any x; 2 G; with kxijk; =1, vIAix; < 0. AsG\ x O0:kxk;=1 is compact, it
follows from continuity that by choosing > 0 su ciently small, we can guarantee that
ve = v+ "1 0 satises vIAx; < Oforall xj 2 G\ x 0 : kxk; =1 and all

Finally, it is easy to see that vI A;x; < 0 is true even without the norm requirement
on Xj.
This completes the proof ofTheorem 3.1

3 That is, we show that if (i) is true, then (i) cannot hold.
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Comment  The theorem thus provides a necessary and su cient condition for the exis-
tence of a CLCLF. Condition (ii) basically means thatif (and only if) there is a non-trivial

linear combination of the all the columns of the di erent constituent system matrices (us-
ing vectors taken from the corresponding cones) that yieldsa non-negative valuethen no
CLCLF exists for the switched system. Unfortunately, to the best of the author's knowl-
edge, this condition in its present form is di cult to check n umerically. However, a slight
reformulation changes this. /

3.3.2 Numerical test based on a linear program

To establish a simple numerical test, we note that polyhedrd proper convex conesC with
k extremal rays in the non-negative orthant of the R" ; can be expressed as

C= X x-= QM v 0i=1::n (3.6)
i=1

whereQ 2 R" Ok is the (non-singular) generating matrix of the cone, andQ(") denotes the
ith column of Q. This generating matrix can then be included in the second cnodition of
the previous theorem to yield the following corollary

Corollary 3.1 (Existence CLCLF, state-dependent switching, polyhead@hes)

convex conesG of the type (3.6) such thatR", = [ N, G, precisely one of the following
two statements is true:

(i) There is a positive vector v 2 R" such thatv'A;x; < 0 for all non-zero x; 2 C; and
i=1;:::;N.

P
(i) There are vectors w; 0 not all zero such that iNzl Biwij 0, whereB;:= A;Q;.

Proof  Virtually identical to that of Theorem 3.1

The advantage of this reformulation now is that condition (ii) can be checked e ciently
by running a simple feasibility check on a suitably de ned linear program, Bertsekaset al.
(2003. For example, it is straightforwart to see that (i) is fullled if and only if the
following linear program is feasible:

argmax 17w

. (3.7)
subjectto Bw 0; w O0; w 1

where B™ corresponds to the horizontally concatenatedB ;, and w to the vertically stacked
w;. It is then straightforward to run a feasibility check on thi s linear program, to provide
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an answer in polynomial time. For similar results, the reade may refer to Rami and Tadeo
Rico (2007).

Comment  As we noted before in the literature review, such numerical ésts will certainly
be useful in practical applications. However, their major dawback is that they typically

give little insight as to why a system may be stable or not. They only answer the stability
guestion with yes or no, but in case the answer is no, donot help establishing why
this may be the case. /

In the following section, we will present an analytical test for the arbitrary switching
case, completing initial work reported in Mason and Shorten(2007). Furthermore, we shall
also comment on how it can give more extensive insights in thatability question.

3.4 Arbitrary switching case

An important special case of the previous results is when e#&cof the cone generating
matrices Q; are the identity matrix. In that case, each switching restricting cone is the
positive orthant itself, meaning that there are no more switching restraints and arbitrary
switching between the modes is allowed. Then, conditior{ii) of the corollary above o ers
another interpretation: The convex hull of the (polyhedral convex) cone generated by all
the columns of the A; must not intersect the closed positive orthant except in the origin
in order for a CLCLF to exist.

However, additional necessary and su cient conditions for the existence of a CLCLF
for each of the constituent systems can be derived guaranteeing stability of the overall
system under arbitrary switching. This will be given by Theorem 3.2below.

3.4.1 Main result

Before stating Theorem 3.2 we need a technical result which will simplify its proof sig
ni cantly. The following lemma is in fact very similar to Theorem 3.1, when each of the
generating matricesQ); is the identity matrix.

Lemma 3.1

ments are equivalent:

(i) There is a non-zerov 0 such thatvTA; Oforalli=1;:::;N.4

P
(i) There are no w; 0 such that iNzl Aiw; = 0.

4 Note that with the assumptions of the lemma, VvTA; will always be non-zero for a non-zero v 0.
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Proof (i) ) (ii): Assume there is a non-zero vectov 0 such that vTA; 0 for all

vIAj+ 0+ vIAy O (3.8)

and for any set of strictly positive vectorsw; 0,

VIAqwy + i+ VIAgwy < 0 (3.9)

vi Aqwy+ i+ Aywy <0 (3.10)
so that

Aiwi+ i+ Aywn 60 (3.11)

P
In other words, there are no vectorsw; 0 such that iNzl Aiw; = 0.

P
(i) ) (i): Assuming that there are no vectorsw; 0 such that iN:l Ajw; = 0, we

can write
Awg+ i+ Agwy cw; 0V 0 = (3.12)
Since the A are all Metzler and Hurwitz matrices, it is easy to show that this implies

A1W1+:::+éNwN ‘w; O (3.13)

\' x 0 =;
Pz}
01 O2
This corresponds to the intersection of two open convex corgg O; and O,. As this inter-
section is empty, the two cones are disjoint and there must eist a separating hyperplane
between them, see for instanc&ockafellar (1970. In other words, there is a vectorv 2 R"
such that

viy<Oforally20; and v'y> Oforally 20, (3.14)

From the second inequality we get thatv has to be non-negative (and non-zero). The rst
inequality, in turn, can be written as

VIAqw,+ i+ vIAgwy <0 forallw; O (3.15)

Furthermore, sincev 0, and since the inequality has to hold for any choice of (stridy

positive) vectors w;, each individual summand must be less than or equal to zero. biv-
ever, this can only be the case it¥TA; 0 fori =1;:::;N, which completes the proof of
Lemma 3.1

Some additional notation is also required for the presentaibn of our second main result.
Let the set containing all possible mappings :f1;:::;ng!f 1;:::;Ng be called S,y ,
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for positive integersn and N. Given N matrices A, these mappings will then be used to

construct matrices A (Aq;:::;An) in the following way:
..... — (1) (2 (n)
A AniinAn = AN, A9 A, (3.16)
that is, the ith column AW of A s the ith column of one of the Aq;:::;An matrices,

depending on the mapping 2 Sp\ .

We can now state the following theorem giving a necessary andu cient condition for
the existence of a linear co-positive Lyapunov function forarbitrary switching between
nitely many positive LTI systems of nite dimension:

Theorem 3.2 (CLCLF existence, arbitrary switching)

Proof (i) ) (ii): Assuming thatthere exists a positive vectorv 2 R" suchthatv'A; 0

cesAj, that vTAi(” <Oforanyi =1;:::;N andj = 1;:::;n. Thus, it follows that
VIA (Ag;:::;An) Oforall 2 S,y . Next, we note that since the Ay;:::;Ay are
all Metzler matrices, by construction so must be all the A (Aq1;:::;AN), 2 Spn . Fi-
nally, applying Theorem 2.5.3 from Horn and Johnson (1991, we have that all matrices
A (A1;ii0AN), 2 Spn , must be Hurwitz,

2 () ): (ii): We show that if there does not exist a vectorv as described in(i), then
at least one of the matricesA (Aq;:::;An) is not a Hurwitz matrix for some 2 Sy .

To begin, assume that there is no non-zero O suchthatv'A; Oforalli=1;:::;N
(note that this is a stronger assumption than the non-existence of a strictly positive vector
v, as stated in (i) ; we will relax this assumption below). From Lemma 3.1 we then know
that there is at least one set of vectorsw; 0 such that

Aiwg+ i+ Aywy =0 (3.17)
Next, we expresswy;:::;wy in terms of w; using diagonal matrices: w; = Djw;
whereD; =diag d') andd?’ > 0foralli=1;:::;N andj =1;:::;n. We can then

rewrite Equation (3.17) as

ADiwi+ AsDowqg+ i+ AynDpnwWs (318)

(3.19)

|
o

ADi+:::+ AnDn Wy =
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and thus, sincew; 0, we must have for the determinant
det A.D1+ :::+ AyDy =0 (320)

To simplify notation, de ne for each mapping 2 S,.n the following product

Y (i)
p = d ) (3.21)
j=1
for which we note that p > Ofor all 2 Spn sincedi(jj ) > 0for all i and j. Using the
fact that the determinant of a matrix is multilinear in the co lumns of that matrix, we can

now express the left-hand side 0{3.20) as
X

det A;D1+:::+ AyDy = p det A (A1;:::AN) (3.22)

2S N
Recall that the determinant of any square matrix is equal to the product of its eigenval-
ues. Since the eigenvalues of a Hurwitz matrix inR"™ " have strictly negative real parts,
its determinant will either be strictly positive (when n is even) or strictly negative (when
n is odd), but never zero. Thus, using(3.22) in (3.20), we conclude that there must be at

To recapitulate, we have shown so far that if there is no non-erov 0 such that
vTA; 0 for all i, then at least one of the A (A1;:::;An) matrices has to be non-
Hurwitz. However, in order to nish the proof, we need to extend this result to strictly
positive v, as stated in the theorem. So let us assume that there is no comonv 0 such
that vTA; O forall i =1;:::;N. If, additionally, there was no v 0 either such that
vTA; 0 for all i, then the desired result follows from the above discussionHowever, if
there was such av 0, an additional argument is needed.

Assume that nov 0 satisesv'A; 0O foralli. Letting A;(") := A; + "1,  where
"> 0and1, ,isthen n matrix of all ones, it then follows that there cannot be a non-
zerov 0 achievingvTA (") 0 for all i. This can be proved by contradiction: Assume
there was such a vectorv 0 for which vTA;(") 0 forall i and"> 0. Then

vIi Ai+"1l, , O (3.23)

vIAi 0 "v'1, , (3.24)

vIA; 0 (3.25)

for" > Oandi = 1;:::;N, which contradicts the rst assumption; thus, there is no
non-zerov 0 sothatv'A;(") Oforalli=1;:::;N.

Now, choosing” > 0 small enough to ensure allA; (") are still Hurwitz and Metzler
matrices, it follows from our earlier argument that there is at least one 2 S,.y so that
A Ai(");inAn (") s non-Hurwitz.

Finally consider a sequence ofi suchthat"y ! Oask!1 andwhere the"y are small
enough so that allAj (") are still Hurwitz and Metzler matrices. Since these matrices and
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thus all A A1("k);:::;An("k) depend continuously on"y, it follows for all 2 Sp.n
that

A A" ANCK) Y A (A A as "« 0 (3.26)
And since there is at leastone 2 Spn for which A A1("«);:::;An (") IS non-Hurwitz
this will also be the case forA (A1;:::;AN)

This completes the proof ofTheorem 3.2

3.4.2 Remarks

Theorem 3.2states that N positive LTI systems have a common linear co-positive Lyapaov

forall 2 S,n . We recall that in this case any switched system formed with ay number
of these subsystems would be uniformly asymptotically stake under arbitrary switching.

We note also that if the A;Q; matrices from Section 3.3are all square Metzler and
Hurwitz matrices, then this Hurwitz condition can also be used to give a solution to the
state-restricted switching problem.

A piece of Matlab ® code to conveniently check the Hurwitz condition (i) of Theo-
rem 3.2is given at the very end of this chapter. Note that this requires the computation
of the spectra of N" matrices of dimensionn n. This may, on a computational level, be
signi cantly more expensive (and possibly even infeasiblecompared to the linear program
based test described earlier. However, a very recent papetNarendra and Shorten(2010
provides an e cient, necessary and su cient test for Hurwit z stability of Metzler matri-
ces. The test involves recursively checking the sign of maidiagonal entries of a sequence
of lower dimensional matrices that are created by adding twomatrices and is thus very
inexpensive to perform.

Finally, as stated earlier, the above result may also be devied from the independent,
more general results onP-matrix set by Songet al. (1999.

3.4.3 Insights from Hurwitz condition

We stated earlier that analytical results as shown above carlead to more insights into the
stability problem as compared to numerical tests. Hence, bfore extending our results to
discrete-time systems, we would like to give an example in quport of this claim.
Assume a set of matrices does not pass the stability test giveby statement (ii) of
Theorem 3.2 In particular, assume that it is the matrix A , that is not Hurwitz stable,
0o 2 Spn .- If one has some form of control over the entries in the origial matrices
Aq;::5;An, what can be done so thatA , may eventually become Hurwitz? Clearly,
su ciently decreasing the entries on the main diagonal and/or the o -diagonal entries will
eventually make the matrix become Hurwitz stable. While this is straightforward to show
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(see for instanceHorn and Johnson 1991, Chapter 2.5), it is also somewhat intuitive given
the fact that A is Hurwitz if and only if there exists a vector v 0 such that Av 0, and
hence decreasing the non-negative o -diagonals as well agdreasing the negative diagonal
elements works toward satisfaction of that inequality. An additional argument is given by
the following observations.

Assuming we have some form of control over the matrix entriesanother question one
may now ask is which matrix element in particular to manipulate rst? ° In this context,
it is useful to note that, by construction, any Metzler matri x A can be written as

A=P I with P 0 and for some 0 (3.27)

and Hurwitz stability of A is equivalentto > (P). Thus, if A is not Hurwitz, (A)
is too large for the given . Now, to work toward satisfaction of the inequality, the
question is which elementp(i) would have (locally) the biggest impact on (P) in order
to decrease it? AssumingA is irreducible, we can give the following argument. Given tte
irreducibility assumption, the non-negative matrix P will also be irreducible. Application
of the Perron-Frobenius theorem then guarantees that its Peron root will be algebraically
simple (Horn and Johnson 1985 Theorem 8.4.4) and the corresponding left- and right
Perron eigenvectors will be strictly positive. This allows us to apply a standard result (see
for instance Stewart, 1973 concerning the partial derivatives of simple eigenvaluesof a
matrix with respect to the matrix entries: Given some matrix pli) = P 2 R" " with
a simple eigenvalue and corresponding normalised left- and right eigenvectors and
suchthat T =1, then
& = () 0)
@p)
This means, in the case whereP is non-negative and irreducible, that the Perron root
will always decrease if any element in the matrix is decreask (which is consistent with
our earlier remarks). But furthermore, if both Perron eigenvectors can be computed, one

locally, for eachi;j = 1;:::;n (3.28)

immediately knows which entry (i;j ) to target rst namely thatwhere () () is largest.
Application of this result to the original problem and A , gives an indication which
entry a(k“) where k = ¢(j) in the original system matrix Ay 2 Aq;:::;AN to modify

rst. However, this is only a local result, i. e. having reduced a(k” ) somewhat may suddenly
cause a di erent entry (potentially in a di erent system mat rix) to have the largest impact
on driving A , toward Hurwitz stability. In fact, the o -diagonal element s can only be
reduced to zero but not beyond (in order for the matrix to stay Metzler) and even if

one particular o -diagonal element is reduced to zero the marix may still not be Hurwitz.

Lastly, one may wonder what the impact of reducing a(k” ) might have on other matrices
in A that include it? Clearly, our earlier observations guarantee that reducing entries in
the matrices always makes them more stable , in other wordslecreasing the elements in

one matrix will never destroy the Hurwitz stability of other matrices in A

5 The author is very grateful to Prof. S. Kirkland for pointing him in this direction.
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3.5 Discrete-time switched positive systems

As we mentioned earlier, most of the results for continuougime switched positive linear
systems can easily be applied to discrete-time systems as Myd~ornasini and Valcher (2010.
The discrete time version of the system given irDe nition 3.1 on page 35would be

X(k + 1) = As(x(k);k)x(k) with X(k = O) = Xg O (329)

stable (i. e. all their eigenvalues must lie inside the unit d@rcle).
A linear co-positive Lyapunov function v(x) = v'x for such systems would then have
to ful |

v(x)> 0 for all non-zero x 0 (3.30)
vx(k+1l) vx(k) <0 for all k 0 and x(k) O (3.31)

Clearly, it will be a CLCLF for the switched system (3.29) if (and only if) it is a LCLF for
each constituent system, that is if and only if
V(Aix) v(x)= Vv (A; )x O for all i=1;:::;N and non-zerox O

Thus, by letting A5 := (A; 1) fori=1;:::;N, all our earlier results directly apply to
the discrete-time case as well, noting that all&; will of course be Metzler (the o -diagonal
elements remain non-negative after subtraction of the idetity matrix) and Hurwitz (since
the spectral radius of the A; is strictly less than one, subtracting the identity matrix w ill
shift all eigenvalues into the open left half of the complex pane).

3.6 Examples of usage

While we will give in Chapter 6 an in-depth discussion of an application where our results
are used to prove stability of a power control algorithm for wireless networks, we still would
like to give a few examples here at this point to illustrate ou above results.

3.6.1 Numerical example

As a short example forTheorem 3.2 consider three Metzler and Hurwitz matrices

2 3 2 3 2
12 6 6 12 4 0 9 2 8

Ai=31 10 28 A,=96 10 9%: As=86 10 4k
5 3 10 4 3 13 3 0 11

It turns out that the A (Ai1;A2;A3z) are all Hurwitz matrices, for any 2 Ss.3; hence
a switched positive linear system with these matrices will & uniformly asymptotically



46 CHAPTER 3. SWITCHING

stable under arbitrary switching. If, however, the (3,1)-element of A 3 is changed from 3
to 5 note that after change A ; is still a Metzler and Hurwitz matrix then the matrix
A@gig) = Agl) A(lz) A?) will have an eigenvalue 0:06 which violates the Hurwitz
condition.

3.6.2 Switched positive systems with multiplicative noise

Consider the class of switched positive systems
x=A)x; A2 Az An

If all N constituent systems share a co-positive linear Lyapunov faction, then it follows
that the system

x=AMD(@)x; A()2 A AN

where D (t) = diag d)(t) fori = 1;:::;n is a diagonal matrix, is also exponentially
stable, provided that the d()(t) are strictly positive and bounded for all t and i. Systems
of this type arise in situations where the state is reset (forexample, by quantisation).

3.6.3 Robustness of switched positive systems with channel
dependent multiplicative noise

An important class of positive systems is the class that ariss in certain networked control
problems. Here, the system of interest has the form:

xX=Atx)x+ Cy(t;x)+ :i:+ Cr(t; x) x

where we assumeA (t; x) + Cq(t; x)+ :::+ Cp(t; x) to be always Metzler and Hurwitz
(for all t and x 2 R" ), where A(t;x) 2 R" " is Metzler, and whereC;(t;x) 0 is an
n n matrix that describes the communication path from the network states to the ith
state; namely it is a matrix of unit rank with only one non-zero row. Further, we allow the
network interconnection structure to vary with time between N di erent con gurations,
so that A(t;x)2 Agq;:::i;Any and Ci(t;x) 2 Ciq;:ii;Ciy fori = 15:::;n. Our
principal result can then be used to give conditions such thathis system is exponentially
stable. Further, by exploiting simple properties of Metzler matrices (all o -diagonal entries
are non-negative), we get the robust stability of the related system:

X=Ax)x+ Cy(t;x)D1(t)+ :::+ Cr(t; x)Dp(t) X

where D (t) is a non-negative diagonal matrix whose diagonal entries a strictly positive,
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3.7 Conclusion

In this chapter our main results were two necessary and su cent conditions for the exis-
tence of a certain type of Lyapunov function for switched pogive linear systems, namely
common linear co-positive Lyapunov functions (CLCLF). As we noted earlier, results of
this type are very useful as, loosely speaking, existence sfich functions implies exponen-
tial stability of the overall switched system.

First, we considered the case where the switching rule of theystem depends on or
is restricted by the system state. More concretely, the stag space was assumed to be
partitioned by (possibly overlapping) proper convex conesthat were each associated with
one of the constituent subsystems (but multiple cones coulde associated with the same
mode). Then, with the system's state being in a given locatio of the state space, the
system could only be in the mode(s) associated with the conej that included that location.
For this setting, two necessary and su cient conditions were given for the existence of
CLCLFs: The rst one applied to any type of proper convex cone (provided they are
convex), while the second one required the cones to be polytiml. The latter result
had the advantage that it directly allowed a simple linear program to be de ned whose
feasibility was then equivalent to the Lyapunov function existence. However, both cases
gave little insight into the overall existence problem and n particular what could be done
if the condition was violated.

This led to a second result which applied to the general, arlirary switching case (in
which, of course, the constrained switching cases is includl). We showed that existence
of CLCLFs is equivalent to a Hurwitz condition on a set of matrices that contains all
matrices that can be created by recombining the columns of tk original system matrices.
Apart from being very general, this algebraic condition hadthe additional bene t of giving
insights into what could be done (and to which subsystem) if e condition was violated.

Finally, after commenting on how our results directly carry over to the discrete time
case, three examples were given to illustrate some of the infipations of our work.

At this point, we shall leave the domain of switched positive systems for now and
consider cooperative control problems in the next two chapers. Although our subsequent
results apply to general (not necessarily positive) systems, they may be interpreted as
adding an additional feedback loop to a system that switchedetween di erent topologies.
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Chapter appendix

The following Matlab ® code for easy checking of the Hurwitz conditionTheorem 3.2(ii)
can be obtained fromhttp://goo.gl/JM31u .

function [result,perm] = check_hurwitz(Ac)

%Checks Hurwitz condition for all column permutations
%
% [result,perm] = check_hurwitz(Ac) where

% Ac cell array with the A _j matrices in it

% result TRUE (all matrices are Hurwitz), FALSE if not
% perm indices of all the permutations of colums for
% which the condition is violated

%
% Florian Knorn, florian@knorn.org, 14 April 2011

%% Some error catching

if nargin ~= 1

error( Please provide cell array with matrices );
end
if ~iscell(Ac)

error( Please provide =cell = array with matrices );
end

%% Initialisations

result = true;

N = length(Ac);

n = length(Ac{1});

perm = [];

maxrho =  1e10;

rhoperm = [];

sigmas = char(zeros(N"n,n));

%% Generate permutations

for i = l:length(sigmas) % count from 1 to N*n in base N
sigmas(i,:) = dec2base(i 1N,n);

end

% Convert strings generated by dec2base back to numbers
sigmas = abs(sigmas) 47, % numbers
sigmas(sigmas>10) = sigmas(sigmas>10) 7, % letters
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%% Iterate through permutations
for i = l:length(sigmas)

% create A_sigma for Hurwitz test
A_sigma = zeros(n,n);
for j = 1:n % columns
temp = Ac{sigmas(i,j)};
A_sigma(:,j) = temp(:,));
end

% perform Hurwitz test
rho = max(real(eig(A_sigma)));
if rho > maxrho
maxrho = rho;
rhoperm = sigmas(i,:);
end
if  max(real(eig(A_sigma)))>0
result = false;
perm = [perm;sigmas(i,:)];
end

end
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CHAPTER 4

Switching and Feedback

This chapter presents a new paradigm for cooperative control and consensus in
multi-agent networks with switching topologies. We presen t and prove stability
of three algorithms in this framework that make dierent ass umptions on the
overall setting and available information in the network, a nd provide several
simulation results to demonstrate their use.

Chapter contents

4.1 Introduction

4.2 Preliminaries

4.3 Algorithm 1: Complete knowledge of system
4.4 Algorithm 2: System only partially known
4.5 Algorithm 3: Dynamics and controllers

4.6 Extension to asynchronous state updates
4.7 Conclusion

4.A Chapter appendix

4.1 Introduction

The objective of this chapter is to develop a novel cooperatie control scheme that applies
to a very general class of problems. It presents joint work wh Prof. M. Corless and Prof.
R. Shorten and has been published irknorn et al. (20113b). On a very abstract level,
our overall approach may well be interpreted as a switched sstem with an added feedback
loop.

While the overall setting will be introduced properly in Section 4.2 let us brie y state
it here. Consider a system that consists of a large number ofnterconnected agents (say,
a eet of cars with inter-car communication capabilities) t hat all have some form of local
behaviour (driving speed). This local behaviour has both a dcal and global e ect (CO»,
emissions locally, which result in the total emissions prodced by the eet globally). The
objective now is twofold: (i) regulate the global e ect or behaviour of the network (such
as limit the overall emissions) subject to (ii) some additicnal local constraint in the form
of an inter-agent agreement on some quantity of interest tha depends on each node's own
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behaviour (equalise emissions between cars for instance wh depend on the car's driving
speed). This very general setting is encountered in many mer situations, such as:

cooperative charging of electric vehicles in smart grids
(global constraint: total power available, local constraint: charging time);

regulation of in ation in economic networks
(global constraint: in ation, local constraint: inter-ba nk interest rates);

distributed Quality-of-Service control in cloud computi ng applications
(global constraint: total bandwidth, local constraint: server load, seeStanojevi¢ and
Shorten 20093;

thermal aware load balancing in large data centres
(global constraint: total work load, local constraint: server temperatures)

Clearly, while cooperative control and the control of netwaked systems are active topics
of research across various disciplines, many fundamentabgstions remain unanswered. Our
objective in this chapter is to provide a new cooperative cotrol paradigm that addresses
problems of this type. To do this we exploit the fact that there is usually a non-unique
solution to the global regulation problem. In the CO, emissions example for instance,
the aggregate emissions are just the sum of the individual eresions and hence there is
no unique distribution of individual contributions that re sults in one particular amount of
global emissions. Indeed, the key idea will be to use this dege of freedom to solve the
global regulation problem while at the same time ful lling some additional local constraints.
For example, in each of the above applications, not only do weseek a certain global
behaviour, but we also require some level of inter-agent faness (in the CO, example for
instance we wish to regulate CQ emissions such that each car is equally polluting).

The idea of inter-agent fairness or agreement immediatef brings about the notion of
consensusand coordination in multi-agent networks. However, as discussed in the liteature
review, most of the work in this area assumes bi-directionatommunications (undirected
communication graphs) between agents, often does not catdor time changing topologies
in the communication network, and, in many cases, does not atsider dynamics involved in
state changes (or only very speci c types of linear dynamicgor speci ¢ applications). Most
importantly, however, while many consensus schemes will ccectly produce an agreement,
it appears little work has been done to control and use this cosensus value in order to
in uence the overall network behaviour and achieve some fan of common goal .

Contributions

In the present work we thus not only attempt to be free of thesecommonly made assump-
tions in particular the graph symmetry assumption upon whi ch much of the underlying
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mathematical machinery of the previous work is based but ai m at additionally in uenc-
ing the consensus value reached in order to meet a global olmjive. To achieve this, we
start with a classic consensus scheme, but add an external jiut to regulate the consen-
sus value according to a global performance measure that depds on the entirety of the
network's states. Our results will be applicable to a wide range of situations, in particular
when only limited knowledge about the network is available.

Structure

The remainder of this chapter is structured as follows: The mext section will introduce
the problem setting more concretely and de ne some necessanotation and assumptions.
This is followed by three algorithms and convergence proofthereof (together with a num-
ber of comments and simulations) that give a solution to the poblem making di erent
assumptions on the problem setting. These form the main contbutions of this chapter.
Finally, after extending our results to the case of asynchraous communications, we will
draw some conclusions, discuss open questions and suggesing future directions.

4.2 Preliminaries

4.2.1 Overall setting and problem statement

We consider the following situation. In a network with n > 1 agents or nodes and a
number of directed communication links' that may change over time, each nodei has
a physical state (or just state) that it can change, either directly or indi rectly through
certain dynamics. Furthermore, associated to each node islso what we call autility value :
This value directly depends on the node's physical state andepresents some particular
guantity of interest that is somehow related to, but usually di erent from, the physical
state. This dependence is given by each nodelgility function , which is generally assumed
to di er between nodes.

Additionally, we de ne a certain global valuethat depends directly on all the nodes'
physical states; this dependency is given by theglobal function. By suitable means of
communication (or decentralised estimation) either all or just some nodes in the network
have access to this global valué. Finally, we assume that the agents (locally) share their
current utility value through (directed) communication li nks. This set-up is illustrated
in Figure 4.1 on the next page

1 This could be due to each node broadcasting information abou t its state at regular intervals, and other
nodes in proximity picking up this broadcast but these node s do not necessarily have to communicate
back.

2 That is, either the global value can be measured or estimated locally by the nodes, or it will be
communicated to them by some form of external broadcast (f or instance sent from a base station that
itself can estimate or measure that value).
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Figure 4.1: lllustration of the basic setting. Each node has a state and a utility function
f (r) associated with it which describes the utility value's depatency on the state.

Problem statement

The objective is now for all nodes in the network to reach conensus on their utility values,
while also, jointly, driving the global value to a prescribed, desired value. This should be
achieved in a fully decentralised way, using simple algortims that will operate in a variety
of settings, including non-linear utility functions that a re only known approximately, when
not all nodes have access to the global value and when the seupdates are not necessarily
performed synchronously.

Solutions to the problem

To address this problem setting, we will develop and prove covergence of three dier-
ent decentralised algorithms that are designed to achievehe objectives in three di erent
situations:

() Physical state: No dynamics involved, can be changed instantly.
Utility functions: Must be perfectly known.
Global value: All nodes must have knowledge of.



4.2. PRELIMINARIES 55

(i) Physical state: No dynamics involved, can be changed instantly.
Utility functions: Only lower and upper growth bounds must be known.
Global value: Not all nodes must have knowledge of.

(iii) Physical state: Dynamics may be involved in state change.
Utility functions: Only approximate knowledge required, can be ltered values
Global value: Not all nodes must have knowledge of (but at least one).

Additionally, in each case the underlying communication ndwork can be directed and
time varying, both the utility functions as well as the global quantity's dependence on the
network states can be non-linear, and the state updates in te network must not necessarily
be performed synchronously (in other words, asynchronousmnmunications are covered by
our approach as well).

4.2.2 Notation

Our problem setting is best described using typical notionsfrom graph theory, Harary

edge set representing the (directed) communication links aitime k =0;1;::: between the
nodes. We shall always assume that each node can also commeatie with itself, i. e. there
is always a self-loop on each node. The overall directed graplescribing the communication
structure of the network at time k is the pair G = (V;Ax), where we explicitly assume
that the communication links may change over time, but not the node set. The set of (in-
)neighbours of nodei is called Nk(i); it contains all the nodesj that can send information
to nodei (which also includes nodei itself), i. e. Nk(i) =fjj(@;i)2Axg. Inaslight abuse
of notation we then de ne the graph's adjacency matrix A as follows: a(k” ) =1 if i 2N k(i),
and af(” ) =0 otherwise. Strictly speaking, this would be the transpose bthe adjacency

matrix as de ned in the standard literature. Similarly, we s ay that G, is the graph of a

The network is called connected(in the literature also referred to as strongly connected
if there exists a path from every node to every other node in tle network, respecting the
orientation of the edges. This is the case if and only if the aghcency matrix is irreducible
(Horn and Johnson 1985 Theorem 6.2.24). We shall either assume in the following tht
all networks dealt with are strongly connected, or, if this is not the case, we use the concept
of joint connectivity: A set of graphs is called jointly (strongly) connected if the union of
those graphs is (strongly) connected®

A matrix P 2 R" " is called row-stochastic if all its entries are non-negative and all
its row-sums equal one, in other word(1)  0and P 1 = 1. Similarly, row sub-stochastic
matrices are de ned to be real valued, non-negative matrice whose row-sums are less than

3 The union of a set of graphs on a common vertex set is de ned as t he graph consisting of that vertex
set and whose edge set is the union of the edge sets of the constituent graphs.
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or equal to one (but with at least one row-sum strictly less than one). A strictly row
sub-stochastic matrix is a row sub-stochastic matrix whereall row-sums are strictly less
than one.

Let r,((i) 2 R be the physical state of node i at time k wherek = 0;1;:::, so that
ri forms the state vector of the network. Nodei's utility value t{) 2 R depends on the
physical state via a continuous and strictly increasing utility function f® :R ! R, that
is tf(i) =0 rl((i) . Further properties of the utility functions (such as inver tibility) will
be assumed where necessary. Note that for convenience we Iwdften write the utility
functions in vector form, i.e. we usery = f (tx) to representtﬁi) =0 r,((i) for eachi.
Furthermore, let g: R" ! R be aglobal function that depends on all the states, which
we assume to be element-wise strictly increasing. Desiredcalues are usually denoted with
subscript asterisks, so that, for example, the desired vale for the global function is always
denoted by g . Based on this desired value, the solution to the problem thg consists of a

vector r for which f ¥ r =t forall i and or )=g.

4.2.3 Growth conditions

Throughout we shall assume that the utility functions and th e global function are contin-
uous and satisfy the following growth conditions

Assumption 4.1 (Bounded growth rates)
There are positive constantsd(”; d(); h(): h() such that

FO(ra) £0O(ry)

d® — d forall ra;rp2 R with r4 6 rp, (4.1a)
a b
h® o(r + reri) 9(r) h forallr 2R"andall r2R with r60
(4.1b)
foralli=1;:::;n

Loosely speaking, the growth conditions require the utility functions to be strictly increas-
ing with a rate that is bounded away from zero and upper bounde; the global function
must also be strictly increasing with a non-zero but also upr bounded rate coordinate-
wise.

4.2.4 Feasibility and existence of unique solution

Before presenting our main results we need to rst show that hdeed a unique solution to
the overall regulation problem exists. As we show next, the gistence of such a solution is
guaranteed by the above growth conditions.

First, we note that the conditions on the continuous utility functions guarantee that
they are strictly monotone increasing and unbounded; hencesach utility function has a
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continuous inverse' () so that
OOy =r  and O Oy =t (4.2)

for all tr 2 R. Let ' (t) := *@@W)::::: MM) T denote the inverse off (t).
Furthermore, with t =t 1 de ne

(t)=g"(t) =9( (t1) (4.3)

In order for our problem to have a solution, it is thus necessey and su cient that the
equation (t )= g has a solution fort for all g , that is, the function is invertible.
When a solution fort exists, the solution for the state vector is given byr =" (t 1).
We now show that, as a consequence of the growth conditionshe function is indeed
invertible. Using the result in Section 4.A.1 on page 8Pwe obtain that, for any t;;tp 2 R,

(ta) ()= 9" (tal) g’ (tpl) (4.4)
4 h() . hi
= (i) = (i)
= 1 cta  tp) where q0 c F o) (4.5)
1= e
From this it follows that  satis es the growth condition
0<c M c for all t3;tp 2 R with t; 6 tp (4.6)
a b
where
X R X p)
Q_ - d(—l) a.nd c= - d(—l) (47)
1= 1= -

Satisfaction of the above growth condition implies that is invertible, hence, our problem
always has a unique feasible solution.

With all these de nitions given we are now ready to derive the main contributions of
this chapter. At the heart of each of the algorithms presental in the following sections will
be a recursive update law according to which the nodes are todjust their physical state.
We would like to emphasise the fact that these update laws inded represent a decentralised
approach they only require locally available information from neighbouring nodes, and
the global term (which is assumed, ideally, to be estimatedn a decentralised fashion as
well).

4.3 Algorithm 1. Complete knowledge of system

The rst algorithm provides a control law that will be suitab le for situations where the
utility functions are invertible functions and are perfectly known to the designer. Situations
like these are encountered, for instance, in the computer eomunication networks space,
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Stanojevi¢ and Shorten(2009. Also, the value of the global function must also be accesble
to all nodes at all times.

Before stating it, let us present the following lemma which will simplify the proof of
our main result.

Lemma 4.1 (Consensus with common input)

Let Px 2 R"™ " be a sequence of matrices taken from a nite set of primitive, rev-
stochastic matrices with strictly positive main diagonal enties, and # x;k a sequence of
real numbers.

If x¢ = xf(l) R x(kn) T evolves for somexy=p = Xo 2 R" according to
Xk+1 = PuXk + # Xk;k 1 (4.8)
then the elements ofxy will approach each other over time, that is

Jim xW X =0 (4.9)

Proof Fork 1, dene

1

Xk = k1l where K = # x(i);i (4.10)

i=0

Since Py is row-stochastic,

PkX‘k = Pk kl = kPk]—: k1: Xk (4.11)
Hence

Xrel = X+ # Xok 1

= Pex+ # Xk 1 (4.12)

Letting yx = Xk X, it follows from (4.8) and (4.12) that yx+1 = Pxyk. Since all
the Py are taken from a nite set of primitive and row-stochastic matrices, there exists a
constant scalar# such that

kI!llm yk = #1 (4.13)

see for instanceHart el (1998. This means that ask ! 1 |, the elements inyy approach
a common value,#. Sincexy = yx + 1 the desired result follows.
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4.3.1 Main result

The basic idea of the following algorithm consists of runnimg a classical consensus scheme
directly on the utility values with an additional global ter m added in each node. The actual
required state update is then calculated ( reverse enginged ) from these new utility values
using the inverse utility function.

Theorem 4.1 (Algorithm 1: Complete knowledge of system)

Consider the standard situation as described in the Notatiorsection and assume that
the utility functions f () and the global functiong are continuous and satisfy the growth
condition. Furthermore, assume that each node, using the inuse of its utility function,
can calculate its physical state corresponding to a particulautility value.

For any initial condition rx= = ro 2 R", and any sequence of strongly connected
communication graphs, suppose that the nodes iterativelypaate their physical states based
on

W= @ @+ g g0 (4.14a)
jon (D
rd = ) (4.14b)
for some
0< < nll and 0< < % (4.15)
Then, the physical state vectorr , converges asymptotically tor for which f () r® =t

foralliandg(r )=g.

Proof The control equation (4.14a) can be expressed as

tker = Sktk+ g g’ (tk) 1 (4.16)
where
8 P o
5 1 ion O ifj=i
s = ifj 2N 4.17)
'§ 0 otherwise

Clearly Sy is a row-stochastic matrix. The bounds in(4.15) on guarantee that, for
all i, the elementssf(") and s(k” ) are positive forj 2 N k(i). Thus the graph corresponding to
Sk is the (strongly) connected communication graph at time ste k; this implies that Sy
is irreducible. Furthermore, since the main diagonal entres of Si are all strictly positive,

this matrix is primitive (Horn and Johnson 1985 Lemma 8.5.5). Noting that the number
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of strongly connected graphs onn nodes is nite, it follows that all the Sy matrices are
contained in a nite set.

Having shown these properties of theS matrices we can now readily applyLemma 4.1
which guarantees thattﬁi) t(kj) I 0ask grows. Considering the fact that in any practical
implementation of this algorithm quantisation e ects will inevitably occur, this implies
that the evolution of each utility t(") will eventually be described by

tker =kt 0 g' (tkl) (4.18)

f (2 )
=1 (tk)

It is well know that such one-dimensional iterated maps havea unique and globally asymp-

totically stable xed point t = (t ) if

(ta) (tb)

<1 4.1

forany ty;tp, 2 R andt, 6 tp, Hilborn (1994). So let us determine suitable bounds for so
that the above inequality is satis ed and the system will indeed converge to a xed point.
Considering anyt,;t, 2 R with t; 6 t,, we have

(ta) () =ta tp (ta) () (4.20)
where (t)= g ' (t1) . We have already shown that

0<c M C (4.21)
ta tp

from which the following bounds can be established

S S G U R (4.22)

ta tp B

Thus, condition (4.19) holdsif1 ¢> 1,thatis, < 2=cwhich is one of the hypotheses
of the theorem. Convergence of the one-dimensional syste(d.19)to t corresponds to all
the utility values of all nodes converging to the same valuet ; since (t ) =t can only
be the case ifg ' (t 1) = g, we obtain the result that g(r ) = g wherer”) = f ()t ),
i. e. the original system converges to the desired solution.

This concludes our proof of Theorem 4.1

Comment  The control law (4.14a) has two components: One aimed at achieving con-
sensus on the utility values, the other at regulating the gldal value. In order to make
this control law easier to understand and implement we suggeted a rather speci ¢ form
for the consensus part it only involves one parameter (the gain ) together with the
summation over the di erences of utility values. As we stated earlier, the bounds on the
gain are used ensure that this formulation results in primitive, row-stochastic averaging
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matrices Sk so that Lemma 4.1can be applied. Clearly, this speci ¢ formulation does not
necessarily have to be used, an@heorem 5.10n page 97in the next chapter, whose claims
are similar to Lemma 4.1, would allow for a much broader class of averaging schemes to
be employed. /

4.3.2 Simulations

To produce time varying graphs for our simulations, we made ge of random geometric
graphs with time varying connection radii (or distance parameter9, see Penrose(2003;
Santi (2005. A geometric graph is created by distributing nodes over a & ned area
(typically, the unit square is used), associating a connedbn radius to each nodei and
then connecting it to all the nodesj that lay within node i's connection radius (which
could be thought of as a broadcast radius , that is an area wtin which other nodesj can
receive information from nodei). In all the examples here, each node's physical state is
interpreted as its connection radius? and thus, as the states change so will the network's
topology. All examples use graphs withn = 25 nodes.
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Figure 4.2: Simulation of Algorithm 1.

The global and utility functions used for the simulation of Algorithm 1 were of the
guadratic type, see Section 4.A.2 and Figure 4.8 on page 81 For these functions it is

4 However, if a state is less than 0 or larger than 1:5, it is interpreted as 0 or 1:5 respectively to determine
the graph topology.
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straightforward to determine the growth-bounds as required by the theorem and calculate
the bounds on the gains and used in the update equation.

Figure 4.2 on the previous pageshows the results for a desired global value of =
54, when the network was initialised with a common physical stde of rg) = 0:35 for
i =1;:::;25. The subplots show the evolution over time of the value of theglobal term
(with the desired value marked by the dashed line), the phystal states and the utility
values, respectively. As can be seen, the network quickly eezhes consensus on the utility
values. The general increase in the physical state values driven by the, initially, lower
than desired global value, which then pushes the global vale towards its target value.
The physical states (interpreted as the connection radii fo the underlying communication
graph) remained large enough for the network to be strongly onnected in each time step.

In closing, note that the theorem requires a very precise séing where perfect knowledge
of the utility functions (and their inverses in particular) is required. Additionally, every
node needs to have access to the value of the global term whianay not be possible in
all applications. In that regard, the algorithm and its generalisation developed in the next
section requires weaker assumptions on the setting and thuis relevant to a much larger
class of applications.

4.4 Algorithm 2: System only partially known

In this section we present a second, more general algorithnof consensus and cooperative
control of a global goal, together with an extension (preseted after some simulation results)
that allows it to work even in the case where not all nodes haveccess to the global value.
Also, as shown inSection 4.6 on page 75it can be easily extended further to situations
where the communication network is not necessarily strongl connected (which allows the
algorithm to handle asynchronous communications, or to toérate a certain amount of
communication failures).

441 Main result

The implementation of this method only requires limited knowledge of the utility functions
as well as the global function. By limited, we mean that only the growth bounds need to
be known, not the actual functions itself.

Theorem 4.2 (Algorithm 2: System only partially known)
Consider the standard situation as described in the Notatiorsection and assume that
the utility functions f () and the global functiong are continuous and satisfy the growth
condition. For any initial condition ry=9 = ro 2 R" and any sequence of strongly connected
communication graphs, suppose that the nodes iterativelypaate their physical states based
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on
(o=l T @.23)
jon
where
8
< : . : ]
r if k+1 is a multiple of M :=n 1
.= g 9(rks1 wm) | p (4.24)
otherwise
and there exist constants’s;"2; ; > 0 such that
; ) X . 1
) for joN; and () o) "y (4.25)
jon (D
and
o< 0 (4.26)
Then, if > 0 is suciently small, the state vector ry¢ converges asymptotically to the
vector r for which f ¥ r =+t foralliandg(r )= g .
Proof Using the growth properties of the utility functions, we have
)t =g D where  0<d® d dD: (4.27)
Hence, multiplication of update law (4.23) by d(ki) results in
) =t + o G40 @y g O (4.28)
jon )
that is,
(O, = s+ T s g O (4.29)
jon (D
where
8
P .
(i) ) s —
) 51 dkl j2N lEi) k'J Ifj =1
SE(IJ ) = d(kl) |((IJ ) if J 2N k(l) (430)
-0 otherwise
Using the result in Section 4.A.1 on page 8&gain, we obtain that
g9 9k wm)=g (t) 9 (awm) = ot t, (4.31)

i=1
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where
h 4y h®
0< Fo) C, g(—l) (4.32)
This allows us to rewrite Equation (4.28) as
8
Skt t t if k+1 is a multiple of M
fes = Ktk Qur(ti ™ ) p (4.33)
© Sktk otherwise
where, for eachi =1;:::;n,
0‘((ij) — f(i)df(i)cf(j) (4.34)

Since Skt = Sglt = 1t =t , we subtractt from both sides of (4.33) and de ne
tk == tx t to get the following reformulation of (4.23)

< . . .
Sk t t if k+1 is a multiple of M
foy = ¢ o Q Tew P (4.35)

- Skt otherwise
We can now use this expression to show that tx converges to the zero vector which,
of course, implies that the states converge to the desired adation of the problem.
If the system starts at k = 0 then, after M iterations, Equation (4.35) results in

=:S
z )|
tM = Sn zsn 311180 to Qn 2 to (436)
= So Q 2 to (437)
17 27" %
=Zo
and after anothern 1 steps
ton2=S1 th1  Q2nz th1 (4.38)
= Zl tn 1 (439)
In general, forl =0;1;:::, we have
tiym = Z1 tim (4.40)
where
Z1=S  Quuywm 1 and  S; = Sguay(n 1) 1:::Sin 1) (4.41)

The evolution of the ty vectors is thus governed by the product ofZ, matrices, at
which we must hence take a closer look.

To this end, we rst show that the S, matrices are row-stochastic and positive. To
do this we rst show that the Sy matrices are primitive and thus fully indecomposable
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row-stochastic matrices whose non-zero elements are unifaly bounded away from zero.
It is clear from (4.30) that Sy is a row-stochastic matrix. Now note that
. X . X . ‘
sih=1 d S ¢V de>0 (4.42)

jan ) jan D
Also, whenj 2 N k(i) we have
sU) = g @) g gn >0 (4.43)
where

d:=min d¥ and  d:=max dV (4.44)
I I

The above positive lower bounds on the elementsﬁ” ) for j 2N k(i) imply that the graph
corresponding to Sy is the (strongly) connected communication graph at time ste k.
Since the diagonal elements ofS¢ are positive this implies that Sy is primitive (Horn
and Johnson 1985 Lemma 8.5.5). Applying Theorem 2.2 of Brualdi and Liu (1997
we can thus note that Sy is fully indecomposable for allk. However, a product of the
n 1 fully indecomposablen n matrices yields a strictly positive matrix ( Hart el , 2002
Corollary 2.5) and hence theS; are all strictly positive (row-stochastic) matrices.

We now obtain a lower bound on the elements of even,. It follows from (4.42) and

(4.43) that the non-zero elementss(kij ) of Sk must satisfy

) n o
s smin where  Smin :=min  d"; d® ", dM, (4.45)
Since each element 08, is the sum of a number of positive terms, where each term is the
product of at most M elements ofSy matrices, andsyin 1, we must have
s(ku ) (Smin )™ =" Smin (4.46)
for all i;j and k.
Regarding the Q« matrices, it follows from (4.34) that, for all k,

h() h()

- (i ) n’

0<d = Go % 40 (4.47)
or

0<dmn & G (4.48)
where

. h® _ h(®
Gnin = d = min 90 and  gnax = dmax F0) (4.49)
Thus, provided
. . M
0< Smin - (Smin ) (4.50)

Omax Omax
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every Z, matrix will be non-negative; furthermore, since S; is row-stochastic the row sum
of every row of Z, will be bounded above by

=1 Qmn <1 (4.51)
This implies that the Z, matrices are strictly row sub-stochastic and thus satisfy

kz, tky k tky (4.52)
wherek k; denotes the usual maximum-norm. It now follows from(4.40) that

K tasymKe K tim Ky (4.53)
for all I; hence

k tmk 'k toks (4.54)

Since eachSy matrix is non-negative and row-stochastic, it satis eskSy tk; Kk tk; ;
hence

K tiks 'k toky when IM k (+1)M 1: (4.55)

Thus ty converges to zero ak goes to in nity.
This concludes the proof ofTheorem 4.2

Speaking loosely, an implementation of Algorithm 2 would l@k as follows. In each time
step, a node listens to the utility values broadcast by othernodes in the vicinity, and also
broadcasts its own. It then takes the weighted average of thee values and updates its own
physical state. If additionally the time step is a multiple of n 1, it would also listen for
the global broadcast of the global value (or the node estimats it, if this is possible in the
application), and stores this value. At the same time, it fetches the global value fromn 1
iterations ago and incorporates it in the state update.

Let us now provide some simulation results of this procedure

4.4.2 Simulations of Algorithm 2

For the simulations of the algorithm based onTheorem 4.2 which are shown inFigure 4.3
on the facing page we used piecewise linear utility functions; the global furction was
selected to be of a ne form, see againSection 4.A.2 and Figure 4.8(b) on page 81 The
parameter bounds were chosen within certain bounds based owhich the growth-bounds
as required by the theorem were derived.

As described inTheorem 4.2 the states only incorporate the value of the global term
everyn 1= 24 time steps. These updates are marked by the dashed, verticdihes in the
second subplot.
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Figure 4.3: Simulation of Algorithm 2.

While in each time step the averaging scheme pulls togetherhte utility values, each
update with the global term pulls them apart again (but bring s the global value closer
to its desired value). As the targeted value is approached, bwever, the in uence of the
global term gets smaller and smaller and eventually the aveaging scheme brings a lasting
consensus to the utility values, at a point where the global erm has reached the desired
value.

4.4.3 Extension when access to the global term is limited

The previous result assumes that all nodes always have acee® the global value when it
is needed. In order to make our results also relevant to apptiations where this assumption
may not always be practical or possible to guarantee (for inance in the presence of
communication failures), we provide the following corollay to Theorem 4.2 It relaxes
the assumptions to the more general setting where not all noéls have access to the global
term. In fact, it is su cient for only one single node to have access to the global value.
This special node could for instance be placed in a strateig position where it can either
measure or determine the global value its, or receive from arexternal source ( bridge
node ).

To model this more general scenario, consider any time steg where the global term
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rate the global term in their state update at time k. Then, recalling the original algorithm
in (4.23), the more general algorithm under consideration is modelle by

L L O (456)
jon (D
where
8
i r if k+1 is a multiple of M = n landi 21
M= g 9(rks1 m) p k (4.57)
otherwise

forall k =0;1;:::. We have now the following result.

Corollary 4.1 (Restricted access to global term)
The results of Theorem 4.2 on page 62still hold when not all (but at least one) node
includes the global term in the state update whenever it is raged.

Proof The proof of the corollary is almost identical to that of Theorem 4.2 only some
small modi cations are needed. Proceeding as before, the gbrithm can still be described
by (4.35) where Si is the same as before and the rows d corresponding to the nodes
which update with the global term at k are the same as before; however the rows of
Q« corresponding to those nodes which cannot incorporate thelgbal term at k are zero.
Thus Qg is not necessarily strictly positive. However, since the asumptions of the corollary
guarantee at least one positive row, theZ, matrices de ned in (4.41) will still be row sub-
stochastic but not necessarilystrictly row sub-stochastic (as they were under the hypotheses
of Theorem 4.2.

However, as we show now, products of the fornz .1 Z, are strictly row sub-stochastic.
To this end suppose thatA;B 2 R" " are positive, row-stochastic or row sub-stochastic
matrices, and at least one row-sum inB is strictly less than one. We show that then
the product AB must be strictly row sub-stochastic. Letb = B1 andw = AB 1 be
the vectors containing the row-sums ofB and the product AB respectively. SinceB is
row-stochastic or sub-stochastic, we havéfl) 1 for all j and, by assumption, there is at
least onejo for which bi°) < 1. Sincew = AB 1 = Ab, it follows from the de nition of
the matrix prgduct that for each i =1;:::;n, wt) = = [ al)Hi). As all elements in A

are positive, _, a) 1,60 1forall j and b0 < 1, we must have

w) = ati) ali )(1 b(l))
i=1 i=1
1 gl o)(l b(jo))
<1 (4.58)

In other words, the product AB is strictly row sub-stochastic.
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Using (4.40) we obtain that for | =0;2;4;:::,
tigym = ZinnZy tim (4.59)

Since the elements of each matrixZ, are uniformly bounded away from zero and each
matrix has at least one row whose sum is uniformly bounded abee by a number less
than one, it follows that the matrix product Z,.; Z, is positive, strictly row sub-stochastic
with row sums uniformly bounded above by some < 1. As demonstrated in proof of
Theorem 4.2 one can now prove again convergence ofty to zero.

This concludes the proof ofCorollary 4.1.

Simulations of this extension to Algorithm 2 where only a smal number of nodes have
access to the global value are given irBection 4.6.3 on page 7.7

We shall now move on to our third main result that makes even less assumptions on
the utility functions.

4.5 Algorithm 3: Dynamics and controllers

While the third proposed algorithm shares some similarities with the previous two, it di ers
conceptually from them in that it is more abstract, modular and allows di erent nodes to
use di erent controllers to adjust their physical state. In fact, the combination of controller
and utility function (the control loop ) may even have a dyn amic behaviour, and can be
heterogeneous (that is, dierent nodes may use completely icerent controller types or
utility functions).

The following approach can be interpreted as decoupling he adjusting of the physical
states (control action) from the iterative calculation of target utility values that are
designed to converge to the actual solution of the problem. A is the case with the previous
two algorithms, this algorithm is also intended to be implemented in a fully decentralised
way.

Concretely, we envisage the following structure: First, ina distributed averaging step
the current utility values are averaged using some distribued averaging scheme. To this,
if k is a multiple of M = n 1, a term i((i) which is proportional to the error between
desired global value and actual global value is added. Thisiglds the target utility values
£t

O L (450
jon

whereA, = all) represents the distributed averaging scheme, " is as de ned in (4.57)
for Algorithm 2 and > O is a su ciently small gain which is to be determined.
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Figure 4.4: lllustration of the interplay of calculation of the target utility values t~and

the control action to adjust the physical statesr accordingly.

Each node then passes its target utility value to its controler, which (over a certain
nite time span) manipulates the physical state r(1) in order to drive the node's utility value
toward its target value. After that control action, new targ et values will be calculated based
on the resulting new utility values as well as the value of theglobal function, and so on.
This interplay of calculating the target values and then adjusting the states accordingly is
shown in Figure 4.4 above.

To leave this third approach as modular as possible, we will ot specify any specic
averaging scheme or controller type. All that will be required for convergence is that
it must be possible to express the averaging scheme as multipation by row-stochastic
matrices with non-zero entries uniformly bounded away fromzero, and that the controllers
reduce the control error to within some speci ed range.

451 Main result

As for the previous two algorithms the questions is again: Des there exist a gain such
that the resulting system is stable and converges to the destd solution?

Theorem 4.3 (Algorithm 3: Dynamics and controllers)
Consider the standard situation as described in the Notatiorsection and assume that

the utility functions f () and the global functiong are continuous and satisfy the growth
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condition. Suppose that the communication structure of the etwork allows it to run a
distributed averaging scheme on the utility values. Furtherme, each node is assumed to
use a controller that is designed to adjust the node's physit state in such a way as to
drive its utility value towards the target utility value.

If the averaging scheme can be represented in each time step asnon-negative row-
stochastic matrix Ay whose graph is strongly connected and with all non-zero elemts
uniformly bounded away from zero by some> 0, and if the controllers guarantee

PR SR P R O ) (4.61)
in each control phase for some constant (); () which satisfy
=1 )< O W<q (4.62)

then a positive gain can be found for any initial condition rx=p = ro So that the system
converges toty ! t Landg(rk)! g.

Proof We will show that any algorithm under consideration here canbe reduced to one
considered inCorollary 4.1. Satisfaction of the inequalities in(4.61) is equivalent to writing

tﬁ'ﬁl l”|£|+)1 = |(<|) t(kl) r|§|+)1 with _0 |(<|) M (4.63)
that is,

@=ts 1 0@l ) (4.64)

Recall that
t(i) — i) (i) X (i1 ) +(4) (i)
kel = &G ac Tttty (4.65)
jon

SinceA . is row-stochastic, we must haveal") = 1 P 5 all) and hence

k ] eak - ]ZN k(') ak

l’(i) (i) — X (i) r+3G) (1) (i)

ka1 = ac (te’ t)+ (4.66)

jon ()

Recalling (4.64) now results in

NO)

Do=e e P 67)

jon (D
where

(=1 Mgl and =@ O (4.68)
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Thus the algorithm is an example of those considered in condered in Corollary 4.1. We
now show that the hypotheses ofCorollary 4.1 hold. Firstnote that '’ (1 @) > 0;

hence
) .o N () °
K 1 where 1= min (1 ) >0 (4.69)

We also note that

X ) X )
=g all) (4.70)
jon jon (D
_ (i) (i)
= 1 1 a 4.71
A @.71)
1 _M 1
1 +_Oa ) (4.72)

Since + M@ )> o0forj 2N, we obtain the desired result that

X ; )
) 1 ", where ";= +(1 ) min _M >0 (4.73)

jon
We also obtain that

0< " (4.74)

where
n 0 n 0
= mn 1 © and = max 1 _O (4.75)

So, clearly, can be made su ciently small by choosing su ciently small. Application
of Corollary 4.1 concludes the proof 0f4.3.

Comment Itis easy to see that the lower bound in(4.62) is automatically satis ed if the
controllers are designed to produce no overshoot. By no ovehoot we mean speci cally
that during each control phase the utility values never exced the target values, in other
words if for instancet(ki) < r‘k('fl then the utility value during that control phase will always
be less than or equal t0f|fi+)1 . /

4.5.2 Simulations of Algorithm 3

The set-up used for our simulations of the third algorithm was the following. In a network
on n = 10 nodes the global functions were again of a ne type (as for thesimulations of
Algorithm 1), the utility functions, in turn, were of quadra tic type (as for Algorithm 2).
The averaging scheme in this example was based on random, stigly connected row-
stochastic matrices with non-zero entries uniformly bounad below by = 0:02
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The controllers used were discrete-time implementations DPID and Pl controllers,®
randomly assigned to nodes,Visioli (2006. For both controller types the parameters
were tuned as to guarantee that the resulting closed loop sysm would not produce any
overshoot. The gains in the PI controllers were intentionaly reduced somewhat in order
to produce a slightly slower step response and increase theeterogeneity between the
controllers.

0:51
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r
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0:5 | I I I I I I I
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Controller time step k¢

Figure 4.5: Step-response of the closed loop control part in the simulath of Algorithm 3.

As for the plants (that is, the physical state updates) we chse rst order low-pass
Iters (see for instance Oppenheimet al., 1996 with randomly chosen smoothing parameter
2 [0:55; 0:85]to simulate a system were the physical state cannot be changeinstantly. ©
To illustrate the behaviour of the resulting controller-pl ant combination (together with

the non-linear utility functions), a step response of the cbsed loop system is shown in
Figure 4.5 above: The system was initialised with a physical state distibution such that
all the utility values would be equal. At k. =10 the target utility values were then set to
tt) = 4:5. While the rst two subplots showing the global value and physical states are not
of particular interest here, the third subplot clearly reveals the two groups of nodes
those with the slower PI controllers and those with the faste PID controllers. At k; = 30

5 For easier implementation, we used the velocity formulati on, that is the output of each controller is
calculated recursively with: u(ki) = u(ki) 1+ kp e(ki) e(ki) . t ki e(ki) + kg e(ki) ZeS) .t e(ki) , - Forthe
PID-controllers, the parameters were set to  kp = 0:10, ki = 0:09 and kq = 0:03; for the PI-controllers in
turn, kp =0:02, ki =0:05and kg =0.

6 Speci cally, the new states were calculated as rf(izl = (‘)u(ki) +(1 (‘))rf(i).
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(that is, after 20 control iterations), the error between actual utility value and target value
relative to the initial value is less than 0:1% for each node.

While this observation does not guarantee that the control eror is less than 0:1% at
the end of every control phase (since the system is not necessarily in steaestate at the
beginning of each control phase) it is still reasonable to aaume that the error is reduced
su ciently in order to guarantee the bounds (4.62).

This closed loop based on 20 control iterations was then alsosed in the actual simu-
lation of a system operating according to Algorithm 3, shownin Figure 4.6 below.

The dashed vertical lines in the third subplot indicate eachtime a new target utility
value was calculated. The global term was incorporated evegr(n 1) 20 = 180time steps.
Again, consensus is reached on the utility values and the glml term reaches its target
value ofg = 0:44 as desired.
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Figure 4.6: Simulation of Algorithm 3.

To round o this chapter, we note that until now we have only considered networks
where the state updates are all performed in a synchronisedaghion. That is, for a given
time step k, the nodes rst exchanged all the relevant state information with each other,
and then, jointly, performed the update based on the state ifformation at time k to reach
the new state value atk + 1. However, this perfectly synchronised way of performing tte
updates may not always be easy to implement, or even guaranteat all. The next and
nal section of results in this chapter is to remedy that situ ation.
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4.6 Extension to asynchronous state updates

We now extend our above results to asynchronous communicains and state updates by
no longer requiring the communication graphs representinghe information ow in the
network to be strongly connected in each time step (as above)but rather only jointly
strongly connected over time, with a xed and constant time horizon m 1. In other
words, it is only required that the union of any m consecutive graphs taken from that
sequence must yield a strongly connected graph. That way, th communication between
nodes can be staggered out, with nodes updating their sta right after they have received
information from a neighbour, rather than having to wait unt il they have received the
states from all their neighbours and until all the other nodes are also ready to perform
the (synchronised) update.

In each of our three results above, the update equations (orheir transformed versions
in the proofs) contain a consensus term based on row-stochtés and primitive matrices.
In case of asynchronous updates, these matrices would alsce brow-stochastic, but not
necessarily primitive. Rather, they would contain a number of rows that only have a
1 in the main diagonal entry and O everywhere else (correspaling to nodes that have
not received any state information from any other nodes). The key idea of the following
extension is that non-zero elements in these matrices do notget lost (thanks to the
positive main diagonals); only new non-zero entries can apgar. Hence, intuitively, all one
needs to do is wait long enough until eventually these matices become primitive. This
is laid out in detail in the following sub-sections, with which we shall close this chapter.

4.6.1 Asynchronous version of Algorithm 1

Corollary 4.2 (Algorithm 1, asynchronous updates)
The results of Theorem 4.1 on page 59still hold if the sequence of communication
graphs is jointly strongly connected over some nite and cosetant time horizon m 1. __

Proof Recall that Algorithm 1 given by Theorem 4.1can be written as
tker = Sktk+ g 9(rk) 1 (4.76)

The proof of that theorem relied on the convergence result gien by Lemma 4.1on page 58
the proof of which in turn required a sequence ofrimitive matrices so that Theorem 1.9
of Hart el (1998 could be used.
Now, in the case of only jointly strongly connected graphs, pimitivity of individual

Sk matrix cannot be guaranteed. Rather, we need to interpret the product of the S
matrices asblocks of m matrices multiplied together, since only these sub-produts yield
primitive, row-stochastic matrices (thanks to the main diagonal entries in each matrix Sk
being strictly positive). Additionally, since there are only nitely many possible graph
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topologies onn nodes, there can only be nitely many di erent m-blocks of Sy matrices,
which implies a uniform, non-zero lower bound on the non-zey matrix elements in all these
m-blocks. Both properties make the use oLemma 4.1 0n page 58possible again to show
that, ultimately, system (4.16) converges to a scalar system. The rest of the proof then
follows again the lines of the proof ofTheorem 4.1

4.6.2 Asynchronous versions of Algorithms 2 and 3

Corollary 4.3 (Algorithms 2 and 3, asynchronous updates)

The results of Theorem 4.2 and Corollary 4.1 still hold if the sequence of communication
graphs is jointly strongly connected over some nite and costant time horizon m 1,
provided M = n 1is replaced withM = m(n 1).

Proof Only a small modi cation to the proof of Theorem 4.2and Corollary 4.1 is needed
to show the above result. Fork =0;1;:::, let

Sk = Simayk 1°°" Sgm 4.77)

Since all the Sy matrices are non-negative row-stochastic matrices with gictly positive
diagonal elements, each matrixS, is row-stochastic, has positive diagonal elements and
its graph corresponds to the collection of communication gaphs from time step Rm to
(m+1)R 1. As any collection of m consecutive graphs is assumed to be jointly strongly
connected, it follows that S, is irreducible, and since it has positive diagonal elementst is
primitive and thus fully indecomposable. The algorithm under consideration still satis es
(4.40) where

S| = S(|+1) M 1..:Sm ; (478)
However, hereM = m(n 1). Thus,
S = Sy n 1 10 Sin 1 (4.79)

Having established the above properties of theS, matrices, the remainder of the proof
follows Theorem 4.2or Corollary 4.1.

Comment  The generalised forms of Algorithm 2 given by Corollaries4.1 and 4.3 are
designed to tolerate certain communication problems. In tle case ofCorollary 4.1 this
robustness is achieved at the cost of very small gains(!) on the global term; see(4.50).
Observing (4.51) and (4.55) it is not dicult to see that smaller gains produce slower
convergence.

However, various simulations using su ciently general graphs (rather than patho-
logical cases like the directedn-cycle) have shown that those gains can, in fact, be set
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signi cantly larger than required by the theoretical results above, which suggests that
these bounds are loose and may be improved on. /

Our third algorithm can also be modi ed to accommodate for ag/nchronous communi-
cations in the same manner as described above; simply Il = m(n  1).

4.6.3 Simulations of the extensions of Algorithm 2

The communication graphs in the previous two simulations wee, by design, all strongly
connected. For the simulations of the modi cation of the seond algorithm as presented
in the corollary, we also used state-dependant disc graph&ut randomly removed, in each
time step, a number of edges in order to deliberately disconect the graphs. The amount
of edges removed (in average 75% of the edges), however, wagperimentally chosen in
order to guarantee (almost always) that every set ofm = 3 consecutive graphs would form
a jointly connected graph, as required by the corollary. Thus, the updates using the global
term were performed only every3(n 1) =72 time steps.

0:65

g(r)

0:62 - i

0:59
1:2

0:7

| | | | | | | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Time step k

Figure 4.7: Simulation of Algorithm 2 (corollary).

Additionally, we also randomly prevented nodes from accesdsg the value of the global
term (in average, only 25% of the nodes were allowed to use thglobal term during at each
global term update step).

The results from the simulation under these harder conditims are shown inFigure 4.7
above and closely resemble that of the previous case. Due td¢ less frequent updates,
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however, convergence to the desired global value takes muébnger but is achieved nonethe-
less.

4.7 Conclusion

Consensus problems have attracted a large amount of attenbin in recent years. The
present chapter's contributions in that area are three fully decentralised cooperative control
algorithms that not only allow a network to reach consensus gher directly or indirectly
(that is, with or without utility functions involved), but a Iso enable the nodes in the
network to cooperate and achieve a global, common goal that €pends on the aggregate
behaviour of the network.

Our rst result concerned the well-controlled case where the utility functions and their
inverses are perfectly knowna priori. The nodes then use the inverse utility functions to
calculate the state updates.

The second contribution consisted of an algorithm that requres less precise knowledge
of the problem setting and involved functions. All that needed to be known were upper
and lower bounds on the growth rates of the global- and utility functions, but not the
functions themselves. Also, throughCorollary 4.1, we allowed for an even broader class of
applications where not all nodes need to have access to thedjjal value.

Our third piece of work took a somewhat di erent approach. The idea consisted of
decoupling the adjusting of the physical state from the iterative calculation of desired
values for the utility values. This enabled us to cater for néworks where the state cannot
change instantly, where only Itered versions of the state ae available, but, probably most
importantly, where di erent nodes may have completely di e rent dynamics and controllers.
The key property required for convergence in these networksvas that the controllers must
be designed so that they drive the physical states / utility values (in nite time) to within
a certain range of the calculated target utility values.

Each of the three algorithms was accompanied by simulatione&sults that demonstrated
the e ectiveness of our approach, and they were then extendito the case of asynchronous
communications and state updates.

Applications for each of the three algorithms can be found fo instance in the computer
communication networks space (Algorithm 1, Stanojevi¢ and Shorten 2008, emissions
control of vehicles (Algorithm 2, see Chapter 6) or group coordination of mobile agents
(Algorithm 3, Olfati-Saber, 2006.

Limitations

While the theoretical contributions of this chapter may well present a new paradigm for
cooperative control, there are a number of limitations that should be resolved especially
for practical applications. As we mentioned before, the gais required in our proofs are
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much too small for any practical purpose. Since they are of v conservative nature,
it should certainly be possible to improve on them. However,this may involve di erent
mathematical approaches such as directly treating the prokem as a switched system and
subsequently searching for (common) Lyapunov functions.

Before moving on, we recall again that our general assumptio was that all nodes (or
at least one node) have access to the global term typically provided to the network
through some external entity that is able to determine, measire or estimate this value.
However, there are situations where no such external entitymay be available, feasible or
even desirable (as it would constitute a single point of failire). To avoid such problems, the
nodes would have to estimate the global property themselvesThis would typically have
to be done conjointly and in a distributed way in order to be more robust and, potentially,
to also average out localised phenomena (it would, for instace, not be very accurate to
measure the CQ levels in only a single location in the city if a strongly pol luting lorry
had its engine running next to the CO, sensor then the measurement would clearly be
biased and not representative for the city as a whole).

The next chapter will focus on one such application where it $ actually possible for the
nodes to estimate the global property one their own. In someense, the approach we shall
present next may be seen as a special instance of Algorithm If this chapter.
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4.A Chapter appendix

4.A.1 An expression for the global term

This proof has been moved here in order to improve the ow of tke original chapter.
Given global and utility functions which satisfy the growth conditions, we show here
that, for any t;t 2 R",

x 4 h () . p
' ' — (i) +(i) (i) = i
g'(t) g'@® = B ¢t t where 90 c o) (4.80)
i= =
Letting r ="' (t) andr ="' (t ), we start by showing that
g=9g'(t) g’ () =9r) o) (4.81)
can be expressed as
g= &Y r®  where h® ) KO (4.82)

i=1

and r® =r® O The change g corresponds to the change of the value of the global
function when moving fromr to r . Now, instead of going directly from r tor we can
also reachr by only changing one coordinate at a time, that is we basical} break up
the cumulative change g into the changes caused by moving along each coordinate. To

ro=r and  ri=r; 1+ rg for i=1;:::n: (4.83)

Clearly, the r; vectors correspond to the corner points of the path if one starts at r
and then moves by r® along the rst dimension, then by r® along the second and so
on. By construction, inthe endr, = r .

As a consequence of the growth properties a, we have

g(ri) go(ri =9 1+ rDe) gr; 1)=<" r® (4.84)
whereh@ &) h() and since
X
g=9(rn) 9(ro)= g(ri) o(ri 1) (4.85)
i=1

the result (4.82) now follows.
Next, we replace the dierencer r by the corresponding di erence t t. As a
consequence of the growth properties of the utility functims f (), we have
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where0< d  d®  d®. Butsince t® = f O ®) and t = D (r"V) we see that
t® ) = g O (4.87)
Hence,
OB () _ _ _
r) = — where 0<d® d® g (4.88)
Combining (4.82) and (4.88) now yields the desired result(4.80).

4.A.2 Global- and utility functions used in our simulations

For some simulations, the utility functions were chosen to ke of quadratic form on the
interval [0; 1:5], and linear outside this range. Speci cally, the functionswere of the form

8
5 (ll)(r(i))2+ (2')r(i)+ g') ifo r® 15

() = ; Or@ 4 0 if r) <o (4.89)
Ty O otherwise

where the coe cients (1”; (Zi); (3” were chosen within appropriate bounds to guarantee
invertibility on the interval [0; 1:5]. The coe cients f); i fli) where also chosen ran-
domly, but in such a way as to guarantee that the overall funcion would be continuous
(i. e. that the linear segments join up with the quadratic part). A set of 25 randomly

generated functions of this type are shown inFigure 4.8(a).

(a) Quadratic type (b) Piecewise linear type

Figure 4.8: lllustrations of the utility functions t) = f ) (r(V) used in the simulations
of Algorithms 1 and 2.

In other simulations we used piecewise linear utility funcions, shown inFigure 4.8(b),
also based on randomised coe cients.
The global functions used were also either of quadratic form

x© oo
gr)=d+ o r® (4.90)
i=1
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where the o) were of a similar type as(4.89), or of a ne form

X
gr)y=d+  cr® (4.91)
i=1
where the parametersct’) > 0 and d > 0 were also chose at random.
All random parameters were chosen within certain bounds fran which the required
growth conditions for the theorems were then easily derived



CHAPTER 5

Switching, Feedback and Estimation

In this chapter, we add an estimation component to the genera | cooperative con-
trol problem, proposing a decentralised control scheme for regulating the topology
of a wireless sensor network. First, an algorithm is develop ed that approximates
the connectivity level as measured by the second largest eig envalue of a stochastic
normalisation of the system's adjacency matrix. These estim ates are then used
to inform a cooperative control algorithm that iteratively regulates the network's
connectivity to some desired level.

Chapter contents

5.1 Introduction

5.2 Preliminaries

5.3 Decentralised estimation of the second eigenvalue
5.4 Decentralised connectivity control

5.5 Simulation results

5.6 Conclusion

5.1 Introduction

The previous chapter presented a number of algorithms desiged to solve a regulation
problem involving both global and local constraints, operding in a variety of dierent
settings with di erent assumptions. However, the common asumption throughout was
that the global term is provided to one or more nodes in the retworks so that they could
integrate it into the control scheme. In contrast to this work, the present chapter now
investigates an example where this assumption cannot be ma&d The global term thus
needs to be estimated by the network itself. The following pesents joint work with Dr. R.
Stanojevi¢, Prof. M. Corless and Prof. R. Shorten and has beepublished in Knorn et al.
(2009¢d).

Recent years have witnessed a growing interest in the contt@ommunity in problems
that arise when dynamic systems evolve over graphs. But whid the most high pro le of
these applications are clearly in consensus applicationsush as formation ying, synchro-
nisation problems and sensor networks, there are also manytleer applications where the

83
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manner in which the network topologies change a ects the peiormance of algorithms that
evolve over these graphs. In such applications, an essentieequirement is that the topol-

ogy of the graph be such that some basic properties requiredot support communication
and control are satis ed, the most basic of these being that he network be connected.
Considerations of this kind have given rise to the emerging eld of network topology con-
trol.

The work in this chapter is inspired by the third motivating e xample we gave inSec-
tion 1.2.3 on page 4 A wireless sensor network that is based on stationary node§. e.
nodes that do not change their geographical location) that ae able to adjust the transmit
power in their radios and hence control the area over which tley can broadcast informa-
tion.! This means that by changing their broadcast radius (that is the distance from the
transmitter up to which information can be reliably received) the nodes can directly in-
uence the topology of the resulting communication network. Using the terminology of
the previous chapter, each node's broadcast radius would bits physical state. No utility
values will be considered in the present context, in other wads the utility function is the
identity function. The global quantity of interest will be t he communication network's
level of connectedness or an algebraic proxy thereof (this W be de ned more precisely in
Section 5.2.

Recall that, roughly speaking, a graph is(strongly) connected in the classic graph-
theoretic sense if there exists at least one path from any oneaode in the network to any
other. As we saw in the previous chapter, graph connectivityis an essential component in
situations where a group of networked nodes must work togetér, in a decentralised man-
ner, to achieve a common task. This issue of graph connectityi is therefore very important
and has achieved much attention in various contexts. It appears that this work has followed
three lines of enquiry. In the graph theory literature, atte mpts have been made to identify
and grow graphs with pre-speci ed connectivity properties seeFallat and Kirkland (1998;
Ghosh and Boyd (2006; Boyd et al. (2004 and the references therein for an overview of
this work. In the computer science and networking communites several attempts have
also been made to identify local (node based) constraints tat guarantee certain forms of
graph connectivity. For example, the sector rule proposedn Wattenhofer et al. (2001)
is one such rule that gives rise to certain types of connectedraphs. Recently, work in
this direction has been extended to re ect not only topological considerations, but also the
e ect of physical constraints such as power and interferene, in achieving these objectives.
Finally, a third strand of work has recently emerged in the cantrol and robotics community.
Roughly speaking, this work involved using feedback pringdles to achieve graphs with a
desired topology. Examples of this work can be found irRamanathan and Rosales-Hain
(2000; Ji and Egerstedt (2005; Gennaro and Jadbabaie(2006; Cabrera et al. (2007);
Dimarogonas and Kyriakopoulos(2008 and the references therein. In particular, Gennaro

1 Such networks are widely used in many engineering problems, see for instance Aky Id z et al. (2002
for a very detailed survey of the area of wireless sensor netw orks.
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and Jadbabaie have proposed an interesting approach to digbuted control of the sec-
ond smallest eigenvalue of the communication graph's Lapleian, Gennaro and Jadbabaie
(2006. Those ideas were further developed invang et al. (2008. In this line of work,

however, nodes have a xed communication radius and changehkir positions relative to

each other in order to achieve a desired connectivity levelwith the consequence that the
communication graphs are always undirected graphs.

Contributions

Clearly, regulation of the connectivity of a given graph is d cult because graph con-
nectivity is a global property, whereas typically, nodes (a agents) can only act locally.
Thus, any algorithm for maintaining graph connectivity must be decentralised if it is to
be of any practical value. Our objective here is to propose om such algorithm; namely,
a decentralised algorithm that is simple to implement yet e ciently regulates the connec-
tivity level of a given graph to some pre-speci ed value. To that end we rst develop and
prove convergence of a decentralised estimation scheme whby each node can estimate
the level of graph connectivity (as a proxy for the level of canectivity we will use the
second largest eigenvalue of a stochastic normalisation dlfie graph's adjacency matrix).
We then present a control strategy to regulate the graph conectivity about a speci ed
set-point. This approach may be seen as an adaptation of Algithm 1 described in the
previous chapter, but in contrast to our earlier work, the global function encountered here
(which now describes the dependency of the eigenvalue on éanode's broadcast radius)
is neither continuous nor strictly monotone. Simulation results are also given to illustrate
the theoretical contributions, and we present examples to kow that our control framework
is su ciently general to allow other constraints such as local power, interference, or node
density to be part of a connectivity/interference trade-o as well.

The work carried out in this chapter di ers from that in the li terature in a number
of aspects. Firstly, some of the previous results are of a ptmbilistic nature, i.e. they
draw statistical conclusions of the type in average, roughy every third graph of this kind
should be connected . However, the application scenario @t we have in mind consists of
a concrete situation where a number of sensors are placed rdamly in space (for example,
a set of nodes dropped over a lake, each node communicating lgrwith a subset of its
neighbours). In this case, drawing probabilistic conclusbns is of little help, as we would
like to nd results for particular instances of the problem. We are also interested in
situations where information mixes quickly across the grapp, which means that we must
speci cally account for the speed at which information paséng takes place and not just
that the graph is connected (in the classic graph-theoreticsense). Finally, as before, we
wish to develop algorithms that can be used irrespective of gaph type where again we
wish to break free of the assumption that the underlying gragh structure is symmetric.
This again delineates the work presented here from much of t recent results in the area.
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Finally, we argue that our algorithms are very simple to implement and require minimal
computational requirements, and give rise to graph growingechniques with truly scale-free
properties.

Structure

In the next section we introduce the basic idea behind our apmach and describe the
general set-up and notation. We will then present our decentalised estimation scheme that
iteratively approximates the second largest eigenvalue. W discuss inSection 5.4how this
value could be used to control the networks connectivity by poposing a simple controller
based on these estimates, and determine the conditions fohe stability of the decentralised
closed loop system. Results from simulations are then presged in Section 5.5 Finally
conclusions and future directions are given in the last seabn.

5.2 Preliminaries

5.2.1 Basic idea

Our basic idea for connectivity estimation is based on the obervation that dynamic systems
or algorithms evolving on graphs often reveal topological poperties about the graph itself.
One such algorithm is the distributed averaging or consensusalgorithm, which is strongly
related to the theory of Markov chains and to (hon)homogeneas matrix products. While
the primary focus of the work reported here is not on the dynanics of consensus algorithms,
it is important to note here that the second eigenvalue of theaveraging matrix (see notation
section below) determines the rate at which the nodes in the atwork achieve consensus.
Roughly speaking, as a graph becomes less connected this@ed eigenvalue becomes closer
to unity, when rate of convergence is used as a measure of caggtivity. Further, as we
shall see, a simple algorithm can be used, together with eleemtary techniques from system
identi cation, to locally estimate this eigenvalue in a decentralised manner.

Let us briey illustrate these basic points in Figure 5.1 on the facing page. Here, we
show the average value of the second largest eigenvalue in grtude of the averaging
matrix of random (regular) graphs.? The averaging matrix was constructed directly from
a stochastic normalisation of the adjacency matrix of the urderlying graph. In the plot, the
value of the second largest eigenvalue drops monotonicallyith increasing graph regularity
(xed number of neighbours per node). Although this is a very special type of graph, it
shows that a single value can give an indication of the conneivity situation of a graph.

Comment  Classically, the second smallest eigenvalue of theaplacian (or transition
Laplacian) matrix of a graph has been used as an algebraic measure for rawectivity,
Fiedler (1973; Chung (1997. However, usually Laplacians are only de ned for undireced

2 A d-regular graph is a graph where each node has exactly d neighbours (here chosen at random).
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Figure 5.1: Average of the magnitude of the second largest eigenvalue the averaging
matrix of d-regular random graphs with 200 nodes.

graphs, and this is an unnatural restriction that we would like to eliminate. In contrast,
the second largest eigenvalue (in magnitude) of an averag@hmatrix is also an excellent
candidate to indicate the degree of connectivity of an entie graph (independent of the
fact whether the underlying graph is directed or not) with the added benet of being
easily approximated locally in each node using computationlly inexpensive estimation
techniques as shown below. /

Knowledge of global information such as level of connectity, based on purely local
information, o ers a wide range of local node actions with the objective of connectivity
maintenance, one of which is will be presented in this chapte For example, in the context
of wireless networks, one possible action is for nodes to agjt the power of their radio
transmissions, based on the local estimate of connectivityConcretely, this could mean to
reduce the communication radius if the connectivity is estiated to be larger than required
(as decreasing the radius will lead to reducing the number ofieighbours, hence reducing
connectivity). A pseudo-protocol for such a strategy is given in Figure 5.2 on the next

page

That such a strategy is well posed is evident and follows fronthe basic observation that
if all nodes increase their communication radii su ciently, then the graph will eventually
become more densely connected. The issues that make the risaltion of such strate-
gies challenging in a practical environment concern decenglised estimation of the second
largest eigenvalue of the averaging matrix, and proving thathe resulting closed loop strat-
egy is robustly stable. Resolving these issues will be the nraconcern of this chapter.
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1: Deploy pre-con gured nodes and initialise network by
choosing random initial communication radii such that
network is connected.

2: By running a consensus algorithm on the network, each
node estimates the second largest eigenvalue of the aver-
aging matrix based on the convergence of its own state.

3: For each node, if the estimated eigenvalue is smaller than
some desired value, decrease the broadcast radius; if the
estimate is larger, increase the radius.

4: Go to 2.

Figure 5.2: Pseudo-protocol for the overall scheme.

5.2.2 General setting

Building on Section 4.2.2 we assume that a consensus / averaging algorithm evolves dhe

state of nodei at time k is denotedx(ki), and the network's state (i. e. the states of all the
nodes combined) is the column vectox i = x(kl) R x(k”) T Foreachnodei =1;::::n,

a distributed averaging scheme can then be written as
8
. X X Spi)>o ifj2N®
x o= px®) where pl) =1 and P . (5.1)
j=1 j=1 -0 otherwise
for k =0;1;2;::: with some initial condition xﬁiz)o = xg). It is easy to see that this relation
can be written for the overall network as

Xk+1 = PXk where Xk=0 = Xg (5.2)

and where the stochastic, non-negative® = pti) is called the averaging matrix.
Let ®;:::; (M pe the eigenvalues o and assume that they are ordered so that

i W] () wheni j. To make matters more tractable we shall assume in the folloing
that P is always diagonalisable® Further, by making this assumption we have that P
has n linearly independent eigenvectors, ®;:::; (") corresponding to the eigenvalues

@ (M (with a slight abuse of our usual notation, () and () denotes theith
eigenvector-eigenvalue pair). Thus these eigenvectorsrim a basis forR" and every initial
state x ¢ can be uniquely expressed as

xo= D W4 @ @4 4dm M) (5.3)

3 Since the set of diagonalisable matrices is dense in the set of stochastic matrices, this assumption is
an entirely reasonable one to make.
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for some scalar® ;:::;:cM. Sincep = @ ()
X = PExo= PK D O 4@ @4 4 (5.4)
= OK LD @K @4 Lm ok m (5.5)

If the underlying graph is strongly connected, and sinceP has positive entries along the

main diagonal, it follows that P is primitive, Horn and Johnson(1985. Thus, the Perron

eigenvalue @ =1 is simple and all other eigenvalues are smaller in magnitude Also,
@) = 1 asP is row-stochastic, hence

2 3
. RN
xg=cD1+ @ ka7 0 & 5 (5.6)
j=2
and
’ _ X .
X V1 @ X (xo)  with (Xo) = ch M (5.7)

i=2

wherek k denotes some norm.

In this case,x converges exponentially toc® 1 and the rate of convergence is bounded
by @ . In other words, the rate of convergence of the distributed aeraging can be
measured by the magnitude of @ . Together with the intuition that the more the graph
is connected the faster the averaging should converge, we aow see that ? may very
well be used as a proxy for the level of connectivity of the grph and the rate at which
information can ow through it.

5.3 Decentralised estimation of the second eigenvalue

We now provide a simple method by which all nodes in the netwok may estimate @
based only on local measurements.

Our basic idea is as follows. Once we know whether® is real or complex (non-real),
di erent methods can be used to accurately estimate its magitude based only on local
measurements. For example, when @ is real then the direct estimation method described
by Proposition 5.1 will yield a correct estimate of @ . Also, the dynamic system that
governs the evolution ofz,((i) = x(ki) x(ki) , can be modelled asymptotically as a rst order
linear system (with a noise term that decays to zero) if @ is real valued. The parameters
of that linear system can then be identi ed through an estimation method such as the
classic recursive least squares algorithm (RLS, see for itce Haykin, 2002 providing
another estimate of the absolute value of @ . When @ is complex (non-real), a third
estimation method, based onProposition 5.2 below can be applied. Thus with appropriate
numerical conditioning of the values ole((i), estimation of @ can be carried out in a

straightforward manner.
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(1) (1)

1: 200 = X X,

2: A= Estimate_real( z()())

3 B= RLS_real(z()())

4 C= Estimate_complex( z(())
5. if A B<

6: return A

7: else

8: return C

o: end if

Figure 5.3: Pseudocode for the overall estimation scheme of @ .

However, it is usually not clear a priori whether the averaging matrix P has a real or
complex (non-real) second eigenvalue (the exception beingndirected graphs where @
is always real valued). Thus we must develop a method for detenining whether or not
this eigenvalue is real or complex (non-real). To that end, ve use the three estimators
presented above and run them in parallel. Speci cally, we rst obtain estimates for @
from the estimator based onProposition 5.1 as well as the recursive least squares scheme,
both of which are guaranteed to work only when @ is real. If both estimates of @
match up to a certain degree (that is, the absolute di erencebetween the two values is
less than some threshold ), we assume that ; is real and use these estimates. However,
if the estimates do not match su ciently, we consider  to be complex (non-real) and
use the estimate obtained based on thé>roposition 5.2 (which is guaranteed to converge
to the correct value in that case). The pseudocode for this sttegy is given in Figure 5.3

In the rest of the section we provide the details explaining vihat each of the functions
Estimate_real() , RLS_real() and Estimate_complex() do. All three functions require
the distributed averaging algorithm to be run on the network, and each node is assumed
to be able to store a small nhumber of its own past states.

5.3.1 Estimate_real()

The following Proposition provides a method of estimating the value of the second largest
eigenvalue of the averaging matrix provided the eigenvalués real valued.

Proposition 5.1 (Decentralised estimation of real valued? )
Let G = (V;A) be a strongly connected network with averaging matri¥ such that its
second largest eigenvalue in magnitude® is real and satises @ > () forall j> 2.

Consider any nodei and let zl((i) = x(ki) x(ki) , Wherexy is determined by the distributed

averaging algorithm (5.2) running on the network with a su ciently general initial condi -
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tion. Consider any positive integerm and fork m+1, let

iy Z0 T

~(i;2) _

<= (5:8)
4 ' m

be nodei's estimate of @ . Then limy, ~{'? = @

Proof Recall from (5.6) that for any node i:

2 ; 3
. x '
x(V =4+ @ K4 ) v (ii)5 (5.9)
_ B)
j=2
| {z }

where (i) denotes theith element of the j th eigenvector of P . We then have fork > m +1

i (1) (1) 2) k(D) 2) k1 ()
z) X X @ " @ K 1
OO [0 - Kk m (i k m 1 (i
zk m Xk m Xk m 1 @ I(<I)m @ I(<I)m 1
= @
I((i) @ 1 I((i) | (5.10)
| <" {z "
- w)

and taking the mth root of the absolute values of both sides

NONE .

N 1=m
Z(ik) = @ wi) (5.11)
k
| {2 }
~(i; 2)
k
From the last equation we can see that the estimate~(ki; 2 approaches the true absolute

value of the second largest eigenvalue if and only if thewf(';zn I 1, ask grows. Since

(i) = @ (i;2)+)<1 o 0 k GP) 5.12

Kk =¢C ¢ (5.12)

j=3

it will converge to ¢® (2 ask grows, as by assumption —- K<ilforj =3:::::n.

For a general initial condition ¢® (2 is non-zero and, using(5.10), we now have that
wir ! landthus 0?1 @ ask!l

In summary, if the prerequisites are met, fork m+1, each node can iteratively re ne
its estimate of @ with (5.8) so that it converges to the true value ofj @ j ask grows.

Comment It also follows from the proof that larger the gap between @ andj @]

the faster the estimates~'"? will converge to the true value of @ . /

91



92 CHAPTER 5. SWITCHING, FEEDBACK AND ESTIMATION

5.3.2 RLS real()

When @ s real we can also use a recursive least squares algorithnr festimating @ .
It can be seen from(5.10) that by letting m = 1 we have fork = 1;2;::: the following
relationship (asymptotically)

iz @ 7Y (5.13)

Applying a suitably parametrised recursive least squares kgorithm, see for instanceAstrém
and Wittenmark (1997, should then also yield good estimates for @ .

5.3.3 Estimate_complex()

The next proposition provides a method for estimating the magnitude of a complex (non-
real) valued @ . When @ is complex (non-real), its complex conjugate @ is also
an eigenvalue ofP with the same magnitude. If we assume that @ > () for all
j > 2then, recalling (5.6), it is straightforward to show that, for each node i, the variable

z,((i) = xﬁi) xﬁi) 1, can be written as

2= @ ki @)k, @ "q((i) (5.14)

whereO{” I Oask!1 andc®;c 60 for a su ciently general initial condition of
the averaging algorithm.

Proposition 5.2 (Decentralised estimation of the magnitude of a complex igaeal) @) _

Let G =(V;A) be a strongly connected network with averaging matri¥ such that its

second largest eigenvalue in magnitude® is complex with non-zero imaginary part and
@ =j@j> 0 forj> 2.

Consider any nodei and let
S) = zlgi)zl((i)2 zl((i)l 2 (5.15)
where z,((i) = x(ki) xﬁi) , and xy is determined by the distributed averaging algorithi(5.2)

running on the network with a su ciently general initial condi tion. Consider any positive
integer m and for k m+3, let

1
(i) zm
~(i2) _ k
k7 ()
k m

(5.16)

be nodei's estimate of @ . Then limy; ~(ki; 2= @,
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Proof For any nodei, substituting expression(5.14) into (5.15), and dropping the super-
scripts () and @ to increase legibility, yields
h ih i
k= ck+ck+jjfor ck2+ck2+j %0k 2)
h i
Ckl+Ckl+jjklOk 1

|
Cckk2+ k k2 2klk1+jj(2k4)ok
i
:jCjzj j(2k 4) 24 2 2 .+j j(2k 4)Ok
|

=] @ jg3( )%+ Ok (5.17)
where
) k k
Oc=jj% Oc2cC 5 +C 5
k 2 k 2
+OkCJ_j +Cj_' + OOk 2
K1 k1 )
20k 1 C 7 +C 5 (O (5.18)

We note that sinceOx ! Oask! 0, we also have

kI!llm Ok =0 (5.19)
Furthermore, sincec;c6 0 and has nonzero imaginary part,jcj>( )2 is nonzero, and
thus g in (5.17) is also non-zero fork su ciently large. Finally,

" #
Kk .. icj? 24 Ok
=j e .J.ZJ ( 2) (5.20)
kom g2 )+ 0k m

From this last expression and(5.19) we obtain that

. k ﬁ L
kI!|lr’n — =] (5.21)

which completes the proof.

Based on this proposition, if @ is complex (non-real) and each node calculates an

estimate of @ through (5.16) then the estimate will converge to the true value ask
grows.

5.3.4 Remarks

The decision heuristic presented Figure 5.3 on page 99 assumes that the rst two es-
timators (which are designed forreal valued @ only) produce wrong and in particular
di erently wrong estimates, so that there is a su ciently large disagreement between both



94 CHAPTER 5. SWITCHING, FEEDBACK AND ESTIMATION

schemes so that it can be detected clearly, if both schemes poduced wrong but identical

estimates, then our heuristic would consider these wrong ¢isnates to be correct. However,

our assumption of su ciently di erent biasses between the schemes is plausible given the
fact that the rst scheme only uses two samples for the estim#on, whereas the recursive
least squares scheme uses the entire history of samples atipting to minimise the square

error between model and observed data.

An alternative approach can be used by employing several inances of the rst estima-
tion scheme, but using di erent m parameters. It can be shown (and this will indeed be
observed in the simulations below) that in the presence of amplex valued @, the esti-
mates produced by the scheme will exhibit some periodic, odtatory behaviour. Roughly
speaking, this oscillatory behaviour is due to the expressin of the w,(('gn in (5.11) not
converging to 1; rather it consists of a fraction of trigonometric functions that produces
these oscillations (a similar behaviour can so also be showfor the RLS based estimator).
In particular, the m parameter will a ect the phase of these oscillations. Thus, using
multiple instances of the rst estimation scheme with di er ent m parameters may be an

alternative approach to detect whether @ s real valued or not.

Next, by its very nature, when running the consensus algoribm over a connected
network, the states of all nodes will converge to a common vale. In that case, the di erence
in states z,((i) will tend to zero. On the one hand, numerical calculation of the zlﬁi) will be
less and less precise as thz—;‘(i) approach zero, and on the other, when using the algorithms
based on Propositions5.1 and 5.2, the division of z,ﬁi) by z,((i)m resp. ﬁi) by éi)m will also
become more and more numerically problematic. It is, howewe not too di cult to solve
these problems. Simply, whenever some node's stabq{i) agrees with all of its neighbours
on the top s digits, it shall stop broadcasting those top s digits and keep exchanging only

the lower weight digits.

We must assume that in an actual implementation su ciently e xact numerical compu-
tations can be provided as the current approach does not takénto account the inherently
limited accuracy of numerical calculations in digital processors.

Finally, in this section we have assumed that there is a specal gap between @
(and its conjugates) and the remaining eigenvalues of the nmtaix P. Since the set of
matrices satisfying this property is dense in the set of stoleastic matrices, this assumption
is also entirely reasonable. However, the case where® = @ @) 11 can
also be accommodated in our framework by including more estiators, similar to the ones
presented above, and by modifying the logic described ifrigure 5.3 on page 9Gccordingly.
This is omitted here for ease of exposition, and because thef@ementioned case is a low
probability event.
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5.3.5 Demonstration of estimation

In the following two examples, we generated a two-dimensioa random geometric graph
with random connection radii for each node. These type of grphs are often used when
modelling wireless networks, in particular wireless sengonetworks, Penrose(2003; Santi

(2005. A random geometric graph or disc graph is created as follows: Placen nodes
uniformly distributed in the unit square, then interconnect the nodes based on the so-
called distance parametersor connection radii of the nodes. That is, each node has a
parameter r() based on which it connects (or sends information ) to othernodes that are
closer thanr() from it: if some nodej is at (Euclidian) distance di) from nodei then

there is an edge from node to nodej (i.e. nodej is in reach) if and only if d)  r(),

~()
A

—2)
B

—2)
C

~(2)
comb.

Time step k

Figure 5.4: Comparison of the estimation schemes for real valued® ' 0:80.

Figure 5.4 above andFigure 5.5 on the next pageshow the outputs of our three esti-
mation schemes as well as their combination for two di erentsituations: one where @ is
real, and one where @ is complex (non-real). For each case we have plotted each ned'
estimates of @ as a function of time (iterations of the estimation schemes) provided
by the dierent algorithms, as well as the combination of using our proposed decision
heuristic. From top to bottom, the subplots show the evolution of the estimates based on
A) Proposition 1, B) recursive least squares and C) Proposibn 2; as well as their combi-
nation in the last subplot. The true value of @ s indicated by the dashed horizontal
line.
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~()
A

~(2)
B

)
c

~(2)
comb.

| | | |
20 30 40 50 60

Time step k

Figure 5.5: Comparison of the estimation schemes for complex® ' 0:63 + 0:05i.

Comment  The following parameters were used. The random disc graphsm = 20 nodes
were created using connection radiir () uniformly distributed in the interval [0:1;0:6].
We usedm =5 in the algorithm based on Proposition 5.1, and m = 1 in that based on
Proposition 5.2. The initial estimates of the recursive least squares algathm was set to
0:5. Finally, the combination of the estimates was done using tke threshold =0:005

When the network has a real valued @ | it can be seen that the each node's estimates
using the rst two estimators converge quickly to the correct value. The estimates of the
third estimator also converge, but to the wrong value* Since the two estimators targeted
at a real valued @ both converge to the same value, the error between them quidk
both drops below the preset threshold, and the combination sheme correctly switches to
returning the value of the rst estimator.

In the complex (non-real) case Figure 5.5, the situation is di erent. Both the estimates
of the estimators aimed at real valued ? do not converge to the correct value of @ |
but rather oscillate around it. The error between them is su ciently large so that the
combination scheme returns the value of the third estimatot which in turn now provides
correct estimates.

4 In fact, it is not di %Jlt to show that in this case the estimat e which Estimate_complex() converges
to will actually be @ ® .
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5.4 Decentralised connectivity control

We now present our algorithm for decentralised connectiviy control. Please note that, by
an abuse of notation, we shall simply use in the remainder of this chapter to refer to
@) . As mentioned already, we wish to adjust the communication edius of each sensor in

regulating to some neighbourhood of a target value; namely so that <" for some

2 (0;1)and" > 0. Since we are trying to address situations in which individwal sensors
may fail resulting in a change in network connectivity, we are inherently dealing with
situations where the network topology is slowly (but not constantly) changing. In what
follows we therefore make the assumption of quasi-statiorrity; speci cally, we assume that
the local estimators operate over very fast time scales wheaompared with the local control
actions (local radius updates). This assumption greatly failitates analytical tractability
and makes our convergence proofs somewhat easier to develdgnally, since there may be
many sets of communication radiif r® ;:::;r(" g that guarantee <", we shall
make additional assumptions to guarantee that the closed lop algorithm converges to a
common set of radii; namely, we seek a control action that guarantee convergence of all
radii to the same value. We emphasise again that this assumpan is made to facilitate
analytical tractability, but it can also be motivated from a practical standpoint, where
having all nodes use the same broadcast radius should conlrite to similar battery lifetimes
of the nodes. However, our framework is su ciently general © allow other quantities of
interest to be included (for instance, equal numbers of neigbours, maximum numbers of
neighbours); although, the convergence proofs will changaccordingly.

5.4.1 Consensus with input

Our control algorithm is again motivated by the intuitive id ea that adding the same value
to each member in a consensus scheme will not hinder the everal agreement between the
members. This was already noted inLemma 4.10on page 58 However, this notion can be
applied to a much broader class of consensus schemes as wevshuising the recent results
of Moreau, 2005

Theorem 5.1 (Generalised consensus with common input)

Let G = V;Akx be a sequence of strongly connected graphs,xk;k be a sequence of
nite real numbers and f be a map onG, satisfying the following conditions. Associated

state x 2 X ", there is a compact setE(") (A)(x) X satisfying:

(i) FTOX;K)2ED A (x) 8k2N 8x 2X",

(i) END(A)x)= x0 whenever the states of nodé and its neighbouring nodeg are
all equal,
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(i) EM(A)(x) is contained in the relative interior of the convex hull of the states of
nodei and its neighbouring nodeg whenever the states of nhodeand its neighbouring
nodesj are not all equal,

(iv) E(M(A)(x) depends continuously orx, that is, the set-valued functionE() (A) : X"
X is continuous®

Then, if xx = xf(l) RS xf(”) T evolves for somexy=¢ = X according to
Xk+1 = F X0k + Xk;k 1 (5.22)
the elements ofx will approach each other over time, that is

im xM x0) =0 (5.23)

Proof Start by de ning

Yk = Xk k1l where K = o x(i);i (5.24)
i=0
Then +s1 = k+ Xk;k and
Yk+1 = Xk+1 k1l _
(ng)f Xk + xik 1 hk+ xk;kll
e ik (5.25)

=9(y«kik)

Now, if g satis es all of the assumptions (1) (4) of the theorem, the results from Moreau
(2005 guarantee that all entries in yy will converge to a common value, and hence, through
(5.24), the values in xx have to approach each other. So let us tesg for each of the four
assumptions.

(i) For all nodesi 2V,

g(l) yk:k = f Yk t kl, k k 2 |E(|) Ak yTZ+ kl f (526)
= B0 (Ak)(y«)

Clearly, if f xx;k 2 E®D Ay xy forali 2V,k2 Nandx 2 X", and if

EM) A, xi is compact, thenE() Ay 'y, is also compact given is bounded.

5 put simply, these four conditions require that the updated s  tate of each node must be a strict convex
combination of its own and its neighbours' states, and thatt he update function must be continuous.
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(i) Whenever the states of nodei and its neighbours are all equal, that isy,((i) = y,((” for
allj 2N O,
_ _ , n o
ED Ay = ED A y+ (1 k= y.‘(" + ok k= y,((') (5.27)

(i) Assume the states of nodei and its neighboursj 2 N () are not all equal. If
E() A xy is contained in the relative interior of the convex hull (convfg) of
the states of nodei and its neighbours, we have

EOD A, xx  convh xU)
j2N ()

ED Ay xk 1+ x1 convh xf(j)+ C ok
2N ()

ED A ye+ «l K con\(/p v+ K
joN G

and with convhf g being a linear operator

ED A ye+ «l « convh yI+ oy
2N ()
ED Ac ye  convh y{” (5.28)
j2N ()
(iv) If E® Ag xx depends continuously onxy, so will EO) A, x, + 1 K1 =
é(i) Ak Yk -

We have thus established, that the update mapg satis es Assumption 1. Assuming
that the graphs never disconnect, we can now apply Theorem 1rém Moreau (2009. It
guarantees that the entries inyy will converge to a common value, and thus, through(5.24)
the statesx have to approach each other so thalx(ki) x(kj) I Oask!l

5.4.2 Application to decentralised connectivity control

In the context of decentralised connectivity control, both Lemma 4.1 and Theorem 5.1
are very useful. Roughly speaking, they indicate that consesus algorithms with an input
term, that can depend on the consensus states, eventually lteme scalar.® That is, their
stability and convergence properties are eventually govered by the scalar equation

Xk+1 = Xk ¥ Xgk (5.29)

Since the properties of such systems are well understood, ¢habove theorems o er inter-
esting possibilities for the design of control laws.

6 And while this convergence is asymptotic, in any practical i mplementation of this algorithm quanti-
sation e ects will be unavoidable, hence the system should b ecome scalar in nite time.
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With this in mind we propose updating individual radii using a convex combination of
their neighbours' values, plus an input term that depends onthe estimated second largest

eigenvalue. Speci cally, we propose the following decengdised control law

h [
res1 = Pyrg + Ik 1 (5.30)

for somery-o = ro. Here Py is now a sequence of primitive, row-stochastic averaging
matrices on the graphs induced byry, r) is the magnitude of the second largest eigen-
value of the averaging matrix P as in (5.2) for the graph induced byr, and > Ois a
suitable control gain. We are then guaranteed byLemma 4.1that the radii will converge
to a common value.

The next step is thus to determine conditions on the control gin  so that ry  will
indeed converge to (a desired neighbourhood of) .

Comments At this point, the similarities to the work from the previous chapter become
evident. The proposed control law has a similar structure wih its local and global com-
ponent. However, the local component does not include utity functions (or rather, the
utility functions are the identity function) and, most impo rtantly, the global function is
neither continuous nor monotonous.

We also note that any other consensus scheme (to whicfiheorem 5.1 can be applied)
may be used here. The proposed controller is decentralised that each node only requires
the radius information of its neighbours, information that can easily be broadcast along
the communication that is necessary to run the consensus atgithm needed to estimate

k in the rst place.

Last, (5.30) has strong similarities with the Lur'e problem, see for instanceNarendra
and Taylor (1973; Vidyasagar (2002; Khalil (1992 and references therein for the precise
problem statement and the wealth of results related to it. However, the classic results
cannot be applied to the problem presented here since the nelinearity does not satisfy
the continuity assumption that is usually made, nor does it guarantee a unique solution
(as well shall see in the next section) which is also requiretb apply these results. /

5.4.3 Conditions for convergence of the decentralised cont rol law

As we have shown, it follows from the closed loop dynamics thawe can assume that
eventually all radii have converged to a common value. In tha case,(5.30) will be reduced

to a scalar equation for the whole network:
h i
ks = I + % (5.31)

for somery=g = ro. Note that we write  r¢ since the second largest eigenvalue of
the averaging matrix of the network depends on the communicdon radius used by the
nodes. lIdeally we would like to ensure that ry, asymptotically approaches  under
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Figure 5.6: Plot of (r), the magnitude of the second largest eigenvalue of the avgra
ing matrix of a random (undirected) disc graph on 20 nodes as auhction of the
(common) communication radius r.

the assumption that the estimation part of the algorithm can be completely decoupled
from the closed loop control. As we shall see, even under thisonsiderable simpli cation,
proving stability is nontrivial. In particular, two practi cal issues arise.

Quantisation The rst complication arises from the following observation. Normally,
with problems of this type, one makes use of the fact that the &genvalues of the consensus
matrix vary as a continuous function of the matrix entries. In what we are proposing, the
entries of P are either zero, or jump to some non-zero value as we adjust thcommunication
radius of each node. In other words, the matrix entries vary d@ruptly as a result of the
control action; consequently, the result of this is that (r) also changes abruptly. Thus, it
is clear that not every arbitrary second largest eigenvaluevalue in the (0;1) interval can
be achieved through feedback of the proposed type. Ratherhie network can only produce
a nite set of values, corresponding to the (limited number of) di erent possible topologies
of the network with a xed number of nodes in xed locations. T his fact is depicted in
Figure 5.6 above. The plot shows how the magnitude of the second largestigenvalue
changes with the (common) communication radius for a given andom disc graph on 20
nodes. Note that the curve is not continuous, but broken up iHo segments. A given
magnitude of the second largest eigenvalue never correspads to just a single radius, but a
range of radii. Thus the best we can hope for is to converge toasne neighbourhood of

Of course, for our application, this is entirely satisfactay as both connectivity and bounds
on rates of information transmission in the network are contolled using this strategy.
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Monotonicity A second complication arises due to the fact that we do not preisely
know the relationship between (r) andr. In fact, the previous example shows that this
relationship need not even be monotonic. However, it is reamable to assume that the
aforementioned relationship is approximately monotonic. This follows from the following
argument. Our strategy is motivated by the intuition that as the radii of the individual
nodes increase (decrease), roughly speaking, the seconddest eigenvalue ofP also will
decrease (increase). Referring tblart el (1998, we know that the coe cient of ergodicity
of a stochastic matrix is an upper bound on the magnitude of tke second largest eigenvalue,
SOj j (P). Recall that for a stochastic matrix P, using the 1-norm, (P) is de ned as

1 _ _
= _ (i) (i)
(P) > r&ajx P P . (5.32)

whereP () denotes theith row of P . Thus, when the rows ofP become ever closer to each
other as measured by thel-norm, (P) decreases, and thus the magnitude of the second
eigenvalue will also eventually decrease. So even though veze not assured of a locally
monotonic relationship, in principle it should still be possible to regulate the magnitude
of this second eigenvalue to a neighbourhood around some gt value, if we have some
knowledge of the approximate manner in which (r) varies with r.

1
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Figure 5.7: lllustration of a monotonic (r) curve with some relevant points highlighted

relative to  highlighted.

Before we present our convergence results, some further ratton is helpful. Once again,
to ease exposition please refer t&igure 5.7 above as we give the following de nitions. Let

_=inf  (r): (r) and =sup  (r): (r) (5.33)

Then _. Put simply, for any there is a feasible just above and just
below, called _ and respectively. Now de ne the following radii

re=inf r: (r) and r:=sup r: (r) (5.34)
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Then (r)> _forr< rand (r)< forr> r. The radii r resp.r then are the smallest
resp. largest radius so that (r) _ resp. (r) . Finally, we also de ne the closed
interval R =[r;r].

With the above de nitions, the following two theorems provi de simple conditions on the
controller gain  so that the system(5.31) converges to within the interval R (attractivity),
and stays in that interval once it has entered it (invariance). Note that estimates of these
bounds may be calculateda priori for graphs with typical geographic distributions (or they
could be estimated in real time by each node in a decentraligefashion). The important
point to note is that the convergence of the controlled systen is guaranteed provided that
the controller gain is small enough.

The following Theorem 5.2 contains a condition on  which guarantees that if the
system starts inR it will remain in R. Application of the theorem requires that the graph
of satis es the following condition when r is in R: There exists @ > 0 such that

Ow ) (r) O ) for r r x (5.35)

These bounds are illustrated inFigure 5.8 below.

@ \

@

L tm T F
Figure 5.8: lllustration of the bounds on (r) as required by Theorems5.2 and 5.3. See
also Figure 5.11 for a real example of this sketch.

Theorem 5.2 (Invariance ofR)
Consider a scalar system described by5.31) and let © and the interval R be as
de ned above. Suppose that the control gain 0 is chosen such that

© 1 (5.36)

Then wheneverry-o 2 R, the resulting sequencey will stay in R for all k 0.
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Proof Suppose thatry 2 R. We need to show thatry.; 2 R. Then we will have
demonstrated invariance ofR. We rst show that rxs;  T. Since Oand © 1)it
follows from condition (5.35) and rx 2 R that

e Oy, r
(O) T rk
rrg; (5.37)
hence

lk+1 = T+ Nk

rk + T Ik
T (5.38)
Next, we show that ry+1 r. Since Oand © 1, it follows from condition

(5.35)and rx 2 R that

re O pe 1
rk r
rrg; (5.39)
hence
fk+1 = I + Ik
ek +1r rg
r (5.40)

To discuss convergence of the solutions of syste(®.31) to R we let

dy : if r re T (5.41)

8

%[ e it re<r
=_0

2 .

“r I if e >Tm

be the distance ofry from R. Then we say that ry converges toR if limy;; dq =0.
The next theorem contains a condition on which guarantees that all solutions of the
system converge toR. Use of this theorem requires that satisfy the following sector

conditions: There exist constants ©@ M > 0 such that
Doy () @ ry)  for  O<r<r_ (5.42)
@ rm) () @D ry for r<r P3 (5.43)

wherery, = (r + r)=2. An illustration of these sector bounds is given inFigure 5.8.



5.4. DECENTRALISED CONNECTIVITY CONTROL 105

Theorem 5.3 (Attractivity of R)
Consider a scalar system described bf5.31) and let ©@; @ : @ and the interval R
be as de ned above. Suppose that the control gair> 0 is chosen such that @ 1 and

@ <2 (5.44)
Then every solution of (5.31) converges toR.
Proof Letting :=maxf1 @ ; @ 1gwe will show that
des1 di (5.45)

and hencedy Kdk=o . Since by assumptionj j < 1, we then obtain that lim,;; d¢ =0.
Since R is invariant, we need only discuss the situations for whichry 2 R as well as
re+1 2R . There are four cases to consider.

(i) rk <randryss <T.Inthiscasedi =r r¢ and

des1 = L Tyer .
|
=r Tk Mk
[ @

@ O)r o
@ @) (5.46)
thatis d+1 (1 M)dy, and thus (5.45) holds.
(i) re <randrys >T. Inthiscasedy =r r¢ and
es1 = Fesr 1
h
=rg+ Ik r

e+ Doy e or

(1 (2) )rk + 2 rm r (547)
Recalling that @ < 2andry, =(r + r)=2, we can see that
@ @
@y 1= 1 o~ T+ —t
1 @ @
r+ r
2 - 2 -
1 @)y (5.48)

Hence
der @ Py @ @y

( @ 1)de (5.49)
and thus (5.45) holds.
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(i) rxk >randrys < T. Inthiscasedy =ry r and

Oker =T Tkn _
=r rg % |
[ @ rm ok

@ re+r @Ory (5.50)

Again, we can see that since @ < 2

(@) @

@ =
r I'm 1 > r > r
2 ()
1 5 r > r
@ Oy (5.51)
Hence

der @ @)e+@ @y
( @ 1)de (5.52)
and thus (5.45) holds.
(iv) re>r andrgs; > T. Inthis casedy = ry r and
Ogs1 = Mesr T
h
=rg + Ik r

Ik r+ @ r Ik
1 Dy e r
@ @)y (5.53)

thatis dx«1 (1 1))dx, and thus (5.45) holds.

In summary, the theorem gives a condition on the control gainso that the closed loop
system (5.31) converges to the intervalR.

Comments If (r) is not monotonic with r then it is possible that lim,, , (r) >
where the notation means that the limit is taken from the left; seeFigure 5.9 on the facing
page If this occurs, one cannot satisfy(5.35) with any (@ > 0. In this case(5.35) can be
satis ed by replacing r with r- wherer- = r + " and " > 0; of course @ will depend on
", seeFigure 5.9. A similar remark holds if lim;,  ~ (r) <
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r FoT+" r

Figure 5.9: lllustration of (r) curve that is not monotonic.

Furthermore, it is possible that with the above control law t he network may accidentally
become disconnected. The closer is to one, the more likely this may happen: For
instance, assume at time stegk the estimated  is smaller than . In that case, all the
nodes will reduce their radius by a certain amount (that is, by K ). Now, if the
updated radii are so small that a particularly outlying no de becomes out of reach, the
graph will disconnect.

However, in general, the disconnection of the graph can edgiprevented by setting a
certain minimum radius that the nodes are allowed to use: ths would be the smallest com-
mon radius (plus, maybe, a safety margin) that would still guarantee connectedness of the
network, i.e. it would correspond to the largest inter-nodedistance. This information can
either be pre-programmed into the nodes at the time of deploynent (if a the corresponding
maximum inter-node distance can be guaranteed), or after deloyment. In any case, this
only needs to be done once, as we assume that the nodes do notege their position
after deployment. /

5.5 Simulation results

To conclude this section, we now present some simulation retts. Most of the plots shown
in this section are based on random disc graphs of 50 nodes, twiinitial radii uniformly
distributed in [0:1;0:6], and =0:8.

First we show a series of plots to illustrate the pertinent features of our stability proofs,
then we show the general performance of our proposed contiet, and nally examples of
modi ed control objectives.
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5.5.1 Example 1: Controller stability bounds

Figure 5.10and Figure 5.11show an experimentally obtained (r) curve, the second gure
being a close-up view of the rst. Picking = 0:8 we indicate the values of_ and , as
well asr, r and r, with dotted lines.

Figure 5.10: Actual (r) of a random disc graph on 50 nodes, with an example of the
bounds as required for by Theorem%.2 and 5.3 drawn for =0:8.

We then determined the bounds @, @ and @ on the curve, which are indicated by

the thicker lines, similar to Figure 5.8. The actual values of those bounds are © ' 14:3,
@+ 017and @ ' 8727 When controlling the nodes' radii with (5.30), Theorem 5.2

requires that has to be less thani= © ' 0:067 to guarantee invariance of the corre-
sponding interval R [0:321;0:322] Attractivity of R according to Theorem 5.3in turn
requires to be less than2= @ ' 0:23,

Thus setting = 0:05, we re-initialised the network with randomly distributed r adii in
the [0:1;0:6] and ran the controller on the network. As we can see inFigure 5.12 on the
next pagethe convergence of both the radii and is smooth and fast.

7 Note that tighter bounds can be found.



5.5. SIMULATION RESULTS 109

0.815

0.810

0.805

0.800

0.795

0.790

0.785 ! ! L
0.318 0.319 0.320 0.321 0.322 0.323 0.324 0.325

r

Figure 5.11: Magni ed view of the region around ( ;ry) from the previous plot.
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Figure 5.12: Evolution of , and the individual nodes' radii r,((i) in the 50 node network

analysed inFigure 5.10, for  =0:8, with =0:05.
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5.5.2 Example 2: Combining Control and Estimation

In the previous example we displayed the converged values dlfie estimation scheme. To
show in more detail how estimation and control scheme work tgether, we presentFig-
ure 5.13 Plotted is again the evolution of the nodes' radii under corrol action (5.30) as
well as the estimates of , shown in the upper subplot. These estimates where calculatl as
described inSection 5.3 We allowed 100 time steps for the estimation scheme to convge,
before taking a control action based on the new estimates.

It can be seen that after every topology change all nodes' eghates converge to a com-
mon value and that the control scheme successfully regulatethe second largest eigenvalue
of the networkto  =0:8.

LlL_L e
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0.8 4 f

|
|

~(i)
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0
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Time step k

Figure 5.13: Evolution of the estimates of y and the individual nodes' radii rl((i), as

the controller updates the radii every 100 iterations of the stimation scheme, for
=0:8, with =0:05

5.5.3 Further Examples of control

Next, we present another example that depicts how the (true alue of the) second largest
eigenvalue in magnitude and the nodes' radii change over tim, as the nodes control their
radii using (5.30).

Figure 5.14 shows a situation where = 0:5 was required. As this represents a very
densely connected network, all nodes had to increase theimadius. In turn, in Figure 5.15
we start o with an extremely highly connected network (it wa s almost fully connected),
and all nodes have to signi cantly decrease their radii to adieve the desire =0:8.
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Figure 5.14: Evolution of  and the individual nodes' radii r,((i) in a network of 50 nodes
for =0:5, with  =0:05.
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Figure 5.15: Evolution of  and the individual nodes' radii r,((i) in a network of 50 nodes
with very large initial radii, for =0:8, with =0:05.

The plots in Figure 5.16 on the following pageshow a scenario where the network had
to react to a change in topology: At k = 30 we randomly removed half of the nodes from
the network, thus reducing the graph size to 25 nodes. The resdting network's second
largest eigenvalue in magnitude is larger than desired (i.eit is less connected), and thus
the controller compensates this by increasing the remainig nodes' radii until =0:8is
achieved again.
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Figure 5.16: Evolution of | and the individual nodes' radii rl((i) in a network of 50 nodes,
where 25 nodes are removed ak = 30 (for =0:8, with =0:05).

5.5.4 Validation of control results

In Figure 5.17 on the next pagewe compare the converged radii of our controller for several
di erent (circles) with the second largest eigenvalue in magnitude fothe averaging
matrix of random disc graphs created with dierent initial r adii (crosses). Until now
we have only shown individual results from single instancesf graphs. This plot is to
demonstrate that our estimation and control scheme works oer a whole range of set
points, for any number of trials.

The data points marked by crosses were obtained as follows.i€king 17 di erent values
of r we generated 1000 random geometric graphs (on 50 nodes) famah radius. Next, we
calculated the second largest eigenvalue of the resultingvaraging matrix of each graph

(r), and nally plotted the average value against the initial r value used. In turn, the data
points marked by circles were generated by choosing 14 di emt values for , generating
1000 graphs and running the control algorithm on the network The resulting converged
(common) radii reony () Were then averaged and the value plotted against the particlar

chosen.

As all points appear to lay on the same curve, the plot indicaes that nodes radii set
by the controller indeed converge to the corrected value ovethe entire range of sensible

values.
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Figure 5.17: Crosses : average (r) of 1000 geometric graphs on 50 nodes created with
common radiusr. Circles : Average converged radiiren, after control targeted
at di erent values, for 1000 trials each (where the initial radii where radomly
distributed).

5.5.5 Examples of other control objectives

As we mentioned in Section 5.2 our control scheme is general enough to allow objectives
other than a common radius while achieving a desired

Imagine a situation in which some nodes are equipped with a lger-lasting power
supply and we can allow those nodes to have a larger radius tlmamost of the other nodes
in the network. This would correspond to weighting the nodes radii in the averaging
scheme. It is possible to include such weighting in our fram&ork, and all the proofs
directly hold with but a small modi cation, Knorn et al. (20099. An example of this
is given in Figure 5.18 where by design we wish one node to have twice the radius as
the others, and one node half the radius. As can be seen, thegeinvalue of the network
converges quickly to its desired value of = 0:8, and the nodes radii converge to a common
value with the exception of the two nodes of di erent weighting.

Comment  Note that such a weighting will result contrary to the other cases in
a directed network (that is, a hon-symmetric averaging matrix), even in steady state. As
we mentioned earlier it is an important feature of our algorithms that they work in both
undirected and directed networks. e

Finally we now present an example where a completely di ereh control objective is
desired. Regulating the second largest eigenvalue in magoie, here we do not care about
the radii but rather about the number of neighbours of each nale. In Figure 5.19 on the
following page we required the nodes to achieve consensus on the number ofigiebours,
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Figure 5.18: Evolution of  and the individual nodes' radii r,((i) in a network of 50 where
two nodes where to have twice resp. half the radius as theirgms. Again, =0:8
and =0:05.

rather than the radii. Although one needs to redo the proof of stability, we can see that
the network converges to a stable solution.

r ()

0 . . . . . . .
0 20 40 60 80 100 120 140 160

Time step k

Figure 5.19: Evolution of | and the individual nodes' radii rl((i), 50 nodes, consensus on
number of neighbours.

5.6 Conclusion

In this chapter we have presented a general framework for cdrolling the topological
properties of a network of distributed sensors. This work isclosely related to the contents
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of the previous chapter, with the important di erence that t he global term is not provided
externally but estimated in a distributed fashion by the n etwork agents themselves. As
before, our framework breaks free of many of the assumptionef previous work such as
graph symmetry, and utilises only simple ideas from controland estimation to regulate
important graph properties. Conditions for the stability o f our algorithms are presented.
Roughly speaking, these results state that if the nodes areat too aggressive in the manner
in which they expand or contract their neighbourhood set, sability is assured. This bears
a strong resemblance with the growth bounds that were requied in the previous chapter
in order to calculate the controller gains.

Limitations

While the results reported in this chapter are certainly promising, there a number of
limitations to our theoretical contributions. The rst con cerns the estimation of the second
largest eigenvalue in magnitude, where it would be bene cikif an estimation scheme could
be found that can estimate it irrespective of whether it is real or complex (nhon-real) valued
and hence does not require a decision-heuristic as presedtéere.

Next, the separation of time scales between estimation andantrol scheme may be an
unnecessarily restrictive assumption. In fact, initial tests have shown that estimation and
control scheme may well be interleaved in the sense that sigle iterations of each scheme
can be performed in alternation without compromising convegence (provided the gains
are small enough).

Last, the overall convergence proof here relies on the conkgence to a scalar equation,
which makes it di cult to derive precise convergence rates br the overall problem. It may
be an interesting problem to attempt to prove convergence wthout this intermediate step
and derive concrete convergence rates.

The last chapter of this thesis will discuss three applicatons where the main results
from the previous chapters are applied to a number of real-wdd problems.






CHAPTER 6

Applications

This chapter presents three practical applications for some  of the results pre-
sented in the previous three chapters. In particular, they i nvolve stability con-
ditions for a power control algorithm (application of our CLCL F result), coop-
erative control of emissions in a eet of plug-in hybrid elec tric vehicles as well
as a real implementation of a small network of wireless motes (as applications
for the cooperative control results).

Chapter contents

6.1 Stability of the Foschini-Miljanic algorithm
6.2 Emissions control in a eet of Hybrid Vehicles
6.3 Real-world implementation of cooperative control

6.1 Stability of the Foschini-Miljanic algorithm

113.81102ptThe rst application we discuss uses one of ouroeznmon linear co-positive
Lyapunov function results from Chapter 3 to derive conditions for stability in the presence
of time-varying time-delays and arbitrary switching in a popular distributed power control
algorithm for wireless communication networks. This secton is based on joint work with
Dr. A. Zappavigna, Prof. P. Colaneri?, Dr. T. Charalambous? and Prof. R. Shorten; it is
accepted for publication in the Automatica journal, Zappavignaet al. (2017).

6.1.1 Introduction

Some Code Division Multiple Access (CDMA) based power control algorithms aim to as-
sign power to wireless nodes in a distributed fashion, whilguaranteeing a certainQuality
of Service (Q0S), Schulze and Luders(2009. In real communication systems, especially
ad-hoc networks, distributed algorithms require communi@tion among the nodes. But
processing time (coding and decoding), propagation delayand waiting for availability of

1 Dr. Zappavigna and Prof. Colaneri are with the  Dipartimento di Elettronica e Informazione , Politec-
nico di Milano , Italy.

2 Dr. Charalambous was with the Department of Computing , Imperial College London , United King-
dom.
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channels for transmission all introduce delays into the newvork. Additionally, the nodes
may be mobile, entering or leaving the network, causing the etwork topology to change
constantly. Hence, any stability analysis of distributed algorithms for such realistic situa-
tions should consider time-delays in the network and changig network topologies.

The authors in Foschini and Miljanic (1993 proposed a power control algorithm, the
now well known Foschini-Miljanic (FM) algorithm, that prov ides distributed on-line power
control of wireless networks with user-speci cSignal-to-Interference-and-Noise-Ratio (SINR)
requirements. Furthermore, this algorithm yields the minimum transmitter powers that
satisfy these requirements.

Previous work

As we shall see, this study will involve switched positive sgtems where the states are
delayed. Systems with time-delays naturally occur in many gplications and have been
studied extensively over the past few decades, see for instee the book by Lewis and
Anderson (1980; Hale and Lunel (1993; Hennet and Tarbouriech (1997; Haddad and
Chellaboina (2004); Hovel (2010 and the book by Mahmoud (2010.

In the context of switched systems, various types of delays r@ usually considered, in
particular single, constant delays (i et al., 2009 or multiple but constant delays (Sun
et al., 2008 Liu et al., 2008 Ding and Shu, 2010. The recent result by (Sun et al., 2009
discusses switched systems with time-varying time-delaysut focuses on nding stabilising
switching laws and hence does not cover the arbitrary switchng case. Concerning the
Foschini-Miljanic algorithm, it was recently shown in Charalambouset al. (2008 that it is
globally asymptotically stable for arbitrarily large but constant time-delays, and the article
did not consider time changing network topologies.

Contributions

In this section, making use of recent advancements in posie linear systems and in partic-
ular Theorem 3.2from Chapter 3, we consider both the e ects of time-varying delays and
changing network topologies (in other words, arbitrary swiching). For that we present a
new theoretical result concerning the stability of such sytems. This result is then used
to show that the Foschini-Miljanic algorithm is globally asymptotically stable even un-
der those harder, more realistic conditions, provided a codition similar to Theorem 3.2
is satis ed. Our results are of practical importance when deigning wireless networks in
changing environments, as is typically the case for CDMA netvorks.

Structure

The remainder of this application section is structured as bllows: Section 6.1.2provides
some helpful mathematical preliminaries. Then, we introdiwce the channel model used
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for modelling the wireless communications as well as the Fakini-Miljanic power control

algorithm. In Section 6.1.4 a stability condition is derived for the Foschini-Miljani ¢ algo-
rithm, showing its stability under arbitrary switching and time-varying delays. Finally, an
example as well as some concluding remarks are given.

6.1.2 Mathematical preliminaries

In what follows, we will establish the mathematical framewak for our study and give a
useful result on positive systems that is needed to prove oulater results. We shall deviate
slightly form our usual notation in that the variable t now denotes the (continuous) time
variable, so that x(t) is the value of x at time time. Subscripts are either used to index
subsystems in a switched system, to indicate di erent delagd states, or to denote specic
switching instants. In general, it should be clear from conext and the explanations we
give when de ning new variables as two what the index is refefing to.

We shall consider the following type of linear system withm di erent delayed states
whose time-delays are time-varying:

xo

x(t) = Ax (t) + Bx t (1) ; t O (6.1a)
k=1

x(t)="4() O; t2[ ;0] (6.1b)

wherex(t) 2 R"y, A 2 R" " is a Metzler matrix, Bx 2 R"," are non-negative matrices

k(t) are assumed to satisfy:

Assumption 6.1 (Bounded time-delays)

functions in t, satisfying
0 () « forallt O (6.2)

where = maxf ¢g.

Comments  Systems of the type(6.1) are referred to asdelay di erential equations or
functional di erential equations ; an extensive overview over such systems can be found in
Hale and Lunel (1993; Kuang (1993; Diekmann et al. (1995.

Furthermore, while for most practical applications piecewise continuity of both the
initial condition function ' () and the time-delays (t) will su ce, all results will in fact
hold for locally Lebesgue integrable functions,Rudin (1976; Rami (2009. /

Recall that a dynamical system is said to bepositive if its state trajectories remain in
the positive orthant for all t 0 (provided that the initial condition is positive). Thanks
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to A being Metzler and the B being non-negative, it is easy to show that the system
above is indeed positive, see for instancRami (2009.

We can now present a useful result on switched positive systes with time-varying
time-delays that are based on(6.1), where both the system matrix A and delay matrices
B« switch arbitrarily (but not in nitely fast). Given N constituent subsystems we make
the common assumption that the switching instants are de ned in all the real time axes
and that inf, (tk+1 tx) > O, wherety,; and tx are two consecutive switching instants, so
that the switching rule has no accumulation points.

The following theorem states that the existence of a commonithear co-positive Lya-
punov function v(x) = ¢c"x with ¢ 0 for all un-delayed modes of the system is su cient
to guarantee the asymptotic stability of the system for bounded time-varying delays and
arbitrary switching.

Theorem 6.1 (Stability of switched positive linear systems with timetying delays)
Consider the switched positive system with time-varying tire-delays fort 0

xn
x(t)=A px(®)+ By pxt k(1) (6.33)
k=1
x(t)="() O; t2[ ;0] (6.3b)
wherex(t) 2 R",, R !f 1;:::;Ngis some (piecewise constant and left-continuous)

switching signal (de ned in all the real time axes and withinfy(tx«1  tk) > 0, where
tk+1 and tx are two consecutive switching instants),A; 2 R" " are Metzler andB; 2

ch A+ B ;i 0; 8 =1;:::;N (6.4)

then system(6.3) is asymptotically stable.

Proof  The full proof of this theorem is given in Zappavigna et al. (2011). To give a
rough outline, the main idea of the proof is to make use of cedin monotonicity and or-
der preserving properties exhibited by these systems and #ir counterparts with constant
time-delays. The switched system is examined between eachwvb consecutive switching
instants and it is shown that it decreases exponentially in @ch of these time intervals,
from which overall stability can then be deduced.

Comment  Note that with the assumptions of the theorem, system(6.3) will also remain
positive throughout time. 4

Now, given this result, the question would be how to check fothe existence of such Lya-
punov function. From the third chapter, recall Theorem 3.2which provided a (necessary
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and su cient) test for the existence of a common linear co-pasitive Lyapunov function.
The following corollary is just a slight reformulation of th at theorem in order to t the
current setting, reproduced here mainly for convenience:

Corollary 6.1 (CLCLF existence)
Given N Metzler matrices A; and m N non-negative matricesB k. , then there exists
a strictly positive vector ¢ 0 such thatc™ (A; + km:1 Bki)=:c'A; 08i=1;:::;;N

Proof SeeTheorem 3.20n page 41

6.1.3 Wireless communications

Having laid out some necessary mathematical groundwork, keus now present a model of
the wireless communications and later the famous FoschinMiljanic power control algo-
rithm.

Channel model

We consider a network in which the links are unidirectional and each node is supported
by an omnidirectional antenna. The link quality is measured by the Signal-to-Interfer-
ence-and-Noise-Ratio (SINR). LetS and R denote all transmitters and receivers in the
network, respectively. In a network with n communication pairs (n = jSj = |Rj), the
channel gain on the link between transmitteri 2 S and receiverj 2 R is denoted by gti)
and incorporates the mean path-loss as a function of distare; shadowing and fading, as
well as cross-correlations between signature sequencesll the gti) are positive (since all
nodes are equipped with omnidirectional antennae) and canake values in the range0; 1].
Without loss of generality, we assume that the intended recier of transmitter i is also
indexed byi. The power level used by transmitteri is denoted byp(), and () denotes the
variance of thermal noise at the receiver, which is assumed to be an additive Gaussian
noise.

The interference power at theith receiver consists of both the interference caused by
all the other transmitters in the network ~ ;4; g¥")pli) and the thermal noise () in node
i's receiver. That means the SINR at the receivei is

SINRW = p 9P (6.5)
i6i gipd) + M
Due to the unreliability of the wireless links, it is necessay to ensure Quality of Service
(QoS) in terms of the SINR in wireless networks. That is, a transmission from transmitter i
to its corresponding receiver is successful (error-free) ithe SINR at the receiver with
respect to that transmission is greater than or equal to thecapture ratio (), which depends
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9(33?) g(44)

(22)
g% (g0 — (%)
Figure 6.1: lllustration of a wireless ad-hoc network with 5 communication pairs. The

channel gains for each pairf § ! R;g is shown as well as the interference caused
by S; on the other four receivers.

on the modulation and coding characteristics of the radio. h other words, it is required
that

gt o
T e giph+ (6:6)

Inequality (6.6) describes the QoS requirement of a communication paifi; i) while a trans-
mission takes place. After manipulation, (6.6) becomes
0 1

X i) .
o 0@ L 04 LA (6.7)
i6i

In matrix form, for a network consisting of n communication pairs, this can be written as

P Zp+ (6.8)
where we denep’ = p® :::p™M . =diag @ ;z(0) = gli)=¢i) if i 6 j, zero
otherwise; and T= @ ::: (M with O = O O=¢i) Finally, letting C = Z,

(I C)p (6.9)

We note that C has strictly positive o -diagonal elements which implies that it is
irreducible. By the Perron-Frobenius Theorem (Horn and Johnson 1985 we then have
that the spectral radius of C is a simple eigenvalue, while the corresponding eigenveatis
positive elementwise. A necessary and su cient condition br existence of a hon-negative
solution to inequality (6.9) for every positive vector is that (I C) ! exists and is
non-negative. However,(I C) ' 0 if and only if the spectral radius (C) < 1, or,
equivalently, (C 1) is Hurwitz (since (C 1) is Metzler), seeHorn and Johnson(1991).
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The Foschini-Miljanic power control algorithm

The Foschini-Miljanic (FM) algorithm is given by the follow ing distributed power update
formula Foschini and Miljanic (1993:

2 0 13
i) LX) M
g - M4 py+ @ @- | Wp(l)(t) + WA5 (6.10)
j6i
where () > 0 denote the proportionality constants and () denote the desired SINR. It

is assumed that each node has only knowledge of the interference at its own receiver.
In matrix form, for a given network con guration this yields

p(ty= K ({ C)p(t)+ (6.11)

Since the transmitter uses measurements from its intendedeceiver, delays are inevitably
introduced into the system for a number of reasons such as poessing time (coding/decod-
ing), propagation delays and availability of the channel fa transmission. Consequently, a
realistic analysis of the algorithm must consider, time-vaying delays:

2 0 13

do(®) = g4 o) wa. 9 ) Y s
g - pt(t) + @' Wp t (1) +W (6.12)

j6i

where we assume that () (t) satisfy Assumption 6.1 In matrix form this can be written
as
!

p(t)y= Kp )+ K X Bkp t k(t) + (6.13)
k=1
where K = diag (i|): ,and b is zero ifj = k or i 6 k, or equal to (¥ glil)=g(kk)
otherwise. Note that ,_, Bx = C.
Assuming feasibility of the solution, and de ning x(t) = p  p(t) to describe the
deviation from the desired power levelp =(1 C) ! 0 in order to satisfy (6.9), then
the stability of (6.13) is equivalent to and can be assessed by study of the followirgystem:

X
x(t)= Kx (t)+ KB kx t  (t) (6.14)
k=1
for which it is easy to see that the origin is the equilibrium. If its initial condition is non-
negative (which can be guaranteed by starting from all zero pwer levels) then(6.14) de nes
a positive system as the diagonal matrix K is Metzler and the KB y are non-negative.

6.1.4 Main results

Our main result states the following: In some situations allthe possible variations in the
gain matrix may be known a priori, and thus there is a nite number of con gurations
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that characterise the possible con guration of the system. In such situations, the next
theorem provides a su cient condition for stability of the F oschini-Miljanic algorithm
under time-varying delays and when the topology changes aibrarily among N di erent
con gurations.

Theorem 6.2 (Stability of the FM-Algorithm)
Clg)nsider a set of N dierent network con gurations that are described by matrices
Ci= .. Bki,wherei=1;:::;;N,andletA;:=C; |I.

(6.13) is asymptotically stable under arbitrary switching (de ned in all the real time axes
and with infy (tk+1  tk) > O, wherety+; and tyx are two consecutive switching instants), for
any time-varying delays (t) satisfying Assumption 6.1, for any initial states p;j(0) O,
and for any proportionality constants () > 0.

Proof By construction, all A; are Metzler matrices. A (Aq;:::;AN) being Hurwitz for
all s2 S,y is a necessary and su cient condition, according to Corollary 6.1 to say that
there exists a positive vectorc 0 such that cT( |+ _, Byj) O for all i. This
again also_means that sinceK is a diagonal matrix with strictly positive entries, then
e'( K+ ., KByi) Oforalli,wheree' =c'K 1 0.

By Theorem 6.1, comparing (6.14) to (6.3), this is su cient to guarantee stability.

Comment  As we mentioned earlier, Theorem 6.2 may also be formulated in terms of
feasibility of suitably de ned linear programming problem. One such program might be
for example: Find a vectorc 0 such thatc™ A; ::: Ay | 0. e

6.1.5 Example

To illustrate the theoretical result presented by Theorem 6.2 we now consider a three
dimensional model consisting of three modes such that the alve stability condition is
ful lled. It is given by the following matrices

2 3 2 3 2 3
0 018 023 0 035 015 0 036 061
Ci= §0131 0 004% ;o Ca= 20:40 0 045% ;o Cs= §0:47 0 028% (6.15)
022 012 O 0:37 053 O 071 026 O

From Theorem 6.2 if for all s 2 Sj3.3 the matrices Cs(C1;C2;C3) have a spectral
radius less than one then the power control algorithm(6.13) is asymptotically stable under
arbitrary switching. In the example here, indeed the largesspectral radius over all matrices
maxXs Cs(C1;C52;C3) ' 0:985< 1 (corresponding to the permutation s = (3;2; 3))
and thus the resulting system would be asymptotically stabk under arbitrary switching.
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Figure 6.2: Simulation of the switched network represented by the matricein (6 15) The
plot shows the evolution of the deviation from the desired peer Ievelsp . The
switching sequence (t) is also shown with the dash-dotted line (that is, if (t) =1
then the network is represented by matrixC1, and so on).

Figure 6.2 above con rms this. It shows the results from a simulation run, plotting
the deviations from the desired power levels p()(t) := p(') p()(t) as a function of
time for each of the three states, wherep() denotes the deS|red power level of theth
state in the kth subsystem. The switched system used was based on the aboweatrices,
where the time-varying delays have been simulated with di eent sinusoidal generators (of
the type (t)= sin(t + )+ ) and the switching sequence has been chosen randomly
(it is indicated with the grey dashed line in the plot). As suggested earlier, the system
was initialised with zero power levels. It can be seen that ideed the deviations disappear
asymptotically.

Note that if, for instance, the (1,2) element in the matrix C, was equal to 0.45 instead
of 0.35, then its spectral radius Cél) Cf) Cés) " 1:015 which would violate the
stability condition.

These examples conclude our rst application that makes usef one of the main results
from Chapter 3 in order to derive conditions under which the Foschini-Miljanic algorithm
is asymptotically stable, in particular in the presence of ime-varying delays and changing
network topologies.
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6.2 Emissions control in a eet of Hybrid Vehicles

The second application is inspired by the motivating exampé from the rst chapter. It
has been submitted as a contribution to theJoint 50th IEEE Conference on Decision and
Control and the 2011 European Control ConferenceKnorn et al. (20111.

6.2.1 Introduction

Reducing greenhouse gas emissions as well as emissions oéally harmful gases and par-
ticulates are one of the major challenges of the future. In tle European Union for instance,
seeSpenceet al. (2009, attempts to reduce emissions include schemes to encouragpti-
mum driver behaviour (emissions reducing driving style forinstance), more e cient use of
the transport network (tra c management and smart navigati on systems to reduce conges-
tion, dedicated lanes for speci ¢ vehicle types, real-timeinformation systems for locations
of available parking spacesegtc.), or to modify the transport demand (improved logistics
to reduce commercial tra c, better public transport, more | ow-polluting vehicles, etc.).

Contributions

In this section, we would like to make a contribution to these e orts by proposing a novel
emissions control scheme that makes use of our cooperativerdrol results from Chapter 4.
In a eet of Plug-in Hybrid Vehicles (PHEV) we intend to regulate the energy mix used
by the cars (that is whether the car should rely more on electic or combustion based
propulsion) in order to control the eet-wide emission of greenhouse gases or harmful
particulates.

Structure

In the following, we shall provide some background on the envonmental issues that under-
line the need for better emissions control schemes and meoih some of the recent technical
developments that should make this possible. We shall then idcuss the implementation
of our proposed control scheme and nally give some simulatin results that validate our

vision.

6.2.2 Background

Attempts by large cities like London (Mayor of London, 2008 or Berlin ( Schoemburg
2008 to reduce emissions have received much public attention, articularly due to the
direct impact they have on the public's mobility. They try to either discourage drivers to
take their car into the city centre by charging a signi cant f ee for doing so, or by strictly only
allowing (certi ed) low-polluting vehicles to enter. Whil e these attempts indeed succeed
in somewhat diminishing the number of vehicles in the typicdly congested city centres,
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they basically are open-loop schemes that do not use feedbdat¢o respond to the actual
situation. Factors like the weather, the time of day, day of the week, or public holidays all
have a signi cant impact on air quality and green house gas enssions. Another problem is
that although cars become greener and greener, there are m@and more cars in circulation
so that the e ects of more e cient and less polluting engines is o set by the ever growing
number of cars,Mayor of London (2008.

Research and development in the eld of electric vehicles h& progressed signi cantly
in recent years. Hybrid electric vehicles (HEV), which combine a conventional internal
combustion engine (ICE) based propulsion system with an eletric engine, were introduced
to the mass market around the early 2000s, and, apart from th& economic advantages
in terms of fuel economy and their green appeal, a humber ofdditional factors have
led to fast growing sales,Gallagher and Muehlegger(2008. Just to name a few, strong
tax incentives in most countries make a compelling argumentor these low-emission ve-
hicles; social preferences and awareness for environmehtpiality or energy security have
increased; fuel prices can rise and already have risen shdypin the past, with a consis-
tent upward trend over time; most major car manufacturers now o er hybrid cars in their
portfolio, broadening the range of available models from srall city cars to big SUVs and
even vans. Nonetheless, consumer adopting rates could s$tide improved upon, Lane and
Potter (2007).

A new generation of hybrid vehicles are so-called’lug-in Hybrid Vehicles (PHEYV).
These cars have a much larger battery than traditional hybrids and are designed to be
charged not only while driving (through regenerative breaking for instance), but more
importantly by means of plugging into an external power supply such as a wall socket
when the car is parked. At the current state of the art, this allows the car to drive several
tens of kilometres purely on electric power, hence producip zero local emissions. The
electrical energy, however, still has to be produced somevene: This can either happen in
a clean fashion (such as wind, solar, water or nuclear powebased) or a dirty fashion
(traditional fossil fuel based power plants). But while the latter also pollute the air and
produce greenhouse gases, the overall emissions and harinfiarticulates may be lItered
more e ectively and, since power plants are usually locatedar away from urbanised zones,
their pollution does not accumulate in the cities as is the cae with traditional, fossil fuel
based transport. Thus, the air quality in densely populated areas which pose major
health concerns friends of the Earth Trust, 1999 Gorham, 2001) will be improved
either way.

Unfortunately, market adoption of PHEVs is still somewhat slow, mainly due to eco-
nomical reasons and technical limitations of the current batery technology. In short, it
appears that battery technology still needs to improve in oder for this class of vehicle to
be economically viable,Axsen et al. (2008. Additionally, very few vehicles currently can
drive farther than 100km in purely electrical mode, and this gure drastically reduces in
cold weather conditions. For that reason, the combustion egine currently serves mainly
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as a range extender, allowing the car to run (as commonly expeed) severalhundreds of
kilometres but at the expense of local air pollution.

Battery .
Electric motor Di erential
5 gears
Reservoir Combustion
é engine
Figure 6.3: lllustration of a simple parallel drive train con guration in hybrid electric
vehicles.

6.2.3 Controlling emissions, maximising driving distance

Hybrid electric vehicles clearly o er many new and exciting possibilities for urban mobility.

For the rst time, cars can be truly context-aware. In princi ple, it is possible to combine
GPS and engine management unit to enable vehicles to chooséhere to be most polluting.
For example, it makes eminent sense for a hybrid vehicle to sitch to full electric mode

in the neighbourhood of schools or hospitals. In the followig application we explore, at a
very high level, a eet-wide notion of such context awarenes. We wish to, in a manner that
is fair, adjust the behaviour of the hybrid electric vehicles such that city-wide pollution

and/or emissions are regulated. Before proceeding, we giwe few words on hybrid electric
vehicle fundamentals.

Hybrid vehicles come in several power-train con gurations the most common of which
would be the parallel power-train con guration, illustrated in Figure 6.3 above. In this
set-up, a combustion engine works in conjunction with an eletric motor to provide extra
torque, or, particularly in the case of plug-in hybrids, to extend the driving range. An
interesting variation of this basic design idea is the so-ceed power-split hybrid con gu-
ration: It uses power-split devices (such as planetary geasets combined with additional
clutches) to allow a precise control over the di erent power paths from the engines to the
wheel. One essentially attempts to decouple the power supplfrom the power demand by
the driver. The end result is that the two methods of propulsion can either run exclu-
sively or in conjunction ( blended mode ). In other words, it is possible to mix the power
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sources and vary between emission-free, all-electric modeut with very limited range) or
emission-producing combustion-based mode (allowing for och larger driving ranges).

Let us now propose a scheme to manage this trade-o in order t@ooperatively regulate
CO; emissions in a eet of n vehicles, while maximising their overall driving range fora
given level of overall emissions. For that, we shall make thdollowing assumptions:

(i) The participating PHEVs have a parallel power-train con guration that allows arbi-
trary blending between the power output of the combustion ergine and the electric
motor.

(i) The drive train power mixing can described by a convex canbination, in other
words the car can seamlessly interpolate between the two estmes (all-electric or
all-combustion).

(iif) The vehicles are equipped with some broadcast-basedahicle-to-vehicle communi-
cation system (such as the proposed 802.11p protocol faCo-operative Awareness
MessagesBilstrup et al., 2008 that allows each car to broadcast its current emis-
sion level to other cars in the area. The emissions need not hmeasured in real-time
but could be derived from o ine measurements, taking into consideration the cur-
rently used power blend.

(iv) Information about the aggregate CO, emissions are available to each car. They
could either be measured externally and broadcast to the eg(through the Trac
Management Channelfor instance, TMC Forum, 2007, or the cars could collec-
tively estimate them through some distributed averaging stieme such as discussed
in Chapter 5.

(v) The emissions control scheme should be fair in the senséat no car should be allowed
to have higher emissions than others.

6.2.4 Implementation

Given these assumptions, this set-up can easily be cast intthe framework presented in

Chapter 4.
Let us begin by de ning the blending parameter r() 2 [0; 1] for each cari that
describes the energy mix used for propulsion. By conventignlet r() = 0 if the car is

in all-electric mode, andr() =1 if the car is propelled purely by the combustion engine.
This blending parameter would be the physical state in ourearlier terminology. With the
assumption that the power blending can be described as a coex combination, the utility
functions would then be linear functions that map the interval [0; 1] of the blending-
parameter r() into the corresponding range of emissions(!) that vary between 0 (when

3 Note that we use CO , emissions here only as an example our scheme can easily be ap plied to any
other type of emissions.
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in emissions-free all-electric mode) and (), the nominal CO, emissions of the combustion
engine. Speci cally,

tM = § 0 (O = (OO (6.16)

as illustrated in Figure 6.4 below.
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Figure 6.4: lllustration of the emissions as a function of the power blenithg parameter.

On the left, the vehicle is in fully electric mode producing nemissions; on the right
it relies completely on its combustion engine and produceshée maximum amount of
emissions.

The global function in this setting is simply the sum of all the CO, emissions, that is

X
gry= tOr® (6.17)
i=1
The overall objective is to maximise driving range for each ar in fair way, given a
certain budget of permissible aggregate emissions. Thysn order to satisfy the fairness
requirement, the emissions between the di erent cars must b equalised. At the same time,
in order to maximise the driving distance, the cars should réy on their combustion engines
as much as possible.
These two objectives can easily achieved using Algorithm 2o page 62 In order to
implement the following slightly simpli ed version of the c ontrol law (4.23)

. ) Lo X ) )
I I IR DR R (6.18)
jan D

we need to calculate suitable gains ,((i) and . Given the linear / multi-linear nature of
the global- and utility functions involved here, this task is straightforward, and we shall
brie y demonstrate this process for a small eet with n = 4 cars. Assume the cars have
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nominal emissionst = (100 120 140 160, measured in g CQ/kg. Now, recall that the
gains (") had to satisfy (4.25) on page 63

|(<ij ) for i 2N k(i) ; and l((ij ) ro) "2 (6.19)
jon D
which, in the simpli ed case, means
i i 1
oy and (no1) 0 W 2 (6.20)

for eachi = 1;2;3;4. Thanks to the linear / multi-linear nature of the global- an d utility
functions, we haved) = d() = h() = () = t() Picking "; = ", =1:5 10 2 and setting
the gains as
M- 1 "at® e
< S N0 for k=0;1;::: (6.21)
it is straightforward to check that both inequalities in (6.20) are satis ed for eachi.
Next, we need to set small enough gains on the global term so that (4.26) is satis ed.
Using (4.50) on page 65this yields in the current setting

=2:1 10 ° (6.22)

With this example on how to actually implement the emissionscontrol scheme, let us
now present three simulations of this set-up.

6.2.5 Simulations

The following simulations we generated for eets ofn = 4 as well asn = 50. The former
simulates the numerical example we just discussed; the la¢ir uses a much larger eet with
cars whose emissions are realistically distributed amonghe di erent emissions classes
based on currently available CQ emission statistics, Figure 6.5 on the following page*

In each case, the topology of the communication graph was chmeged randomly in each
time step (but so as to always guarantee strong connectednsl For each simulation run,
the agents were initialised to use a 50/50 power mix, that isrf(iz)o =0:5foreachi =1;:::;n.
From then on, the blending-parameter was modi ed iteratively based on the update law
presented earlier. In each case, the desired aggregate esims levelg was set to be 25%
lower than that at time k = 0, thus requiring all the cars in the network to adjust their
energy mix in order to reduce overall emissions by 25 %.

In all the following gures, the rst sub-plot shows the evol ution over time of the overall
emissionsg(r k) (with the desired level g indicated by the dashed line), the next sub-plot
displays the corresponding evolution of the blending-paranetersr (), and the last sub-plot
gives the evolution of the emissiong ().

4 These statistics give the distribution of emissions produc ed by regular cars among the di erent EU
emission classes. While the combustion engines found in PHE Vs should have lower emission levels than
regular cars we still used this data for lack of emissions sta tistics for PHEVs.
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- Fraction
B Emissions class

of cars

A (< 120g COy/km) 9.3%

A B (120 140 g COy/km) 45.9%

G C (140 155g CO,/km) 27.6%

\EF D (1551709 CO/km)  10.4%

E (170 190 g CO,/km) 4.7 %

D F (190 225g COy,/km) 1.9%

c G (> 225g CO,/km) 0.2%

Figure 6.5: Distribution of the eet's cars among the di erent EU emission classes, data
based on statistics from theDepartment of Transport (2010).

Fleet of 4 cars

The control gains for the rst simulation were set as derivedabove, and the results from the
simulation run are shown in Figure 6.6 on the next page The plots show that eventually the
global emissions in the rst subplot converge to the desiredevel, and that all cars indeed
equalise their local emissions (third subplot). The detailview on the right shows the rst
15 time steps during which consensus on the emissions is glig reached. From then on,
the agents jointly decrease their blending-parameters asa reduce the overall emissions to
the desired level. The overall view on the left, however, shes that convergence ultimately
can be considered rather slow, which is due to the conservat nature of our results.

To further illustrate this fact, we also ran a second simulaion based on the same
network and initial conditions, but this time setting the gain () 20 times higher than
in the previous case. As shown inFigure 6.7, this resulted in an about 10 times faster
convergence rate.
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Figure 6.6: Simulation results for the eet of 4 cars, gains set in accordace with Theo-
rem 4.2. Left: Full view, right: detail view of the rst 15 time steps.
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Figure 6.7: Same network as inFigure 6.6, but the gains () were set 20 times larger
than in the previous case.

Fleet of 50 cars

Simulating a larger eet, Figure 6.8 on the following pageshows the results for a eet of
n =50 cars. The jumps in all the sub-plots at times k that are multiples of n 1 =49
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are due to the inclusion of the global term in the update rule d those instants. For these
simulations, again a larger gain () was used.

Note that in all simulations, as expected, some agents use alger blending-parameter
than others. These would be cars with overall less pollutingengines, which means they
are allowed to rely more on their combustion engines. This irturn means that these cars
should be able to drive farther than others, so that their em-friendliness is rewarded with
extended range.
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Time step k

Figure 6.8: Fleet of n = 50 cars, gains (ki) set manually.

Comments In the simulations here the update law from Algorithm 2 was used only in its
basic. In a real-world setting, however, one may be requirethe employ the two extensions
for asynchronous state updates and limited access to the gbal term.

Also, the control scheme as presented irChapter 4 requires the states (and utility
values) to be de ned for the entire eld of real nhumbers. In the application presented
here, however, both variables are only de ned on compact intrvals. We thus assume that,
with the blending-parameters all initialised properly, th e solution is feasible and does not
drive the parameters beyond their domain of de nition. If, h owever, this was the case, the
blending-parameters would simply saturate in either fully electric or combustion mode.

Lastly, the CO, emissions of cars are typically strongly dependent on the dving speed
as well as the individual driver's behaviour both of which i s not taken into account here.
We rather focus on the average emissions that would be produced in typical city tra c.
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Furthermore, the frequency at which new aggregate emissiameasurements are provided
determines the rate at which the discrete updates occur. /

This concludes our rst application of Algorithm 2 which aim ed at cooperatively reg-
ulating CO, emissions in a eet of plug-in hybrid electric vehicles. Bebre moving on, we
would like to stress again that we used CQ emissions purely for illustration purposes, any
kind of emissions (such as the directly harmful respirable dst produced by combustion
engines) or combinations of di erent emissions may indeed & considered.

6.3 Real-world implementation of cooperative control

The last application that we would like to discuss is an actud real-world implementation
of Algorithm 2 ( Theorem 4.20n page 63.

6.3.1 Introduction

All our earlier results were developed with real word implenentations in mind, so in order
to see whether indeed ourtheory can be put into practice, a test and validation program
was jointly developed with Dr. Ronan Farrell and Mr. James Kinsella. Both are with
the Callan Institute here at the National University of Ireland Maynooth, which has great
expertise and resources in electronic, hardware and softwa systems as well as wireless
communications.

Over the course of one year, thanks to the kind help of Mr. Kinglla a total of six
wireless motes was developed, built and programmed in ordeio set up a small wireless
network of autonomous agents in which to test our results. Five of the six motes that were
built are shown in Figure 6.9 on the following page

Contributions and structure

This section brie y describes a validation experiment of ou theoretical contributions in
Chapter 4 by developing an actual hardware/software implementation of Algorithm 2 in



136 CHAPTER 6. APPLICATIONS

Figure 6.9: The ve regular motes.

the presence of real-world limitations and problems (in paticular, communication failures
and limited hardware capabilities).

In the following, we shall rst describe the overall set-up as well as the hardware and
software layout of the wireless units. We then present and aalyse the results from two
indicative experiment runs.

6.3.2 Overall setting

Among the six motes built, ve were regular nodesthat formed the actual multi-agent net-
work. Those nodes were completely autonomous units, in thathey were battery powered
and only communicated wirelessly. The sixth mote acted as anaster node It measured
and fed back the global term to the network. Additionally, it was used to start o the
experiment and also collect debug information from each ofte ve regular nodes. This
information consisted of data packets containing the nodes id, physical state and utility
value, and this data was directly relayed to a PC so that the swtem's state could be
recorded and displayed in real-time.

The experiments themselves consisted of each node initiging itself with a ctitious
physical state and utility function (as in the simulations i n Chapter 4, those functions
were either of linear or quadratic type, cf. Section 4.A.2 on page 8} Then, the consensus
protocol given by Algorithm 2 was run: The nodes broadcast treir utility value using their
radios and receive similar broadcasts from neighbouring nibes as well as the master the
global term from node in order to update their own state. The dgobal function used in the
master node was the mean function, that is the master node callated and fed back the
mean of the physical states of all the nodes. The desired glal value was changed several
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times over the course of each experiment in order to demonsdte the network's ability to
react to and track such changes.

The controller gains were calculated in a similar procedureas presented in the previous
section, but again manually increased by one order of magnitde in order to reduce the
overall run time of the experiments.

Hardware

All the nodes were built on small printed circuit boards (PCB) with the following basic
components:

(i) CPU: Microchip PIC 18LF4550 (8bit, 32KB Flash, 2K RAM, US  B)

(i) Radio: Texas Instruments CC1100 (ultra low power, sub- 1 GHz transceiver)
(iif) Power: 3x AA batteries, regulated to 3.3V

(iv) Interface: 2 status LEDs, 1 reset button, serial connec tor

The master node additionally had a physical USB port wired to the CPU so that it
could be connected to a PC for real-time monitoring of the netvork's behaviour.

Software

The software for the motes was written in C/C++ and consists of a simple rmware
to initialise and control the hardware components as well asan algorithmic block which
contains the actual implementation of the consensus algotim.

Roughly, the software set-up operates as follows (pleasesa refer to the ow charts in
the next two sections). First the master node had to be powerd on, then the other nodes.
When a node has nished booting up and is ready for the experirant the begin it was set
to continuously broadcast its initial state to signal its readiness.

The experiment would start when the master node had receivedhe initial states from
all the nodes in the network. At that point, the master node would broadcast a trigger
signal to start the consensus algorithm in each node. In eacliteration, the nodes were
programmed to exchange their utility states with each otherand update their state accord-
ingly. However, everyn 1 = 4 iterations they were additionally instructed to send out
debugging information directly to the master node (containing their id, physical state and
utility value). This information was required for two purpo ses: (i) to enable the master
node to calculate the global value and subsequently feed theli erence between desired
and actual global value back to the nodes, (ii) to protocol the evolution of the experiment.
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Software layout of regular node
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6.3.3 Practical issues

For reasons of simplicity the wireless communications beteen the nodes were not realised
using one of the established wireless communication prot@ts. Rather, they were imple-
mented in a straightforward round-robin or time division multiple access(TDMA) fashion.
Simply speaking, this means that the nodes take turns broadasting. To coordinate this,
rst the master node would broadcast the global value. Relaive to this broadcast the
di erent nodes would broadcast with di erent, xed delays s o that the transmissions are
staggered out and collisions are avoided. That way then 1 iterations between the
global term updates were performed. At the end of these iterions the nodes would spend
another round broadcasting their debug data packets to the naster node. Having received
this data, the master node would then broadcast the new globbaterm and the cycle starts
anew.

In terms of timing, each node's broadcast window was about 20ms wide so that the
n 1 iterations usually took around 4 seconds. Then, roughly anther second was spent
transmitting the debug data packets. Finally, the master node had 200 ms to broadcast the
updated global term. Hence, all in all, the network would peform about 11 to 12 global
term updates per minute, provided no data packets were lost \hich cause some global
term updates not to be performed).

@\

b= o

(a) Experiment 1 (b) Experiment 2

Figure 6.10: The static communication networks used in the two experimentgmaster
node not shown).

Due to technical reasons and limited space for the experimenevery node would pick
up every other node's broadcast. This would result in a rathe uninteresting, complete
graph. We thus manually added an exclusion list to each node hich instructed it to
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ignore broadcasts from certain nodes. With this method, we reated two di erent network
topologies?® which are shown inFigure 6.10 on the facing paggmaster node not included).

Furthermore, due to the unreliable nature of the nodes and wieless communications,
many data packets were dropped. This shall become evident ithe somewhat non-smooth
evolution of the states (as compared to the computer simulabns from Chapter 4). How-
ever, this e ect will always be encountered in real-world applications and thus allows us
to demonstrate the robustness of our work to such communicabn problems.

Lastly, the microprocessors only used nite precision arihmetics and the states could
only assume integer values. While we did not explicitly tookthis into account in the present
work, it shows that our algorithm is also robust with regards to such perturbations.

6.3.4 Results from experiments

We shall now discuss the results from the two experiment runs In the rst experiment,
the network was using utility functions of quadratic type. | nitially, the target value for
the global value was set to 750, which means that the networle physical states had to be
adjusted so that their mean would equal 750. The master node &s instructed to auto-
matically switch the desired global value to 400 once the netorks states have converged
(that is, when the precision of the arithmetic-logic-unit was reached). This occurred about
11 minutes into the experiment.

Figure 6.11 on the next pagewas generated using the data recorded during the rst
experiment, that is the debug-data received from the mastemode and the global value
that it had calculated and broadcast to the nodes. The rst sub-plot shows the di erence
between actual and desired global value, which starts o pogive since the average value
of the physical states (shown in the second sub-plot) is clady below 750. As the physical
states increase, the di erence starts to disappear. At the ame time, the utility values in the
thirds subplot approach each other quickly and eventually ®nverge to perfect consensus.
Then, after about 11 minutes, the target global value was chaged to a di erent, lower
value, which meant that the physical states had to generallydecrease in order to meet it

which can indeed be observed in the plots.
A similar picture is painted in Figure 6.12 This time, the utility functions were of
linear type, and the global value changed three times througout the experiment (from
200 to 600 to 400). Again, the network behaves as desired.

Comment  As in the emissions control application earlier, gains wereset higher than
required by the theorem. This was particularly important in this application as the system
was somewhat unstable, with nodes more or less randomly cramg. The gain on the
global term was double from the rst to the second experiment which clearly resulted in
faster convergence times. /

5 In order to limit the complexity of the code we did not change t  he network topology over the course
of an experiment.
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Figure 6.11: Evolution of the deviation from the desired global value (wibh changed
at t =10:50 min), the physical states and the utility values of theve nodes in the
network. Utility functions: quadratic-type, global function: mean of physical states.
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Figure 6.12: Linear-type utility functions, desired global value changé at t =1:40 min
and t =6:40 min.
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This concludes our real-world validation of Algorithm 2. The results from the experi-
ments certainly support our claims of the robustness of our poposed cooperative control
scheme. We shall now close this application chapter and moven to draw some nal
conclusions of the work presented in this thesis.






CHAPTER 7

Conclusion

In this last chapter we summarise the contributions of this t hesis and suggest
possible future directions for continued research in the re levant areas.

Chapter contents

7.1 Summary
7.2 Future directions

7.1 Summary

In the rst chapter we gave several examples to motivate the work carried out in his
thesis. The rst one concerned a transmit power control algasithm for wireless networks.
The famous Foschini-Miljanic algorithm is a distributed control scheme that is known to
be robust to various types of perturbations, in particular time-varying time-delays of the
states. We noted that switched positive systems theory can b used to explain this robust-
ness and give conditions under which stability can be guarateed. The second example
suggested a municipal emissions control scheme for a eet a@fars. The idea was to regu-
late each participating car's driving speed in order to contol on a global level the overall
eet emissions while also equalising the local emissions amng cars (fairness). The nal
motivational example concerned a topology control problemin wireless sensor networks.
The objective was to nd a decentralised algorithm which regulates the broadcast power in
each node so that a certain overall connectivity level was miatained in the network while,
at the same time, balancing battery lifetimes among all the rodes in order to maximise
the network's lifetime without node failures (due to insu c ient battery power). All three
examples or variations thereof were later revisited in Chapers 5 and 6.

Chapter 2 then reviewed literature from related elds of research, inparticular the areas
of switched positive systems, large-scale systems, decealised control, and cooperation in
networked multi-agent systems.

The third chapter was concerned with deriving easily veri able stability conditions for
switched positive linear systems, in particular by giving @nditions for the existence of
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common linear co-positive Lyapunov functions. We noted tha these switched systems
may represent a networked of interacting scalar systems wich switches between di erent
interaction topologies. As we noted in the literature review, existence of any type ofcom-
mon Lyapunov functions, in general, is su cient for exponential stability of a switched
linear system. In that context, the rst result that we prese nted dealt with a switched
positive linear system where the switching could not occur ebitrarily, but depended di-
rectly on the states: Given a state space covered with (possly overlapping) convex cones
each of which was associated with one of the constituent sulgstems, the system was only
allowed to switch to whichever subsystem(s) that was (were)associated with the cone(s)
the system was in at that point. Our result then stated that existence of a common linear
co-positive Lyapunov function is equivalent to the cone geerated by all the columns of all
the constituent system matrices not intersecting the positve orthant. As this condition
is somewhat hard to test in general, we presented a reformuten of this result that per-
mitted easy checking by running a simple feasibility test provided the cones encountered
were polyhedral. Attention was then turned to the arbitrary switching case, for which a
necessary and su cient existence condition was found that onsisted of an extended Hur-
witz condition on all the system matrices. These results wee complemented by remarks
concerning the insights gained from the algebraic conditia, their applicability to discrete
time systems, and a number of possible applications for them

The following chapter, Chapter 4, discussed a novel cooperative control paradigm for
networked systems. To achieve this, a global feedback loop a8 added to the network,
relating back the aggregate network behaviour to each agentTo formalise the discussion,
we began by de ning more concretely the oft-encountered syem setting that we had
already brie y presented in the rst chapter. We then derive d and proved convergence
of three basic algorithms that allowed the network to coopeatively achieve a common
goal given certain local and global constraints. In terms ofthe existing literature on
consensus and coordination, our results can be interpreteés enabling an implicit and
constrained consensus to be found in a fully decentralisecetting, running on directed and
time-changing communication network topologies. Of the three algorithms, the rst one
assumed perfect knowledge of all the system parameters, inapticular (the inverse of) the
utility functions; the second algorithm was much less demading in that only bounds on
the slopes of global- and utility functions were needed; thehird algorithm was even more
general, even allowing for dynamics to occur in the utility functions. Extensions to these
algorithms additionally enabled them to be deployed in evenmore demanding settings,
such as situations where synchronous state updates cannotbguaranteed, and where the
global value may not be accessible to all the nodes. Howeveigr all these results one key
assumption was made: the global term had to be known by at ledsone node. This could
be satis ed either by some external entity providing it to th e nodes, or by the network
measuring or estimating it itself.
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One such situation where the global value can indeed be estiated in a decentralised
fashion was discussed in the subsequefthapter 5. Hence, in comparison to the previous
chapters, an identi cation component was added to the probem. The main contributions
of the chapter solved the problem posed in the second motivédnal example: A wireless
networks where the level of connectivity of the communicaton network needs to be reg-
ulated, as there are several algorithms that evolve over suctnetworks whose convergence
rate directly depends on the algebraic connectivity level. As proxy for the connectivity
level we used the second largest eigenvalue in magnitude dié stochastic normalisation of
the adjacency matrix. This value is closely related to the traditionally used Fiedler eigen-
value of the graph Laplacian, but it has the advantage that it is also de ned for directed
graphs. Additionally, a fully decentralised scheme can be dvised that allows this value to
be estimated locally in each node one of the main contributi ons of the chapter. Once
obtained, this estimate was then used to inform a decentralied control scheme that locally
adjusted the network topology to successfully regulate theoverall connectivity to some
desired level, even if the network can only assume a discreteimber of di erent topologies
and hence connectivity levels.

The sixth chapter then gave three further applications for our main results, n part
following up on some of the motivational examples. The rst application discussed con-
cerned the Foschini-Miljanic power control algorithm for wireless networks. Our arbitrary
switching result from Chapter 3 was used to provide su cient conditions for the algo-
rithm's stability under time-varying time-delays and arbi trarily changing network topolo-
gies. Next, we suggested an emissions control scheme for aeteof plug-in hybrid electrical
vehicles that was based on our second cooperative controlgdrithm proposed in the fourth
chapter. This application is similar to the third motivational exam ple as it proposes a de-
centralised scheme to regulate (in a fair way) the total emisions of the cars participating
in the scheme. Lastly, the third application we considered vas a real-world implementa-
tion of the same cooperative control scheme, validating ouclaims that the algorithm can
indeed be implemented, even with all the imperfections andimitations that are inherent
in real-world applications.

7.2 Future directions

In closing, let us suggest a few di erent directions that the present work may be extended
in.

Switched systems in general are very hard to analyse, as reated by the fact that the
vast majority of results in this area only concern linear sysems. It is thus not surprising
that there are still many fundamental questions that remain unanswered in the non-linear
case. Similarly, our contributions from Chapter 3 also hold only for linear positive sys-
tems. Unfortunately, the linearity assumption in relation to positive systems in particular is
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somewhat problematic: Most real world systems are non-linar and the classical approach
of linearising these system would inevitably destroy any pasitivity properties (as lineari-
sation yields states that describe thedeviation from the operating point and these error
coordinates may thus assume negative values). Hence, therg a clear need for non-linear
results in the eld of positive systems and positive switcheal systems in particular.

Nonetheless, in some cases the linearity assumption may besgti ed; one example for
this was encountered in the Foschini-Miljanic application we discussed earlier. In this ap-
plication, the need for results covering switched positivesystems with time-delays became
apparent. Consequently, further work further investigating the e ects of delays on the
system's stability would certainly be of bene t.

While the results of Chapter 4 are certainly promising, a nhumber of open questions
remain and should be the subject of further investigations.For instance, the gain in the
secondand third algorithm may become very small in larger networks, and there is much
experimental evidence that the bounds presented here tendotbe rather conservative. This
can be explained, in part, by the fact that for su ciently con nected graphs (and not patho-
logical worst-case scenarios such as, for example, diredt@-cycles) signi cantly less than
n 1 multiplications in (4.36) on page 64would be required to produce strictly positive S
matrices which in turn means that the corresponding smin value in (4.46) on page 65
would be much larger and ultimately allows to be increased. One possible future exten-
sion of our work that accounts for unlikely topological e ects is via a stochastic formulation
of this problem. Here, expected quantities are controlled ather than deterministic ones.

Also, in the second and third algorithm, the nodes incorpordae the global term in
their state updates everyM steps. A number of simulations and tests have shown that
the system may well include the global term in every time stepand thus achieve faster
convergence. In the future, it would be interesting to see ifa proof can be developed that
allows the inclusion of the global term in every time step, as this may speed up overall
convergence.

Other open questions in a problem setting as encountered herconcern the e ect of
communication delays, quantisation e ects when using nite precision arithmetics (for
instance when implementing our algorithms on digital processors without oating point
precision, as was the case irBection 6.3 or the e ect of nodes joining or leaving the
network. These issues may possibly be addressed using iddesm previous (unconstrained
consensus) literature such a¥ashyap et al. (2007); Nedi¢ and Ozdaglar(2010.

Furthermore, the present work only considers a single physial state and single utility
value associated with each node; in a more general settingodes could have two or more
states associated with them. This may lead to a MIMO-like formulation of our problem.

Concerning the graph topology control problem, although examples are presented to
illustrate the e cacy and promises of this approach, there are also a number of open
questions that remain to be resolved. The most important of hese concerns the fact that
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the relationship between the network states and the eigenvae locus is not known exactly
a priori (and thus the required bounds for Theorems5.2and 5.3 on page 105 However,
this should not be a problem for most practical applications where the graph setup is
roughly known in advance, since then estimates of those paraeters could be obtained
o -line using simulations of typical graphs. Another approach would be to attempt to
estimate them in an adaptive fashion as the consensus algthim evolves.

Furthermore, another interesting problem to study would be to attempt to reproduce
our results without the assumption of separation of time scées between the estimation-
and control parts in the overall scheme Section 5.4 on page 9 Indeed, some preliminary
experiments have shown that estimation- and control iteraions may be interlaced (that
is, individual estimation and control updates may simply be alternated), without a ecting
the system's stability or convergence to the correct solutn.

Another extension to the chapter's work may be to not conside binary adjacency
matrices (where the entries are either 1 or 0) but rather matices where those elements
would transition smoothly from 1 to 0 as nodes get further apat from each other and loose
their communication link. In that case, we suspect that the dgenvalue locus will become
a smooth function of the nodes' connection radii.

Lastly, as in the previous chapter, further investigations may also consider communica-
tion delays, quantisation e ects or the impact of using only nite precision arithmetics on
the control scheme, as well as the quantitative e ect on the @envalue locus when agents
join or leave the network.

Moving on to the applications chapter, future directions for the Foschini-Miljanic appli-

cation may include nding additional stability conditions for constantly changing network
topologies where it is not possible to identify nitely many di erent con gurations. Further,
a comparison of our results with the stability conditions of the undelayed Foschini-Miljanic
algorithm could lead to a better understanding of the impact of delays on the overall algo-
rithm. Lastly, on a more abstract level, it would be of great interest to determine whether
the delay-independent stability properties exhibited by positive systems are due to their
monotonicity or positive properties.

In the work on eet-wide emissions control, future studies $ould consider the e ect of
nodes joining and leaving the network, how e ects like satuation of the states could be
incorporated directly into the mathematical framework, and ideally derive tighter bounds
on the maximum permissible gain for the global term (as the bands presented here are
only su cient for stability, and we have shown in the simulat ions that they can be increased
signi cantly without compromising stability). Also, it wo uld be interesting to attempt a
real-life implementation of our suggested application.

Our last application using the purpose built wireless motesalso raised a range of ques-
tions. For instance, what is the e ect of quantisation in the states on the cooperative
control algorithms, as caused by real-world, nite precision arithmetics? We suspect that
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quantisation will not be able to destabilise the system; sinilar to the quantisation e ects
encountered in the graph connectivity problem, one cannot gpect to converge asymptoti-
cally to the theoretical solution, but rather only to a neighbourhood of it.

In overall conclusion, the cooperative control algorithmsshould present a new paradigm
for cooperative control. However, with the gains set stricty according to the rather con-
servative, theoretical limits, convergence rates are muchioo slow for actual applications.
Hence, further work deriving tighter bounds for these gainsis imperative.
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Notation

Scalars; lowercase letters

Vectors; lowercase bold letters (always supposed to be catin vectors, if not trans-
posed), or elementwise in parentheses: x x@ ::: x(M T

Matrices; uppercase bold letters, or elementwise in bracks: :23 Zgg
Sets; uppercase calligraphic letters

Typically an upper bound to the variable x

Typically a lower bound to the variable x

Typically the desired value of x

The value of variable x at time k, sometimes also denotec (k)
Identity matrix of suitable dimensions

The nth unit vector of suitable dimension

Zero matrix of suitable dimensions

The eld of real numbers

The n-dimensional Euclidean space

The closed positive orthant of the R"

The open positive orthant of the R"

The space ofn  n matrices with real entries
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