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Abstract: This paper investigates the controllability and reachability of switched
linear control systems. It is proven that both the controllable and reachable sets are
subspaces of the total space. Complete geometric characterization for both sets is

presented. The switching control design problem is also addressed.

Keywords: Switched linear systems; Controllability; Reachability; Switching control

1 Introduction

During the last decade, hybrid and switched systems have attracted considerable at-
tention (Chase, Serrano & Ramadge 1993, Branicky 1998, Wicks, Peleties & DeCarlo
1998, Ye, Michel & Hou 1998, Liberzon & Morse 1999). Basically, a switched system
consists of continuous-time/discrete-time dynamical subsystems and a rule (supervisor)

that determines the switching among them.

Switched systems deserve investigation for theoretical reasons as well as for practical
reasons. Switching among different system structures is an essential feature of many en-
gineering control applications including power systems and power electronics (Williams
& Hoft 1991, Sira-Ramirez 1991), and switched systems have numerous applications
in control of mechanical systems, air traffic control, aircrafts and satellites and many
other fields (Li, Wen & Soh 2001). Control techniques by switching among different
controllers have been applied extensively in recent years. Indeed, a switched controller
can provide a performance improvement over a fixed controller (Morse 1996, Naren-
dra & Balakrishnan 1997, Savkin, Skafidas & Evans 1999). The switched controller
architecture is proven to be a rigorous design framework for general nonlinear sys-
tems (Kolmanovsky & McClamroch 1996, Caines & Wei 1998, Leonessa, Haddad &

Chellaboina 2001). A switched controller can also achieve certain control objects which
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cannot be accomplished by conventional methods, such as pure feedback stabilization
of nonholonomic systems (Brockett 1983, Kolmanovsky & McClamroch 1995).

A fundamental pre-requisite for the design of feedback control systems is full knowledge
about the structural properties of the switched systems under consideration. These
properties are closely related to the concepts of controllability, observability and sta-
bility which are of fundamental importance in the literature of control. There have
been a lot of studies for switched systems, primarily on stability analysis and design
(Branicky 1998, Dayawansa & Martin 1999, Liberzon & Morse 1999). As for con-
trollability and reachability, studies for low-order switched linear systems have been
presented in Loparo, Aslanis & Ilajek (1987) and Xu & Antsaklis (1999). Some suffi-
cient conditions and necessary conditions for controllability were presented in Ezzine
& Haddad (1989) and Szigeti (1992) for switched linear control systems under the as-
sumption that the switching sequence is fixed a priori. The complexity of stability and
controllability of hybrid systems was addressed in Blondel & Tsitsiklis (1999).

For controllability analysis of switched linear control systems, a much more difficult
situation arises since both the control input and the switching rule are design variables
to be determined, and thus the interaction between them must be fully understood.
For a switched linear discrete-time control system, the controllable set is not a subspace
but a countable union of subspaces in general case (Stanford & Conner 1980, Conner &
Stanford 1987). For a switched linear continuous-time control system, the controllable

set is an uncountable union of subspaces (Sun & Zheng 2001).

In this paper, we investigate the controllability and reachability issues for switched
linear control systems in detail. We prove that, both the controllable set and the
reachable set are subspaces of the total space, and the two sets always coincide with each
other. Verifiable geometric characterization is presented for the controllable subspace.

Dualistic criteria for observability and determinability are also presented.

The paper is organized as follows. In Section 2, we present the definitions of control-
lable and reachable notions. Preliminary results are given in Section 3. A complete
characterization for the controllability and reachability sets is presented in Section 4.
In Section 5, we briefly address the observability and determinability issues. An illus-
trative example is presented in Section 6. Finally, some concluding remarks are made

in Section 7.



2 Definitions

Consider a switched linear control system given by
t(t) = Agx(t) + Byuy(t) (1)

where x € R" are the states, uz : ® € R,k = 1,--- ,m are piecewise continuous
input functions, o : [ty,00) — M = {1,2,--- ,m} is the switching path to be designed,
and matrix pairs (Ag, Bg) for k € M are referred to as the subsystems of (1).

Given a switching path o : [to,tf] — M, suppose its discontinuous (jump) time instants
are t; < ty < --- < tg, we refer to the sequence ty,t1,ts, -+ ,ts as switching time
sequence, and the sequence o(tg),o(t1), -+ ,0(ts) as switching index sequence. It is
clear that these two sequences can uniquely determine the switching path, and vice-

versa.

For clarity, let x(t; o, o, u, o) denote the state trajectory at time ¢ of switched system
(1) starting from x(ty) = o with u(t) = [ui(t), -, um(t)]?.
A state x is said to be controllable at time ¢y, if it can be transferred to the origin in

a finite time starting from ty by appropriate choices of input u and switching path o.

Definition 1. State x € R" is controllable at time tq, if there exist a time instant
tr > to, a switching path o : [to,tf] — M, and inputs wy, : [to,ts] — R, k € M, such
that x(tg;to, z,u,0) = 0.

Definition 2. The controllable set of system (1) at ty is the set of states which are

controllable at tg.

Definition 3. System (1) is said to be (completely) controllable at time ty, if its con-
trollable set at tqy is R".

The reachability counterparts can be defined in the same fashion as follows.

Definition 4. State x € R" is reachable at ty, if there exist a time instant t; > %o,
a switching path o : [to,tf] — M, and inputs uy, : [to,tf] — R™, k € M, such that
x(trito,0,u,0) = x.

Definition 5. The reachable set of system (1) at to is the set of states which are
reachable at tg.

Definition 6. System (1) is said to be (completely) reachable at ty, if its reachable set
at ty is N".



Note that x(t;to, xo,u,0) = x(t';th, xo,u',0’) if ' —t =t — to, W' (t) = u(t — to + t)
and o'(t) = o(t — to + t) for all ¢ € [t{,¢']. That is, the state trajectory possesses the
translation invariant property. Accordingly, if z is controllable (reachable) at a time ¢,
then x is controllable (reachable) at any arbitrary given instant of time. In the sequel,

the reference of tq shall be dropped for conciseness.

It is obvious that if one subsystem, say (A;, By), is controllable, then system (1) is both
controllable and reachable. In this paper, we shall investigate the non-trivial situation
where each subsystem (Ag, By), k € M is not controllable.

3 Elementary results

3.1 Elementary analysis

Given an initial state z(ty) = x¢, inputs ug, k € M, and a switching path o : [to, 7] —

M, the solution of state equation (1) is given by

t1
:I:(t) — A (t=te) | oA (?flflto)gl,;D + eAik (t=tk) . .. gAiy (t2—t1) / e“io (trT)BiOuiO <T>d7-
to

tk t
+' . +6Aik(ttk)/ eAikil(tk*T)Bikiluikil (T)d7+/ eAik(tiT)Bikuik(T)dT

te—1 12

for tp <t <tpyq, 1<k<s (2)
where g, 1, - - - ,t5 is the switching time sequence of o, t,11 = tf, and ig = o(to), - -,
is = o(ts) is the switching index sequence of o.

The reachable set of system (1) is given by

R ={x:x=ux(tty,0,u,0) witht > tg,u € U", and o : [ty,t] — M}

t1
={z:z= eAin (t=tk) | pAiy (t2—t1) / eAiO(tl_T)Bioui() (T)dr + - - -

to

tE t
+eAik(ttk)/ eAikl(tkT)Bik1uikl(7)d7—+/ et By g, (1) dr,

te—1 tr

fork>1,to<t;<---<trp<t,i;j€M,j=0,--- ,k,andu e U"}

where r = " 7 and U” is the set of rth-dimensional piecewise continuous vector

functions.



Note that for any matrices A € R**", B € R"*P and t > ty, we have
t n—1
{a: cx = / A=) Bu(r)dr with u € Up} = ZAkImB (3)
to k=0
where ImB is the subspace spanned by columns of matrix B.

Denote Dy = [By, AxBy, -+, AY ' By), By =ImBy, and Dy, = ImDy, for k € M. It
follows from (3) that the reachable set

R = Uzozl UiO»"' 7ik€M Uhl"" ahk>0(€Alkhk U eAll hl,D’iQ + e + eAlkthZk,1 + le) (4)

Similarly, the controllable set of system (1) is given by

% ~ A h ~ A h ~Ai h
C= Uk=1 Uio, jireM Uho,“'7hk>0(€ 0 ODio +oo e e kDZk) (5)

Given a matrix A and a subspace B € R", let ['4B denote the minimal A-invariant

subspace that contains B, i.e.,
TAB=B+AB+---+A""'B

This operation can be defined recursively as I'4,I'4, B = I'4, (I'4,B8). Let us define the

nested subspaces as
Vi = Di+---+Dy
Vj+1 = FAIV]++FAmVJ7 ]: ]-727"' (6)

and
k=1

Note that if dimV; =dimV;;, then V, = V; for [ > j. This fact implies that V =V,,. It
is readily seen that this subspace is the minimal subspace which is invariant under Ay,
k € M and contains ), _,, Bi. Subspace V plays an important role in the following

derivations.
Note that eMImB C I'yImB for all A € ", B € R"*? and t € R. This gives

R C Uy Uigwiwem (T, -+ Ta, Dig+ -+ Dy, ) CV (7)
and
I'a

CC Uzozl Uz‘o,-~~,ikeM (Dzo 4+ 41y Dzk) cV (8)

0 ik—1

As has been shown in Sun & Zheng (2001), we have the following proposition.
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Proposition 1. If switched linear system (1) is controllable or reachable, then

Y =R 9)

3.2 A heuristic example

According to (4) and (5), the controllable set and the reachable set of system (1) are
uncountable unions of subspaces of R". A question arises naturally: Are R and C
subspaces of R"? A heuristic way for addressing this question is by analyzing typical

examples.

Example 1. Consider system (1) with n =4, m = 2, and

0000 1 0000 0
0000 0 1 000 0
A= , B = ;o Ay = By = (10)
0100 0 0000 0
0000 0 0000 0
Simple calculation gives
1 0 0
0 1 0
VY = span , ;
pan{ | 0 .k
0 0 0

It follows from Proposition 1 that system (10) is neither controllable nor reachable.

Now we compute the reachable set for system (10). For clarity, let R; denote the set of

points which can be transfered from the origin within j times of switching. Accordingly,

Ro = Dy UDy = span{ }

1
0
0
0

t
R1 = (U0 Ry + T u,B2) U (Upspe™ Ro + T4, B1) = { Wl e RN,t >0}



Note that set R; is neither a subspace nor a countable unions of subspaces.

Further calculation yields

b
RQ == (UtzoeAQtRl + FAQBQ) U (UtZ()@AltRl + FAlBl) == { bt . a, b S §R,t Z 0}

0
R3 = (Ut206A2tR2 + FAQBQ) U (UtZ()GAltRQ + FAllgl)
a
atg + b
:{ :a,be%,tg,tgzo}
bty
0

Sets R, and Rj3 are strict subsets of V, and Rj3 strictly include Ry as a subset.

Repeating this process, we have

R4 = (UtzoeAzth + FAZBQ) U (UtzoeAlt'R{; + FAlBl)

a 1 0 0
b+ cts 0 1 0
= ta,b,c € N, ty,t3 > 0} = span , , =V
{ bt 2,13 } pan{ 0 0 1 }
0 0 0 0

From (7), it follows that the reachable set of system (10) is exactly V, which is a

subspace of 4.



By analogy, the controllable counterparts are given by

1
0
Co = D1 U D, = span{ 0 }
0
[ a
—at
Clz{ 0 ZCLE?R,tZO}
| O
[ a
b
Cy ={ ta,be RNt >0}
—bt
| 0
[ a
—aty + b
63:{ otz ¥ 2a,b€§R,t1,t220}
—bty
| 0
and
a
—at b—ct
C4:{ ats 2 fa,b,CG%,tl,tQ,t;ﬁZO}:V
—btq
0

From (8), it follows that the controllable set of system (10) is exactly V, which is a

subspace of $*.

To summarize, for system (10), we have

(i) Both the controllable set and the reachable set are subspaces.
(ii) R=C=V.
(iii) Not all R; and C; are subspaces, and R; # C; for j = 1,2, 3.

(iv) The dimension of C is three, while it needs four times of switching to transfer an

arbitrary any given configuration in C to the origin.



Properties (i) and (ii) are parallel to the non-switching case while properties (iii) and
(iv) indicate complex phenomena arising when switching between different subsystems

occurs.

3.3 Rank divergent properties of e

As expressed in (2), the state transition matrix for switched system (1) is multiple
multiplication of matrix function of the form e?*. Accordingly, properties of exponen-

tial matrix functions play an important role in structural analysis for switched linear

At

systems. In this subsection, several good properties for e** (called rank divergent

properties for convenience) shall be presented. These properties are crucial to the

derivations of the main results.

Lemma 1. For any given matric A € R™" and subspace B C R", the following
equation holds for almost all ty,ty, -+ ,t, € R

eMByet2B 4. p et B=T,8B (11)

Proof. Let S be the smallest subspace of *" that contains the subspaces e4'B for all
t € ®. That is, S is spanned by the set of vectors

{eMBz: teR, z € R"}

By (Drager, Foote, Martin & Wolfer 1989, Proposition 2.1), S is exactly the controllable

subspace of matrix pair (A, B) :

S =span{e?Bz:t € R,z € R"} =48 (12)

Suppose eAt?sz, 7 =1,--- . n spans subspace S, i.e.,
S = span{e?® Bz, -- e Bz,}
This implies that
AYB 4 ANB =TyB
or equivalently,
rank[e B, .-+ e B] = dim(I'4B)

9



Denote integer r = dim(T'4B), and matrix function L(ty,--- ,t,) = [eA"B,--- e B].
Choose a nonsingular sub-matrix M, with maximal rank in L(#},--- %), Therefore,
My is nonsingular and rankM, =rankL(t},--- ). Denote the corresponding sub-
matrix of L(ty, - ,t,) as M(t1,--- ,t,), and its determinant as d(ty, -+ ,t,).

Since each entry in matrix M (t1,--- ,t,) is an analytic function of variables ¢y, - | t,,
d(ti,- -+ ,t,) is also an analytic function of its variables. As d(¢},--- ,t2) # 0, function
d(ty,- - ,t,)is not identically zero. By Weierstrass Preparation Theorem (Kaplan 1966,
Theorem 62), its zeros forms a zero-measure set of R". Therefore, for almost all

i, ,tn, matrix M(ty,--- ,t,) is nonsingular. This implies that
rankL(ty, - ,t,) > rank M (ty,--- ,t,) = r = dim(I'4B)
for almost all ty,--- ,t,. Together with the fact that S C I'4B, we can conclude that
AMB4 o+ eMB=T,8B
for almost all t1,--- ,t,. &
Lemma 2. For any given matrices Ay, € R™™ and By € R™"Px k= 1,2, inequality
rank[AleAQtBl, Bsy] > rank[A, By, By (13)

holds for almost all t € R.

Proof. Denote matrix function (t) = [A;e42! By, By]. Choose a nonsingular sub-matrix
G with maximal rank in Q(0) = [A; By, By]. Denote the corresponding sub-matrix of
Q(t) as A(t), and its determinant as §(¢). It is standard that all elements of A() are
linear combinations of the form t*e*, hence § : ® — R is an analytic function on R.
Because §(0) =detG # 0, the zeros of d(t) are isolated points (Kaplan 1966, Theorem
43). Consequently, 6(¢) # 0 for almost all ¢ € R. Accordingly, for almost all £, A(t) is

nonsingular. Therefore,
rankQ(t) > rankA(t) = rankG = rank[A, By, By

for almost all t.

Note that inequality (13) cannot be substituted by equality as shown by the following

example
010 0
rank[eAtb, b] > rank[b,b] for Aj=I3A= |0 0 1 |,b=|0]|,t#0
0 00 1

10



4 Main results

4.1 Geometric criteria

In this subsection, we shall identify the controllable set and the reachable set for

switched linear systems.

Theorem 1. For switched linear system (1), the reachable set is

R=V (14)

Proof. We are to design a switching path ¢ such that each point in V can be reached

from the origin via this switching path.

Assume that the switching index sequence of ¢ is periodic. i.e.,

1:():1, i1:2, Tty im_lzm,
i =1, lpp1 =2, -+, loma=m, - (15)
The switching time sequence tg, - - - ,¢; and the number [ are to be designed later.

Let t; > t;. From (4), the reachable set at t; is
R(ty) = Ml D, . g MDD, (16)

Wherehj:tj+1—tj, j:O,l,-~-,l—landhl:tf—tl.

Since

ediht ... eAZhI’DI 4+ .. 4 eAilthz'l,l + Diz
A by JAi_ hi— Ash A h—
—¢ zl(e O L I ) S z_1l1Di172_|_’Dl.lil)_|_DZ.l

it follows from Lemma 2 that

dim (eAilhl . 6A2h1D1 4+ -4 eAilthiFl —+ Dll)
> dim(e?i-1"or gD 4 et 4Dy D) (17)

for almost all A;.

11



By repeatedly applying Lemma 2, for almost all h;,--- , h;_,, 1, we have

dim (el .. ed2MD) . e, 1Dy
> dim(ei Mo eADy g e D, D, D)

> dim<€AiT1 hey o 6A2h1’D1 + -+ eAirl hry DiTrl + ’DiT1 + -+ Cn)
= dim(edin/n . .emD 44 Di,, + Vi)
where 7, =1 — m.
It follows from Lemma 2 that
dim (eMimhm gAMLy Di, + Vi)
_ dim(eAiﬁ hry 6A171—1h71*1 <€A¢71_2h7172 L. €A2h1D1 4ot €Ai71_2hT172D7-173
+Dr2) + e D+ D+ V)

) . Ai e Ai e
Z d1m<€Al71 th (e tr1—-2""71 2., €A2h1D1 _|_ e + e r1—2""7T1 2DT1—3 _|_ DTl—2)

+etmt D, 4Dy + V)
= dim(eAi‘rl th (eAi‘l'l—Qth_2 . €A2h1D1 4+ -+ eAi"'l_thl_QDTl_g -+ D’T1—2 —+ Difl—l)
+'D1~T1 +V)

for almost all A, ;.

By the same reasonings, we have

lel (eAifl h7'1 “e 6A2h1D1 _.I_ P _I_ Di-rl + Vl)
> dim(@AiTl hry (€Ai7172h‘r1_2 . €A2h1D1 4t eAi7_172h7—1—2DT1_3
+Dr2+Di, ) + Dy, + V1)
2 dim(eAiTl h7-1 (6142'71_3]171—3 . 6A2h1D1 + . + eAiT1_3h71—3DTI_4
+Dr 3+ +Di, )+ Di, + V1)
Z dim(eAiTl hrq (eAiTlimh‘rl—m . 6A2h1D1 4ot eAiTlithlimDTl—m—l
+DT1*m +oeee Diq—l) + Dirl + Vl)

Ai‘rl—thl_m (eAifl—m—lth_m_l e €A2h1D1 _I_ P _|_ Dn—m—l)

= dim(e*n e

+etiny 1D 4+ V))

iry
for almost all h;,j =7 —1,--- , 71 —m+ 1.

12



Continuing the above process gives

dim <€A’i71h71 Ce €A2h1D1 + o+ Diq + Vl)
> dim(eA”l hry eAin_mhn—m(eAz‘Tl_m_lhn—m—l cethMD D)
+etminy; 4 D;,, + V1)
> dim(eA“l hry eAiﬁ*thl*meAiH*?mh"'l*Qm (eAiT172m71h7—172m71 L. €A2h1'D1 4.
+D7'1—2m—1) + eAz'Tl hry eAiTl_mhq—m V), + 6141'7‘1 hry V, + ’DiT1 + Vl)

(18)

Airlfmh"'lfm . eAi‘rlfnthlfnm (eAi‘rlfnmfl h‘rlfnmfl - eA2h1D1 + .

> dim(eA“l hrie

+D7'1—nm—l) + eAiTl "

th ..

. eAiTl —nm+m

Tl—nm+mvl I eAiﬂ hry Vl —+ DiTI + Vl)

= dim(eAiTl th @AiTlfthl_m e eAi‘rlfnthl_”m (eAirlfnmflth_”m_l .. €A2h1D1 + ...
+Dr 1) + hin hntothrmnmim)y, oy efimtmy) Dy, + V1)

for almost all h;,j =7 —mn+1,--- .7 —mn+m—-1,7n—mn+m+1,--- 7 —
mn+2m—1,--- ;71 —m+1,--- 7 — 1. The relationships i; = i;4m,J = 1,2,--- have
been used in the last equation.
From Lemma 1, we have

ehin (hr oyt —mnim)y) Ly edin iy = Fa W1 (19)
for almost all h;, j = 7,7 —m,--- , 71 —mn. Accordingly, we can rewrite (18) as

dim (e?mhn MDDy 4+ D+ W)
2 dim(eAiTl hry eAi-rlfnthlfnm(eAi-rlfnm—lth*”m*I . 6A2h1D1 + (20)

st ,annmfl) + FAiq—l Vl + ,Difl>

13



Applying Lemma 2 once again, for almost all h;, j = 7,71 —m,--- , 71 —mn, we have

dim (eAiﬂ hopehp 4 4 D;,, + V1)
: i hT —nm Az hT —nm—
Z dlm( Alrlh P eA T1—nm 1 (6 T1—nm—1 1 1 e €A2h1’D1
+ee 4+ Dﬁ—nm—l) + FAiq—l Vl + Dz}—l)

2 dim(eAiTl_mhrlfm . eAirl—nmh717"m(eAirl—nm—l hrlfnmfl - €A2h1D1

+ -+ Drl—nm—l) + FAiTI Vl + Diﬁ)

(21)
> dim(etin-nm o (eAinmi oot gdelap,
+D7'1—nm—1) + FAi-rl Vl + Di-rl>
— dim(eAiTl_nmhrl—nmeAiTl_"m_lhq—lfnmfl . €A2h1D1 + .
_I_eAi-,-l —nmhfl—anTl 1 + D’i-rlfnm + FAirl Vl)
where the relationship D;, =D;_,, has been used.
Because each of (19) and (21) holds for almost all h;, j = 7, 71 —m, - - - , 71 —mn, almost
all choice of hj,j =71, —m,--- , 71 — mn satisfies (19) and (21) simultaneously.
Continuing this process, we can prove that, for almost all h;,j = 7 — mn,--- , 7 —
m?n + 1, we have
dim (6Ai7—1 hoy oL €A2h1’D1 4+ 4 DZ}T1 + Vl)
> dim(eAi"'l*m"thimn . €A2h1D1 + - + eAiTlimnthfmnDTlimnil
+Di71—mn + FAiTl V]-)
> dim(¢tn"2 MDDy 4Ty Vi Ta V)
= dim(etinhm2 .. eA2py 4 Di, +V2)
where 7 = 11 — m®n.
Proceed the above reasonings, we finally have
dim (el .. ef2MD) . gD, D)
> dim(efim/m .. gD 44 D +V)
> dimV (22)

where 7, = 1 — 32770 m(mn)*.

14



Let [ > S"7—s m(mn)* — 1, then from (7) and (22) it follows that
Ri(ty) =V (23)
which implies (14). $

By Theorem 1, the controllable set is subspace V. We thus refer to V as controllable

subspace of system (1).

Theorem 2. For switched linear system (1), the controllable set is

c=V (24)

The proof is completely parallel to that of Theorem 1 and hence is omitted.

Corollary 1. Both the controllable set and the reachable set are subspaces of the total

space, and the two subspaces are always identical.

Corollary 2. For switched linear system (1), the following statements are equivalent

(i) The system is completely controllable;

(ii) The system is completely reachable; and
(iii) V = R".
Due to Corollary 2, we can give an equivalent definition of controllability as follows.

Definition 7. System (1) is said to be (completely) controllable, if for any states x
and xy, there exist a time instant ty > 0, a switching path o : [0,t;] — M, and inputs
ug 2 [0, 8] — R, k€ M, such that x(ts;0,x0,u,0) = xy.

Remark 1. The controllable and reachable sets are invariant under re-arrangement of
Ay and By, for k € M. That is, suppose both ji,-+ , jm and ly,- - ,l,, are permutations
of 1,-+- ,m, then the controllable (reachable) set of system (1) coincide with that of the
system given by

i(t) = Agz(t) + Byuy(t) (25)
where Ay, = Aj, and B, =B, fork=1,--- m.

Remark 2. As noted in Example 1, although R and C coincide, R; and C; may differ
from each other for certain js. This difference is due to incomplete switching which is

a unique phenomenon of switched systems.
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Remark 3. For a non-switched linear system (A, B), Corollary 2 degenerate to the

well known geometric characterization for controllable subspace (Wonham 1979)

C=B+AB+---+ A" 'B

4.2 Switching control design

By Theorems 1 and 2, any states in subspace V can transfer to each other in finite
time. In this subsection, we study the following switching control design problem for

switched system (1).

Switching Control Design Problem Given any two states xo and xy in the con-
trollable subspace V, find a switching path o and control input u to steer the system

from xy to xy in finite time.

Combining the proof of Theorem 1 and the geometric approach of linear systems

(Wonham 1979), we can formulate a procedure to address this problem.

From the proof of Theorem 1, we can find a natural number [, positive real num-
bers hq, -+, hy, and an index sequence ig, - - - ,4;, such that equation (22) holds. This,
together with (7), implies that

eAilhl . €A2h1D1 4+ -4 eAilth1171 + Diz =Yy (26)

Fix a positive real number hg. Define the switching time sequence as
to=0, ty=tp1+hp_1, k=1,--- 1 +1 (27)
From the proof of Theorem 1.1 in Wonham (1979), for any k € M and t > 0, we have
Dy = Im WF (28)
where
W} = / t A=) By BT AL (=T 47
0
Combining (26) with (28) leads to
etal oM ImW 4 eA"lhlImW;;’lj + ImW}Z =V (29)
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If we can formulate a control input u satisfying the equation

t1
zp=a(tyy) = et eMihog, 4 eMihu. . Azl / M=) By (1)dr
to

ti+1
bt [ M B (r)dr (30)

t

then the switching control problem will be solved. To this end, consider the piecewise

continuous control strategy
wiy (t) = BLe B0 g, 0t <t <ty k=0,1,--- 1 (31)

where a, € R", k=1,---,1+ 1 are vector variables to be determined.

Combining (30) with (31) gives

t1
_ T(—
Tp— eMihi ... gAtho g — eAihi .. pA2h / At T)BlBg—‘eAl (t1 t)dTal

to
L1 A AT (101 —1)
+o 4 / eAaltni-m B, Ble® " Vdray, (32)
17}
This is equivalent to
Ty — eAithi ... eAlhoﬂfo — [eAizhl . €A2h1w}%07 . 76AilthfZ:iv W}Z]a (33)
where a = [a] ,--- ,af},]"
Asxp—etihi. .. eMihog, € V)it follows from (29) that linear equation (33) with unknown

a has at least has one solution. Solutions of linear equations (33) can be computed by

symbolic or numerical softwares.

Suppose ag = [af;, - -+, af,;,]" is a solution of equation (33). Define the control inputs

as
i (t) = BLe® 7000 oyt <t < by, k=0,1,--- 1 (34)
and the switching path as
o(t) =iy, fort € [tg,tgy1), k=0,1,---,1 (35)

By the above reasonings, we have xy = x(t;41;to, %o, u, o). That is, the piecewise con-
tinuous control input (34) and the switching path (35) constitute a solution for the

switching control problem of switched system (1).
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4.3 Computational issues

As stated in Theorems 1 and 2, the controllable (reachable) set is subspace V, which is
defined recursively through (Ag, By), k € M. The quantity relationship between them

1S
Ji,5jn=0,1,--- ,n—1

V= ) AlAl (36)
i1, in=1,-;m
That is, V is the summation of (mn)" items. It requires large computational effort to

calculate this subspace if m and n are relatively large.
In this subsection, we provide a procedure to calculate ¥V more efficiently.

Denote the nested subspaces as

Wo = Byt + B
W, = AW+ 4 AW, j=1,2, (37)

Let W= 377", W;. We then have

WoCWiCWo C---CW, and V=W

Note that if W; = W, for some j, then Wy, = W), for k > j and further W; =W = V.
This fact together with dimW < n imply that W,,_,,, = W =V, where ny =dimW.

Denote
p=min{k: W, =V} <n-—ng

and
k
7=0

A basis of V,, can be constructed according to the following procedure.

Firstly, choose a group of base vectors v, -+ ,7s, in Bj, expand them to v1,- -+, 7vs,
Vsi415 5 Vs, Which form a basis of By + Bs. Continuing this process, we can find a

basis v1, -, Yn, of Wo.

Secondly, because

Wl = WO+Span{Ak’yjak:17"'am7j:1>"'7n0}
= Span{r)/la"'7lyno7Ak,}/jak:17"'7mvjzla"'7n0}
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we can find a basis v1, -, Yngs Yno+1, - » Yy Of Wi by searching the set

{717"' 77n07Ak7j>k: 17 , M, ]: 17 7n0}
from left to right.

Continuing the process, we can find a basis Vi, -, Vng, " Vu_1+1,° " » Y, for Wi

Because

Wl+1 - Wl+5pan{Aj7k7 jzla , M, k:Ml—l_’_l)"' a:ul}
= span{%,'-- 77}11@7"4]'7]67 J:17 , M, k:/vblfl—i_la"' ,,Ltl}

and by searching the set

{’ylv"' y "7 a’yulij’kaj = 17 amak = Hi—1 + 1a 7/~Ll}
from left to right for linearly independent column vectors, we can find a basis v1, - -+ , Vg,
U Vw1 Y Y+ s Vg for Wit1.

Finally, we have V = span{~i, - ,Yng»* " Vup_141> " * » Y, }- 1t involves not more than
> wen Tk -+ mji,—y column vectors in the procedure, which is only a small fraction of

the original quantity, (mn)".
Remark 4. From the above analysis, a basis for V is of the form

{bb Ai1,1b1> Aikl,l o 'Ai1,1b17 Tty >bnov Ai1,n0 bl’ Aikno,no o 'Ail,no bno} (38>

where bj € Wy, k; >0, j=1,---,ng, 1 <4; <m,l=1,---,k;j, 7=1--,ne.
Because the number of vectors in (38) is not more than n, there are at most n different
subsystems whose parameters appear in (38). That is to say, for controllability and

reachability issues, we may assume m < n without loss of generality.

5 Observability and determinability

In the above analysis, reference is made to reachability and controllability only. It
should be noticed that the observability and determinability counterparts can be ad-
dresses dualistically. In this section, we outline the relevant concepts and the corre-

sponding criteria.
Consider a switched linear control system with outputs given by

#(t) = Aya(t) + Boult)

y) = Coalt) (39)
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where z(t) € R", u(t) € R and y(t) € NI are the states, inputs and outputs, respec-
tively, o : ® — M = {1,2,--- ,m} is the switching path to be designed, and Ay, By, Cy,

k € M are constant matrices of compatible dimension.

Definition 8. The switched linear system (39) is (completely) observable, if there
exist a time t; > 0 and a switching path o : [0,t;] — M, such that state x(0) can be
determined from knowledge of the output y(t),t € [0,t1] and the input u(t),t € [0,t;].

Definition 9. The switched linear system (39) is (completely) determinable, if there
exist an time t; < 0 and a switching path o : [t1,0] — M, such that state x(0) can be
determined from knowledge of the output y(t),t € [t1,0] and the input u(t),t € [ty,0].

In view of Theorems 1 and 2 for reachability and controllability, the following criteria
are readily obtained for observability and determinability by using the principle of
duality.

Theorem 3. For switched linear system (39), the following statements are equivalent
(i) The system is completely observable;
(ii) The system is completely determinable; and

(iii) O = R"

where subspace O is defined recursively by

O, = ImCl +---+ ImCE,
Oje1 = TyrOj+- +T4r0;, j=1.2,- (40)

6 An illustrative example

Example 2. Consider the switched systems given by
Al :0, B1 = €1, Aj:ejejr_l, BJ‘ZO7 j:2, ,m, mSTL (41)

where e;, 1 < j < n is the unit column vector with the ith entry equal to one.

To compute the controllable subspace V, we follow the procedure presented in Section
4.3.
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It can be readily seen that
Wy = span{e; }

By searching the independent vectors in
Wy = span{e;, Aje;,j=1,--- ,m}
we obtain that
W, = span{e;, Ase1 } = span{ey, e}
Continue this process, we have
Wy, = span{ey, - ,ex, Ajer, 7 =1,--- ,m} =span{ey, -+ ,ex11}
fork=2,---,m—1, and
Wy, =span{eq, -+, em, Ajen,j =1,--- ,m} =span{ey, -+ ,ep} = Win_1

Thus ¥V = W = W,,_1. According to Theorems 1 and 2, the controllable (reachable)
set is

R =C =span{ey, - ,em}

which is an m-dimensional subspace. If m = n, then the switched system is controllable
and reachable.

Now let us address the switching control problem for system (41). Following the pro-
cedure outlined in Section 4.2, we consider the periodic switching index sequence and

piecewise continuous inputs.
Let us choose the switching time sequence to be
to=0,t1 =1t =2, --- (42)
Accordingly, h, = h =1 for Kk =0,1,---. Simple calculation gives
eMh =1 eAjh:In—l—Aj,j:Z--- ,m
where [,, is the nth order identity matrix.

Let | = mly with [y to be determined. Under the periodic switching index sequence

(15), we can compute that

dim (e?u" .- e™"Dy 4 - - - + "D, | + D;))
= dim(eAilh e €A2hD1 + eAilh “ e eAil—m+1h . e eAilfmh'D1 + P + Dl)

= dim(Q"B, + Q" 'B, + -+ + B)) (43)
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where
Q = etmhetm—th ohh — T LAy A,

It can be verified that vectors By, QBy,--- , Q™ !B, are linearly independent, and
V =span{By,QBy, -+ ,Q" By}

Accordingly, we choose that [p = m — 1.

Simple calculation gives

W,%:eleir, Wtk:O, k=2,---.m

For any given states x9 and x in V), consider the equation
m—1 o m—1 1 1 1

Let P denote the sub-matrix of [Q™ !By, - -+, @By, B;] consisting the first m rows. It

is clear that P is nonsingular. Denote
ap = [P71,0](z; — Q" ')
The solutions of equation (44) are given by
a=lag(1), %, -, %,a0(2),%, -+ %, -+ ag(m),*, - %

where ag(j) denotes the jth entry of vector ag, and the symbol ‘x’ stands for any real

numbers.

The corresponding piecewise continuous input is

Ul(t):ao(]+1), tmj§t<tmj+17 j=0,--+ m-—1 (45)

The switching index sequence (15) and control strategy (45) will steer the system from
original x at t = 0 to the target xy at t = m(m — 1) + 1.

The above switching control scheme involves m(m — 1) times of switching to transfer
between two arbitrarily given states in the controllable subspace. This number can be
reduced, if we use aperiodic switching index sequence instead of the periodic one. For

example, let us consider the switching index sequence
Z.0:17 i1:27 Z.2:1a i3:37 Z.4:2a Z‘5:17"' ) ik—m—i-l:ma"' ) =1
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where k = —(m_l)z(mH)

dim (eAikh . eAilthiO N eAithik,l + Dzk)
= dim(eAikh cee eAilh'Dl + eAinh ... eA'ik—mh’Dl R Dl)

. Under the switching time sequence (42), we have

= dim(Qum-1B1 + Q2B + - + Q181 + B1) (46)
where matrices Q);,j = 1,--- ,m are defined recursively as
Q= et ..t Q; = efz . --eAm“—ij_l, j=2,--- ,m—1
It can be verified that vectors By, Q1 B, -+ ,Q,,_1B; are linearly independent, and

V= Span{Bla QlBla T 7Qm—1B1}
Accordingly, a piecewise control input can be obtained by solving the following equation
o _Qm—le = [Qm—lW}}V" 7Q1W£7Whﬂa (47>

for any given initial state zy and target state x;.

(m—1)(m+2)
2

system (41)7 Or equivalently, is this number can be further reduced by other switching

An interesting question arise naturally: Is the minimal switching number for
index sequences?” We could not provide a definite answer yet, though we incline the

positive answer.

7 Conclusion

In this paper, detailed controllability and reachability analyse have been carried out
for switched linear control systems. It has been proven that, both the controllable
and reachable sets are subspaces of the total space, and the two sets always coincide
with each other. The controllable (reachable) set is exactly the minimal Ay- invariant
subspace for k& € M which contains ), Bi. Criteria for observability and deter-
minability have also been obtained by duality. These results generalize Wonham’s

geometric characterizations to switched systems.

A closely related interesting problem is controlling the switched linear systems with
minimum number of switching. It seems that more rigorous rank estimation for expo-

nential matrix should be developed to address this problem.
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