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Abstract—In this paper, the reachability and stabilization issues are addressed for
switched linear control systems. A necessary condition and a sufficient condition are pre-
sented for reachability. Under mild assumptions, we prove that the switched linear control
systems are stabilizable. In addition, we show that an event-driven switching stabilization

strategy can be explicitly constructed.

Index Terms—Switched linear systems, reachability, stabilization, event-driven switch-

ing.
[. INTRODUCTION

In the last decade, there has been considerable interest in modelling, analysis and design
of switched and hybrid systems (see [1, 4, 5, 9, 12] and the references therein). Switched
systems deserve investigation for theoretical interest as well as for practical applications.
Switching among different system structures is an essential feature of many engineering
control applications such as power systems and power electronics [10, 8]. Control techniques
based on switching between different controllers have also been investigated in recent years,
particularly in the context of adaptive control [6, 7]. The existence of systems that cannot
be asymptotically stabilized by a single continuous feedback controller [2] also motivates us

to study switched systems.

In [3], some sufficient conditions and necessary conditions were given for controllability,
observability and stability for periodic switched linear control systems under the assumption
that the switching sequence is fixed a priori. In this paper, we are to design not only the
appropriate control inputs but also the switching strategy in order to control and/or stabilize

the system. As the switching sequence is a design variable rather than fixed a priori, an
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extra degree of freedom in design is introduced.

The paper is organized as follows. Section II formulates the problem and presents prelim-
inary analysis. A necessary condition and a sufficient condition for reachability are presented
in Section III. Section IV investigates the probelm of event-driven stabilization and presents
a constructive design algorithm. Finally, some concluding remarks are made in the last

section.

II. DEFINITIONS AND PRELIMINARIES

Consider a switched linear control system given by

2(t) = Aa@n2(t) + Bae.nlae. (1), (1)

where x € R™ are the states, u;(t) € R, i = 1,---,m are the inputs, a(z,t) : R x BT —
{1,2,---,m} is the switching function to be designed, and matrix pair (A, By) for 1 < k <m

denotes a subsystem of (1).

For switched systems, a switching sequence is to specify when and to which subsystem

one should switch at each instant of time.

Definition 1: A switching sequence is a finite or countable ordered set of pairs of time

and active subsystem
{(70,%0), (71, 71), -+, (75, 85) } (2)
where 7o < 7y < --- <7, <ooandi; € {1,2,---,m}, for j =0,1,---,s, s < o0.
Given switched system (1) and any initial configuration xg, the undergoing switching

sequence (2) can be uniquely determined by switching function «(z,t), and vice-versa. The

quantity relationship is

a(z,t) =k, for t € Uy —[1,7511), k=1,---,m.

Definition 2: System (1) is (completely) reachable, if for any given ¢, zo and x ¢, there exist
a real number t; > ty, piecewise continuous control functions wu;(t),t € [to,tf],i =1,---,m

and a switching function a(x,t), such that z(t5) = zy.

It is obvious that if one subsystem, say (A, By), is controllable, then system (1) is reach-

able too. In this paper, we shall investigate the non-trivial situation where each subsystem



(A;, B;),i =1,---,m is not controllable.

Denote C; = [B;, A;By,- -+, A? 'B;], for i = 1,---,m, C; = ImC;, and ImB the subspace
spanned by columns of matrix B. Given matrix A and subspace B, let I'yB denote the

minimal invariant subspace of B under A, i.e.,
CuB=B+ AB+---+ A" 'B.

This operation can be defined recursively as I'4, "4, 8 = I'4,(I'4,B). For clarity, define the

nested subspaces as

Vi = i+ 4G
Vo = FA1V1 + -+ Dy W

Vn = 1—‘Al])n—l + -+ FAmVn—la
Subspaces V; and V,, are used in Theorem 1 and Theorem 2 in Section III.

Lemma 1: Given a matrix sequence By, - - -, B, of the same row number n. If Ay,---, A;_4

are sufficiently close to the identity matrix I,,, then it satisfies

rank[By, - -+, Bs] < rank[By, AiBg, -+, Ay -+ Ag_1Bs].
Proof: See Appendix A.
III. REACHABILITY
A simple necessary condition for reachability is summarized in Theorem 1.

Theorem 1: If switched linear system (1) is reachable, then

v, = R". (4)

Proof: Suppose that system (1) is reachable and initially rest at x(t,) = 0. For arbitrarily
any given x € R", there exist t; > ¢, a switching sequence {(79,1%), -, (7s,%s)} and inputs

u;(t),2=1,---,m, such that
w(ty) = edisltrm) . iy (e n)/ A0 (=") By, (7)dr

+/ Aig (bp =T stuzs (r)dr ==z



to
Note that e4*ImB; C C; and eAi(tz*T)Biu,-(T)dT € Cifori=1,---,m and t, > t;.
t1

Accordingly,
WS FAiSFAi571 <. FAiOBiO + -t FAiSBis CcV,

Since the chioce of z is arbitrary, one has V,, = R". {

Remark 1: Using Theorem 1, we can easily exclude some unreachable switched linear
systems. For example, system (1) with A; =0,i = 1,---,m and rank[By, By, -+, B;,] < n is

not reachable.

Theorem 2: A sufficient condition for system (1) to be reachable is

V=R, (5)

Proof: According to linear system theory, for any 7,1 < ¢ < m, it is always possible to
construct transformation matrices (7;, F;, G;) with T; and G; being nonsingular, such that

the matrix pair

(As, B) & (T7 (A + BiF)T, T ' B,GY) (6)
is in the form as
(M0 M ] B 0]
Al = . . 7Bi = ~. s (7)
0 - M M;mH 0 - b
0 - 0 Mﬁi+1,n+1_ 0 -+ 0 |

where (M, 13;),] =1,---,r; are Brunovsky normal pairs of length k) with k{,--- k. being

the controllability indeces of subsystem (A;, B;).

Introducing the following linear feedback control
Ui:E$+Givi,i:1,"',m, (8)
system (1) is transformed into

[i} = (Az + BZE)ZE + BszUz d:ef /LIE =+ B{UZ (9)



Detailed computation shows that, for any given real numbers 79 < 7, < --- < 7, the
following equations hold
Im[/T1 e drB; - /Tn A= dr B = Im[B;, -+, AV"'B)] = C.. (10)
70 Ta-1
For clarity, let 0 = ¢, = t19 < t11 < -+ < tip =ty = tog < lo1 < -+ < gy = -+ =
tm = tmo < tma < -+ <tmn = tmy1 be time instants for control switching to be designed.

Denote . .
7,1 n _ i,n - _
Di = [/t eAi(tiHiT)dTBi? v ’/ eAi(tiJrliT)dTBi]’i = 17 cee, M,
i,0

tim—1

E; = eilin=t) 5 =92 ... m,
It follows from (10) that

rank[E,, - - EsDy, -+, By Dy 1, D] = rank[E,, - - - ExC, -+ -, By Cr1, Cril. (11)

Note that lim,_oe** — I, for any given matrix A. Accordingly, let t,,.; be sufficiently

small, it follows from Lemma 1 that
rank|[E, By, ExChy -+ By Gy, Cp] > rank|[Cy, - -+, Cp] = n. (12)
Equations (11) and (12) imply that

rank[F,, By EyDy, -+, EpDyy—q, D] = n. (13)

For system (9), consider
Ui(t):ai,j7 tz,] St<ti7j+17 j:07"'7n_1a Z.:l:"'am7

where a; ; are variables to be determined. For any arbitrarily given zy and x¢, consider the

equation (with unknowns a;;,i=1,---,m, j=0,---,n — 1) given by

_ _ _ ta - _
a:f_ eAm(thrl—tm)_ . eAl(tQ_tl)l'[): eAm(tm+1_tm). . eAQ(tg—tQ) eAl(t2*T)Bl,Ul (T)dT
t1

tma1 - _
et / T eAnltnii =N By (Y dr. (14)
tm

It follows from (13) that equation (14) at least has one solution. Accordingly, system (9) is
reachable, which implies reachability of (1) . <



In general, there is a gap between conditions (4) and (5). However, for specific classes of
systems, these two conditions coincide, hence a complete characterization for reachability is
available immediately. The simplest example is the non-switched systems (m = 1), for which

Theorem 1 and Theorem 2 together leads to the well known solution for controllability [11]:
Bi+AiBi+---+ AT 'B =R

Another example is the system with A; = Ay = --- = A,,, i.e., a nominal (non-switching)
system with multiple controllers. Consequently, condition (5) is a necessary and sufficient

condition for this class of systems.

For low-dimensional switched linear systems, the gap between conditions (4) and (5) can

be filled up through analyzing all possible switching sequences.

Corollary 1: For system (1) with n = 3,m = 2, a necessary and sufficient condition for
reachability is

Vs = 1P (15)
Proof: See Appendix B.

IV. EVENT-DRIVEN FEEDBACK STABILIZATION

In this section, let us investigate the problem of stabilization for switched linear con-
trol systems. In the sequel, we make two assumptions: (i) each subsystem (A;, B;) is not
stabilizable for ¢ = 1,---,m, and (ii) system (1) satisfies relationship (5).

Define a sequence of subspaces of R" described by:

m

Wy, = Z (ﬂjg{il,..@k_l}cj’), k=1,---,m,

ily"',ik—lzl

It is obvious that Wy C Wy C --- CW,, = >, C; = R™.

A basis of " can be constructed according to the following procedure. First, choose
a group of base vectors vy, ---,7s, in Wy. Then, expand them to v, -, Vsys Vsr 1, Vso
which form a basis of W,. Continuing this process, we finally find a basis ~vq,---,7, of

Wy, = R". Define T' = [y1, -+, Y-
Let 2(t) = T 'xz(t). System (1) can be re-written as

5 =T "Ay(z, )Tz + T ' By(x, t)ua(x,t). (16)
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Suppose dimC; = k; and {z;,, - -, sz} € C; with i1 <iy < -+ <iy,. Let

Yi = [Zilfuaziki]Tu izla"'7m7 (17>
yi == [Zla"'azil—lazil—i—la"'azig—la"'aziki—i-la"'azn]Ta Z.:L"Wma (18)
Let 0;1,--+,0,r, denote the real parts of eigenvalues of A; corresponding to the un-

controllable mode of system (A;, B;). From assumption (i) made above, it follows that

o; =max{o;1,---,0;7,} >0, for i =1,---,m. Define 0,0, = max{o; : i =1,---,m}.

Fix a r > mo,q. + 1. It is routine to construct feedback gain matrices F;,i = 1,---,m,
such that each of the real parts of eigenvalues of A; + B;F; corresponding to the controllable

mode of (A;, B;) is less than —r. Applying feedback transformations

u;i(t) = Fa(t), i=1,---,m, (19)
equation (16) becomes
5 =T YAy + B,F,)Tx. (20)
Define the norm of a vector ¢ = [(1,---, (|7 € R! as

ISI] = 1[Clloe = max{|G| - d = 1,---, 1}

Note that y; is in the controllability subspace of subsystem (A;, B;), accordingly, the real
parts of the corresponding poles are less than —r. Therefore, if a(x,t) = i for ¢t € [t1,1s],

then
i (t2)] < cie™ ™2 |yy(t1) ] (21)

for some positive constant ¢;. Similarly, for any o with o > 0,,4,, we have

ys(t2)|| < die” =Dy, (t1)]|, i=1,---,m

Vity > 1 (22)
l2(t)] < die2=)||2(t1)]]
for some positive constant d;.
Fix a o with 0,4 < 0 < Opae + % and correspondingly d; for each ¢ = 1,---,m. Let
¢ =max{cy, -, Cm,dy, ,dy, 1}. Fix a positive real number 7 > M We are now

r—mo
ready to formulate an event-driven switching strategy for system (20).



For any given initial state zp = z(ty), there must exist an integer ko,1 < ky < n such
that ||yk, (to)|| = ||20]|- Define recursively the switching pairs (¢;, k;),i = 1,2,--- to satisfy
the equations given by

ti=inf{t:t >t +7 and [y, (O] < [y ()]} (23)
[yw, ()| = [12(8a)]], (24)

where inf() = +o0o with () standing for the empty set. If more than one k;’s satisfy equation

(24), then just pick anyone among them. Let the switching sequence be

{(to. ko), (1, k1), -+, (5, k), -+ -} (25)
Accordingly, the switching function «(z,t) is

Oé(l’,t) = ki, if tz S t < tiJrl. (26)

Theorem 3: For switched system (1) satisfying (5), consider state feedback (19). If the
event-driven switching function is given by (26), then the closed-loop system is asymptoti-

cally stable.

Proof: For any fixed j > 0, consider the interval [t;,t;1m+1]. We are to prove that the

 (r—mo)T — (m+ 1)1
rate of convergence of ||z(¢)|| in this interval is higher than § = . ma()T +(17)n e
m T

As a consequence, the closed-loop system is asymptotically stable.

Denote A ={l:j<I<j+m,t; 1 —t, > 7} From (21) and (22), it follows that

= ||y, (t1x1)|] < ce™™||2(8)]| if 1€ A

[[2(ti51) ]| J<I<j+m (27)
< ce™||z(t)]] = ce™||2(8)]]  else
where hl :tl—i—l — 1, l :j,---,j+m.
Suppose A # (), then from (27), we have
2t man)l] < e e 5(t)|| < e a2 ()| (28)

where p is the number of elements of set {l: j <1 < j+ m,h = 7}. The latter inequality
of (28) holds due to § < _2=seals = (m+ Dine = por.
Zfjer+1 - tj




On the other hand, if A =0, then hy = 7,1 =j,--+,j + m. Because i, € {1,---,m} for
[l =j,---,7 +m, there must exist integers l1,ls, j < 13 < ly < j+ m, such that k;, = ki,.
From (27) and (22), it follows that

12 (tjman)l| < T eTm T 54 )| = JHm R Ut Ry, (1)
< ST |yt )] < TR TEREDOTET|yy (#,)|
— Cj+m+lflle(j+mfl1)o‘rfr7"‘Z<tll)H < Cm+1€mo'7'frﬂ"|z<tj) H

= o (t))|| = e TG ()| O

Remark 2: Note that if Ay = Ay = --- = A, in (1), then stabilization of a switched
system (1) can be seen as stabilization of a linear system via multi-controller switching. In
this scheme, two problems at different levels involve interactively: at the low-level, we need
to choose a number of candidate controllers, and at the high-level, we are to determine a
suitable event-driven switching strategy (the supervisor) to ensure stability of the overall
system. In the context of adaptive control of linearly parameterized systems, this event-

driven switching scheme is termed as ‘logic-based switching and control’ [6, 7].

Remark 3: Note that for each subsystem, the convergent rate of the controllable sub-
dynamics dominates divergent rate of uncontrollable sub-dynamics. As a consequence, pe-
riodic switching with large dwell time could also lead to asymptotic stability. That is, for

sufficiently large dwell time 7, define periodic switching sequence as
{(Oa 1)7 (Ta 2)7 Tty ((m - 1)7—7 m)a (mTa 1)7 ((m + 1)7—7 2)7 ) ((2m - 1)7—7 m)? o } (29>

then the closed-loop system of (1), (19) and (29) is asymptotically stable.



Ezxample 1: Let n =5, m = 3, and

(0001 0] [0 ] (00100 0] 0 0]
01000 0 00000 10
Ai={00000|,Bi=][0|;4=[00000],B=|01];
00000 1 00010 00
00001 0 00002 0 0
(00 0 0 1] 0|
10 0 00 0
A3=10 0 -1 0 0|,Bs=10
00 0 10 0
00 0 00 1

One may verify that V; = R°. According to Theorem 3, this system is stabilizable.

By fixing » = 10 and 7 = 0.2, a stabilizing state feedback and switching strategy can be

obtained accordingly. Let us consider the initial state given by
x(0) = [—2.0452,2.0757, —0.7796, —2.7625, 0.6311].

Figure 1 shows the convergence of the states, while Figure 2 gives the corresponding switching
sequence. As shown in Figure 2, neither the sequence of active subsystem nor the duration

on each subsystem is periodic.

As pointed in Remark 3, for sufficiently large dwell time, a periodicly switching strategy
also result in a stable closed-loop system. Figure 3 shows the convergence of the states
with dwell time 7 = 0.3. An intensive simulation study exhibits that, for any dwell time
smaller than 0.25, the state trajectories of the closed-loop system diverge to infinity at an

exponential rate.

V. CONCLUSION

Some reachability and stabilization results have been presented for switched linear control
systems. For reachability, a necessary condition and a sufficient condition have been pre-

sented. In particular, for third-order systems, a necessary and sufficient condition has been

10



obtained. Under mild assumptions, an event-driven switching strategy has been proposed

to ensure asymptotic convergence of the system.
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APPENDIX A

Proof of Lemma 1: First, let us consider the case where s = 2.

Denote A; = I, + E. Then [By, A1Bs] = [B1, By + EBs]. Choosing a nonsingular
submatrix G with maximal rank in [Bj, Bs], we denote the corresponding submatrix of
[By,A1By] as G’ = G + A. Because each element of A is sufficiently small, G7'G' =
I, + G71A is strictly diagonal dominant and, subsequently, G’ is nonsingular. This implies

that rank[By, Ay By] >rank[By, Bs.
For the case when s > 2, one may obtain recursively that

rank [By, A1 By, -+, Ay -+ As_1B;] = rank[By, A1 [Ba, Ay Bs, -+, Ay - - - As_1By]]
Z rank[Bh 327 A2‘837 e 7A2 e AS—IBS] 2 e Z ra‘nk[Bla R Bs]

APPENDIX B

Proof of Corollary 1: The necessity follows directly from Theorem 1. We only need to

prove the sufficiency.

By Theorem 2, we may assume, without loss of generality, that rank); < 3. It can be
verified that the case of rankB; = rankBy = 2 contradicts (15). This means that one of the

following cases must hold.
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(i) rankB; = rankB, = 1,rank[B;, Bs] = 2;
(ii) rankB; = 1,rankBs = 2,ImB; C ImBy;
(iii) rank By = 2,rankBy = 1,ImBy C ImB;; and
(

iv) rank[B;, By = 1.

For Case (i), it must true that rank[B;, By, A2 By, A1 Bs] = 3. Without loss of generality,
we assume that rank[By, By, Ay Bi] = 3. It can be verified that there exist 0 =ty < t; < ty
such that

rank[eA2(f2710) ! e dr By, /tt2 2" dr B, By = 3.

to 1

Let t3 > ty with {3 — t, sufficiently small. Let the switching sequence and inputs be
{(t07 1)7 (tla 2)7 (t2> 1)} and

Ul(t) =a1,tg <t <t UQ(t) =ao,t; <t <t Ul(t) =ag,to <t < tg,

respectively. This control strategy steers the system from an arbitrary given initial configu-
ration x(ty) = x¢ to any given state x; at t3 by appropriately choosing a;,as and az. (Cf.

Proof of Theorem 2).

Noting that Cases (ii) and (iii) are symmetric, we only need to consider Case (ii). It
follows from (15) that rank[By, A1 Bs] = 3. Thus, By can be denoted as (up to some state
feedback) [By, bo]. Let ua(t) = [iia(t), 0], then it turns into Case (i) for conclusion.

Case (iv) can be proved similarly as for Case (i) and the details are omitted.
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Figure 1: State trajectories under event-driven switching strategy

Figure 2: Switching path under event-driven switching strategy

"an

Figure 3: State trajectories under periodic switching strategy
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