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Abstract— This paper investigates the use of nonregular (not necessarily regular) static/dynamic
state feedbacks to achieve feedback linearization of affine nonlinear systems. First, we provide
an example which is nonregular static feedback linearizable but is not regular dynamic feedback
linearizable. Then, we present some necessary conditions as well as sufficient conditions for non-
regular feedback linearization. The sufficient conditions are checkable, and if they are verified, a
linearing—feedback could be calculated following a recursive procedure, provided the integrations
of a set of completely integrable systems are available.

1 Introduction

This paper addresses the problem of locally transforming an affine nonlinear system
&= f(2)+ > gilx)u; = f(z) + G(z)u (1)
i=1

with z € R",u € R™, f(0) = 0 and rankG(0) = m into a controllable linear system
i=Az+Bv, ze€R",veR™, (2)

where n’ > n,m’ < m.
Since Krener(1973) this problem has been studied using increasingly more general trans-
formations.State space diffeomorphisms

2= ¢(x), ¢(0) =0 (3)

were the first transformations considered.Brockett(1978) proposed to enlarge the class of
transformations (3) by adding state feedback transformations

u=ax)+ v, ve R a0)=0,dets #0. (4)
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These feedbacks were generalized in Jakubczyk and Respondek(1980) and Hunt et al.(1983)
by
u=ca(z)+ p(x)v, ve R detf(0)#0 (5)

where the nonsingular matrix 5(z) was allowed to depend on the states as well. A system
(1) is said to be locally regular static feedback linearizable, if it can be transformed into
(2) around the origin via (3) and (5). Gardner and Shadwick(1992) proposed an efficient
algorithm to compute controllers which drive feedback linearizable systems to Brunovsky
normal forms. For those systems that are not regular static feedback linearizable,the problem
of partial feedback linearization was solved by Krener et al.(1983) and Marino(1986).

A more general class of state feedback transformations were given by dynamic state
feedback transformations:

w = a(z,w) + b(z,w)v, w € RY, 6
u = a(z,w) + flz,w)v, veR™ (6)

with a(0,0) = 0,«(0,0) = 0,and ¢ being the order of the compensator. The extended system
of (1) controlled by a dynamic compensator (6) can be written as

= (P10 @+ (V) @0 @+ San )

a

with & = i ) being the extended states.If u = a(z) + B(z)v are viewed as outputs for

system (7), one can define the corresponding differential output rank (see Di Benedetto et
al.1989). A dynamic compensator (6) is said to be regular for system (1), if the corresponding
differential output rank is m around the origin.

The problem of transforming the systems (1) into (2) via regular dynamic compen-
sators and extended state space diffeomorphisms is called (locally) regular dynamic feed-
back linearization problem. It was studied by Cheng(1987) and Charlet et al.(1989,1991).
Sluis(1993) and Rouchon(1994) presented two necessary conditions for dynamic feedback lin-
earization, while Levine and Marino(1990), Pomet et al.(1992) and Pomet(1993) addressed
the problem of regular dynamic feedback linearization for systems on R*. More recent work
in this area could be found in Fliess et al.(1995),Aranda et al.(1995) and the references
therein.

The feedback transformations considered in the above cited papers all satisfy the regu-
larity condition.The problem of transforming the systems (1) into (2) via regular feedback
transformations (5) or (6) and (possibly extended) state space diffeomorphisms (3), will be
called here regular feedback linearization problem.

The interest of this paper is to enlarge the class of feedback linearizable systems by
exploiting more general state feedbacks, i.e. , feedbacks not necessarily satisfy the regularity
condition. All of the static state feedback transformations

u=ax)+ p(x)v, a0)=0,0z):mxm' m <m (8)

and the dynamic state feedback transformations (6) are called nonregular. The idea of
using nonregular state feedbacks in control system design could be traced back to the



work of Heymann(1968) which showed that a multi-input controllable linear system can
always be brought to a single—input controllable linear system via a nonregular static state
feedback, thus enabling an easy proof of the pole assignment theorem for the multi—input
case. This idea was generalized to nonlinear case by Tsinias and Kalouptsidis(1981,1987).
Another implementation of nonregular state feedbacks could be found in the well-known
Morgan’s problem,see,for example,Morgan(1964). For exact linearization of nonlinear sys-
tem, the idea of using nonregular state feedbacks was proposed by Charlet et al.(1989) and
Marino(1990).However,so far no systematic research in this direction has been reported.

In this paper, we present preliminary study on the nonregular feedback linearization prob-
lem. In the next section, we devote to formulating the problems of nonregular static/dynamic
feedback linearization, and to providing an example demonstrating the independent theoret-
ical value of our problems. Some necessary conditions for nonregular feedback linearization
are given in Section 3. The main result, sufficient conditions for nonregular static feedback
linearization, is stated and proved in Section 4. And lastly, Section 5 gives brief concluding
remarks.

2 Problem formulation and preliminary results

We assume that all functions under consideration are defined and analytic in an open neigh-
borhood of the origin. Our results will be stated in terms of an open neighborhood I" of the
origin in the respective Euclidean spaces, and we implicitly permit I to be made smaller to
accommodate subsequent local argument.In what follows, unless otherwise stated, the same
notations as in the textbook Isidori(1989) will be used.

Definition 2.1. A system (1) is said to be (locally) nonregular static feedback linearizable,if it
can be transformed into (2) via a state feedback (8) and a state space diffeomorphism (3).The
problem of linearization via (8) and (3) is called nonregular static feedback linearization
problem. O

Definition 2.2. A system (1) is said to be (locally) nonregular dynamic feedback linearizable,if
it can be transformed into (2) via a dynamic state feedback (6) and an extended state space
diffeomorphism (3). The problem of linearization via (6) and (3) is called nonregular dynamic
feedback linearization problem. O

The above two problems together will be generally called the problem of (locally) non-
regular feedback linearization.

The following proposition gives an equivalent statement of nonregular feedback lineariza-
tion problem.

Proposition 2.1. A system (1) is nonregular feedback linearizable if, and only if,the corre-
sponding feedback gain matrix 3 of (8) (or (6)) can be chosen to be a column vector (i.e.,
m' =1).

Proof. We need only to prove the necessity.

Suppose under some transformations (8) (or (6)) and (3) the system (1) is changed into
(2). There must exists a linear feedback v = Fz 4+ Gv’ such that the system (2) will be
changed into a single-input controllable linear system. One may verify that under state
feedback

u=a(z)+ B(x)Fo(z) + B(z)GV



and (3), the system (1) reads to be a controllable linear system. 0O

Now we offer an example which is nonregular static feedback linearizable but is not
regular dynamic feedback linearizable. This demonstrates that the problem of nonregular
static feedback linearization is of independent theoretical interest.

Example 2.1. Consider the system

) 0 1
T3 0 T37y
= 2y |+ 0 [w+ | 1+ze+m2? |us. (9)
s 0 0
0 1 0

Set uy = 0, then the system (9) reads to be a controllable linear system. Hence (9)
is nonregular static feedback linearizable. Now we prove by contradiction that (9) is not
regular feedback linearizable.

Suppose there exists a regular dynamic compensator

W = a(z,w) + b(x,w)v, we RI, (10)
u = a(r,w)+ p(z,w)v, vE R
such that the closed-loop system
To + g Ba1
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can be changed into a controllable linear system via a regular static state feedback and an
extended state space diffeomorphism, here a, by, by € RY.

If uw=a(z)+ [(x)v are viewed as outputs for system (11), we may define the relative
orders (Isidori 1989):

o O, ElZ, 1 < 7 < 2,S.t.ﬁj7i(ff') 7A O,
W= min{r : 3, s.t.Ly, L} o;(z) # 0}, B,i(z) =0, Vi,

and decoupling matrix D(x) = (0,;)2x2, With

— ﬁji(iz‘% ij = 07
§.:(%) = AT -
5i(T) { LgiL}] 1aj(m), v; > 0.



Denote D](Lf') = ((5]'71(1_3), 53‘72(;%)).

Applying Singh’s Inversion Algorithm (Di Benedetto et al. 1989) to the system (11)
with outputs u = a(Z) 4+ 8(Z)v, we obtain a full rank matrix B, (using the same notation
as in Di Benedetto et al. 1989). The regularity of (10) means that B, is square and
hence is nonsingular at the origin. Therefore,y; and 7, are finite. Note also that if 11 < v,
(respectively,y; > 72), then the covector Di(z) (respectively, Dy(Z)) is exactly the first row
of the matrix By, so D1(0) # 0 (respectively,Dy(0) # 0). This observation is crucial to
the following derivation.

If (Ba1,P22) # 0, then without loss of generality, (up to some regular state feedback
transformation) we can assume (97 = 1,and furthermore, oy = 0, fa2 = 0. Careful examina-
tion shows that [g1, [f, ¢1]] € span{gi, g2, [f, 1], [f, g2]}, which contradicts the fact that the
distribution span{gi, g2, [f, 1], [f, g2]} is involutive. Hence (331 = (o = 0.

Similarly, if (511, 812) # 0, then we assume f;; = 1, and furthermore, a; = 0, (12 = 0.
Routine computation shows that that the relationship [[f, 1], 1] € span{gi, g2, [f, 1], [f, g2]}
implies

L2 ay =0, ap = —2x5Lg . (12)

Therefore,
LglOég = —2(L91[E5)L91062 — 2$5L§1042 = —2([191175)[/910[2.

But Ly, x5 =1, so Ly ay = 0. It follows from (12) that s = 0,which, together with the fact
(Ba1, Pa2) = 0, contradicts the regularity assumption.

Now we have shown that § = 0. After modifying a, b; and by by a regular static feedback
we may assume that the system (11) can be changed into a controllable linear system via

a state space diffeomorphism. Then we can use Lie bracket identities of a linear system
(Krener 1973):

[adifgk,adjvgl](a?) =0, z€ld,j=0,1,---, k,l=1,2. (13)

If 1 > 79, then by the regularity assumption we may assume LglL}g_lag(O) # 0. For
simplicity, denote LglL}Q_lag by h, and [ad}zgl,ad}zﬂgl] = (€1, +,Cyus5)". Detail compu-
tation gives

Cl wl 1
G| = (2 + 4 222,
G3 2h2 + 1hg 1+ 22 + 222
Here )y, --,14 are certain real-valued functions of z, with ¢;(0) = 3(0) = 0. That
1 . .
det < 2h2¢—11— ¥s 1422 + 2122 > (0) # 0 indicates that the two vectors (11,19, 2h% + 1)3)7

and (1, 2324, 1+ 23+ 2122)T are independent at the origin, so [ad} g1, ad P+ ¢1](0) # 0, which
contradicts (13).
def

Finally we suppose that 71 < 7. Without loss of generality, we assume that § =
L, L'}l_lozl is not equal to zero at the origin. Denote ad}'g; by go. Routine calculation

shows that the equality [ad}' g1, ad}1+1 g1] = 0 implies that

L2 ay=0, Lg0=0, 2xs5Lg 0+ s =0. (14)



Therefore
(2Lg4yx5 4 0) Ly e = 0.

This , together with the fact Ly x5 = 6, yields Ly, as = 0. It follows from (14) that oy = 0,
which contradicts the regularity assumption.

The above reasonings show that system (9) is not regular dynamic feedback linearizable.
O

3 Some necessary conditions

Proposition 3.1. If a system (1) is locally nonregular dynamic feedback linearizable, then its
linear approximation at the origin

of

‘T:%

is controllable, i.e., rank(G, FG,---, F"'G) = n.

Proof. By Proposition 2.1,there exists a dynamic compensation (6) in which f(z,w) is a
column vector,such that the extended system (7) is equivalent to (2) up to a state space
change of coordinates. Set

lz=0z + G(0)u Y Pr+ Gu

o7
Fy = aé\xzoy bo = 71(0),

then (Fp,by) is controllable.It is easy to deduce that
(b, Fobo, - -+, F' 'by) € (G, FG,---, F"'G) x R?

where “SM” denotes the image space of matrix M. It follows easily that rank(G, FG,---,
Fr'GQ)=n. O
Given a system (1), define the distributions

Lo = span{gi, -, gm}, Lit1 =L+ adjﬁrlﬁo, i=0,1,---,

where £§ denotes the involutive closure of the distribution £;. Assume that £; and L are
of constant ranks around the origin.Define integers

ro = rankLy, r; =rankLl; —rankL; ;, 1=1,2,---,

and furthermore
ki=card{j:r;>1i,7>0}i=1,---,m,

where card{.} denotes the number of elements of the set {.}. It was pointed out by
Marino(1986) that there exist some regular static feedback (5) and state space diffeomor-
phism (3) under which the system (1) reads as

50 = A2 + B,

20 = (0, ;) 4 (20, @)y, (15)



where 21 = (z1,--+,2), 2% = (2401, -, 20), 0 = 2" Ky, and
A, = blockdiag(Ag,---,AS), B.=blockdiag(BS,---,B.,),

with (A¢, BS) being Brunovsky canonical pair of length k;. The system (15) is said to be a
pseudocanonical form for (1).

The following result characterizes a class of systems which cannot be linearizable via any
dynamic compensators.

Proposition 3.2. Suppose the system (15) is a pseudocanonical form for the system (1).
Define j, = >7_ k; for 1 < 7 < m. If there exist integers 5,1 < s < m, ks > 1 and
LY ki <1 <mn,such that 2, = a(2) = ay(2j,_ 41, -, 2;,) and 88;“3 # 0, then the system
(1) is not nonregular dynamic feedback linearizable. )
Proof. We prove by contradiction.

Suppose there exists some dynamic compensator (6) with m’ = 1 such that the closed-
loop system (7) can be transformed into a controllable linear one up to some change of
coordinates.By Krener(1973), one has

ladsg1, adgr] = 0, 4,5 = 0,1,---.

Denote ¢ = (zj, ,+1," -, 2;.)", then we have
- Zj571+2 O
S .
- z]s + 0 U1
Qg ﬁs,js
2 ai(C)

Note that there exists an integer ig,0 < iy < n’—1, such that the j,th entry of 9 X ad’o g
is not equal to zero at the origin, while all ¥’s (js_1 + 1)th ~ (js — 1)th entries and [th entry
are zero. It can be verified that

62al 8al

dPg1,ad? g = -0,
[CL g1, a ]l 82]25 ]s+ az‘h

lad®g1, ad? ™ g1];,-1.

gig’ (0) # 0, implies that

Js

lad9 g1, ad¥"51)(0) # 0,

This,together with the assumption

which leads to contradiction. O

Note that Proposition 3.2 relies on the availability of a pseudocanonical form. But this
form is generally not available, so the conditions in Proposition 3.2 cannot be checked in
general.



4 Sufficient conditions

In this section, we will present verifiable sufficient conditions for nonregular static feedback
linearization. The result is motivated by Theorem 4.2 in Charlet et al.(1991).

Theorem 4.1. Iffor a set of integers {vy,- -, vm},0 < v; <n, the nested distributions

Aoy = span{gy : v = 0},
Ay = Aj+adeA; + span{gy vy, =1+ 1}, i >0

are such that in T’

(i) A, is involutive and of constant rank for 0 <i <n — 1;

(ii) rankA,_1 =n;

(ili) [gj, A;] € Ajpq forall j,1 < j <mgsuchthat 1 <vy; <n—1landalli,0<i<n-—3;
then the system (1) is locally nonregular static feedback linearizable.

Proof of Theorem 4.1. To clarify, we divide the proof into two separated parts. The main
body contains overall analysis which depends upon three lemmas. The proofs of the lemmas
will be given in the Appendix.

For a scalar real-valued function h defined on I' and a distribution A, the dual product of
dh and A is defined as < dh, A >= {L,h : ¢ € A}, and we say < dh, A > is of constant rank
one, if the space < dh, A > (0) is non-trivial. Given a smooth vector field f,and smooth
distributions Gy, - - -, G,,,we say the multiplet (f;G,---,G,) satisfies Condition(R),if the
nested distributions

Ai_1+ad Ai—l +Q27 1= 1,"',/43,
AOZQm Ai:{ Ai_l_{_adféi_b i=k+1,--- (16>

satisfy (a) 4, is involutive and of constant rank for 0 < i < n — 1; (b) rankA,_; = n; and
(C) [QWAJ géi—i—la 1<7j<k0<0<n—3.

Define integers ¢ = min{j : rankA; = n},l = max{i : i < q,rank(A;,_1 + ad;A;_1) <
rankA;}, and my = q — [.

When [ = ¢, we have the following lemma.
Lemma 4.2. Suppose | = q. If (f;Go,---,G,_1) satisfies Condition(X), then there exist a
vector field f, f(0) =0, f — f € span{g1,-- -, gm}, and smooth distributions Gy, - - -, Gy (k <

n—1),G; C span{gi, -, gm},j =1, -, k, such that
k 3 n—1
> rank(G;) < Y rank(Gj) (17)
=0 =0

and the multiplet (f; Gy, - -, G},) satisfies Condition(R).
Now we assume that [ < ¢g. One has

A=A+ +adf®Ap g + G+ + adTO_lGl,
Aq:Alfl_|-..._i_ad;ﬂo-i-lAlil_'_Gl_i_“'_i_ad}nOGl.

From the facts A, = A,1 + ad?OHAl,l + ad?0 Gy and rankA, > rankA,_; it follows that
either
rank(Ag—1 + adf°Gy) > rankA,_4 (18)



or

rank(A,—1 + ad?OHAl_l) =n. (19)

To cope with these two cases, we need the following lemmas :

Lemma 4.3. Suppose (f;Go,"-+,Gp 1) satisfies Condition(X) and (18), then there exist a
vector field f, f(0) =0, f — f € span{gi,-- -, gm}, and smooth distributions Gy, - - -, Gx(k <
n—1),G; C span{gi, -, gm},j = 1, -, k, such that (17) holds and the multiplet (f, Go, -+,
G) satisfies Condition(R).

Lemma 4.4. Suppose (f;Go,--+,G,_1) satisfies Condition(R) and (19), then there exist a
vector field f, f(0) =0, f — f € span{gl, -, gm}, and smooth distributions Gy, - - Gk(k <
n—1),G; C span{gi, -, gm},j = 1, -, k, such that (17) holds and the multiplet (f; Gy, -,
Gy,) also satisfies Condition(R).

Now we are ready to draw the conclusion. For this purpose, note that so far we have
established that, if (f; Go, -, G,) satisfies Condition(R),then there exist a vector field f on
Rn’ f(O) - 07 f - f € Span{gla U 7gm}7 and GOJ U 7Gk(k < T)? G] - Span{glv o 7gm}7j =

-, k, such that

Z Tank; Z rank(G

and (f; Gy, --,Gy) still satisfies Condition(R). By recurrence, eventually we can construct
a vector field f* on R™, f*(0) = 0, f* — f € span{g1, -, gm}, and a smooth distribution
Gy C span{gi,--+,gm}, such that (f*; G§) satisfies Condition(X). By Theorem 5.2.4 of
Isidori(1989) and Definition 2.1, the system (1) is nonregular static feedback linearizable.
O

The proof indicates a recursive design procedure to compute desired feedback laws, pro-
vided the integrations of a set of completely integrable systems are available. We illustrate
by an example that how to utilize this procedure to design a nonregular—feedback-linearizing
controller.

Example 4.1. Consider the following system

T4+ 22 + (2475 + Tog)uy
T3 + T3u3 + TIuy
T + Uy
usg
U2
Uy

Routine examination shows that this system verifies Theorem 4.1 (with vy = 0,15 =
2,v3 = 2,14 = 6). Now we compute a linearizing controller following the procedure provided
in the proof of Theorem 4.1.

Simple calculation shows that Lemma 4.3 is applicable. Routine calculation shows that

f = (w4 + 22, 23 + 2073, 6, 72, 0,0)”, gh = (0, —2w325,0, —225,1,0)”.

Denote f! = f, g, = (0,0,0,0,0,1)T.



It can be checked that (f';span{g:}, span{gs}) verifies (19). Applying the procedure
presented in the proof of Lemma 4.4 gives

2= f'+a9, Gi=span{g}.

Note that the system

i = f+giv' (21)

is (regular static) feedback linearizable. Standard analysis exhibits that,under the feedback
1_ 1

1+ To — 2£C1£C5

v (v + p(z)) (22)

and state space change of coordinates
z = (5,21, T4 + T3, Ta, T3 + Tox3 — 22127375, 0(T)), (23)

the system (21) will be changed into a controllable linear system (here p and o are certain
tedious but easily computed functions of x).
Therefore,under the feedback law

1 1
1+127211x5p 14+x9—2z125
X
U= ! v (24)
To — 25(]1[[‘5 0
0 0

and state space diffeomorphism (23), the system (20) reads to be a single-input controllable
linear system. 0O

5 Conclusions

In this paper,we have introduced the problem of nonregular feedback linearization. This
problem has been proved to be of independent interest. We also presented some elemen-
tary results with emphasis on the power and limitation of nonregular static feedbacks in
the context of exact linearization. Theorem 4.1 stated checkable sufficient conditions for
nonregular static feedback linearization, its proof indicated a design procedure to calculate
desired control laws.

One drawback of Theorem 4.1 is its conditions are coordinate—dependent. It is of interest
to improve Theorem 4.1 such that the conditions are invariant under regular static feedbacks.
This is a topic of our future work. A clearer understanding of the relationships between
the nonregular dynamic feedback linearization problem and the nonregular static feedback
linearization problem also requires further investigation.
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Appendix
A. Proof of Lemma 4.2.

Without loss of generality,we assume that G, = span{gi,---,gs} and rank(A,_1 + adfAy_1 +
span{gs}) > rank(Ag—1+adsA4_1).By Frobenius Theorem,there exists a real-valued function (on
R™) A, A(0) = 0 ,such that

d\ L Ag—1, <dA, gs > (0) #0,

where < dA, gs > Lg . Let
/ ]‘ ! / / !
= g == (LN g s =g — (LN gli =1, s — 1,
95 = Z g9 f =1 = LiNgs g = 9 = (Lg\)gs i s

it is easy to show that (f’;Go,---,G,) satisfies Condition(X) and still verifies this lemma.
Simple computation shows that

dX LadpAg_1,dX L span{g'y, -+, ¢ s_1}, Dgo1 +adpDg_1 + spanf{g’y, -, ¢ s} = Aq.

Hence the distribution Ay_y + adpAg—1 + span{g'y,---,¢'s_1} has constant rank n — 1 and is
involutive. By rank(Aq—1+adpAg—1) > rank(Aq_1), there exists a real-valued function ¢, ¢(0) =
0 such that dp L Ay_1 and < dy,adpAy_1 > has constant rank one. Set

fT: f/ + ¢gg7éq = Span{glla t 79,5_1}-

Applying the algorithm (16) to (f;G1,- -+, Gq—1,Gy) gives

Aq = Aq_1 + adf/Aq_l + Gq, Aq+1 = Aq -+ CLd]?Aq.
We may verify that < dA, Ay > has constant rank one,hence rank(Ag+1) = n.
So the multiplet (f;Go,---,Gq—1,Gy) satisfies the properties as claimed. O

B. Proof of Lemma 4.3.
We assume that G; = span{gi,---,gs} and rank(A,—1 + span{ad;nogs}) = rankAq,_; + 1. By
Frobenius Theorem, there exists a real-valued function p1, p1(0) = 0, such that

dp L Ag—1, <dpr,adf®gs > (0) # 0.

Define
1

- < dlu’laad?mgs >987

9 fr=f—= (L7 ).,

and
p2 = Lppr, -, mot1 = Lifpmy-

It can be verified that (f';Go,---,G)) still satisfies Condition(R) and verifies (18). For simplic-
ity,here we will denote f’ by f. A

Let po = min{j —1:j > l,rank(A_1 + -+ adjc_lAl_l +G+-+ adgc_lGl) = rankA;}. There
exists a vector field go € A;_1, and a real-valued function ¢, (0) = 0, such that

adfcogo EAN 1+ + adl}oilAl_1 +G+---+ ad];coilGl

and
dp L Apypo—2, < dp,ad?’ gy >= 1.



Set _ _
f = f + Sagéa g,i =9 — (Lgilj’m0+1)g;7Gl = {9/17 T 79/5—1}'

Applying the algorithm (16) to (f;Go,---,Gi_1,G)) gives

]:A]7 j:17"'7l_}7 B
1 =Ar +adfAiy + Gr= Ay +adpAg + G

> >

Apopic1 = Doy + -+ adP Ay + G+ + adfeoflél.

Using the relationships dpy,,+1 L Ay, A+ span{gl} = A;, and < (jum0+1,g;_>: 1, we see that A,
is involutive and of constant rank. Similarly, we can derive that Ajiq,---,Ap 471 are involutive

and of constant ranks. _ _ _
Next we consider the distribution A, ;. It follows from A, 4;—1 € Ay,j—1 that Ay © Apo4a.

It can be verified that
Apott = Dpoyi—1 + ad’}oél + span{ad?og;} = Npoti-1+ ad?—oél + span{g., - - - ,ad?og;}. (A.1)
Simple computation yields
ditmo+1 L (Apgti—1 + ad?—oél), < dumOJrl,adz}OHgo >=1, (A.2)

and .
dup; L aalf;OJr go, 1=1,---,myg. (A.3)

By (A.1), (A.2) and (A.3), we can find a vector field h € (Ap,1i—1 + ad?—oél) such that
ad’}°+1go =h+g..
It follows from (A.1) that
Apot1 2 Dpgii1 + adz}oél + span{g.}, rank(Dp,41) > rank(Ayy+1) — po-
These, together with the fact that A, 4; being involutive and the relationships
dpi L Apyyi, < dpi,adfo™ gl >=1, i =mg,-,mo—po+1,
imply that rank(Ay, 1) = rank(Apy+1)—po and A, 4 is involutive and of constant rank. Therefore,

Ap0+l = Apo+l—1 + adl}oél + span{g;}.

Similar computation shows that Apo-f—l-i-lv -+, Apy+g—1 are involutive and of constant ranks. Hence
(f; Go,- -, Gi—1,G;) satisfies Condition(R). O

C. Proof of Lemma 4.4.
Suppose the vector field gg € A;_1 is such that

rank(Ag-1 + ady° Gy + span{ad’}l°+lgo}) = rank(Ag-1 +ad°Gy) + 1.
Define an integer

po=min{j—1l—1:5>1+1,rank(A_1+---+ ad;_H_lAl_l
+Gp+ -+ adﬁc—l_lGl) = rank(A;)}.



Without loss of generality,we assume
adPge & Ay + -+ adP AL + Gt -+ adP TG
So there exists a real-valued function A1, A\1(0) = 0, such that
A1 L Apgrio1, < dAr,adgs > (0) # 0.
Set

1
I
9= g, ady g, >

gs 1= F— (LT A1) gl

It can be easily verified that (f’; Go, -+, G}) still satisfies Condition(R) and L??H)\l =0.
Suppose (f; Go, -+, Gy) still verify (19) ,then define
Ao =LA, Apot1 = LgAp,.
Simple computation gives
dr; L Apo-i—l—ia < dAi, adf}OJrl*ig; >=1,0=1,---,po + 1. (A4)
So there exists a real-valued function p, ;£(0) = 0, such that
dp L Ay, <dp, ad?’OHgo > (0) #0.
Set
F=1 +n9.d=9i— (Lo Apo1)gsi=1,-+,5 = 1,G; = span{g’; : 1 < i <5 — 1},

Apply the algorithm (16) to ( f;Go,---,Gi_1,G)), denote the resulted sequence of distributions by
A;,i=1,2,---. Simple computation shows that

d\i LA, i=po+1,---,1, ¢g>j>po+1+1—1.

From (A.4) it follows that the distributions A;, i=1,---,q are involutive and of constant ranks.
Next we turn to the distribution Ag4q. It can be verified that

< dApoy1, adP g >=1, d\i L Ay, i=po,-, 1. (A.5)
Note that A, = A, + span{g, - ;ady’ g}, this gives
Agi1 2 Ay + span{g.}.
By (A.5),we obtain that
rank(Agi1) <n —po = rank(A, + span{g.}).

Thus Agy1 = Ay + span{g.} and is involutive and of constant rank. - -
In the same way,we can reach the conclusion that the distributions Agio,---, Agyp, = A, are
involutive and of constant ranks. Hence (f; Go, -, G;—_1,G)) satisfies Condition(R). O



