
On nonregular feedback linearization ∗

Zhendong Sun and Xiaohua Xia
The Seventh Research Division

Beijing University of Aeronautics and Astronautics
Beijing 100083, P R China

Key Words— Nonlinear control systems; feedback linearization; linear systems;
nonregular static feedback; differential geometric methods.

Abstract— This paper investigates the use of nonregular (not necessarily regular) static/dynamic
state feedbacks to achieve feedback linearization of affine nonlinear systems. First, we provide
an example which is nonregular static feedback linearizable but is not regular dynamic feedback
linearizable. Then, we present some necessary conditions as well as sufficient conditions for non-
regular feedback linearization. The sufficient conditions are checkable, and if they are verified, a
linearing–feedback could be calculated following a recursive procedure, provided the integrations
of a set of completely integrable systems are available.

1 Introduction

This paper addresses the problem of locally transforming an affine nonlinear system

ẋ = f(x) +
m∑

i=1

gi(x)ui = f(x) + G(x)u (1)

with x ∈ Rn, u ∈ Rm, f(0) = 0 and rankG(0) = m into a controllable linear system

ż = Az + Bv, z ∈ Rn′ , v ∈ Rm′
, (2)

where n′ ≥ n,m′ ≤ m.
Since Krener(1973) this problem has been studied using increasingly more general trans-

formations.State space diffeomorphisms

z = φ(x), φ(0) = 0 (3)

were the first transformations considered.Brockett(1978) proposed to enlarge the class of
transformations (3) by adding state feedback transformations

u = α(x) + βv, v ∈ Rm, α(0) = 0, detβ 6= 0. (4)

∗The original version of this paper was presented at the IFAC Conference on System Structure and
Control, which was held in Nantes,France during 5–7th July,1995. Corresponding author Dr. Zhendong
Sun. Tel:(86) 10 62782421; Fax:(86) 10 62015347; E–mail:zdsun.bbs@bbs.net.tsinghua.edu.cn
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These feedbacks were generalized in Jakubczyk and Respondek(1980) and Hunt et al.(1983)
by

u = α(x) + β(x)v, v ∈ Rm, detβ(0) 6= 0 (5)

where the nonsingular matrix β(x) was allowed to depend on the states as well. A system
(1) is said to be locally regular static feedback linearizable, if it can be transformed into
(2) around the origin via (3) and (5). Gardner and Shadwick(1992) proposed an efficient
algorithm to compute controllers which drive feedback linearizable systems to Brunovsky
normal forms. For those systems that are not regular static feedback linearizable,the problem
of partial feedback linearization was solved by Krener et al.(1983) and Marino(1986).

A more general class of state feedback transformations were given by dynamic state
feedback transformations:

{
ẇ = a(x,w) + b(x,w)v, w ∈ Rq,
u = α(x,w) + β(x,w)v, v ∈ Rm′ (6)

with a(0, 0) = 0, α(0, 0) = 0,and q being the order of the compensator. The extended system
of (1) controlled by a dynamic compensator (6) can be written as

˙̄x =

(
f + Gα

a

)
(x̄) +

(
Gβ
b

)
(x̄)v

def
= f̄(x̄) +

m′∑

i=1

ḡi(x̄)vi (7)

with x̄ =

(
x
w

)
being the extended states.If u = α(x̄) + β(x̄)v are viewed as outputs for

system (7), one can define the corresponding differential output rank (see Di Benedetto et
al.1989). A dynamic compensator (6) is said to be regular for system (1), if the corresponding
differential output rank is m around the origin.

The problem of transforming the systems (1) into (2) via regular dynamic compen-
sators and extended state space diffeomorphisms is called (locally) regular dynamic feed-
back linearization problem. It was studied by Cheng(1987) and Charlet et al.(1989,1991).
Sluis(1993) and Rouchon(1994) presented two necessary conditions for dynamic feedback lin-
earization, while Levine and Marino(1990), Pomet et al.(1992) and Pomet(1993) addressed
the problem of regular dynamic feedback linearization for systems on R4. More recent work
in this area could be found in Fliess et al.(1995),Aranda et al.(1995) and the references
therein.

The feedback transformations considered in the above cited papers all satisfy the regu-
larity condition.The problem of transforming the systems (1) into (2) via regular feedback
transformations (5) or (6) and (possibly extended) state space diffeomorphisms (3), will be
called here regular feedback linearization problem.

The interest of this paper is to enlarge the class of feedback linearizable systems by
exploiting more general state feedbacks, i.e. , feedbacks not necessarily satisfy the regularity
condition. All of the static state feedback transformations

u = α(x) + β(x)v, α(0) = 0, β(x) : m×m′,m′ ≤ m (8)

and the dynamic state feedback transformations (6) are called nonregular. The idea of
using nonregular state feedbacks in control system design could be traced back to the
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work of Heymann(1968) which showed that a multi–input controllable linear system can
always be brought to a single–input controllable linear system via a nonregular static state
feedback, thus enabling an easy proof of the pole assignment theorem for the multi–input
case. This idea was generalized to nonlinear case by Tsinias and Kalouptsidis(1981,1987).
Another implementation of nonregular state feedbacks could be found in the well–known
Morgan’s problem,see,for example,Morgan(1964). For exact linearization of nonlinear sys-
tem, the idea of using nonregular state feedbacks was proposed by Charlet et al.(1989) and
Marino(1990).However,so far no systematic research in this direction has been reported.

In this paper, we present preliminary study on the nonregular feedback linearization prob-
lem. In the next section, we devote to formulating the problems of nonregular static/dynamic
feedback linearization, and to providing an example demonstrating the independent theoret-
ical value of our problems. Some necessary conditions for nonregular feedback linearization
are given in Section 3. The main result, sufficient conditions for nonregular static feedback
linearization, is stated and proved in Section 4. And lastly, Section 5 gives brief concluding
remarks.

2 Problem formulation and preliminary results

We assume that all functions under consideration are defined and analytic in an open neigh-
borhood of the origin. Our results will be stated in terms of an open neighborhood Γ of the
origin in the respective Euclidean spaces, and we implicitly permit Γ to be made smaller to
accommodate subsequent local argument.In what follows, unless otherwise stated, the same
notations as in the textbook Isidori(1989) will be used.
Definition 2.1. A system (1) is said to be (locally) nonregular static feedback linearizable,if it
can be transformed into (2) via a state feedback (8) and a state space diffeomorphism (3).The
problem of linearization via (8) and (3) is called nonregular static feedback linearization
problem. 2

Definition 2.2. A system (1) is said to be (locally) nonregular dynamic feedback linearizable,if
it can be transformed into (2) via a dynamic state feedback (6) and an extended state space
diffeomorphism (3). The problem of linearization via (6) and (3) is called nonregular dynamic
feedback linearization problem. 2

The above two problems together will be generally called the problem of (locally) non-
regular feedback linearization.

The following proposition gives an equivalent statement of nonregular feedback lineariza-
tion problem.

Proposition 2.1. A system (1) is nonregular feedback linearizable if, and only if,the corre-
sponding feedback gain matrix β of (8) (or (6)) can be chosen to be a column vector (i.e.,
m′ = 1).
Proof. We need only to prove the necessity.

Suppose under some transformations (8) (or (6)) and (3) the system (1) is changed into
(2). There must exists a linear feedback v = Fz + Gv′ such that the system (2) will be
changed into a single-input controllable linear system. One may verify that under state
feedback

u = α(x) + β(x)Fφ(x) + β(x)Gv′
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and (3), the system (1) reads to be a controllable linear system. 2

Now we offer an example which is nonregular static feedback linearizable but is not
regular dynamic feedback linearizable. This demonstrates that the problem of nonregular
static feedback linearization is of independent theoretical interest.
Example 2.1. Consider the system

ẋ =




x2

x3

x4

x5

0




+




0
0
0
0
1




u1 +




1
x2

2x4

1 + x2 + x1x
2
5

0
0




u2. (9)

Set u2 = 0, then the system (9) reads to be a controllable linear system. Hence (9)
is nonregular static feedback linearizable. Now we prove by contradiction that (9) is not
regular feedback linearizable.

Suppose there exists a regular dynamic compensator

{
ẇ = a(x,w) + b(x,w)v, w ∈ Rq,
u = α(x,w) + β(x,w)v, v ∈ R2 (10)

such that the closed-loop system

˙̄x =




x2 + α2

x3 + α2x
2
2x4

x4 + α2(1 + x2 + x1x
2
5)

x5

α1

a




+




β21

β21x
2
2x4

β21(1 + x2 + x1x
2
5)

0
β11

b1




v1

+




β22

β22x
2
2x4

β22(1 + x2 + x1x
2
5)

0
β12

b2




v2
def
= f + g1v1 + g2v2

(11)

can be changed into a controllable linear system via a regular static state feedback and an
extended state space diffeomorphism, here a, b1, b2 ∈ Rq.

If u = α(x̄) + β(x̄)v are viewed as outputs for system (11), we may define the relative
orders (Isidori 1989):

γj =

{
0, ∃i, 1 ≤ i ≤ 2, s.t.βj,i(x̄) 6= 0,
min{r : ∃i, s.t.Lgi

Lr−1
f αj(x̄) 6= 0}, βj,i(x̄) = 0, ∀i,

and decoupling matrix D(x) = (δj,i)2×2, with

δj,i(x̄) =

{
βj,i(x̄), γj = 0,

Lgi
L

γj−1
f αj(x̄), γj > 0.
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Denote Dj(x̄) = (δj,1(x̄), δj,2(x̄)).
Applying Singh’s Inversion Algorithm (Di Benedetto et al. 1989) to the system (11)

with outputs u = α(x̄) + β(x̄)v, we obtain a full rank matrix B̃n′+1(using the same notation
as in Di Benedetto et al. 1989). The regularity of (10) means that B̃n′+1 is square and
hence is nonsingular at the origin. Therefore,γ1 and γ2 are finite. Note also that if γ1 ≤ γ2

(respectively,γ1 ≥ γ2), then the covector D1(x̄) (respectively, D2(x̄)) is exactly the first row
of the matrix B̃n′+1, so D1(0) 6= 0 (respectively,D2(0) 6= 0). This observation is crucial to
the following derivation.

If (β21, β22) 6= 0, then without loss of generality, (up to some regular state feedback
transformation) we can assume β21 = 1,and furthermore, α2 = 0, β22 = 0. Careful examina-
tion shows that [g1, [f, g1]] /∈ span{g1, g2, [f, g1], [f, g2]}, which contradicts the fact that the
distribution span{g1, g2, [f, g1], [f, g2]} is involutive. Hence β21 = β22 = 0.

Similarly, if (β11, β12) 6= 0, then we assume β11 = 1, and furthermore, α1 = 0, β12 = 0.
Routine computation shows that that the relationship [[f, g1], g1] ∈ span{g1, g2, [f, g1], [f, g2]}
implies

L2
g1

α2 = 0, α2 = −2x5Lg1α2. (12)

Therefore,
Lg1α2 = −2(Lg1x5)Lg1α2 − 2x5L

2
g1

α2 = −2(Lg1x5)Lg1α2.

But Lg1x5 = 1, so Lg1α2 = 0. It follows from (12) that α2 = 0,which, together with the fact
(β21, β22) = 0, contradicts the regularity assumption.

Now we have shown that β = 0. After modifying a, b1 and b2 by a regular static feedback
we may assume that the system (11) can be changed into a controllable linear system via
a state space diffeomorphism. Then we can use Lie bracket identities of a linear system
(Krener 1973):

[adi
fgk, adj

fgl](x) = 0, x ∈ Γ i, j = 0, 1, · · · , k, l = 1, 2. (13)

If γ1 ≥ γ2, then by the regularity assumption we may assume Lg1L
γ2−1
f α2(0) 6= 0. For

simplicity, denote Lg1L
γ2−1
f α2 by h, and [adγ2

f g1, adγ2+1
f g1] = (ζ1, · · · , ζq+5)

T . Detail compu-
tation gives 


ζ1

ζ2

ζ3


 =




ψ1

ψ2

2h2 + ψ3


 + ψ4




1
x2

2x4

1 + x2
2 + x1x

2
5


 .

Here ψ1, · · · , ψ4 are certain real-valued functions of x, with ψ1(0) = ψ3(0) = 0. That

det

(
ψ1 1

2h2 + ψ2 1 + x2
2 + x1x

2
5

)
(0) 6= 0 indicates that the two vectors (ψ1, ψ2, 2h

2 + ψ3)
T

and (1, x2
2x4, 1+x2

2+x1x
2
5)

T are independent at the origin, so [adγ2

f g1, adγ2+1
f g1](0) 6= 0, which

contradicts (13).

Finally we suppose that γ1 < γ2. Without loss of generality, we assume that θ
def
=

Lg1L
γ1−1
f α1 is not equal to zero at the origin. Denote adγ1

f g1 by g0. Routine calculation

shows that the equality [adγ1

f g1, adγ1+1
f g1] = 0 implies that

L2
g0

α2 = 0, Lg0θ = 0, 2x5Lg0α2 + α2θ = 0. (14)
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Therefore
(2Lg0x5 + θ)Lg0α2 = 0.

This , together with the fact Lg0x5 = θ, yields Lg0α2 = 0. It follows from (14) that α2 = 0,
which contradicts the regularity assumption.

The above reasonings show that system (9) is not regular dynamic feedback linearizable.
2

3 Some necessary conditions

Proposition 3.1. If a system (1) is locally nonregular dynamic feedback linearizable, then its
linear approximation at the origin

ẋ =
∂f

∂x
|x=0x + G(0)u

def
= Fx + Gu

is controllable, i.e., rank(G,FG, · · · , F n−1G) = n.
Proof. By Proposition 2.1,there exists a dynamic compensation (6) in which β(x,w) is a
column vector,such that the extended system (7) is equivalent to (2) up to a state space
change of coordinates. Set

F0 =
∂f̄

∂x̄
|x̄=0, b0 = ḡ1(0),

then (F0, b0) is controllable.It is easy to deduce that

=(b0, F0b0, · · · , F n′−1
0 b0) ⊆ =(G,FG, · · · , F n−1G)×Rq

where “=M” denotes the image space of matrix M . It follows easily that rank(G,FG, · · ·,
F n−1G) = n. 2

Given a system (1), define the distributions

L0 = span{g1, · · · , gm}, Li+1 = Lc
i + adi+1

f L0, i = 0, 1, · · · ,

where Lc
i denotes the involutive closure of the distribution Li. Assume that Li and Lc

i are
of constant ranks around the origin.Define integers

r0 = rankL0, ri = rankLi − rankLc
i−1, i = 1, 2, · · · ,

and furthermore
ki = card{j : rj ≥ i, j ≥ 0}, i = 1, · · · ,m,

where card{.} denotes the number of elements of the set {.}. It was pointed out by
Marino(1986) that there exist some regular static feedback (5) and state space diffeomor-
phism (3) under which the system (1) reads as

ż(1) = Acz
(1) + Bcv,

ż(2) = a(z(1), z(2)) + b(z(1), z(2))v,
(15)
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where z(1) = (z1, · · · , zι), z
(2) = (zι+1, · · · , zn), ι =

∑m
i=1 ki, and

Ac = blockdiag(Ac
1, · · · , Ac

m), Bc = blockdiag(Bc
1, · · · , Bc

m),

with (Ac
i , B

c
i ) being Brunovsky canonical pair of length ki. The system (15) is said to be a

pseudocanonical form for (1).
The following result characterizes a class of systems which cannot be linearizable via any

dynamic compensators.

Proposition 3.2. Suppose the system (15) is a pseudocanonical form for the system (1).
Define jτ =

∑τ
i=1 ki for 1 ≤ τ ≤ m. If there exist integers s, 1 ≤ s ≤ m, ks > 1 and

l,
∑m

i=1 ki < l ≤ n, such that żl = al(z) = al(zjs−1+1, · · · , zjs) and ∂2al

∂zjs
2 6= 0, then the system

(1) is not nonregular dynamic feedback linearizable.
Proof. We prove by contradiction.

Suppose there exists some dynamic compensator (6) with m′ = 1 such that the closed-
loop system (7) can be transformed into a controllable linear one up to some change of
coordinates.By Krener(1973), one has

[adi
f̄ ḡ1, adj

f̄
ḡ1] = 0, i, j = 0, 1, · · · .

Denote ζ = (zjs−1+1, · · · , zjs)
T , then we have




ζ̇

żl




=




zjs−1+2
...

zjs

αs

al(ζ)




+




0
...
0

βs,js

0




v1

Note that there exists an integer i0, 0 ≤ i0 ≤ n′−1, such that the jsth entry of ϑ
def
= adi0

f̄
ḡ1

is not equal to zero at the origin, while all ϑ’s (js−1 + 1)th ∼ (js− 1)th entries and lth entry
are zero. It can be verified that

[adi0
f̄
ḡ1, adi0+1

f̄
ḡ1]l =

∂2al

∂z2
js

ϑjs +
∂al

∂zjs

[adi0
f̄
ḡ1, adi0+1

f̄
ḡ1]js−1.

This,together with the assumption ∂2al

∂z2
js

(0) 6= 0, implies that

[adi0
f̄
ḡ1, adi0+1

f̄
ḡ1](0) 6= 0,

which leads to contradiction. 2

Note that Proposition 3.2 relies on the availability of a pseudocanonical form. But this
form is generally not available, so the conditions in Proposition 3.2 cannot be checked in
general.
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4 Sufficient conditions

In this section, we will present verifiable sufficient conditions for nonregular static feedback
linearization. The result is motivated by Theorem 4.2 in Charlet et al.(1991).

Theorem 4.1. If,for a set of integers {ν1, · · · , νm}, 0 ≤ νi ≤ n, the nested distributions

∆0 = span{gk : νk = 0},
∆i+1 = ∆i + adf∆i + span{gk : νk = i + 1}, i ≥ 0

are such that in Γ
(i) ∆i is involutive and of constant rank for 0 ≤ i ≤ n− 1;
(ii) rank∆n−1 = n;
(iii) [gj, ∆i] ⊆ ∆i+1 for all j, 1 ≤ j ≤ m,such that 1 ≤ νj ≤ n− 1 and all i, 0 ≤ i ≤ n− 3;

then the system (1) is locally nonregular static feedback linearizable.

Proof of Theorem 4.1. To clarify, we divide the proof into two separated parts. The main
body contains overall analysis which depends upon three lemmas. The proofs of the lemmas
will be given in the Appendix.

For a scalar real-valued function h defined on Γ and a distribution ∆, the dual product of
dh and ∆ is defined as < dh, ∆ >= {Lψh : ψ ∈ ∆}, and we say < dh, ∆ > is of constant rank
one, if the space < dh, ∆ > (0) is non–trivial. Given a smooth vector field f ,and smooth
distributions G0, · · · , Gκ,,we say the multiplet (f ; G1, · · · , Gκ) satisfies Condition(ℵ),if the
nested distributions

∆0 = G0, ∆i =

{
∆i−1 + adf∆i−1 + Gi, i = 1, · · · , κ,

∆i−1 + adf∆i−1, i = κ + 1, · · · (16)

satisfy (a) ∆i is involutive and of constant rank for 0 ≤ i ≤ n − 1; (b) rank∆n−1 = n; and
(c) [Gj, ∆i] ⊆ ∆i+1, 1 ≤ j ≤ κ, 0 ≤ i ≤ n− 3.

Define integers q = min{j : rank∆j = n}, l = max{i : i ≤ q, rank(∆i−1 + adf∆i−1) <
rank∆i}, and m0 = q − l.

When l = q, we have the following lemma.
Lemma 4.2. Suppose l = q. If (f ; G0, · · · , Gn−1) satisfies Condition(ℵ), then there exist a
vector field f̄ , f̄(0) = 0, f̄ − f ∈ span{g1, · · · , gm}, and smooth distributions Ḡ0, · · · , Ḡk(k ≤
n− 1), Ḡj ⊆ span{g1, · · · , gm}, j = 1, · · · , k, such that

k∑

j=0

rank(Ḡj) <
n−1∑

j=0

rank(Gj) (17)

and the multiplet (f̄ ; Ḡ0, · · · , Ḡk) satisfies Condition(ℵ).

Now we assume that l < q. One has

∆q−1 = ∆l−1 + · · ·+ adm0
f ∆l−1 + Gl + · · ·+ adm0−1

f Gl,
∆q = ∆l−1 + · · ·+ adm0+1

f ∆l−1 + Gl + · · ·+ adm0
f Gl.

From the facts ∆q = ∆q−1 + adm0+1
f ∆l−1 + adm0

f Gl and rank∆q > rank∆q−1 it follows that
either

rank(∆q−1 + adm0
f Gl) > rank∆q−1 (18)
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or
rank(∆q−1 + adm0+1

f ∆l−1) = n. (19)

To cope with these two cases, we need the following lemmas :
Lemma 4.3. Suppose (f ; G0, · · · , Gn−1) satisfies Condition(ℵ) and (18), then there exist a
vector field f̄ , f̄(0) = 0, f̄ − f ∈ span{g1, · · · , gm}, and smooth distributions Ḡ0, · · · , Ḡk(k ≤
n−1), Ḡj ⊆ span{g1, · · · , gm}, j = 1, · · · , k, such that (17) holds and the multiplet (f̄ ; Ḡ0, · · · ,
Ḡk) satisfies Condition(ℵ).

Lemma 4.4. Suppose (f ; G0, · · · , Gn−1) satisfies Condition(ℵ) and (19), then there exist a
vector field f̄ , f̄(0) = 0, f̄ − f ∈ span{g1, · · · , gm}, and smooth distributions Ḡ0, · · · , Ḡk(k ≤
n−1), Ḡj ⊆ span{g1, · · · , gm}, j = 1, · · · , k, such that (17) holds and the multiplet (f̄ ; Ḡ0, · · · ,
Ḡk) also satisfies Condition(ℵ).

Now we are ready to draw the conclusion. For this purpose, note that so far we have
established that, if (f ; G0, · · · , Gτ ) satisfies Condition(ℵ),then there exist a vector field f̄ on
Rn, f̄(0) = 0, f̄ − f ∈ span{g1, · · · , gm}, and Ḡ0, · · · , Ḡk(k ≤ τ), Ḡj ⊆ span{g1, · · · , gm}, j =
1, · · · , k, such that

k∑

j=0

rank(Ḡj) <
τ∑

j=0

rank(Gj)

and (f̄ ; Ḡ0, · · · , Ḡk) still satisfies Condition(ℵ). By recurrence, eventually we can construct
a vector field f ∗ on Rn, f ∗(0) = 0, f ∗ − f ∈ span{g1, · · · , gm}, and a smooth distribution
G∗

0 ⊆ span{g1, · · · , gm}, such that (f ∗; G∗
0) satisfies Condition(ℵ). By Theorem 5.2.4 of

Isidori(1989) and Definition 2.1, the system (1) is nonregular static feedback linearizable.
2

The proof indicates a recursive design procedure to compute desired feedback laws, pro-
vided the integrations of a set of completely integrable systems are available. We illustrate
by an example that how to utilize this procedure to design a nonregular–feedback–linearizing
controller.

Example 4.1. Consider the following system

ẋ =




x4 + x2
5 + (x4x5 + x2x6)u4

x3 + x3u3 + x2
3u4

x6 + u4

u3

u2

u1




. (20)

Routine examination shows that this system verifies Theorem 4.1 (with ν1 = 0, ν2 =
2, ν3 = 2, ν4 = 6). Now we compute a linearizing controller following the procedure provided
in the proof of Theorem 4.1.

Simple calculation shows that Lemma 4.3 is applicable. Routine calculation shows that

f̄ = (x4 + x2
5, x3 + x2x3, x6, x2, 0, 0)T , g′2 = (0,−2x3x5, 0,−2x5, 1, 0)T .

Denote f 1 = f̄ , g1 = (0, 0, 0, 0, 0, 1)T .
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It can be checked that (f 1; span{g1}, span{g′2}) verifies (19). Applying the procedure
presented in the proof of Lemma 4.4 gives

f 2 = f 1 + x1g
′
2, G2

0 = span{g1}.

Note that the system
ẋ = f 2 + g1v

1 (21)

is (regular static) feedback linearizable. Standard analysis exhibits that,under the feedback

v1 =
1

1 + x2 − 2x1x5

(v + ρ(x)) (22)

and state space change of coordinates

z = (x5, x1, x4 + x2
5, x2, x3 + x2x3 − 2x1x3x5, σ(x)), (23)

the system (21) will be changed into a controllable linear system (here ρ and σ are certain
tedious but easily computed functions of x).

Therefore,under the feedback law

u =




1
1+x2−2x1x5

ρ

x1

x2 − 2x1x5

0


 +




1
1+x2−2x1x5

0
0
0


 v (24)

and state space diffeomorphism (23), the system (20) reads to be a single–input controllable
linear system. 2

5 Conclusions

In this paper,we have introduced the problem of nonregular feedback linearization. This
problem has been proved to be of independent interest. We also presented some elemen-
tary results with emphasis on the power and limitation of nonregular static feedbacks in
the context of exact linearization. Theorem 4.1 stated checkable sufficient conditions for
nonregular static feedback linearization, its proof indicated a design procedure to calculate
desired control laws.

One drawback of Theorem 4.1 is its conditions are coordinate–dependent. It is of interest
to improve Theorem 4.1 such that the conditions are invariant under regular static feedbacks.
This is a topic of our future work. A clearer understanding of the relationships between
the nonregular dynamic feedback linearization problem and the nonregular static feedback
linearization problem also requires further investigation.

References

Aranda,E.,C.H. Moog and J.-B. Pomet(1995).A linear algebraic framework for dynamic feedback
linearization.IEEE Trans. Automat. Contr.,AC–40,127–132.

10



Brockett,R.W.(1978).Feedback invariants for nonlinear systems. In Proc. 7th IFAC Congress,
pp.1115–1120.
Charlet,B.,J. Levine and R. Marino(1989).On dynamic feedback linearization. Sys. Contr. Lett.,
13,143–151.
Charlet,B.,J. Levine and R. Marino(1991).Sufficient conditions for dynamic state feedback lineariza-
tion .SIAM J. Contr. Optimiz. , 29, 38–57.
Cheng,D.Z.(1987).Linearization with dynamic compensation,Sys. Sci. Math. Sci., 7,200-204.
Di Benedetto,M.D.,J.W. Grizzle and C.H. Moog(1989).Rank invariants of nonlinear systems.SIAM
J. Contr. Optimiz. ,27,658–672.
Fliess,M.,J. Levine,P. Martin and P. Rouchon(1995).Flatness and defect of non–linear systems:
introductory theory and examples.Int. J. Contr., 61,1327–1361.
Gardner,R.B. and W.F. Shadwick(1992).The GS algorithm for exact linearization to Brunovsky
normal form.IEEE Trans. Automat. Contr., AC–37,224–230.
Heymann,M.(1968).Comments “On pole assignment in multi–input controllable linear systems”.
IEEE Trans. Automat. Contr., AC–13, 748–749.
Hunt,L.R.,R. Su and G. Meyer(1983).Design for multi-input nonlinear systems. In Brockett,R.,
R. Millman and H. Sussmann (eds.), Differential Geometric Control Theory, Birkhauser, Boston,
pp.268–298.
Isidori,A.(1989).Nonlinear Control Systems.2nd edition. Springer-Verlag,Berlin.
Jakubczyk,B. and W. Respondek(1980).On linearization of control systems. Bull. Acad. Pol.
Sci.,Ser. Sci. Math. ,28,517–522.
Krener,A.J.(1973).On the equivalence of control systems and the linearization of nonlinear systems.
SIAM J. Contr.,11,670–676.
Krener,A.J.,A. Isidori and W. Respondek (1983).Partial and robust linearization by feedback. In
Proc. 22nd IEEE CDC,pp.126–130.
Levine,J. and R. Marino(1990).On dynamic feedback linearization on R4. In Proc. 29th IEEE
CDC, pp.2088–2090.
Marino,R.(1986).On the largest feedback linearizable subsystem. Sys. Contr. Lett. ,6,345–351.
Marino,R.(1990).Static and dynamic feedback linearization of nonlinear systems. In Jakubczyk,B.,
K. Malanowski and W. Respondek(eds.),Perspectives in Control Theory, Birkhauser, Basel, pp.249–
260.
Morgan,B.S.,Jr.(1964).The synthesis of linear multivariable systems by state feedback. JACC,64,
468–472.
Pomet,J.-B.(1993).On dynamic feedback linearization of four–dimensional affine control systems
with two inputs.Preprint.
Pomet,J.-B.,C.H. Moog and E. Aranda(1992).A non–exact Brunovsky form and dynamic feedback
linearization. In Proc. 31st IEEE CDC,pp.2012–2017.
Rouchon, P.(1994).Necessary condition and genericity of dynamic feedback linearization. J. Math.
Sys. Estim. Contr., 4, 257–260.
Sluis,W.M.(1993).A necessary condition for dynamic feedback linearization.Sys. Contr. Lett.,21,
277–283.
Tsinias,J. and N. Kalouptsidis(1981).Transforming a controllable multiinput nonlinear system to a
single input controllable system by feedback.Sys. Contr. Lett., 1,173–178.

11



Tsinias,J. and N. Kalouptsidis(1987).Controllable cascade connections of nonlinear systems. Non-
linear Analy. Theory Methods Appl.,11,1229–1244.

Appendix

A. Proof of Lemma 4.2.

Without loss of generality,we assume that Gq = span{g1, · · · , gs} and rank(∆q−1 + adf∆q−1 +
span{gs}) > rank(∆q−1 +adf∆q−1).By Frobenius Theorem,there exists a real–valued function (on
Rn) λ, λ(0) = 0 ,such that

dλ ⊥ ∆q−1, < dλ, gs > (0) 6= 0,

where < dλ, gs >
def
= Lgsλ. Let

g′s =
1

< dλ, gs >
gs, f

′ = f − (Lfλ)g′s, g
′
i = gi − (Lgiλ)g′s, i = 1, · · · , s− 1,

it is easy to show that (f ′; G0, · · · , Gq) satisfies Condition(ℵ) and still verifies this lemma.
Simple computation shows that

dλ ⊥ adf ′∆q−1, dλ ⊥ span{g′1, · · · , g′s−1}, ∆q−1 + adf ′∆q−1 + span{g′1, · · · , g′s} = ∆q.

Hence the distribution ∆q−1 + adf ′∆q−1 + span{g′1, · · · , g′s−1} has constant rank n − 1 and is
involutive. By rank(∆q−1 +adf ′∆q−1) > rank(∆q−1), there exists a real–valued function ϕ,ϕ(0) =
0 such that dϕ ⊥ ∆q−1 and < dϕ, adf ′∆q−1 > has constant rank one. Set

f̄ = f ′ + ϕg′s, Ḡq = span{g′1, · · · , g′s−1}.

Applying the algorithm (16) to (f̄ ;G1, · · · , Gq−1, Ḡq) gives

∆̄q = ∆q−1 + adf ′∆q−1 + Ḡq, ∆̄q+1 = ∆̄q + adf̄ ∆̄q.

We may verify that < dλ, ∆̄q+1 > has constant rank one,hence rank(∆̄q+1) = n.
So the multiplet (f̄ ; G0, · · · , Gq−1, Ḡq) satisfies the properties as claimed. 2

B. Proof of Lemma 4.3.

We assume that Gl = span{g1, · · · , gs} and rank(∆q−1 + span{adm0
f gs}) = rank∆q−1 + 1. By

Frobenius Theorem, there exists a real–valued function µ1, µ1(0) = 0, such that

dµ1 ⊥ ∆q−1, < dµ1, adm0
f gs > (0) 6= 0.

Define
g′s =

1
< dµ1, adm0

f gs >
gs, f ′ = f − (Lm0+1

f µ1)g′s,

and
µ2 = Lfµ1, · · · , µm0+1 = Lfµm0 .

It can be verified that (f ′; G0, · · · , Gl) still satisfies Condition(ℵ) and verifies (18). For simplic-
ity,here we will denote f ′ by f .
Let p0 = min{j − l : j ≥ l, rank(∆l−1 + · · ·+ adj−l

f ∆l−1 + Gl + · · ·+ adj−l
f Gl) = rank∆j}. There

exists a vector field g0 ∈ ∆l−1, and a real–valued function ϕ,ϕ(0) = 0, such that

adp0

f g0 /∈ ∆l−1 + · · ·+ adp0−1
f ∆l−1 + Gl + · · ·+ adp0−1

f Gl

and
dϕ ⊥ ∆l+p0−2, < dϕ, adp0

f g0 >= 1.
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Set
f̄ = f + ϕg′s, g′i = gi − (Lgiµm0+1)g′s, Ḡl = {g′1, · · · , g′s−1}.

Applying the algorithm (16) to (f̄ ;G0, · · · , Gl−1, Ḡl) gives

∆̄j = ∆j , j = 1, · · · , l − 1,
∆̄l = ∆l−1 + adf̄∆l−1 + Ḡl = ∆l−1 + adf∆l−1 + Ḡl,
...
∆̄p0+l−1 = ∆l−1 + · · ·+ adp0

f ∆l−1 + Ḡl + · · ·+ adp0−1
f Ḡl.

Using the relationships dµm0+1 ⊥ ∆̄l, ∆̄l + span{g′s} = ∆l, and < dµm0+1, g
′
s >= 1, we see that ∆̄l

is involutive and of constant rank. Similarly, we can derive that ∆̄l+1, · · · , ∆̄p0+l−1 are involutive
and of constant ranks.
Next we consider the distribution ∆̄p0+l. It follows from ∆̄p0+l−1 ⊆ ∆p0+l−1 that ∆̄p0+l ⊆ ∆p0+l.
It can be verified that

∆p0+l = ∆p0+l−1 + adp0

f̄
Ḡl + span{adp0

f g′s} = ∆̄p0+l−1 + adp0

f̄
Ḡl + span{g′s, · · · , adp0

f g′s}. (A.1)

Simple computation yields

dµm0+1 ⊥ (∆̄p0+l−1 + adp0

f̄
Ḡl), < dµm0+1, adp0+1

f̄
g0 >= 1, (A.2)

and
dµi ⊥ adp0+1

f̄
g0, i = 1, · · · ,m0. (A.3)

By (A.1), (A.2) and (A.3), we can find a vector field h ∈ (∆̄p0+l−1 + adp0

f̄
Ḡl) such that

adp0+1
f̄

g0 = h + g′s.

It follows from (A.1) that

∆̄p0+l ⊇ ∆̄p0+l−1 + adp0

f̄
Ḡl + span{g′s}, rank(∆̄p0+l) ≥ rank(∆p0+l)− p0.

These, together with the fact that ∆p0+l being involutive and the relationships

dµi ⊥ ∆̄p0+l, < dµi, adm0+1−i
f g′s >= 1, i = m0, · · · , m0 − p0 + 1,

imply that rank(∆̄p0+l) = rank(∆p0+l)−p0 and ∆̄p0+l is involutive and of constant rank. Therefore,

∆̄p0+l = ∆̄p0+l−1 + adp0

f̄
Ḡl + span{g′s}.

Similar computation shows that ∆̄p0+l+1, · · · , ∆̄p0+q−1 are involutive and of constant ranks. Hence
(f̄ ;G0, · · ·, Gl−1, Ḡl) satisfies Condition(ℵ). 2

C. Proof of Lemma 4.4.
Suppose the vector field g0 ∈ ∆l−1 is such that

rank(∆q−1 + adm0
f Gl + span{adm0+1

f g0}) = rank(∆q−1 + adm0
f Gl) + 1.

Define an integer

p0 = min{j − l − 1 : j ≥ l + 1, rank(∆l−1 + · · ·+ adj−l+1
f ∆l−1

+Gl + · · ·+ adj−l−1
f Gl) = rank(∆j)}.
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Without loss of generality,we assume

adp0

f gs /∈ ∆l−1 + · · ·+ adp0+1
f ∆l−1 + Gl + · · ·+ adp0−1

f Gl.

So there exists a real-valued function λ1, λ1(0) = 0, such that

dλ1 ⊥ ∆p0+l−1, < dλ1, adp0

f gs > (0) 6= 0.

Set
g′s =

1
< dλ1, adp0

f gs >
gs, f ′ = f − (Lp0+1

f λ1)g′s.

It can be easily verified that (f ′; G0, · · · , Gl) still satisfies Condition(ℵ) and Lp0+1
f ′ λ1 = 0.

Suppose (f ′;G0, · · · , Gl) still verify (19) ,then define

λ2 = Lfλ1, · · · , λp0+1 = Lfλp0 .

Simple computation gives

dλi ⊥ ∆p0+l−i, < dλi, adp0+1−i
f g′s >= 1, i = 1, · · · , p0 + 1. (A.4)

So there exists a real–valued function µ, µ(0) = 0, such that

dµ ⊥ ∆q−1, < dµ, adm0+1
f g0 > (0) 6= 0.

Set

f̄ = f ′ + µg′s, g
′
i = gi − (Lgiλp0+1)g′s, i = 1, · · · , s− 1, Ḡl = span{g′i : 1 ≤ i ≤ s− 1}.

Apply the algorithm (16) to (f̄ ; G0, · · · , Gl−1, Ḡl), denote the resulted sequence of distributions by
∆̄i, i = 1, 2, · · · . Simple computation shows that

dλi ⊥ ∆̄j , i = p0 + 1, · · · , 1, q ≥ j ≥ p0 + l + 1− i.

From (A.4) it follows that the distributions ∆̄i, i = l, · · · , q are involutive and of constant ranks.
Next we turn to the distribution ∆̄q+1. It can be verified that

< dλp0+1, adm0+2
f g′s >= 1, dλi ⊥ ∆̄q+1, i = p0, · · · , 1. (A.5)

Note that ∆q = ∆̄q + span{g′s, · · · , adp0

f g′s}, this gives

∆̄q+1 ⊇ ∆̄q + span{g′s}.

By (A.5),we obtain that

rank(∆̄q+1) ≤ n− p0 = rank(∆̄q + span{g′s}).

Thus ∆̄q+1 = ∆̄q + span{g′s} and is involutive and of constant rank.
In the same way,we can reach the conclusion that the distributions ∆̄q+2, · · · , ∆̄q+p0 = ∆q are
involutive and of constant ranks. Hence (f̄ ; G0, · · · , Gl−1, Ḡl) satisfies Condition(ℵ). 2
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