
O n th e in te rp r e ta tio n o f lo c a l m od e ls in b le nd e d m u ltip le m o d e l s t ru c tu re s
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H E N R IK G OLL E E ¶

T h e co nstruc tion of n on -linear d yn am ics b y m ean s o f in terp olat ing the b eh aviou r of loca lly va lid m od els o � e rs an
a ttra ct ive an d intu itively p leas ing m etho d o f m od elling no n -linea r sys tem s . T h e app ro ach is u sed in f uzzy log ic m o de lling,
o p era ting regim e b ased m od els , an d no n-linea r sta tistica l m o de ls. T he m o d el stru cture su gge sts tha t the com p os ite loca l
m o de ls can b e u sed to interp re t, in som e ap prop riate m an ner , th e overall n o n-linea r dyn am ics . In th is pap er w e
d em o nstrate tha t the interp re ta tion of the se local m o de ls, in the con text o f m u ltiple m o d el s truc tu res , is n ot as stra ight-
f orw ard as it m ight in itially app ea r . W e argu e that the blen ded m u ltiple m od el sy stem can be in terp reted in tw o w ays Ð a s
an interpo lation o f linear iza tion s, or as a f u ll p a ram eterizat ion o f the sys tem . T h e ch o ice o f in terp re ta tion a � ects
exp er im en t d es ign , pa ram eter identi ® ca tion , and m od el va lida tion . W e then sh o w tha t, in so m e ca se s, th e loca l m o de ls
g ive in sight into fu ll m od el behav iou r o nly in a very sm a ll reg ion of state space . M ore alarm ing ly, w e d em on stra te tha t
f or o � -eq uilibr ium behav iou r, su b ject to so m e app ro xim a tion e rror , a n on -un iqu e p aram eterizat ion o f the m o d el
d ynam ics exists . H en ce , qu a litative con clu sion s draw n f ro m the b eh aviou r of an iden ti ® e d loca l m o de l, e .g . rega rd ing
stable , u nstab le, n o da l o r com p lex behav iour , m ust b e treated w ith ex trem e cau tion . T h e exam ple of m uscle m o d elling is
u sed to illus trate these p oints c lea rly .

1 . In tr od u c t io n

T he past few years have show n an increase in the use
o f local m odel representa tions o f non-linear dynam ic
system s (see Johansen and M urray-Sm ith 1997 f or a
rev iew ) . T h is basic structure includes a num ber of
approaches: T agak i ± S ugeno f uzzy system s ( Takag i and
Sugeno 1985 ) , local m odel netw orks, gain -schedu led
contro l, statistica l m ixture m odels, S m ooth T hresho ld
A utoR egress ive ( S T A R ) m odels o f T ong (1990) and the
S tate dependent m odels o f Priestley ( 1988 ) , am ong them .
T he m odel param eters are obta ined f rom prior know l-
edge, lineariza tions o f a physica l m odel or identi ® ed
f rom m easured data. A dvantages o f th is approach are
purported to be its sim plicity and the insigh t into g loba l
dynam ics obta ined f rom the loca l m odels.

B y a b lended local m odel structure we understand a
dynam ic m odel o f the f orm

Çx =

N m

i

q i ( x , u , w ) f i ( x , u ) ( 1 . 1 )

w here state x 2 R
N , input u 2 R

P , and an externa l vec-
tor w 2 R O , the m od el f i ( : , : ) is one o f N m vec tor f unc-
tions o f the state and the input, and is va lid in a reg ion
de ® ned by the scalar va lid ity f unction q i , w h ich in turn is
a f un ction o f the above variab les. Typ ica lly , the loca l

m odels f i are chosen to be o f the f orm f i ( x , u ) =

A ix + B iu + d i , resu lting in constituen t dynam ic system s
S i g iven by

S i : Çx = f i ( x , u ) ( 1 .2 )

= A i x + B iu + d i ( 1 .3 )

w here x , d i
2 R

N , A i
2 R

N N , and B i
2 R

N P . T h is
resu lts in a non-linear description o f p lan t dynam ics o f
the f orm

Çx = A ( x , u , w ) x + B ( x , u , w ) u + d ( x , u , w ) ( 1 .4 )

w here

A ( x , u , w ) =

N m

i

q i ( x , u , w ) A i ( 1 .5 )

B ( x , u , w ) =

N m

i

q i ( x , u , w ) B i ( 1 .6 )

d ( x , u , w ) =

N m

i

q i ( x , u , w ) d i ( 1 .7 )

T he A i m atrices associated w ith each o f the loca l
m odels are assum ed to be invertible; that is, a ssociated
w ith each constituen t loca l m odel there is exactly one
un ique equ ilibrium point. M odel bu ilding thus consists
o f covering the sta te space o f the non-linear p lan t w ith
loca l m odels. B ehaviour a long the p lant equ ilibria is
typ ica lly captured by using m odels whose equ ilibria
( x i0 = - A

- 1
i d i , in the un f orced case ) are located inside

the reg ion de ® ned by their basis f unctions, w hereas be-
haviour o� equ ilibria is captured by using m odels w hose
( v irtual) equilibria are located outside the reg ion de ® ned
by their basis f unc tions (hence the `v irtua l’ label) .

In th is paper w e dem onstra te that the interpre tation
o f loca l m odels is not stra igh tf orw ard , and depends both
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upon the param eters o f the validity f unc tions and upon
the location o f the loca l m odel equ ilibria.

2 . In te r pre ta t io n a nd id en t i ® c a t io n

T ypica lly, iden ti ® ca tion o f a loca l m odel ne twork
either involves conventiona l lineariza tion o f the non-
linear system about a num ber o f equ ilibrium operating
po ints, o r perf orm ing w eighted regression o f loca l m od-
els to excitation data ( in w hich case the m odels are not
the classica l lineariza tions com m only used in contro l
theory ) .

G iven these tw o possibilities , there are two
approaches to in terpreta tion o f the m odel at interm ed i-
a te operating po ints, w here the m odel description o f the
p lant dynam ics is obtained by interp olating the loca l
m odels in som e m anner. F or exam ple, consider the
m odel o f the un forced p lant dynam ics obta ined by iden-
tify ing linear m odels about severa l va lues o f schedu ling
vector ( x i , w 0 i ) :

( 1 ) W e cou ld interpret the interpo lation procedure
as yielding interm ed iate Jacob ian m atr ices g iven
by A ( x 0 , w 0 ) . T his re sults in a m odel o f the
linearized dynam ics at ( x 0 , w 0 ) given by Çx =

A ( x 0 , w 0 ) ( x - x 0 ) .

( 2 ) Or, w e cou ld assum e that the m ultiple m odel
fam ily used is a param eteriza tion o f the rea l
system yield ing a f u ll descrip tion o f g loba l
dynam ics Çx = A ( x , w ) x + d ( x , w ) . In this case
the lineariza tion about an interm ed iate equ ilib-
rium point ( x 0 , w 0 ) is given by

Çx =
¶

¶ x
[A ( x , w ) x + d ( x , w ) ]

( x 0 , w 0 )

( x - x 0 )

+
¶

¶ w
[A ( x , w ) x + d ( x , w ) ]

( x 0 , w 0 )

( w - w 0 ) ( 2 . 1 )

= A x
( x 0 , w 0 ) ( x - x 0 ) + A w

( x 0 , w 0 ) ( w - w 0 ) ( 2 . 2 )

where A x
( x 0 , w 0 ) 2 R

N N and where A
-
w

( x 0 , w 0 ) 2

R
N O .

( N ote here w e have om itted u f rom the schedu ling
variab le f or sim plicity . In the rem ainder of the paper
w e sha ll no longer schedu le on an externa l w and sha ll
theref ore use A f o r A x

. )
If iden tify ing the m odels f rom experim enta l data , the

® rst interpreta tion im plies that the lineariza tion is based
on ly on perturbation data around the lineariza tion po int
( x 0 , w 0 ) . In the second case [equation ( 2 .1 )], w e assum e
globa l excita tion of the input space, and that the loca l
m odels are not to be identi ® ed independently of each
other, bu t ra ther that the identi ® ca tion o f basis f unc-
tions and loca l m odels is perf orm ed in an itera tive pro -
cess. W e note that A x

( x 0 , w 0 ) and A ( x 0 , w 0 ) are in

genera l not identica l. T o sum up Ð w hat the m odel
represen ts depends on how the data are gathered , and
how the param eters o f the loca l m odels and basis f unc-
tions are identi ® ed .

E x am p le 1 : To illustra te this po int m ore clear ly , con-
sider the exam ple dep icted in ® gure 1 . H ere, a m ath-
em atica l m odel o f a helicopter w as perturbed
( helicopter lineariza tion data prov ided by Stewart
H ouston , U niversity o f G lasgow ; the m odel is too ex-
tensive to include in th is paper Ð see H ouston ( 1994 )
f o r f urther de tails) around a num ber o f lineariza tion
po ints x i ( schedu ling on airspeed, f rom hover to
10 knots at 1 knot intervals) to prov ide the param eters
f o r loca l sta te-space m odels, w h ich are then integrated
into a m ultiple m ode l system using loca lly linear basis
f unctions to f orm a m odel o f the system dynam ics.
T he use o f perturbations around an operating po int
im plies that w e are using the ® rst in terpreta tion.

In ® gure 1 w e show the eigenva lues o f the A ( x 0 ) and

A ( x 0 ) m atrice s as de ® n ed abov e. F igure 1 ( c ) sho w s the
linearly interpo lating basis f unctions, and the ir deriva-
tives. In the second approach the non-zero derivatives o f
the basis f unctions, and o f the o� set term s have a sig-
n i ® can t e� ect on the lineariza tions. In ® gure 1 ( a ) we see
the po les o f the identi ® ed A m atrices , and interpo lation
betw een them prov ides `sensible’ resu lts. T hese A

m atrices already im plicitly conta in the extra term s
described in the secon d interpretation . If w e interpret
them w rongly by ad ding in the e� ect o f basis f unction
derivatives and change o f o � set, we get m ean ing less
interpo lation , as show n in ® gu re 1( b ) , w here the f u ll
m odel e igenva lues do not even pass throu gh the loca l
m odel eigenva lues at the lineariza tion po in ts ( because o f
the non-zero derivative o f the basis f unction ,
¶ q i ( x ) / ¶ x ) . A dd ing f urther loca l m odels w ou ld not
im prove m atters.

T h is exam ple illu stra tes the care w hich shou ld be
taken when in terpreting the param eters o f a m ultip le
m odel system . ( N ote that one cou ld argue f or a variety
o f im plem entations o f the basis f unc tion and local m od-
els f o r th is case Ð th e exam ple is purely to illustra te the
relevance o f the po in ts d iscussed above. ) T his obv iously
has to be taken in to account w hen dea ling w ith grey-box
m odels w h ich com bine identi ® ed and a priori com pon-
ents, as we ll as fo r experim ent design , iden ti ® ca tion
a lgorithm s and any subsequent contro l design .

3 . In te r pre ta t io n o f m o d e l d y na m ics

T he structure o f the non-linear system ( 1 .4 ) an d the
m anner in w hich it is iden ti ® ed encourage a certa in in-
terpreta tion o f the m odel dynam ics; nam ely to interpret
the m odel dynam ics in term s o f the ind ividua l dynam ic
system s R i . In f act, the struc ture is such that it is qu ite

L ocal m odels in blended m ultiple m odel structures 621



tem pting to interpre t the quantita tive behav iour o f the
m odel dynam ics in term s o f the po les and zeros o f R i .
Such an interpre tation is not genera lly va lid f or a num -
ber o f reasons . A part f rom the f act that the eigenva lues
o f the param eterized m atrix A ( x , u , w ) depend not on ly
on the loca l m odels A i , B i , d i , bu t a lso upon the inter-
po lation pro cedure, several o ther prob lem s exist w h ich
inva lidate this interpre tation . In particu lar w e note the
f o llow ing im portant observations w hich prov ide the
basis f o r the rem aining d iscussion in th is paper.

( 1 ) Loca l m odels alon g the m anifo ld o f equilibria
are on ly ind ividually interpretab le in a reg ion
where q i 1 . ( F or the second interpreta tion
[equation ( 2. 1 )], w e see that A x i

( x ) A i on ly if

q i 1 and ¶ q i ( x ) / ¶ x 0 . H ence, the e� ect of

the derivative m ay contribute sign i ® can tly to
the lineariza tion term unless the neighbouring

A i s are identica l. )

( 2 ) O� equ ilibria , f or m o dels w ith virtual equ ilib-
rium poin ts, on ly part o f the dynam ics associ-
ated w ith m od el R i is u sed in the construction
o f the g loba l dynam ics. H ence, the reg ion o f
va lid ity o f the m odel is m ore restricted than
that de ® n ed by its b lend ing f unction q i . T he
m odel is on ly valid in a sub space o f th is reg ion .

B oth o f these observations, and the ir consequ ences f or
interpreting structures such as the loca l m o del ne twork
( Johansen and M urray-Sm ith 1997 ) w ill now be d is-
cussed .

3 .1 . Interpretation prob lem s o f on-equ ilibrium loca l
m ode ls

It is w ell know n that instab ility an d even chaotic
behav iour can be introduced by sw itch ing or interpolat-
ing betw een stab le linear system s ( F illipov 1960 , Skoog
and C li� ord 1972, Shorten 1996 ) . H ence, the dynam ics
o f the ind ividua l sub-system s m ay, in som e cases, g ive
no usef u l insigh t into the g loba l system dynam ics. In the
case o f equation ( 1 .4 ) such e� ects depend upon the
va lidity f unc tions and linearization po in ts ( hence the
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(a ) E igenva lues o f A ( x 0 ) are m arked by d ots. E igenvalues o f l ineariza -

t ion s A i are c ircles.

(b ) E igenva lues o f A ( x 0 ) are m arked by d ots. E igenvalues o f l ineariza -

t ion s A i are m arked by circ les. N ote the d ivergence f rom the interpo -

lated e igenva lues in (a ) , an d tha t the in terp olated e igenvalues n o lon ger

pass th rough the identi ® ed eigenva lues , even at the l inearization points.

( c ) L inear in terpo lation basis f u nctions of loca l m o del n et , and the ir

derivatives . B asis f un ctions have com pact sup port . B asis f u nctions a re

p lotted for the reg ion used fo r the in terpo lation plots in (a) and (b) .
T h e x -ax is is n orm a lized , w ith ho ver f rom the lef t to 10 kno ts on the

right .

F igure 1 . Illustra tion of the e � e ct o f m o d el in terp re ta tion in
a prac tical exam p le. T he loca l m o d els w ere linear iza -
tions b a sed on p ertu rb ations o f a h elicop ter m o d el
f ro m a trim m ed stated , at 1 kn o t in tervals f rom
ho ver to 10 kn o ts. E igen value s o f ind iv idua l loca l m od -
els a re sho w n, alon g w ith in terpo lated va lues f ro m the
m u ltip le m o del stru cture.



d i ) Ð th e loca l linearizations are o f ten on ly ind icative of
g loba l dynam ics in a sm all reg ion w here q i 1 , arou nd
their equ ilibrium poin ts. In th is reg ion , the g loba l m odel
behaves approx im ately as the local m ode l, and returns
to the equ ilibrium poin t. H ow ever, if perturbed such
that the sta te leaves th is region o f the loca l m ode l’ s
operating reg im e, w e m ay see period ic oscillatory behav-
iour, o r chattering between neighbouring loca l m od els,
and the sta te m ay even subsequently leave the loca l
m odel’ s reg im e entire ly , thereby rendering iso lated in-
terpreta tion o f each loca l m odel m ean ingless.

3 .2 . Interpreta tion problem s o f o� -equ ilibrium local
m odels

A f urther f ac tor which a� ects our in terpreta tion of
m ultip le m ode l dynam ics concerns o� -equ ilib rium be-
hav iour. C onsider the phase-p lane trajectory dep icted
in ® gure 2 . It can be observed that the tra jec tory
dep icted m ay be approx im ated by com bining m odels
as show n in ® gure 2( a ) or as in ® gure 2 ( b ) . T h is suggests
that the sta te space can be covered by m any d i� eren t
loca lly accurate m ode ls w h ich, w hen com bined , w ill
approx im ate th is tra jectory in a satisf actory m anner.
T o see th is m ore clearly consider the abstract case of
approx im ating the ¯ ow assoc iated w ith the dynam ic
system Çx = f ( x ) , in the v icinity o f som e vector x 0 by
the loca l m odel

Çx = q ( x ) [A x + d ] ( 3 . 1 )

w here f ( : ) 2 R
N , w here x , A , d are as de ® ned in § 1 , and

w here q ( x ) = 1 w hen x = x 0 , and is zero otherw ise.
C learly f or any arbitrary cho ice o f invertible A , regard -
less o f its nature ( stab le, unstab le, com plex , etc. ) , a vec-
tor d can be f ound such that

f ( x 0 ) = q ( x 0 ) [A x 0 + d ] ( 3 .2 )

w here d = f ( x 0 ) - A x 0 . H ence, a t x = x 0 a non-un ique
param eteriza tion o f the dynam ics ex ist, m ak ing any
qualita tive interpreta tion of the A m atrix m ean ingless.
F urtherm ore, in the neighbourhood o f x 0 , sub ject to
som e approx im ation error, by sim ply vary ing the loca-
tion o f the v irtua l equ ilibria ( or o f the f orm of the q i ) , it
is possible to obtain m an y ( dynam ica lly) d i� eren t para-
m eteriza tions o f the non-linear dynam ics. ( W e note a lso
that cond itions exist such that tw o system s, w h ich have
the sam e equ ilibrium point, can be identica l along an
entire m an ifo ld ; nam ely, w hen A 1 and A 2 share eigen -
vector and e igenva lue pa irs. T he m anifo ld is de ® n ed by
the eigenvec tors com m on to both system s. ) T his is illu-
stra ted in the fo llow ing exam ple.

E x am p le 2 : C onsider the behav iour o f the f o llow ing
autonom ous system s

R 1 : Çx = A 1 x ( 3 .3 )

R 2 : Çx = A 2 x + d ( 3 .4 )

w here

A 1 =
4 - 4 .5

4 .05 - 4 .55
A 2 =

0 .51 - 4 .29

3 .84 - 4 .51

and

d =
- 8 .58

- 0 .27

T he ¯ ow associa ted w ith both o f these system s is
dep icted in ® gure 3 . T hese system s are qua lita tively
very d i� eren t; R 1 is a stab le node with an equ ilib rium
point cen tred at the origin , whereas R 2 is a stab le sp ira l
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(a ) M o del construction . (b) A lterna tive m od el construction .

F igure 2. C on stru ct ion of a tra jectory u sing interp o lated local m o de ls. T h e ellipse s d en ote the loca tion o f the q i . N ote h ow
alterna tive m o d els’ tra jec to ries app ro x im ate the m easured trajectory w ith in the ir b as is f u nc tions , bu t d iverge sign i ® c an tly
ou tside the b as is fu n ction . T h is ob se rvation has seve re co nseq uences fo r co ntro l law d es ign .



w ith its equ ilibrium point close to , but not cen tred , at
the origin . H ow ever, in a sm all reg ion de ® ned by

R : 2 x 1 4 , 8 x2 10 ( 3 . 5 )

as dep icted , the ¯ ow of both system s is sim ilar. T he
velocity vectors po int in the sam e direction and the
m axim um error, de ® n ed by

e m a x = m ax
x 2 R

k ( A 2 - A 1 ) x + d k

k x k
( 3 . 6 )

< 0 . 42 ( 3 . 7 )

is bounded and sm all. T he error dynam ics

Çx = ( A 2 - A 1 ) x + d , x 2 R ( 3 . 8 )

are dep icted in ® gure 3 ( e ) . H ence , w e conclude that in R ,
sub ject to som e ap propria tely de ® n ed approx im ation
error, the dynam ics described by R A 1

and R A 2
are in

som e sense equiva len t. In th is region both R A 1
and R A 2

are va lid represen tations o f an appropriate non-linear

system , but outside the region they d i� er consider-

ab ly.

T h is ra ther obv ious observat ion is o f crucial im port-

ance f or two reasons. It strongly suggests that the

qua lita tive nature o f the identi ® ed loca l m odels m ay
say very little about the non-linear dynam ics even

loca lly. T h is is by v irtue o f the f act that the loca l

m odel is, by de ® n ition , only va lid in a loca l reg ion o f

sta te space, and crucia lly in the o� -equ ilibrium case,
that the loca l m odel’ s contribution to the g loba l m odel

on ly com es f rom a restricted sub-region w hich does not

include the m ode l’ s equ ilibrium point. G iven eno ugh

data, f rom a well-designed experim ent, w e cou ld avo id
such prob lem s, as w e w ould know we had co vered the

vo lum e o f interest in the input space. In prac tice though ,

w here w e have too poor understand ing o f the target
system to design an idea l experim ent, and w here exhaus-

tive data acqu isition is too expensive, th is w ill o f ten be a

rea l prob lem .
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(a ) D yn am ics a ssociated w ith R 1 (b) D ynam ics a sso ciated w ith R 2

( c ) T h e reg ion R 1 (d ) T he reg ion R 2 ( e) E rror dynam ics

F igu re 3. N on -uniqu en ess o f represen tation . T he tw o sy stem s R 1 and R 2 are qu a litatively d i� eren t, bu t in the o utlined region s
[sho w n in d etail in (c ) an d ( d )] w e see tha t there is little d i� erence, as sh o w n by th e erro r dyn am ics in (e ) .



Secon d ly, g iven the variab ility in possible so lutions
to the identi ® ca tion prob lem , we m ay w ish to regu larize
the identi ® ca tion process, that is bias the cho ice f rom the
space o f possible ® ts to the data tow ards m odels w ith
desired propert ies ( f or exam ple stab le loca l linear m od-
els) . A sim ple a lternative, especially if w e on ly w ant on-
equ ilibrium m odels, so it is know n a priori that loca l
m odels shou ld have `real ’ equ ilibria , is to identify o� set
m odels d i ( ) separately f rom dynam ics m odels. T h is is a
practica l approach , as a w ide class o f system s can be
easily driven through a range o f equ ilibria to acqu ire
the necessary data , and at a ® n er quantiza tion level
than in experim en ts linked to the dynam ic behav iour.
S traigh tforward interpo lation w ith sm ooth ing prov ides
the m odel, and va lidation is a lso stra igh tf orw ard . If w e
then use th is m odel of the o� sets as the ba sis f or the
lineariza tions w e have severely reduced the degrees of
f reedom f or the linear system .

4 . M o de lling m u sc le b eh a v io u r

A n exam ple o f iden tify ing a loca l m odel w ith a v ir-
tual equ ilibrium point, and being ab le to correct prob-
lem s ( in th is case `by hand ’ ) , w as f ou nd when m od elling
isom etric contraction of e lectrically stim ulated rabb it
m uscle ( G ollee et a l. 1997 ) . The m otoneurons o f the
m uscle are stim ulated w ith random ly spaced im pulses,
and the f orce produced by the m uscle w hen held at con-

stan t length is recorded. T yp ical data are show n in ® gure

4 ( a) . The system has a sing le input and a single output.

A m odel o f the form of equ ation ( 1 .4 ) w ith six loca l

linear second order m odels is iden ti ® ed using 30 data
sets, w here each set conta ins 590 sam ples. T he par-

am eters o f the loca l m odels w ere optim ized using a

L evenberg ± M arquardt a lgorithm w ith an in ® n ite pred ic-

tion horizon ( Press et a l. 1992 ) . A s show n in ® gure 4( a ) ,
the perf orm ance o f the g loba l m odel is very good f or
stim ulation sequences sim ilar to those used to identify

its param eters, w h ich consist o f pu lses w ith random ly

varying inter-pu lse interva l. If w e exam ine the identi ® ed

A m atrices, w e ® nd that all have rea l and negative eigen -

va lues, excep t f or the f ourth local m odel w h ich has
eigenva lues 7 .14 , - 111 .89 , i.e . th is loca l m odel has a

non-stable A m atrix, w h ich is undesirab le Ð if the

m odel en ters a region w here w e had no identi ® ca tion

data, a stab le m atrix w ill tend to push us tow ard equili-
b ria and thus hopef u lly into a m ore accurately m ode lled

reg ion . ( It cou ld a lso lead to lim it cyc le behaviour, but

shou ld not lead to unboundedness. ) A ll local m ode ls,

o ther than the one schedu led at w = 0 have virtual equ i-

libria. G iven the stim ulation the m odel w as identi ® ed
w ith , where the activation varies qu ick ly, and each

loca l m odel rem ains ac tivated on ly f or a short period

o f tim e, this slow positive e igenva lue d id not have tim e

to have an e� ect. H ow ever, the in ¯ uence of the unstab le
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F igure 4 . E xp erim ental d ata and m o de l resp o nses.

(a ) M od el behaviour over time. T h e respo nses o f the un stable an d of the

m o di ® ed m o del a re a lm ost identical .

(b) Phase p lane trajectories o f the u nstable and the m odi-

® ed m ode l sh ow n in (a) f rom 150 to 300 m s. B old line indi-

cates that the fou rth loca l m od el is ac tive ( q 4 > 0 . 3 ) . T he

sudden vertical jum ps in x are du e to the inp ut pulses

show n in (a ) .
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(a ) R esp onses o f the fu ll m od els to constant f requ ency burst o f 37 H z ( stimulation and scheduling variab les show n in the u pper plot)

(b ) U nstable loca l m od el ( c ) S tab le loca l m ode l

F igure 5. R esp o nses o f the go b al m o d els , and p h ase p lane s and state tra jecto ries o f th e u nstab le an d th e s table loca l m o de l f or an
inp u t s tim u lat ion w ith a con stant pu lse f req u en cy of 37 H z . T he vert ica l jum ps in the p h ase p lo ts in (b ) an d (c ) co rrespo nd to
these p u lse-like inpu ts . T h e tra jector ies a re sho w n f ro m 1 to 300 m s, b old lines indica te tha t the f ou rth loca l m o de l is ac tive
( q 4 > 0 . 3 ) . N o te h ow th e cyc le in (b ) gradu ally dr if ts aw ay , d ue to the e� ect o f the s low un stable e igenvec to r.



loca l m odel becom es obvious w hen a constant f requency
burst is app lied w hich drives the m odel in to an operat-
ing region w here the unstab le local m odel is constantly
active. such a response is show n in ® gure 5 (a ) .

T o show how a range o f m odels can ® t the data
loca lly , bu t have qu ite d i� eren t properties, we a ltered
the positive eigenva lue to g ive us a stab ilized m odel
w ith a slow but stab le po le at - 1 . A f ter reidentif ying
the b ias term s d o f the m odi ® ed loca l m ode l, it perf orm s
sim ilarly to the prev iously identi ® ed m odel on the iden-
ti ® ca tion data, cf . ® gu re 4( a ) , bu t does not becom e
unbounded f or the constant stim ulation case. T he f u ll
f o rce- ® e lds associated w ith the cand idate loca l m odels
are show n in ® gure 6 .

T he above exam ple clearly dem onstra tes the im port-
ance o f understand ing how a b lended m ultiple m odel
structure represen ts non-linear dynam ics; nam ely that
th is understand ing can be used to construct a g loba l
m odel w ith desired properties.

5 . C on c lu s ion s

In th is paper w e have m ade the fo llow ing im portant
observations regard ing the interpreta tion o f loca l m odel
dynam ics in system s o f b lended local m odels:

( 1 ) W e have illu stra ted that a genu ine interp retation
question arises w hen the m ode l is iden ti ® ed f rom
exp erim enta l data; nam ely does the identi ® ed
m odel represen t p lan t lineariza tions or g loba l
plan t dynam ics?

( 2 ) W e have sh own that the properties ( the eigen -
spa ce ) o f the param eterized loca l m odels

A ( x , u , w ) need not prov ide usef u l insigh t into
the m odel dynam ics, even in the neighbourhood
o f m ode l equ ilib ria . T he exten t to which the loca l
m odels re¯ ect ac tua l p lan t dynam ics depends on
the o� sets introduced by lineariza tion po ints, the
form of the interp olation function s, an d upon
the location o f these m odels w ith respect to the
m odel equ ilibria .

( 3 ) W e have a lso dem onstra ted that a non-un ique
param eteriza tion o f m od el dynam ics ex ists o �
equ ilibria , o r w hen o� sets are identi ® ed f rom
data . H ence, try ing to interpret qua lita tively
the m odel dynam ics based upon A i ( x , u , w ) o� -
equ ilibria is dangerous.

T he m uscle m odelling and helicopter exam ples illu-
stra ted that these considerations are relevant f or rea l
app lica tions, and that these e� ects can be used construc-
tively to obta in `w ell-behaved ’ loca l m ode ls. Further-
m ore, the m uscle m o delling exam ple a lso illustra ted
that the ill-constra ined nature of the identi ® ed loca l
m odels can a lso be a prob lem , even if the m ode l is
used as a b lack-box structure, i.e . sligh t variations in
identi ® ca tion data can lead to qualitative ly d i� eren t
m odel behav iour. These prob lem s w ill rem ain, due to
the d i� cu lties assoc iated w ith experim ent design. T h is
can be som ewh at constra ined by separating the identi ® -
ca tion o f loca l m odel o � sets and A m atrices, so that th is
case does not occur acc identa lly f or on-equ ilibrium
m odels . W e can a lso use the non-un ique param eteriza -
tion o f the non-linear dynam ics to construct g loba l
m odels f rom loca l m odels wh ich are in som e sense we ll
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(a ) U nstable loca l m od el (b ) Stable loca l m ode l

F igure 6. Phase plan es o f the u nstable an d the s tab le local m o d el. T he deno te the eq u ilibrium po in ts o f th e au tono m ou s sy stem s,
x e

4 = - A - 1
4 d4 . T he rectangu lar a rea m ark s the region the loca l m o de l o pera tes in , cf . ® gu re 5 .



behaved . F uture regu lariza tion -like approaches cou ld
prov ide a m ore general so lut ion to app ly in the identi ® -
ca tion stage .

F ina lly, we em phasize that the in terpretation prob-
lem s reported in th is paper arise, no t as a resu lt o f poor
iden ti ® cation , but ra ther as a resu lt o f the nature o f the
m ultip le-m odel ap proach to building non-linear dyna-
m ica l m odels. T he authors believe that the f u ll pow er
o f th is approach w ill be rea lized on ly a f ter the interpre t-
a tion issue has been understood , and f orm s an integra l
part o f the experim ent design procedure.
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