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Abstract—We present some new results concerning I[I. NOTATION AND MATHEMATICAL
the stability of positive switched linear systems. In BACKGROUND
particular, we present a necessary and suffcient con-

dition for the existence of copositive linear Lyapunov
functions for switched systems with two constituent ThroughoutR denotes the £eld of real numbeks?

linear time-invariant (LTI) systems. We also extend stands for the vector space of alttuples of real
some recent results on quadratic stability for positive Numbers an®R™*™ is the space ofn x n matrices
switched linear systems. with real entries. Forr in R™, x; denotes the!"
component ofx, and the notationt > 0 (x > 0)
means thate; > 0 (x; > 0) for 1 < ¢ < n. The
|. INTRODUCTION notationsz < 0 andz < 0 are defned in the
obvious mannerR’; denotes the positive orthant of
Understanding the stability properties of dynamidR”, R} = {z € R" : z = 0}. Similarly, for a
systems whose states are confned to the positiveatrix A in R"*", a;; denotes the element in the
orthant is of importance for numerous practical ap{i,;j) position of A, and A >~ 0 (A = 0) means that
plications. Systems of this type are generally referredi; > 0(a;; > 0) for 1 <i,j <n.
2 posive systamsand i Qe In A8 i 17 for the wanspose of and e sl
Economics. In p.';lrticular many appiications in Com-Sllghtly abuse notatllon by writingl™" for the in-
S ks | : ve aldorithms that lead €"Se of AT. For P in 'R"X”. Fhe notationP > 0
munication networks invo 9 means that the matrik is positive de£nite. A matrix

to extremely complex positive systems, typicaIIyA c R™" is said to beHurwitz if all of the

invplvi_ng signi£cant nonlinearity, abrupt parametgr igenvalues ofA lie in the open left half of the
switching, and state resets. These applications, WhlcC mplex plane
include networks employing TCP and other conges- '
tion control applications [16], synchronisation prob-For a real numbet: we defne the functiorign(x)
lems [6], wireless power control applications [11],by

and applications of learning automata to distributed

coloring problems [7], typically require advanced . if z>0
analysis tools to prove their stability and convergence sign(z) =40 ifx=0
properties. Notwithstanding the widespread applica- -1 ifxz<O.

tions of positive systems, the stability of switched . . - ]
and nonlinear positive system has only attractedlote that if a mat”iA € R™*™ is Hurwitz, then
major interest from the systems theory communit)?lgn(det(A)) = (="

in the relatively recent past [4]. In this paper, weThroughout this paper, we shall be concerned with
continue this line of work, focussing on questionspe yniform asymptotic stability, under arbitrary
in the stability of positive switched linear Systems.gyitching, of switched positive linear systenis=
Specifcally, we consider the existencecopositive A(t)z, A(t) € {Ai,...,A,} where each con-
linear Lyapunov functions, defned below, and sumgtityent LTI systemX,, : @ = Az is a positive
marise the work recently reported in [9], providingsystem [2]. Whenever we speak of the asymptotic
an elegant necessary and suffcient condition fogapility of a switched linear system, uniform asymp-
determining when such a function exists for a clasgyjc stability under arbitrary switching is to be
of positive switched systems. For full proofs of yngerstood. Before proceeding, we shall now recall

these results, the reader should consult [9]. We shadbme basic facts about positive LTI systems and their
also consider the existence of common quadratiggplity.

Lyapunov functions (CQLFs) for positive switched _
systems and extend some recent results on quadralfesitive LTI Systems and Metzler Matrices
stability for th|s. clqss of systems.. At t.he gnd ofThe LTI system

the paper, we highlight some possible directions for

future work in this area. Ya:a(t)=Az(t), z(0)=ux



is said to be positive iy > 0 implies thatz(t) = 0 IIl. CoMMON LINEAR COPOSITIVELYAPUNOV
for all ¢ > 0. Basically, if the system starts in the FUNCTIONS
non-negative orthant aR™, it remains there for all
time. See [2] for a description of the basic theoryin this section, we describe a necessary and sufcient
and several applications of positive linear systems.condition for a pair of asymptotically stable positive

_ ) N LTI systems to have a common linear copositive
It is well-known [2] that the systenX, is positive | yapunov function, and discuss a number of impli-
if and only if the off-diagonal entries of the matrix cations of this result. First of all, we present some

A are non-negative. Matrices of this form are knowrrejiminary de£nitions and results concerning linear
asMetzer matrices, and can be writteh = N —al  ¢gpositive Lyapunov functions.

for N =0 anda > 0.
_ N Preliminaries on Linear Copositive Lyapunov Func-
There are a number of equivalent conditions for ggng

Metzler matrix to be Hurwitz [5], [1]. The following

result records two of these conditions which arerhe linear functionV(z) = v"z defnes a linear
relevant for the work of this paper. copositive Lyapunov function for the positive LTI

system> 4 if and only if the vectory € R™ satisEes:
Theorem 2.1: Let A € R™*"™ be Metzler. Then the

following are equivalent: (i) v>0;
(i) ATv <0.
() A is Hurwitz;
(i) There is some vector = 0 in R™ with Av < 0; It follows from Theorem 2.1 that a positive LTI

(i) A~' =<o0. system is asymptotically stable if and only if it has
) a linear copositive Lyapunov function. The primary
Convex Cones and Separation Theorems contribution of this paper is to derive a simple

Much of the work presented later in the pape,algebraic necessary and suffEcient condition for a pair
is concerned with determining conditions for the®f asymptotically stable positive LTI systems,, ,
intersection of two convex cones . Recall that *4» 0 have a common linear copositive Lyapunov
a setQ in R™ is a convex cone if for all z,y € Q, functionV(z) = v"z, wherev - 0 and A7 v < 0
and allA > 0, > 0 in R, Az + uy is in Q. The for ¢ = 1,2. This condition is given in Theorem
convex cond is said to bepen (closed) if it is open  3-2 below and our derivation will be based on the
(closed) with respect to the usual Euclidean topolog{P!lowing preliminary result, whose proof can be
on R™. For an open convex corf@, we denote the found in [9].

closure of(2 by Q. Theorem 3.1: Let A;, A, € R"*" be Metzler, Hur-
Given a set of points{z, ..., 2, } in R”, we shall witz matrices such that there exists no non-zero
use the notatioO(z1, .. ., z,,) to denote the con- Vectorv = 0 with Alv <0 f:)r i = 1,2. Then
vex hull of 21, ..., 2,. Formally CO(z1, ..., z,,) there existw =0, wy > 0in R™ such that

is the set: Ajwy + Aswy = 0.

“ - Common Linear Copositive Lyapunov Functions
{Zaixi:aizo,lgigm, andZaizl}. P yap

i=1 i=1 Before stating the main result of this section, we
need to introduce some notation. Giveine R™*"
The theory of £nite-dimensional convex sets is @nd an integed with 1 S(i)S n, AW denotes the
well established branch of mathematical analysié ' column of 4. Thus, A’ denotes the vector in
[12]. In the next section, we shall make use of thék” Whose;j™" entry isa;; for 1 <j <n.
following special case of more general results [12] Ofq 5 positive integer, we denote the set of all
the existence of separating hyperplanes for d'slo'%appingsfy :{1,...,n} — {1,2} by C,». Now,
convex cones. given two matricesd;, A, in R"*" and a mapping

Theorem 2.2: Let Q;, Q, be open convex cones in @ € Cn.2, A5(A1, A2) denotes the matrix
R™. Suppose thd®; N2, = {0}. Then there is some (1) 4(2) (n)
vectorv € R™ such that (Ao Aoz Agm)) (3)
Thus, 4, (A1, Ay), is the matrix inR™*™ whosei'"
vlz <0forall z ey column is thei” column of A, for 1 < i < n.
We shall denote the set of all matrices that can be
and formed in this way byS(A;, 4s).

vz >0 for all z € Q. S(A1, Ag) = {As(A1, Ag) : 0 € Cpa}. 2)



Theorem 3.2: Let A;, A> be Metzler, Hurwitz ma- Hence, there must exist at least omec C, » for
trices in R”*™. Then the following statements arewhich A, (A1, As) is non-Hurwitz.

equivalent: )
g For the remainder of the proof, we shall assume that

() The positive LTI systems¥,,, ¥4, have a the dimensiom is even. In this case, for a Hurwitz
common linear copositive Lyapunov function; A € R"*", det(A4) > 0. The case of oda follows
(i) The £nite setS(A;, A;) consists entirely of in an identical manner.

Hurwitz matrices. We have shown that P4, N\V4, = {0}, then at least

Proof: one matrix belonging taS(A;, A2) must be non-
Hurwitz. In fact, we have shown thdet(A) < 0 for
at least oned belonging taS(A4;, As). Next suppose
that there is some non-zeto= 0 in Va, N V4, but
that the intersection of the open cones

(i) = (ii): As X4,, X4, have a common linear
copositive Lyapunov function, there is some vecto
v > 0in R® with vT4; < 0 for s = 1,2. This
immediately implies that;TAEj) < 0 fori=1,2,
1 < j < n and hence we have that Va, N Va, (9)

vTA<0forall AcS(Ap,Ay). (3) is empty.

Now note that asd;, A, are Metzler, all matrices Now, denote byl, the matrix inR™*" consisting
belonging to the setS(A;, A;) are also Metzler. entirely of ones {,,(4,j) = 1 for 1 < 4,5 < n) and
It follows immediately from (3) and the standardfor il ¢ > 0, write A;(¢) = A; + €1, for i = 1,2.
properties of Metzler matrices that each matrix inthen it is straightforward to see that

S(A1, A2) must be Hurwitz.

(i) = (i): We shall show that it2,4,, 4, do not Vs MVaxo = 10}
have a common linear copositive Lyapunov funcfor all ¢ > 0. Thus, if we choose any > 0
tion, then at least one matrix belonging to the sesuffciently small to ensure that;(e) and Ax(e)
S(A1, A2) must be non-Hurwitz. are Hurwitz and Metzler, it follows from the above

. ) argument that there must be at least one non-Hurwitz
First of z_:\ll, s;{ppose that Fhere IS N0 NoNn-zero Vector, - in the setS(A; (e), As(c)). A limiting argu-
v = Owith v7A; = 0 for i = 1,2. It follows from 004 oy shows that at least one matrix in the set

Theorem 3.1 that (tjhere are vectars, w such that S(A1, Ay) is non-Hurwitz. This completes the proof
wy > 0, wy >0 an of the theorem.

Arwy + Ayws = 0. ™ We now present a simple example to illustrate the
As w; > 0, wy = 0, there is some positive de£nite use of the above theorem.

diagonal matrixD = diag(dy, da, . ..,dy) in R**™ _ . _
with wy = Dw;. It follows from (4) that, for thisD, Example 3.1: Consider the Metzler, Hurwitz matri-

ces inR2*2 given by

det(A; + A3 D) = 0. (5)
A —0.7125 0.7764
Now, for an n-tuple, (dl,...,dn,)T € R™ and a 1 = 0.5113 —0.9397 )
mappingo € C, 2, we shall usedy,...,d,)° ! to
’ . —1.3768 0.8066
denote the product afy,...,d, given by Ay, = ( 0.9827 13738 ) .

(i, dn)” =] a7t (6) Thenitis easy to see th&(A;, A,) consists entirely

i=1 of Hurwitz matrices. It follows from Theorem 3.2

In terms of this notation, the polynomiakt(A; + that the system&4,, ¥4, have a common linear
A5 D) in the variablesiy, . .., d, is given by copositive Lyapunov function. In fact, for =

1.1499, 1.1636)7, it can be checked that!v < 0
> det(Ag(Ar, Ag))(dy, ..., dn) "t (7) f(or i 1.2 )

g€Chp 2

Now if all matrices in the sef(A;, A2) were Hur- Remarks:

witz, thendet(A, (A1, A2)) > 0 for all o € C,, 2 if
n is even andlet(A, (A, A2)) < 0forall o € Cy 2
if n is odd. In either case, this would contradict (5)
which implies that there are positive real numbers asymptotic stability of the associated switched

di, ..., dn for which linear system, to the stability of fnite set of
Z det(As(Ay, A2))(dy,...,dy) "t =0. (8) positive LTI systems. Formally, the existence of
0€Cy 2 a common linear copositive Lyapunov function

(i) Note that the result of Theorem 3.2 relates the
existence of a common Lyapunov function for
a pair of positive LTI systems, and the uniform



for X4,, X4, is equivalent to the stability of (i) = (iv): This is trivial as S(A4;,43) C

each of the2” positive LTI systemsX 4 for CO(S(A4;1, A2)).

A € S(A1,As). Of course, it follows that N

the asyrglptotic )stability of this £nite family of (iv) = (i): This follows from Theorem 3.2.

systems is suf£cient for the uniform asymptoticThe previous corollary shows that the Hurwitz-

stability of the switched systent = A(t)z, stability of the £nite collection of matrices

A(t) € {A1, Ao} S(Ay, Ay) is suffcient to ensure the asymptotic
(i) A common linear copositive Lyapunov function stability under arbitrary switching of the system

for X 4,, ¥4, will also de£ne a linear copositive

Lyapunov function for each of the systerfis, & =Alt)r  A(t) € CO(S(A1, Az)).

with A € S(As, As). . Also, the equivalence of points (iii) and (iv) above
(iii) In the proof of Theorem 3.2, the non-existenceyaans that the Hurwitz-stability of the s8¢A,, A.)

of & common linear copositive Lyapunov func-js hecessary and sufecient for the Hurwitz-stability
tion is related to the existence of a diagonal mag¢ its convex hull.

trix D > 0 such thatd; + A5 D is singular. It is

interesting to compare this with the recent resul® close examination of the proof of Theorem 3.2
in [10], which established that the non-existencehows that the following characterisation of linear
of a common diagonal Lyapunov function for copositive Lyapunov function existence also holds.

a pair of positive LTI systems implied the Corollary 3.2: Let Ay, A, € R"™" be Metzler

existence O.f a diagonab > .0 SUCh. that' Hurwitz matrices. Then the systerds,,, ¥4, have
A1+DAsD is singular. The precise relationship . - 2

- : . a common linear copositive Lyapunov function if and
between copositive Lyapunov functions, dlago-Onl if
nal Lyapunov functions and quadratic Laypunov y
functions for general switched positive linear sign(det(A4)) = (=1)"
systems is in itself an interesting question, and
the above result may prove useful in clarifying’or all A4 € S(A1, A2).
this relationship.

IV. QUADRATIC STABILITY FOR POSITIVE

USing the above remarks and Theorem 3.2, we can SYSTEMS DIFFERING BY RANK ONE

derive the following result.
A popular approach to establishing the asymptotic
stability of a switched linear system under arbi-
trary switching regimes is to search for a common
guadratic Lyapunov function (CQLF) for its con-
() There exists a common linear copositive Lya-stituent systems [8], [15]. To date, a number of
punov function for the systemS 4, ¥ 4,; elegant analytic conditions for CQLF existence for
(i) There is a common linear copositive Lyapunovclasses of switched systems have appeared in the
function for the set of systems literature. In particular, for a system = A(t)l‘,
A t) e {A, Ay with rank(A2 — Ay) =1, it has
{Ba: A€ CO(S(Ar, 42)) 1 begen es{tablishe};d that CQLF exister)we is equivalent
(iii) All matrices in the convex hullCO(S(A1, A2))  to the matrix productd; A, having no negative real
are Hurwitz;

eigenvalues. Formally:
() All matrices in 5(As, 4,) are Hurwitz. Theorem 4.1: [13], [14] Let A;, A» be two Hurwitz

Corollary 3.1: Let A, A; be Metzler, Hurwitz ma-
trices in R™"*", Then the following statements are
equivalent:

Proof: (i) = (ii): Suppose thatV(z) = vTx is

matrices inR™*™ with rank(4; — 4;) = 1. A

a common linear copositive Lyapunov function fornecessary and suffEcient condition for the existence

$4,, Xa,. Then it follows thatv”A; < 0 for
i=1,2and hence that” AY) < 0fori=1,...,n,
j=1,...,n. ThuspTA < 0forall A € S(A;, As).
It follows immediately thatl’ (z) = vz will deEne
a linear copositive Lyapunov function fat 4 for all
Ae CO(S(Al, AQ))

(i) = (iii): By assumption, there exists a vector-
0 in R™ with vT'A < 0 for all A € CO(S(A1, Az)).
But every matrix inCO(S(A1, Az)) is Metzler. It
follows immediately that eachl € CO(S(A1, A2))
is Hurwitz.

of a CQLF for the LTI system& 4., ¥ 4, is that the
matrix product4, A, does not have any negative real
eigenvalues.

In this section, we shall show that this result has in-
teresting consequences when applied to the particular
case of positive switched linear systems.

Second Order Systems

First, we recall two results ofix 2 matrices, recently
published in [3] that are of relevance in the current
context.



Lemma 4.1: [3] Let A;, Ay € R?*2 be Hurwitz and Theorem 4.5: Let A;, A, € R3*3 be Metzler and
Metzler. Then the product; A, has no negative real Hurwitz, and lety > 0 be any positive real number.
eigenvalue. Thendet(A; Ay + 4I) > det(A4; As).

Theorem 4.2: [3] Let A4, ..., A,, be Hurwitz, Met- Proof: If we write B = A; As, then the following
zler matrices inR2*2. Then the positive switched facts can be easily verifed.
linear system,

(i) det(B )>
©=A(t)r  A(t) € {Ar,..., An}, (10) (i) by >0for1<i<3;
(iy B~'=A4'A7 =0

is uniformly asymptotically stable for arbitrary

switching if and only if each of the switched linear g, (i) and (i), it follows that, if we writeB;; for

systems, the principal sub-matrix of3 obtained by removing
i=Abe  A(t) € {A;, A}, (11) its "™ row and column, therlet(B;;) > 0 for 1 <
1 < 3.
for 1 < i < j < m is uniformly asymptotically ]
stable under arbitrary switching. Now consider
i i i bin+vy b2 b13
The next result is an immediate consequence of 1
Theorem 4.1 and Lemma 4.1 det(B+~l)=| bau bty b |.(13)
b31 bz baz+y

Theorem 4.3: Let A, As be Hurwitz, Metzler ma- . . - .
trices iNR2*2 such thatrank(As — A1) — 1. Then As the determlnan't is a multi-linear function pf the
the LTI systemsS.,,, X4, have a CQLF, and the columns of a matrix, we can expand (13) using the
switched systemi = A(t)z, A(t) € {Ai, As} Erst column 1o see that

is uniformly asymptotically stable under arbitrary b11 bi2 b1
switching. det(B4+~I) = | bar baa+7vy  bos

b b b
Theorem 4.3 shows that a positive switched lin- o 52 3+

ear systemgi = A(t)r, A(t) € {A;, A2}, with 4oy by +7y b | (14)
A1, Ay € R?*2 Hurwitz and rank(A4; — 4;) = bso  baz+ 7
1, is always asymptotically stable under arbitraryNow, considering the £rst term on the right hand

SWItChIng We shall next use Theorem 4.2 to extengide of (14) and repeating the above process using
this result to the case of a switched positive lineathe second column this time, we £nd that

system with an arbitrary £nite number of constituent

systems. bin b1z b1z

] bar baa+7y  bos
Theorem 4.4 Let Aq,...,A,, be Hurwitz, Metzler b3y b3o bas + v
matrices inR?*2, such thatank(A; — 4;) =1 for
1 < i < j < m. Then the positive switched linear IS €qual t
system bi1 b2 b1

by b b Gy b (15)
z=Al)x A(t) € {A4y,....,An}, (12) 21 Y22 23 v bs1 bsz+v |

b3 by b3z 4y

is asymptotically stable under arbitrary switching. Finally, if we expand the £rst term on the right hand

Proof: From Theorem 4.2, the system (12) is asympside of (15) using its third column we can see that
totically stable under arbitrary switching, if and only

if each of the associated systetiis= A(t)z, A(t) € det(B + 1) = det(B) +vA(7)

{4;,A;}, 1 < i < j < mis asymptotically stable
under arbitrary switching. But it follows immediately
from Theorem 4.3 that each of these systems has A(y) = ’ bao+7  bag '

where

a CQLF and hence is asymptotically stable under b2 b3zt
arbitrary switching. This completes the proof. b1 bi3 bi1 bio
+ . (16)
b31 b3z +7y ba1  baa

Third Order Systems

Considering the second order determinants in (16) in
Finally for this section, we shall present an extension
turn it follows from points (i), (ii) and (iii) made at

of the result of Lemma 4.1 to third order posmvethe beginning of the broof that
systems. In the proof of the following theorem, we 9 9 P
use the notationA| to denote the determinant of the ‘ bos +7  bos

matrix A. bys s+ ‘ > det(B11) >0



and [6]
| (8 20
It is now immediate from (16) that
det(Ay Ay + 1) > det(A;As) "
as claimed.
[0

It follows immediately from Theorem 4.5 that if
Ay, Ay € R3*3 are Metzler and Hurwitz, thed; A

cannot have any negative real eigenvalues. Hence, we
have the following extension of Theorem 4.3. [10]

Theorem 4.6: Let Ay, A, be Hurwitz Metzler matri-
ces inR3*3 with rank(As — A;) = 1. Then the LTI
systemsX 4,, ¥ 4, have a CQLF, and the associated
positive switched linear systein= A(t)z  A(t) € 12
{44, A}, is uniformly asymptotically stable under
arbitrary switching.

(11]

[13]

V. CONCLUSIONS [14]
In this paper we have presented a method for deter-
mining whether or not a given switched positive con-
tinuous time linear system is asymptotically stable!
Our approach is based upon determining verifable
conditions for the existence of a common copositivél6]
linear Lyapunov function for a pair of positive LTI
systems. Future work will involve extending this
result to arbitrary £nite sets of such LTI systems, and
developing synthesis procedures to exploit our result
for the design of stable switched positive systems.
We have also extended some recent work on the
quadratic stability of positive switched systems. In
this connection, future work will focus on investigat-
ing the possibilities of obtaining analogous results
for higher dimensional systems and for arbitrary
£nite families of LTI systems.
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