
Stability and D-stability for Swit
hed PositiveSystems?Oliver Mason, Vahid S. Bokharaie, Robert ShortenHamilton Institute, National University of Ireland, MaynoothCo. Kildare, Irelandoliver.mason�nuim.ie, vahid.bokharaie�nuim.ie, robert.shorten�nuim.ieAbstra
t. We 
onsider a number of questions pertaining to the stability of pos-itive swit
hed linear systems. Re
ent results on 
ommon quadrati
, diagonal, and
opositive Lyapunov fun
tion existen
e are reviewed and their 
onne
tion to thestability properties of swit
hed positive linear systems is highlighted. We also gener-alise the 
on
ept of D-stability to positive swit
hed linear systems and present somepreliminary results on this topi
.1 Introdu
tionWhile the stability properties of positive linear time-invariant (LTI) systemshave been thoroughly investigated and are now 
ompletely understood, thetheory for nonlinear, un
ertain and time-varying positive systems is 
onsid-erably less well-developed. In fa
t, many natural and fundamental questionson the stability of su
h systems remain unanswered. It is 
lear that for manypra
ti
al appli
ations there is a need to extend the theory for positive LTI sys-tems to broader and more realisti
 system 
lasses in
orporating nonlinearitiesand time-varying parameters.Our prin
ipal fo
us in the present paper is on the stability properties ofswit
hed positive linear systems [2℄. In parti
ular, we review re
ent work on thestability of these systems, highlighting the 
onne
tion between various notionsof stability and the existen
e of 
orresponding types of 
ommon Lyapunovfun
tion. We also 
onsider an extension of the 
on
ept of D-stability to positiveswit
hed linear systems, present some preliminary results for this question andhighlight some dire
tions for future resear
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2 O. Mason, V. S. Bokharaie, R. Shorten2 Notation and Ba
kgroundThroughout, R denotes the �eld of real numbers, Rn stands for the ve
torspa
e of all n-tuples of real numbers and Rm�n is the spa
e of m�n matri
eswith real entries. For x in Rn , xi denotes the ith 
omponent of x, and thenotation x � 0 (x � 0) means that xi > 0 (xi � 0) for 1 � i � n. Thenotations x � 0 and x � 0 are de�ned in the obvious manner.We write AT for the transpose of A 2 Rn�n and for a symmetri
 P inRn�n the notation P > 0 means that the matrix P is positive de�nite.Throughout the paper, in an abuse of notation, for LTI systems we shalluse the term stability to denote asymptoti
 stability. Also, when referring toswit
hed linear systems, stability shall be used to denote asymptoti
 stabilityunder arbitrary swit
hing [2℄.For a positive LTI system _x(t) = Ax(t) (1)where A 2 Rn�n is a Metzler matrix (meaning that the o�-diagonal entriesof A are non-negative), the equivalen
es we 
olle
t in the following result arewell known.Proposition 1. [4℄ Let A 2 Rn�n be a Metzler matrix. The following state-ments are equivalent:(i) The LTI system (1) is stable;(ii)A is Hurwitz, meaning that its eigenvalues lie in the open left half plane;(iii)There exists P > 0 su
h that ATP + PA < 0;(iv)There exists a diagonal matrix D > 0 su
h that ATD +DA < 0;(v) There exists a ve
tor v � 0 in Rn with Av � 0;(vi)For any diagonal matrix D > 0, the system _x(t) = DAx(t) is stable.While the equivalen
e of (i), (ii) and (iii) in the previous result also holdsfor any LTI system, properties (iv), (v) and (vi) are spe
i�
 to positive LTIsystems.The property des
ribed in (vi) is known as D-stability and establishes thatstability of positive LTI systems is robust with respe
t to parametri
 un
er-tainties given by diagonal s
aling. Later in the paper, we shall be 
on
ernedwith investigating the 
onne
tion between 
on
epts similar to those in (v) and(vi) for swit
hed positive linear systems. Before this, in the following se
tion,we shall review some re
ent work on the stability of swit
hed positive linearsystems.3 Lyapunov Fun
tions and Stability for Swit
hedPositive Linear SystemsIt is well known that a swit
hed positive linear system of the form



Stability of Positive Swit
hed Systems 3_x(t) = A(t)x(t) A(t) 2 fA1; A2g (2)
an be unstable for 
ertain 
hoi
es of swit
hing sequen
e even when the indi-vidual system matri
es A1; A2 are asymptoti
ally stable [2℄. This observationhas led to great interest in the stability of su
h systems under arbitrary swit
h-ing regimes. A key result in this 
onne
tion is that stability of (2) is equivalentto the existen
e of a 
ommon Lyapunov fun
tion for the individual 
ompo-nent LTI systems [2℄. In the light of Proposition 1, three 
lasses of Lyapunovfun
tion naturally suggest themselves for positive swit
hed linear systems:(i) Common Quadrati
 Lyapunov Fun
tions (CQLFs): V (x) = xTPx whereP = P T > 0 and ATi P + PAi < 0 for i = 1; 2;(ii)Common Diagonal Lyapunov Fun
tions (CDLFs): V (x) = xTDx whereD = diag(d1; : : : ; dn), D > 0 and ATi D +DAi < 0 for i = 1; 2;(iii)Common Linear Copositive Lyapunov Fun
tions (CLLFs): V (x) = vTxwhere v � 0 and ATi v � 0 for i = 1; 2;In the interests of brevity, we shall abuse notation slightly and say that thematri
es A1; A2 have a CQLF, CDLF or CLLF rather than always referringto the asso
iated LTI systems.Re
all the following well-known ne
essary 
ondition for the stability of pos-itive swit
hed linear systems (in fa
t this is a ne
essary 
ondition for stabilityfor general swit
hed linear systems)[2℄.Lemma 1. Let A1; A2 2 Rn�n be Metzler and Hurwitz. Suppose that the as-so
iated swit
hed positive linear system (2) is stable. Then for any real 
 � 0,A1 + 
A2 is Hurwitz.(i) Common Quadrati
 Lyapunov Fun
tions (CQLFs)In [1℄, the relationship between the existen
e of CQLFs, the stability ofall matri
es of the form A1 + 
A2 with 
 � 0, and the stability of the sys-tem (2) was 
onsidered. For 2-dimensional systems, the following result wasestablished.Theorem 1. Let A1; A2 2 R2�2 be Hurwitz and Metzler. Then the followingstatements are equivalent:(a)A1, A2 have a CQLF;(b) The swit
hed system (2) is stable;(
) A1 + 
A2 is Hurwitz for all real 
 � 0.Further, the equivalen
e of (b) and (
) 
an be extended to the 
ase of anarbitrary �nite number of positive LTI systems. Formally, it was shown in [1℄that given Metzler, Hurwitz matri
es A1; : : : ; Ak in R2�2 , the swit
hed system_x(t) = A(t)x(t), A(t) 2 fA1; : : : ; Akg is stable if and only if A1+ 
2A2+ � � �+
kAk is Hurwitz for all real 
2 � 0; : : : 
k � 0.The equivalen
e of (a), (b) and (
) fails immediately for 3-dimensionalsystems. Moreover, the equivalen
e of (b) and (
) is not true for arbitrarydimensions[1℄. In fa
t, in a very re
ent paper [3℄, a 3-dimensional example of



4 O. Mason, V. S. Bokharaie, R. Shortenan unstable swit
hed system for whi
h A1 + 
A2 was Hurwitz for all 
 � 0was expli
itly des
ribed. In 
onne
tion with CQLF existen
e and the stabilityof positive swit
hed linear systems, it has been shown in [11℄ for 2 and 3dimensional systems that if rank(A2�A1) = 1, and A2; A1 are both Hurwitz,then the asso
iated LTI systems always possess a CQLF and the swit
hedlinear system (2) is stable.(ii) Common Diagonal Lyapunov Fun
tions (CDLFs)As stable positive LTI systems have diagonal Lyapunov fun
tions, it isnatural to ask under what 
onditions families of su
h systems will possess a
ommon diagonal Lyapunov fun
tion. In the paper [9℄, the following resultwas derived for systems with irredu
ible system matri
es (for the de�nitionof irredu
ible matri
es, see [5℄).Theorem 2. Let A1; A2 2 Rn�n be irredu
ible, Metzler and Hurwitz. A1, A2have a CDLF if and only if A1 +DA2D is Hurwitz for all diagonal matri
esD > 0.The above result allows us to establish a 
onne
tion between the existen
e ofa CDLF and a form of robust stability for swit
hed positive linear systems.First of all, note that for A1; A2 irredu
ible, Metzler and Hurwitz, Theorem2 shows that if A1, A2 have a CDLF, then so do D1A1D1, D2A2D2 for any
hoi
e of diagonal matri
es D1 > 0, D2 > 0. Hen
e the existen
e of a CDLFguarantees the stability of the positive swit
hed linear system_x(t) = A(t)x(t) A(t) 2 fD1A1D1; D2A2D2g (3)for any diagonal matri
es D1 > 0, D2 > 0.Conversely, if A1, A2 do not have a CDLF, then it follows from Theorem 2that there is some diagonal matrixD > 0 su
h that A1+DA2D is not Hurwitz.This then immediately implies from Lemma 1 that the swit
hed system (3) isnot stable with D1 = I , and D2 = D. This dis
ussion establishes the followingresult.Proposition 2. Let A1; A2 2 Rn�n be irredu
ible, Metzler and Hurwitz. Theswit
hed system (3) is stable for any diagonal matri
es D1 > 0, D2 > 0 if andonly if A1, A2 have a CDLF.(iii) Common Linear Copositive Lyapunov Fun
tions (CLLFs)It is also possible to establish the stability of positive swit
hed linear sys-tems using 
opositive linear Lyapunov fun
tions. As noted in [6℄, traditionalLyapunov fun
tions may give 
onservative stability 
onditions for positiveswit
hed systems as they fail to take into a

ount that traje
tories are natu-rally 
onstrained to the positive orthant. The existen
e of a CLLF for a pairof Metzler, Hurwitz matri
es A1; A2 is equivalent to the feasibility of the lin-ear inequalities v � 0, AT1 v � 0, AT2 v � 0. In the following se
tions, we shallinvestigate 
losely the 
onne
tion between the related but distin
t question ofthe feasibility of v � 0, A1v � 0, A2v � 0 and an extension of the 
on
ept ofD-stability for swit
hed positive linear systems.



Stability of Positive Swit
hed Systems 5Note that an algebrai
 
ondition for CLLF existen
e was derived in [10℄.In the interests of brevity, we shall not expli
itly state this result here butrather state the following te
hni
al result whi
h follows from Theorem 3.1 inthat paper. This fa
t shall prove useful in our later dis
ussion.Lemma 2. Let A1; A2 2 Rn�n be Metzler and Hurwitz. Suppose that there isno non-zero v � 0 in Rn with A1v � 0, A2 � 0. Then there is some diagonalD > 0 su
h that A1 +DA2 is singular.4 Swit
hed Positive Linear Systems and D-Stability: The2-d CaseIn this and the following se
tion, we shall investigate the following generali-sation of the notion of D-stability to positive swit
hed linear systems.De�nition 1. Let A1; A2 2 Rn�n be Metzler and Hurwitz. The asso
iatedswit
hed positive linear system (2) is said to be D-stable if for any diagonalmatri
es D1; D2 2 Rn�n with D1 > 0, D2 > 0, the system_x(t) = A(t)x(t) A(t) 2 fD1A1; D2A2g (4)is stable.For positive LTI systems, Proposition 1 shows that stability and D-stabilityare equivalent. Our �rst observation, in Example 1, is to note that this equiva-len
e is not true in the swit
hed 
ase. First of all, we note the following simplene
essary 
ondition for D-stability, whi
h follows immediately from Lemma 1.Lemma 3. Let A1; A2 2 Rn�n be Metzler and Hurwitz. Suppose that the as-so
iated swit
hed positive linear system (2) is D-stable. Then for any diagonalmatrix D > 0, A1 +DA2 is Hurwitz.Example 1. Consider the Metzler, Hurwitz matri
es in R2�2A1 = ��2 01 �4� ; A2 = ��1 50 �1�It is straightforward to verify that A1 + 
A2 is Hurwitz for all 
 � 0. Hen
eby Theorem 1, the asso
iated swit
hed system is stable. On the other hand,
hoosing D = � 20 00 0:5�it is easily veri�ed that A1 + DA2 is not Hurwitz. Hen
e by Lemma 3 theasso
iated swit
hed system is not D-stable.



6 O. Mason, V. S. Bokharaie, R. ShortenThe above example illustrates that for swit
hed positive linear systems, the
on
epts of stability and D-stability are not equivalent, in 
ontrast to the LTIsystem 
ase. In the following result, we show that the ne
essary 
onditiongiven in Lemma 3 is also suÆ
ient for D-stability for 2-dimensional systems.Theorem 3. Let A1; A2 2 R2�2 be Metzler and Hurwitz. The positive swit
hedlinear system (2) is D-stable if and only if A1+DA2 is Hurwitz for all diagonalmatri
es D > 0.Proof: Lemma 3 has already established the ne
essity of this 
ondition. ForsuÆ
ien
y let D1 > 0, D2 > 0 be diagonal matri
es and let 
 � 0 be any non-negative real number. By hypothesis, A1 + 
D�11 D2A2 is Hurwitz for 
 > 0and it is trivially true for 
 = 0. However, this matrix is also Metzler and hen
eby point (vi) of Proposition 1, D1A1+ 
D2A2 = D1(A1+ 
D�11 D2A2) is alsoHurwitz. It now follows immediately from Theorem 1 that the swit
hed system(4) asso
iated with D1A1; D2A2 is stable. As this is true for any diagonalD1 > 0, D2 > 0, the system (2) is D-stable.The next result establishes a 
onne
tion between the existen
e of a 
om-mon solution to the inequalities v � 0, Aiv � 0 for i = 1; 2 and D-stabilityfor (2).Corollary 1. Let A1; A2 2 R2�2 be Metzler and Hurwitz. Then:(i) If there is some v � 0 with A1v � 0, A2v � 0 then the system (2) isD-stable;(ii)If (2) is D-stable then there exists some non-zero v � 0 with A1v � 0,A2v � 0.Proof: (i) Suppose there is some v � 0 with Aiv � 0 for i = 1; 2. Then forany diagonal D > 0, DA2v � 0 and (A1 +DA2)v � 0. Moreover, A1 +DA2is Metzler. Hen
e, from point (v) of Proposition 1, it follows that A1 +DA2is Hurwitz. Theorem 3 now implies that the swit
hed system (2) is D-stable.(ii) If (2) is D-stable, then Theorem 3 implies that A1 +DA2 is Hurwitzfor all diagonal D > 0. It now follows from Lemma 2 that there must existsome non-zero v � 0 with A1v � 0, A2v � 0.Note that the suÆ
ient 
ondition for D-stability presented in Corollary 1is not ne
essary as demonstrated by the following example.Example 2. Consider the Metzler, Hurwitz matri
es A1; A2 given by:A1 = ��2 12 �2� ; A2 = ��3 12 �1�Using Theorem 4.1 of [10℄ it is straightforward to show that there is no ve
torv � 0 with A1v � 0, A2v � 0. On the other hand, it 
an be veri�ed alge-brai
ally that for any diagonal D > 0, A1 + DA2 is Hurwitz and hen
e theswit
hed system (2) is D-stable by Theorem 3.



Stability of Positive Swit
hed Systems 75 D-Stability in Higher DimensionsIn this se
tion, we highlight a result extending Corollary 1 to higher dimen-sional positive swit
hed systems. We only provide an outline of the proof heredue to spa
e limitations.Theorem 4. Let A1; A2 2 Rn�n be Metzler and Hurwitz. Then:(i) If there is some v � 0 with A1v � 0, A2v � 0 then the system (2) isD-stable;(ii)If (2) is D-stable then there exists some non-zero v � 0 with A1v � 0,A2v � 0.Proof Outline: The key to proving (i) is to show that the existen
e of su
ha v is suÆ
ient for the stability of the swit
hed system (2). On
e this isestablished, the result follows immediately as D1A1v � 0, D2A2v � 0 for anydiagonal D1 > 0, D2 > 0.To show that the existen
e of v � 0 satisfying A1v � 0, A2v � 0 impliesthe system (2) is stable, we �rst show that any traje
tory starting from theinitial 
ondition given by v 
onverges asymptoti
ally to the origin. We 
an then
ombine this fa
t with the monotoni
ity properties of positive LTI systems[4℄ to 
on
lude that (2) is stable. The result given by (ii) follows immediatelyfrom Lemma 3 and Lemma 2.Note that the result given by (i) provides a 
ondition for stability of (2)that is distin
t although related to the 
ondition given by CLLF existen
e.6 Con
luding remarksIn this paper, we have dis
ussed a number of problems relating to the stabilityproperties of swit
hed positive linear systems. In parti
ular, we have reviewedre
ent work on 
ommon quadrati
, 
opositive and diagonal Lyapunov fun
-tions for these systems and on the relationship between the existen
e of su
hfun
tions and various notions of stability for swit
hed positive systems. Wehave also dis
ussed the notion of D-stability for positive swit
hed systemsand presented separate ne
essary and suÆ
ient 
onditions for D-stability forn-dimensional systems. More detailed and 
omplete results have also beengiven for 2-dimensional systems.A number of interesting dire
tions for future resear
h emerge from thework des
ribed here. For instan
e, it would be interesting to investigate thepossibility of Theorem 3 extending to dimensions higher than 2, even for somerestri
ted system 
lass. Also, the question of whether stability and D-stabilityare equivalent for any sub
lass of positive swit
hed linear systems arises nat-urally. It is straightforward to show that this is true for upper (or lower)triangular positive systems, for example, but are there any more interestingsu
h 
lasses?
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