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1 A short introductional note

This script is a personal compilation of introductory topics about discrete
time Markov chains on some countable state space. The choiad a countable
state space is motivated by the fact that it is mathematically richer than the
nite state space case, but still not as technically as geneal state space case.
Furthermore, it allows for an easier generalization to the gneral state space
Markov chains. Of course, this is only an introductory script that obviously
lacks a lot of (important) topic| we explicitly encourage an y interested
student to study further, by referring to the literature pro vided at the end
of this script. Furthermore we did our best to avoid any errors, but for
sure there are still some typos out there, if you spot one, do ot hesitate to
contact us.

This manuscript is based on manuscripts of Wilhelm Huisingaand Eike
Meerbach. Without their work the present version would not exist. Thanks!

Christof Schuette and Philipp Metzner
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2 Setting the scene

2.1 Introductory example

We will start with an example that illustrate some features of Markov chains:
Imagine a surfer on the world-wide-web (WWW). At an arbitrar y instance in
time he is looking at some webpage out of the WWW universe oN di erent

webpages. Let us ignore the question of whether a speci c wglage has to
be counted as one of the individual webpages or may just be a bpage of
another one. Let us simply assume that we have a listing ;1::;N of all
of them (like Google , for example, is said to have), and furthermore that
we know which webpage includes links to which other webpageGoogle

To make things simple enough for an introduction, let us assme that
we arenot interested in what an individual surfer will really do but im agine
that we are interested in producing a webbrowser and that ourproblem is to
nd a good but not too complicated maodel of how often the average surfer
will be looking at a certain webpage. We plan to use the proballity p,, of

webpages: the higher the probability, the higher the ranking.
To make live even easier let us equip our average surfer withosne simple
properties:

(P1) He looks at the present website for exactly the same timgsay t =1,
before surng to the next one. So, we can write down the list of

webpage he visits one after the other: wg;wy; wo;:::, where wg 2
f1,:::;Ng is his start page, andw; is the page he is looking at at
time j

(P2) When moving from webpagew to the next webpage he just chooses
from one of the webpages in_,, with equal probability. His choice is
independent of the instance at which he visits a certain webpge.

Thus, the sequence of webpages our surfer is visiting can bempletely de-

and transition probabilities

o _ oo _  15Lyj ifwP2Lyjand Ly 6 ;
W2 = Wi = w] = 0 otherwise
wherejL j denotes the number of elements irL,,. We immediately see that
we get trapped whenever there is a webpagw so that L,, = ; which may
well happen in the real WWW. Therefore, let us adapt property (P2) of our
average surfer a little bit:



2.2 Markov property, stochastic matrix, realization, density propagation 5

(P2a) When moving from webpagew to the next webpage the average surfer
behaves as follows: With some small probability he jumps to an
arbitrary webpage in the WWW (random move). With probabilit y
(1 ) he just chooses from one of the webpages ib,, with equal
probability; if Ly, = ; he then stays at the present webpage. His choice
is independent of the instance at which he visits a certain wikpage.

Under (P1) and (P2a) our sequence of random variablev; are connected
through transition probabilities

8
% W+le—Wj if w02 Ly; andLy, 6 ;
5 if w062 ,,; andL, 6 ;
Wi+ = wiwj = w] = o 1)
§W+1 if w=w; andLy = ;
N if w26 w; and Ly, = ;

Now our average surfer cannot get trapped and will move throgh the WWW
till eternity.
So what now is the probability p,, of a visit of the average surfer on web-

answer: py isthe T 11 limit of the probability of visits on webpage w in
a long trajectory (length T) of the random surfer. This leaves many obvious
questions open. For example: How can we computp,? And, if there is an
explicit equation for this probability, can we compute it e ciently for very
large N ?

We will give answers to these questions (see Remarks on pag@s 22),
34, and 54)! But before we are able to do this, we will have to djest some
of the theory of Markov Chains: the sequencewg;ws;ws;::: of random
variables described above form a (discrete-time) Markov chin. They have
the characteristic property that is sometimes stated as \The future depends
on the past only through the present": The next move of the aveage surfer
depends just on the present webpage and on nothing else. This known
as the Markov property. Similar dependence on the history might be used
to model the evolution of stock prices, the behavior of telepone customers,
molecular networks etc. But whatever we may consider: we alays have
to be aware that Markov chains, as in our introductory example, are often
simplistic mathematical modelsof the real-world process they try to describe.

2.2 Markov property, stochastic matrix, realization, dens ity
propagation

When dealing with randomness, some probability space (;A; ) is usually
involved; is called the sample space, A the set of all possible events
(the {algebra) and is someprobability measure  on . Usually, not
much is known about the probability space, rather the concep of random
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variables is used to deal with randomness. A functionXg: ! Sis called
a (discrete) random variable , if for every y 2 S:
fXo=yg = fl 2 : Xo(')=vyg 2 A:

In the above de nition, the set S is called the state space , the set of all
possible \outcomes" or \observations" of the random phenorena. Through-
out this manuscript, the state space is assumed to be countdb; hence it is
either nite, e.g., S=f0;:::;NgforsomeN 2 or countable in nite, e.g.,

S= . Elements of the state space are denoted by;y; z;::: The de nition

of a random variable is motivated by the fact, that it is well- de ned to assign
a probability to the outcome or observation Xg = y:

Xo=yl = [fXo=yd = [f! 2 : Xo()= ydl

The function :S! with o(y) = [Xo = y]is called thedistribution

or law of the random variable X . Most of the time, a random variable is
characterized by its distribution rather than as a function on the sample
space .

A sequenceX = fXyggk2 of random variablesX, : ! S is called
a discrete-time stochastic process on the state spaceS. The index k
admits the convenient interpretation as time: if Xy = vy, the process is said
to be in state y at time k. For some given! 2 , the S{valued sequence

X()=fXo(!); X2(M); X2(1);:::0

is called arealization (trajectory, sample path) of the stochastic process
X associated with! . In order to de ne the stochastic process properly, it
is necessary to specify all distributions of the form

for m 2 and xp;:::;Xm 2 S. This, of course, in general is a hard task.
As we will see below, for Markov chains it can be done quite eds.

De nition 2.1 (Homogeneous Markov chain) A discrete-time stochas-
tic processfXygk> 0On a countable state spacs is called ahomogeneous
Markov chain , if the so{called Markov property

holds for everyk 2 |, Xp;:::; Xk 1;Y;Z 2 S, implicitly assuming that both
sides of equation (2) are de ned and, moreover, the right hand side of (2)
does not depend ork, hence

X1 = Z]Xk =y] = 1t = [X1=2]Xo = Y] 3)

1The conditional probability  [AjB]is only de ned if [B] 6 0. We will assume this
throughout the manuscript whenever dealing with condition al probabilities.
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For a given homogeneous Markov chain, the functio® : S S! with
P(y;z) = [Xis = Z]Xk =]

is called thetransition function  ?; its values P (y; z) are called the (condi-
tional) transition probabilities from y to z. The probability distribution
o satisfying

ox) = [Xo=x]

is called theinitial distribution . |If there is a single x 2 S such that
o(X) =1, then x is called theinitial state

Often, one writes , or  to indicate that the initial distribution or the
initial state is given by ¢ or x, respectively. We also de ne the conditional
transition probability

X
P(y;C) = P(y;2):
z2C

from some statey 2 S to some subsetC  S.

There is a close relation between Markov chains, transitionfunctions
and stochastic matrices that we want to outline next. This will allow us to
easily state a variety of examples of Markov chains. To do sowe need the
following

De nition 2.2 A matrix P =(pxy)xy2s is called stochastic , if

X
Pxy 0; and Pxy =1 4)
y2S

for all x;y 2 S. Hence, all entries are non{negative and the row-sums are
normalized to one.

By Def. 2.1, every Markov chain de nes via its transition function a
stochastic matrix. The next theorem states that a stochastc matrix also
allows to de ne a Markov chain, if additionally the initial d istribution is
speci ed. This can already be seen from the following short alculation: A
stochastic process is de ned in terms of the distributions

2Alternative notations are stochastic transition function , transition kernel, Markov
kernel.
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for everym 2 and Xo;:::;Xm 2 S. Exploiting the Markov property, we
deduce
o[Xm = Xm; Xm 1=Xm 15111, X0 = Xo]
= Xm=XmjXm 1= Xm 1;:::;X0= Xo] i
[X2 = X2jX1=X1;X0=Xo] [X1=X1jX0=Xo]  ([Xo= Xo]
= [Xm=XmjXm 1= Xm 1] 11 [X2= X2jX1 = Xq]

[X1=X1jX0 = Xo]  ,[X0o= Xq]
P(Xm 1;Xm) P(X1;x2) P(Xo;X1) (Xo):

Hence, to calculate the probability of a speci c sample path we start with
the initial probability of the rst state and successively m ultiply by the con-
ditional transition probabilities along the sample path. T heorem 2.3 [12,
Thm. 3.2.1] will now make this more precise.

Remark. In our introductory example (random surfer on the WWW),
we can easily check that the matrixP = ( pw:wo)w:wo=1 =N With

.....

Puwo = Wia1 = wiwj = w]

according to (1) is a stochastic matrix in which all entries are positive.
Remark. Above, we have exploited Bayes's rules. There are three of

them [2]:

Bayes's rule of retrodiction. With  [A] > 0, we have

AB] _[B]

BiAl = AT

Bayes's rule of exclusive and exhaustive causes. For a partition
of the state space

S = Bi[ By :::

and for every A we have

X
[A]l = [AjBk]  [Bxl:
k

Az Anl = [A]l [AZJA1] [AszjAz ALl i [AnjAn 15005 ALl
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Theorem 2.3 For some given stochastic matrixP = ( pyy)xy2s and some
initial distribution ¢ on a countable state spacs, there exists a probability
space( ;A; ,) and a Markov chainX = fXygk2 satisfying

o[ Xk+1 = YiXk = X; Xk 1= Xk 1::1; X0 = Xo] = Pyy:

Often it is convenient to specify only the transition functi on of a Markov
chain via some stochastic matrix, without further specifying its initial dis-
tribution. This would actually correspond to specifying a family of Markov
chains, having the same transition function but possibly dierent initial dis-
tributions. For convenience, we will not distinguish between the Markov
chain (with initial distribution) and the family of Markov ¢ hain (without
speci ed initial distribution) in the sequel. No confusion should result from
this usage.

Exploiting Theorem 2.3, we now give some examples of Markovhains
by specifying their transition function in terms of some stochastic matrix.

Example 2.4 1. Two state Markov chain. Consider the state space
S = f0;1g. For any given parameters po;p1 2 [0;1] we de ne the
transition function as

p = 1 P Po
pr 1 po

Obviously, P is a stochastic matrix|see cond. (4). The transition
matrix is sometimes represented by itstransition graph G, whose
vertices (nodes) are identi ed with the states ofS. The graph has an
oriented edge from nodex to node y with weight p, if the transition
probability from x to y equalsp, i.e., P(x;y) = p. For the two state
Markov chain, the transition graph is shown in Fig. 1.

@
e

Figure 1: Transition graph of the two state Markov chain

2. Random walk on . Consider the state spaceS = f0;1;2;:::g and
parameterspg 2 (0;1) (f)or k2 . We denethe transi{ion function as
1 po Po

b 1 p 0 P1 %
- 0 1 pp 0 p
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Again, P is a stochastic matrix. The transition graph corresponding
to the random walk on is shown in Fig. 2.

1-p: 1-p. 1-p,

Lo e 2
T T G

Figure 2: Transition graph of the random walk on

3. A nine state Markov chain. Consider the state spacé&s = f1;:::;99
and a transition graph speci ed in Fig. 3. If, as usually done non{zero
transition probabilities between states are indicated by @ edge, while
omitted edges are assumed to have zero weight, then the cepending
transition function has the form

0 1
P12
P23
P31 P3s
P43 Pas
P = Ps2 Psa Pss Pse
Pes  Pes Pes
P74 P7e P77
Ps7 Pss Pso
Pas  Pog

Assume that the parameterspyy are such thatP satis es the two con-
ditions (4). Then, P de nes a Markov chain on the state spaceS.

/@s/ @p@

@\/('@ ék\@o

Figure 3: Transition graph of a nine state Markov chain.
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2.3 Realization of a Markov chain

We now address the question of how to simulate a given Markov f@in
X = fXkok2 .i.e., how to compute a realization Xg(! ); X 1(! );::: for some
I 2 . With this respect, the following theorem will be of great u se.

Theorem 2.5 (Canonical representation) [2, Sec. 2.1.1] Letf koko
denote some independent and identically distributed (i.d.) sequence of ran-
dom variables with values in some spacg , and denote byX , some random
variable with values inS and independent off ygxo . Consider some func-
tonf :S Y ! S. Then the stochastic dynamical system  de ned by
the recurrence equation

Xker = F(Xk; k) 5)
de nes a homogeneous Markov chairX = fXygko on the state spaceS.

As a simple illustration of the canonical representation, ket ( )x2 denote
a sequence of i.i.d. random variables, independent oX g, taking values in
Y = f 1;+1g with probability

[k=1]=9 and [x= 1]=1 ¢
for someq2 (0;1). Then, the Markov chain fXygk» onS= dened by
Xk+1 = Xk+ «k

corresponding tof : Y ! with f (x;y) = x + y is a homogeneous
Markov chain, called the random walk on  (with parameter q).

Given the canonical representation, the transition function P of the
Markov chain is de ned by

Px;y) =  [f(X o)=Yl

The proof is left as an exercise. On the other hand, if some M#&ov chain
fXkgk2 is given in terms of its stochastic transition matrix P, we can
de ne the canonical representation (5) forf X gko as follows: Letf xgko
denote an i.i.d. sequence of random variables uniformly disibuted on [0} 1].
Then, the recurrence relation Xy+1 = f (Xy; ) holds forf : S [0;1]! S
with
X1 X
f(x;u)=2z for P(x;y) u< P(x;y): (6)
y=1 y=1

Note that every homogeneous Markov chain has a representation (5) with
the function f de ned in (6).
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Two particular classes of functionsf are of further interest: If f is a
function of x alone and does not depend oru, then the thereby de ned
Markov chain is in fact deterministic and the recurrence eqution is called a
deterministic dynamical system with possibly random initial data. If,
however, f is a function of u alone and does not depend o, then the re-
currence relation de nes a sequence of independent randomexiables. This
way, Markov chains are a mixture of deterministic dynamical systems and
independent random variables.

Now, we come back to the task of computing a realization of a Mekov
chain. Here, the canonical representation proves extreme seful, since it
directly implies an algorithmic realization: In order to simulate a Markov
chain f Xxgk2 , choose a random numberg according to the law of X o and
choose a sequence of random numbewg; wy;::: according to the law of g
(recall that the | are i.i.d.). Then, the realization Xg;x1;::: of f XxQk>
is recursively de ned by xx+1 = f (Xk;Wwg). If the Markov chain is speci ed
in terms of some transition function P and some initial distribution Xg,
then the same holds with the sequence ofy being i.i.d. uniform in [0; 1)
distributed random variables and f is de ned in terms of P via relation (6).

2.4 The evolution of distributions under the Markov chain

One important task in the theory of Markov chains is to determine the
distribution of the Markov chain while it evolves in time. Gi ven some initial
distribution ¢, the distribution | of the Markov chain at time Kk is given
by

k(2)= Xk =17]

for every z 2 S. A short calculation reveals

k(z) = X o[ Xk = 2]
= oXk 1=yl [Xk=12zXk 1=Y]
s
= k 1(Y)P(y;2)
y2S

To proceed we introduce the notion of transfer operators, with is closely
related to transition functions and Markov chains.

Given some distribution S| , we de ne the total variation
norm i jitv by «
i jitv="j (i
x2S
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Based on the total variation norm, we de ne the function space
M=f :S!I jj jij<1g:

Note that M equipped with the total variation norm is a Banach space.
Given some Markov chain in terms of its transition function P, we de ne
the transfer operator P : M ! M acting on distributions by 7! P
(P)(y)= X)) P(x;y):
x2S

We are aware of the fact that the term P has multiple meanings. It serves
to denote (i) some transition function corresponding to a Makov chain, (ii)
some stochastic matrix, and (iii) some transfer operator. Hbwever, no con-
fusion should result form the multiple usage, since it shou be clear from
the context what meaning we are referring to. Moreover, actally, the three
meanings are equivalent expressions of the same fact.

Given some transfer operatorP, we de ne the kth power PK of P recur-
sively by P K = ( P )Pk 1 for k > 0 and P° = Id, the identity operator.
As can be shownP¥ is again a transfer operator associated with thek-step
Markov chain Y = (Yn)n2 Wwith Y, = Xy,. The corresponding transition
function Q is identical to the so-calledk{step transition probability

PK(xy) = [Xk = yiXo=x]; @)

denoting the (conditional) transition probability from x to y in k steps of
the Markov chain X . Thus, we have

X
(P )(y)= () PX(x;y):
x2S

In the notion of stochastic matrices, PK is simply the kth power of the
stochastic matrix P.

Exploiting the notion of transfer operators acting on distributions, the
evolution of distributions under the Markov chain can be formulated quite
easily. In terms of powers ofP, we can rewrite  as follows

kK = k1P1= k2P2= L= oPkZ (8)

There is an important relation involving k{step transition probability, namely
the Chapman-Kolmogorov equation stating that

X
PMK(x;z) = P™(x;y)P(y;2) ©)
y2S
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o o
Tz a4 s e 1 e 9 Tz a4 s e 1 e 9 Tz a4 s e 1 e 9

Figure 4: Evolution of some density i in time. Top: at time k =0;1;3
(left to right). Bottom: at time k = 15;50. The stationary density is shown
at the bottom, right.

holds for everym;k 2  and x;y;z 2 S. In terms of transfer operators, the
Chapman-Kolmogorov equation readsP™** = PMPK, which is somehow an
obvious statement.

To illustrate the evolution of densities, consider our ninestate Markov
chain with suitable chosen parameters for the transition marix. The initial
distribution ¢ and some iterates, namely, 1, 3, 15 50 are shown in
Figure 4. We observe that ¢ changes while evolving in time. However,
there also exist distributions that do not change in time; aswe will see in
the course of this manuscript, these are of special interest

De nition 2.6 A probability distribution  satisfying

Xi=yl = (y) (10)

is called a stationary distribution or invariant probability measure
of the Markov chainfXxgk2 . Equivalently, it is

=P (11)
in terms of its transfer operator P.

Notethat = P implies = P Xtoholdforeveryk 2 . Toillustrate
the above de nition, we have computed the stationary densiy for the nine
state Markov chain (see Figure 4). Moreover, we analyticay compute the
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stationary distribution of the two state Markov chain. Here, =( (1); (2))
has to satisfy

resulting in the two equations

(1)
)

1A a+ (b
Da+ 2@ b:

This is a dependent system reducing to the single equation (1)a= (2)b,
to which the additional constraint (1) + (2) = 1 must be added (why?).
We obtain

b . a
a+ba+b

Stationary distributions need neither to exist (as we will see below) nor
they need to be unigue! As an example for the latter statement consider a
Markov chain with the identity matrix as transition functio n. Then, every
probability distribution is stationary.

When calculating stationary distributions, two strategie s can be quite
useful. The rst one is based on the interpretation of eq. (10 as an eigen-
value problem, the second one is based on the notion of the pbability ux.
While we postpone the eigenvalue interpretation, we will nav exploit the
probability ux idea in order to calculate the stationary di stribution of the
random walk on

Assume that the Markov chain exhibits a stationary distribution and
let A;B S denote two subsets of the state space. Then, therobability
ux from A to B is de ned by

ux (A;B) = X [X12 B;X02A]X X (12)

= (x)P(x;B) = (x)P(x;y):
X2A x2A y2B

For a Markov chain possessing a stationary distribution, the ux from some
subsetA to its complement A® is somehow balanced:

Theorem 2.7 ([3]) Let fXkoko» denote a Markov chain with stationary
distribution and A S an arbitrary subset of the state space. Then

ux (A;A%) = ux (A%A);

hence the probability ux from A to its complementA¢ is equal to the reverse
ux from A€ to A.
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Proof: The proof is left as an exercise.

Now, we want to exploit the above theorem to calculate the staionary
distribution of the random walk on . For sake of illustration, we take
ax = p2 (0;1) for k 2 . Hence, with probability p the Markov chain
moves to the right, while with probability 1  p it moves to the left (with
exception of the origin). Then, the equation of stationarity (10) reads

©) ot p+ (1@ pand
(k) (k Dp+ (k+1)1 p)

for k > 0. The rst equation can be rewritten as (1) = (O)pH1 p).
Instead of exploiting the second equation (try it), we use Theorem 2.7 to
proceed. For somek 2  considerA = f0;:::;kgimplying A= fk+1;k+
2;:.:..0; then

ux (A;A°

(X)P(x;A%) = (K)p
A

ux (A%A)

x)P(x;A)= (k+1)Q p)
X2 A¢

It follows from Theorem 2.7, that

(Kp= (k+1)(1 p)

and therefore

k+1
K+1) = (K ﬁ == (0) ﬁ

The value of (0) is determined by demanding that is a probability dis-
tribution:
xR X p k
1 = (k) = (0) —

k=0 k=0 1 P

Depending on the parameterp, we have
(
R p k _ 1;ifp 1=2 13)
ko T 1 p=1 2p);ifp<i1=2

Thus, we obtain for the random walk on  the following dependence on
the parameter p:

for p < 1=2, the stationary distribution is given by

k
©= 5> ad W= © ;

B
o
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for p  1=2 there does not exist a stationary distribution , since the
normalisation in eq. (13) fails.
A density or measure satisfying = P, without the requirement
(x) = 1, is called invariant . Trivially, every stationary distribution is
invariant, but the reverse statement is not true. Hence, forp  1=2, the
family of mesures with (0)2 * and (k)= (0)pX1 p) are invariant
measures of the random walk on (with parameter p) .

2.5 Some key questions concerning Markov chains

1. Existence of unique invariant measure and correspondingonvergence
rates
or P"=1 '+ 0(n"2j ,"):

il ki it I I

2. Evaluation of expectation values and corresponding corergence rates,
including sampling of the stationary distribution

1 X X
RGN f(x) (x)
k=1 x2S
25 T T T T T
T 2fF _
E
™
245 -
E
=
m q 4
u5 1 1 1 1 1
“D 2000 4000 EDOD 8000 10000 12000

Update—Schritte

3. Identi cation of macroscopic properties like, e.g., cydic or metastable
behaviour, coarse graining of the state space.

og
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4. Calculation of return and stopping times, exit probabilities and prob-
abilities of absorption.

p(X) = infft>0:X{2D;Xg=Xg

limit decay rate = 0.0649

o o o
a o @

exit time distribution

o
N

o

of

20 40 60 80 100
time
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3 Communication and recurrence

3.1 Irreducibility and (A)periodicity

This section is about the topology of Markov chains. We startwith some

De nition 3.1 Let f Xx0gk2 denote a Markov chain with transition func-
tion P, and let x;y 2 S denote some arbitrary pair of states.

1. The state x has access to the statey, written x ! v, if
Xm=YyjXo=x] > 0

for somem 2 that possibly depends orx andy. In other words, it
is possible to move (inm steps) from x to y with positive probability.

2. The statesx and y communicate , if X has access toy and y access
to X, denoted byx $ .

3. The Markov chain (equivalently its transition function) is said to be
irreducible , if all pairs of states communicate.

The communication relation $ can be exploited to analyze the Markov
chain in more detail. It is easy to prove that communication relation is a
so{called equivalence relation, hence it is

1. reexive: x$ x
2. symmetric: X $ y impliesy $ X,
3. transitive: x$ yandy$ zimply x$ z.

Recall that every equivalence relation induces a partitionS= Co[ [ C; 1
of the state spaceS into so{called equivalence classes de ned as

Ck = [xk] = fy2S:y$ x«g

communication classes

Why are we interested in communication classes? The partitn into
communication classes allows to break down the Markov chairinto easier
to handle and separately analyzable subunits. This might beinterpreted
as nding some normal form for the Markov chain. If there is only one
communication class, hence all states communicate, then tioing can be
further partitioned, and the Markov chain is already in its n ormal form.
There are some additional properties of communication cleses:
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De nition 3.2 A communication class C is called closed (invariant or
absorbing) if none of the states inC has access to the complemer@® = SnC
of C, i.e, for every x 2 C and everyy 2 C® we havex 9 y. In terms of
transition probabilities, this is equivalent to

[Xm 2 C%Xo=x]=0

for every x 2 C and everym 0.

denote the closed communication classes and the collection of all remain-
ing communication classes. Then

S = GCo[:::[ C 1 [ D: (14)

The following proposition states that we may restrict the Markov chain to
its closed communication classes that hence can be analyzseparately [12,
Prop. 4.1.2].

Proposition 3.3 Suppose thatC is some closed communication class. Let
Pc denote the transition function P = (P (X;y))xy2s restricted to C, i.e.,

Pc = P(Xy) xy2C-

Then there exists an irreducible Markov chainf Y,g,2 whose state space is
C and whose transition function is given byPc.

Proof: We only have to check that Pc is a stochastic matrix. Then the
Proposition follows from Theorem 2.3.

According to [12, p.84], for reducible Markov chains we can malyze at least
the closed subsets in the decomposition (14) as separate dha. The power
of this decomposition lies largely in the fact that any Markov chain on a
countable state space can be studied assuming irreducibifi The irreducible
parts can then be put together to deduce most of the propertis of the orig-
inal (possible reducible) Markov chain. Only the behavior d the remaining
part D has to be studied separately, and in analyzing stability prgerties
the part of the state space corresponding tdD may often be ignored.

For the states x 2 D only two things can happen: either they reach one
of the closed communication classe€;, in which case they get absorbed, or
the only other alternative, the Markov chain leaves every nite subset of D
and \heads to in nity" [12, p.84].

Another important property is periodicity, somehow a leftover of the
deterministic realm within the stochastic world of Markov chains. It is
best illustrated by the following theorem, which we prove at the end of this
section:
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Figure 5: Normal form of the transition function for r = 3.

Theorem 3.4 (cyclic structure [2]) For any irreducible Markov chain
fXkgk2 , there exists a unique partition of the state spacé into d sof{called

d is maximal in the sense that there exists no partition into mee than d
classes with the same property.

Hence the Markov chain moves cyclically in each time step frm one
class to the next. The numberd in Theorem 3.4 is called theperiod of
the Markov chain (respectively the transition function). | f d = 1, then the
Markov chain is called aperiodic . Later on, we will see, how to identify
(a)periodic behavior and, ford > 1 the cyclic classes.

The transition matrix of a periodic irreducible Markov chai n has a special
structure. After renumbering of the states of S (if necessary), the transition
function has a block structure as illustrated in Fig. 6. There is a more
arithmetic but much less intuitive de nition of the period t hat in addition
does not rely on irreducibility of the Markov chain.

De nition 3.5 ([2]) The period d(x) of some statex 2 S is de ned as
d(x) = gedfk 1: [Xk = xjXo= x]> 0Og;

with the conventiond(x) = 1 ,if [Xx = xjXg=x]=0 forall k 1. If
d(x) = 1, then the statex is called aperiodic.

Hence, dierent states may have dierent periods. As the following
theorem states, this is only possible for reducible Markov kains [2].
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EO

E2

Figure 6: Block structure of a periodic, irreducible Markov chain with period
d=3.

Theorem 3.6 The period is a class property, i.e., all states of a communi-
cation class have the same period.

Proof: Let C be a communication class andx;y 2 C. As a consequence,
there exist k;m 2 with PX(x;y) > 0 and P™(y;x) > 0. Moreover,
d(x) < 1 andd(y) < 1. From the Chapman-Kolmogorov Equation (9) we
get

PKY I M(x:x)  PX(x;y)P! (y;y)P™(y; x)

forall j 2 . Now, for j = 0 we infer that d(x) divides k + m, in short
d(x)j(k + m), since PX(x;y)P™(y;x) > 0. Whereas choosing such that
Pi(y;y) > 0yieldsd(x)j(k+ j + m). Therefore we haved(x)jj , which means
that d(x)jd(y). By symmetry of the argument, we obtain d(y)jd(x), which
implies d(x) = d(y).

In particular, if the Markov chain is irreducible, all state s have the same
period d, and we may calld the period of the Markov chain (cf. Theorem 3.4).
Combining De nition 3.5 with Theorem 3.6, we get the following useful
criterion for aperiodicity:

Corollary 3.7  An irreducible Markov chain f X gk» is aperiodic, if there
exists some statex 2 S such that [X1 = xjXo = x]> 0.

Remark. In our introductory example (random surfer on the WWW),
we can easily check that the matrixP = ( py-wo)w:wo=1 =N With

.....

Pw;wo = [Wj +1 = Wc]Wj = w]

according to (1) is a stochastic matrix in which all entries are positive. Thus,
the associated chain is irreducible and aperiodic.
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3.1.1 Additional Material: Proof of Theorem 3.4

We now start to prove Theorem 3.4. The proof will be a simple casequence
of the following three propositions.

Proposition 3.8 Let fXkgk2 be an irreducible Markov chain with tran-
sition function P and period d. Then, for any states x;y 2 S, there is an
ko2 andm2f0;:::;d 1g, possibly depending orx andy, such that

P M(x;y) > 0
for every k  Ko.

Proof: For now asumme that x = y, then, by the Chapman-Kolmogorov
equation (9), the setGy, = fk 2 : PK(x;x) > Ogis closed under addition,
sincek; k%2 Gy implies

PK*Kx:x)  PXx;x)PK(x;x) > 0;

and thereforek + k%is an element ofG,. This enables us to use a number
theoretic result [15, Appendix A]: A subset of the natural numbers which
is closed under addition, contains all, except a nite numbe, multiples of
its greatest common divisor By de nition, the gcd of Gy is the period d,
so there is akg 2 with Pkd(x;x) > 0 for k  ko. Now, if x 6 y then
irreducibility of the Markov chain ensures that there is an m 2 with
P™(x;y) > 0 and therefore

P M(xy)  PX(xx)P™(x;y) > 0
for k  kp. Of coursekg can be chosen in such a way thatn <d.

Proposition 3.8 can be used to de ne an equivalence relatioon S, which
gives rise to the cyclic classes in Theorem 3.4: Fix an arbitiry state z2 S
and de ne x and y to be equivalent, denoted byx $ , vy, if there is an
m2f0;:::;d 1gandankg2  such that

pkd*m(z:x) > 0 and P*4*M(z:y) > 0

for every k  ko. The relation x $ , y is indeed an equivalent relation (the
proof is left as an exercise) and therefore de nes a disjoinpartition of the
state spaceS = Eg[ E1[ E2[ :::Eg 1 with

Em=1fx2S:PX*Mz:x)> 0fork kog

classes used in Theorem 3.4.
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Proposition 3.9 Let P denote the transition function of an irreducible

If P"(x;y) > O for somer > Oandx 2 E,, theny 2 En+r, Where the
indices are taken modulod. In particular, if P(x;y) > 0 and x 2 En, then
y 2 Em+1 With the convention Eq = Eg.

Proof: Let P'(x;y) > 0 and x 2 En, then there is a kg, such that
pkd*m(z:x) > 0 for all k ko, and hence

PKIMT(z;y)  PXTM(z;x)PT (xy) > 0,
for every k > k g, thereforey 2 Em+:.

There is one thing left to do: We have to prove that the partition of S
into cyclic classes is unique, i.e., it does not depend on the 2 S chosen to
dene $ ..

Proposition 3.10  For two given statesz;z°2 S, the partitions of the state
space induced by , and $ 0 are equal.

Proof: Let E, and E%o denote two arbitrary subsets from the partitions
induced by $ , and $ ,o, respectively. We prove that the two subsets are
either equal or disjoint. Assume that E,, and E%o are not disjoint and
consider somex 2 En \ Efno. Consider somey 2 E.,. Then, due to
Props. 3.8 there existkg 2  and s < d such that Pkd*S(x;y) > 0 for
k ko. Due to 3.9, we infery 2 E (kd+s)+ m> hences is a multiple of d.
Consequently, P*d(x;y) > 0 for k k3% By de nition of EQ,, there is an

m01
k2 , such that Pkd*m°(z8x) > 0 for k kg, and therefore

p (k+kg)d+ mo(zoﬁ y) pkd+ mo(ZQ, x)P I‘E)’%'(x; y)> 0

fork k3. Equivalently, P¥d*m%(z8y) > 0fork® k3+k{%sothaty 2 EQ.

3.2 Recurrence and the existence of stationary distributio ns

In Section 3.1 we have investigated the topology of a Markov ltain. Re-
currence and transience is somehow the next detailed levef investigation.
It is in particular suitable to answer the question, whether a Markov chain
admits a unique stationary distribution.

Consider an irreducible Markov chain on the state spaceS = . By
de nition we know that each two states communicate. Hence, gven xX;y 2 S
there is always a positive probability to move from x to y and vice versa.
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Consequently, there is also a positive probability to startin x and return
to x via visiting y. However, there might also exist the possibility that
the Markov chain never returns to x within nite time. This is often an
undesirable feature; in a sense the Markov chain is unstable

A better notion of stability is that of recurrence, when the M arkov chain
returns to any state in nitely often. The strongest results are obtained,
when in addition the average return time to any state is nite. We start by
introducing the necessary notions.

De nition 3.11 A random variable T : ! [flg is called astopping
time w.r.t. the Markov chain f X gxo , if for every integer k 2  the event
fT = kg can be expressed in terms 0K g; X 1;:::; Xk

We give two prominent examples.

Example 3.12 For everyc?2 , the random variable T = c is a stopping
time.

The sofcalled rst return time plays a crucial role in the analysis of
recurrence and transience.

De nition 3.13  The stopping time Ty : ! [flg de ned by
Tx = minfk 1:Xg=xg;

with the convention Ty = 1, if X 6 x for all k 1, is called the rst
return time to state x.

Note that Ty is a random variable. Hence, for a given realizatiorl with
Xo(!) = y for some initial state y 2 S, the term

Tcx(')=minfk 1:Xk(')= xg

is an integer, or in nite. Using the rst return time, we can s pecify how
often and how likely the Markov chain returns to some statex 2 S. The
following considerations will be of use:

The probability of starting initially in  x 2 S and returning to x in
exactly n steps: 4[Tx = n].

The probability of starting initially in  x 2 S and returning to X in a
nite number of steps:  x[Tx < 1].

The probability of starting initially in  x 2 S and not returning to x in
a nite number of steps: «[Tx = 1].
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Of course, the relation among the three above introduced prbabilities is

X
[Tx<1]= x[Tx = n] and [Tx <11+ «[Tx=1]=1:

n=1

We now introduce the important concept of recurrence. We bem by
de ning a recurrent state, and then show that recurrence is &tually a class
property, i.e., the states of some communication class aretler all recurrent
or none of them is.

De nition 3.14 Some statex 2 S is called recurrent if
x[Tx <1 ] = 1;
and transient otherwise.

The properties of recurrence and transience are intimatelyrelated to the
number of visits to a given state. To do so, we need a generahizion of the
Markov property, the so-called strong Markov property . It states that
the Markov property, i.e. the independence of past and futue given the
present state, holds even if the present state is determinedy a stopping
time.

Theorem 3.15 (Strong Markov property) Let fXxgk2 be a homoge-
nous Markov chain on a countable state spac® with transition matrix P and
initial distribution (. Let T denote a stopping time w.r.t. the Markov chain.
Then, conditionalon T < 1 and Xt = z 2 S, the sequencXt+n)n2 isa
Markov chain with transition matrix P and initial state z that is independent

Proof: Let H denote some event determined by Xo;:::; X, e.g.,H =

get

I
N
X
o

I
x
.
X
=

I
X
=
o
L
X
_|

I
N
—

I
32

O[XT =X, i XT+n = X H; X1 =2, T < l]
= z[XOZ Xo;:::;xnzxn] O[H;XT:Z;T<1];



3.2 Recurrence and the existence of stationary distributios 27

and dividing by  [X1t = z;T < 1], we nally obtain

This is exactly the statement of the strong Markov property.

Theorem 3.15 states that if a Markov chain is stopped by any \dopping
time rule" at, say Xt = X, and the realization after T is observed, it can
not be distinguished from the Markov chain started at x (with the same
transition function, of course). Now, we are ready to state he relation
between recurrence and the number of visitdNy : ! [flg to some
statey 2 S de ned by

bS
Ny = Lix=yg:
k=1

Exploiting the strong Markov property and by induction [2, T hm. 7.2], it
can be shown that

x[Ny=m]= 4[Ty<1] ,[Ty<1]™* y[Ty=1] (15)
form> 0,and x[Ny=0]= ([Ty=1]
Theorem 3.16 Consider some statex 2 S. Then

X is recurrent , x[Nx=1]=1, x[Nx]=1;

and
1]1=0, x[Nx] < 1:

X is transient , x[Nx

The above equivalence in general fails to hold for the denumable, more
general state space caselhere, one has to introduce the notin of Harris
recurrent [12, Chapt. 9].

Proof: Now, if X is recurrent then ,[Tx < 1 ]=1. Hence, due to eq. (15)

R R
x[Nx < 1]= x[Nx = m] = x[Tx < 1 ]m x[Mx =11

m=0 m=0

vanishes, since every summand is zero. Consequently, [Ny = 1] = 1.
Now, if x is transient, then [Tx < 1 ]< 1 and hence

xTx =11 =1:

*
Nx <112 =11 < 1] = ey =

m=0
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Furthermore
p3 X
x[Nx] = m x[Nx=m] = m x[Tx< 1] x[Tx=1]
m=1 m=1
= [Ty < 1] «[Tx=1] d R [Ty < 1]
= xLTx xTx = m o oxbix
m=1
d 1
B N B S S R e
x[Tx<l]x[Tx:1]: x[Tx<1] |
(1 x[Tx < 1])? 1 x[Mx< 1]

Hence, x[Nx]< 1 implies «[Tx < 1]< 1, and vice versa. The remaining
implications follow by negation.

A Markov chain may possess both, recurrent and transient stges as,
e.g., the two state Markov chain given by

P =

for somea 2 (0;1). This example is actually a nice illustration of the next
proposition.

Proposition 3.17 Consider a Markov chainf Xxgko on a state spaceS.

1. If fXkok2 admits some stationary distribution andy 2 S is some
transient state then (y)=0.

2. If the state spaceS is nite, then there exists at least some recurrent
state x 2 S.

Proof: 1. Assume we had proven that 4[Ny] < 1 for arbitrary x 2 S and
transient y 2 S, which implies P¥(x;y)! Ofork!1 . Then

X k
(y) = (x)P(x;y)
x2S
foreveryk 2 , and nally
X X
)= 1lm — (OPy)= () lim PX(xy)=0:
kil x2S x2S kil

where exchanging summation and limit is justi ed by the theorem of domi-
nated convergence (e.g., [2, Appendix]), which proves thetatement. Hence,
it remains to prove y[Ny]< 1.
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If y[Ty<1]=0,then 4[Ny]=0 < 1. Now assume that [T, <
1 ]> 0. Then, we obtain

X
x[Ny] = m y[Ty<1] y[Ty<1]" ! y[Ty=1]
m=1
<[ T 1
Smery s

where the last inequality is due to transience ofy and Thm. 3.16.
2. Proof left as an excercise (Hint: Use Proposition 3.17 andhink on
properties of stochastic matrices).

The following theorem gives some additional insight into the relation
between di erent states. It states that recurrence and transience are class
properties.

Theorem 3.18 Consider two statesx;y 2 S that communicate. Then
1. If x is recurrent then y is recurrent;

2. If x is transient then y is transient.

Proof: Sincex and y communicate, there exist integersm;n 2  such that
PM(x;y) > 0 and P"(y;x) > 0. Introducing q = P™(x;y)P"(y;x) > 0,
and exploiting the Chapman-Kolmogorov equation, we getP "+ ¥+ M(x; x)

P™OGY)PK(Y;Y)P (y;x) = qPX(y;y) and Pk M(y;y)  qP¥(x;x), for
k2 . Consequently,

#
R P p3
y[Ny] = y Lix,=yg = y[lkazyg] = y[Xk =Yl
k=1 k=1 k=1
1 R 1
= Pyiy) = PX(x;x) = x[Nyl:
k=1 qk=m+n q

Analogously, we get [Ny] y[Ny]=a Now, the two statements directly
follow by Thm. 3.16.

As a consequence of Theorem 3.18, all states of an irreducébMarkov
chain are of the same nature: We therefore call an irreducild Markov chain
recurrent or transient, if one of its states (and hence all) & recurrent, re-
spectively, transient. Let us summarize the stability properties introduced
so far. Combining Theorem 3.18 and Prop. 3.17 we conclude:

Given some nite state space Markov chain

(i) that is not irreducible: there exists at least one recurrent com-
munication class that moreover is closed.
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(i) thatis irreducible: all states are recurrent, hence sois the Markov
chain.

Given some countable in nite state space Markov chain

() that is not irreducible: there may exist recurrent as well as tran-
sient communication classes.

(i) that is irreducible: all states are either recurrent or transient.

We now address the important question of existence and unigeness
of invariant measures and stationary distributions. The following theorem
states that for irreducible and recurrent Markov chains there always exists
a unigue invariant measure (up to a multiplicative factor).

Theorem 3.19 Consider an irreducible and recurrent Markov chain. For

an arbitrary state x 2 Sdene = (y) y25s with
" #
¥x
(y) = X 1an=yg ; (16)
n=1

the expected value for the number visits ity before returning to x. Then

1.0< (y)< 1 forall y2 S. Moreover, (x)=1 forthe statex 2 S
chosen in the eq. (16).

2. = P.
3. If = P for some measure , then = for some 2

The interpretation of eq. (16) is this: for some xed x 2 S the invariant
measure (y) is proportional to the number of visits to y before returning
to x. Note that the invariant measure de ned in (16) in general depends
on the state x 2 S chosen, since (x) = 1 per construction. This re ects the
fact that is only determined up to some multiplicative factor (stated in
(ii)). We further remark that eq. (16) de nes for every x 2 S some invari-
ant distribution, however for some arbitrarily given invar iant measure , in
general there does not exist arx 2 S such that eq. (16) holds.

Proof: 1. Note that due to recurrence ofx and de nition of we have

e o
(x) = X 1an:xg = X[lfxn:xglfn Txg]
n=1 n=1
3 3
= xXn=xn Ty] = x[Mx=n] = «[Tx<1]=1;
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which proves (x) = 1. We postpone the second part of the rst statement
and prove
2. Observe that forn 2 |, the event fTy  ng depends only on the

xXn=2Z;Xn 1=Y;Tx nl= x[Xn 1=Yy;Tx n]P(y;2):

Now, we have for arbitrary z2 S

X X
Y)P(y;2) = (XP(x2)+ (Y)P(y:2)
y2S y6 X
X X
= P(x2)+ xXn=y;n T]P(y;2)
y6x n=1
X X
= P(xz)+ x[Xn+1 = Z; Xpn = y;n - Ty]
n=1y6x
= x[X1=2]+ xXna1 =zZ;n+1 Ty
n=1
X
= x[X1=z;1 T+ x[Xn=2z;n Ty]
n=2
pS

= xXn=2z;n T] = (2);
n=1

where for the second equality we used (x) = 1 and for the fourth equality
we used thatX, = y,n Ty andx 6 yimpliesn+1 Ty. Thus we proved
P = .

1. (continued) SinceP is irreducible, there exist integersk;j 2 such
that PX(x;y) > 0 and Pi(y;x) > O for everyy 2 S. Therefore, for every
k 2  and exploiting statement 2.), we have

X
0< (X)P*(x;y) @P*zy) = (y):

22S
On the other hand,
. P :
y;X) PI(y;x) PI(y;x)

Hence, the rst statement has been proven.
3. The rst step to prove the uniqueness of is to show that is minimal,

which means that holds for any other invariant measure satisfying
(x)= (x) =1. We prove by induction that
X
(2) x[Xn=12z;n Ty] (17)

n=1
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holds for everyz 2 S. Note that the right hand side of eq. (17) converges
to (z)ask!1l (cmp. proofofl). Fork=11itis

X
(2) = YP(y;2) P(xz)= x[X1=12z1 T

y2S
Now, assume that eq. (17) holds for som& 2 . Then
X
(2) (X)P(x;z) + (Y)P(y;2)
y6 X
X X
P(x;z)+ xXn=y;n TP(y;2)
y8x n=1

X
= x[X1=z1 T+ xXne1 = Z;n+1 Ty
n=1

kel

x[Xn=12z;n Tyl
n=1
Therefore, eq. (17) holds for everyk 2 , and in the limit we get
Dene = ; since P is irreducible, for every z 2 S there exists some
integer k 2 such that PX(z;x) > 0. Thus

X
0= (x)= YPK:x) (2P (z;x);
y2S

implying (z)=0and nally = . Now, if we relax the condition (x) =1,
then statement 3. follows with c = (x).

We already know that the converse of Theorem 3.19 is false, rste there
are transient irreducible Markov chains that possess invaiant measures. For
example, the random walk on is transient for p > 1=2, but admits an
invariant measure. At the level of invariant measures, notiing more can
be said. However, if we require that the invariant measure isa probability
measure, then it is possible to give necessary and su cientenditions. These
involve the expected return times

xR
x[Tx] = n x[Tx = n[: (18)
n=1
Depending on the behavior of ,[Tx], we further distinguish two types of
states:

De nition 3.20 A recurrent state x 2 S is called positive recurrent , if
x[Tx] < 1

and null recurrent  otherwise.
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In view of eq. (18) the di erence between positive and null reurrence is
manifested in the decay rate of [Tx = nJforn! 1 . If [Tx = n]
decays too slowly asn ! 1 |, then [T«] is in nite and the state is null
recurrent. On the other hand, if «[Tx = n] decays rapidly in the limit
n!l ,then «[Tx] will be nite and the state is positive recurrent.

As for recurrence, positive and null recurrence are class pperties [2].
Hence, we call a Markov chain positive or null recurrent, if ae of its states
(and therefore all) is positive, respectively, null recurrent. The next theorem
illustrates the usefulness of positive recurrence and giwean additional useful
interpretation of the stationary distribution.

Theorem 3.21 Consider an irreducible Markov chain. Then the Markov
chain is positive recurrent, if and only if there exists a stdionary distri-
bution. Under these conditions, the stationary distribution is unique and
positive everywhere, with

1
X) = ;
0= T
Hence (x) can be interpreted as the inverse of the expected rst returrtime
to statex 2 S.

Proof: Theorem 3.19 states that an irreducible and recurrent Marka chain
admits an invariant measure de ned through (16) for an arbitrary x 2 S.
Thus

" # 2 3
X X Xx X X
() = X ix,=yg = 4 lix,=yglin Txg5
y2S y2S, n=1 4 n=1y2S
b3 S
= X pn 1,9 = x[Tx N
n=1 n=1
X X 3
= x[Tx = k] = K x[Tx = k] = x[Tx];
n=1 k=n k=1

which is by de nition nite in the case of positive recurrenc e. Therefore the
stationary distribution can be obtained by normalization of  with  [Tx]
yielding

(x) 1

X) = = :

N 9 L

Since the statex was chosen arbitrary this is true for all x 2 S. Uniqueness
and positivity of  follows from Theorem 3.19. On the other hand, if there
exists a stationary distribution the Markov process must be recurrent be-
cause otherwise (x) would be zero for allx 2 S according to Theorem 3.17.
Positive recurrence follows from the unigueness of and the consideration
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above.

Our considerations in the proof of Theorem 3.21 easily lead® a criteria
to distinguish positive recurrence from null recurrence.

Corollary 3.22 Consider an irreducible recurrent Markov chain f X gk»
with invariant measure =( (X))x2s. Then

P
1. fXygko positive recurrent , xX)<1,
x2S

P
2. fXxgk2 null recurrent , x)=1.
x2S

Proof: The proof is left as an exercise.

For the nite state space case, we have the following powerfustatement.

Theorem 3.23 Every irreducible Markov chain on a nite state space is
positive recurrent and therefore admits a unique stationay distribution that
is positive everywhere.

Proof: The proof is left as an exercise.

For the general possibly non-irreducible case, the resultsf this section
are summarized in the next

Proposition 3.24 Let C S denote a communication class corresponding
to some Markov chainf Xy gk2 on the state spaceS.

1. If C is not closed, then all states inC are transient.
2. If C is closed and nite, then all states in C are positive recurrent.

3. If all state in C are null recurrent, then C is necessarily in nite.

Proof: The proof is left as an exercise.

Remark. In our introductory example (random surfer on the WWW)
we considered the transition matrix P = ( py-wo)w:wo=1 =N With

Puwo = Wia1 = wiwj = w]

according to (1). The associated chain is irreducible (one losed commu-

nication class), aperiodic and positive recurrent. Its stdaionary distribu-

tion thus is unique, positive everywhere and given by eitherP = or
(w)=1= u[Tw]. The value (w) is a good candidate for the probability

in fact true will be shown in the next chapter.
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Figure 7: Dierent recurrent behavior of irreducible, aperiodic Markov
chains.
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4  Asymptotic behavior

The asymptotic behavior of distributions and transfer operators is closely
related to so-called ergodic properties of the Markov chain The term er-
godicity is not consistently used in literature. In ergodic theory, it roughly

refers to the fact that space and time averages coincide (a%.g., stated in
the strong law of large numbers by Thm. 5.1). In the theory of Markov
chain, however, the meaning is slightly di erent. Here, ergpdicity is related

to the convergence of probability distributions ¢ in time, i.e., ! as
k!1l ,and assumes aperiodicity as a necessary condition.

4.1 Kk-step transition probabilities and distributions

We prove statements for the convergence ok-step probabilities involving
transient, null recurrent and nally positive recurrent st ates.

Proposition 4.1 Lety 2 S denote a transient state of some Markov chain
with transition function P. Then, for any initial state x 2 S

PX(x;y)! 0
ask!1l . Hence, they-th column of PX tends to zero ask ! 1

Proof: This has already been proved in the proof of Prop. 3.17

The situation is similar for an irreducible Markov chain that is null re-
current (and thus de ned on a in nite countable state space due to Theo-
rem 3.23):

Theorem 4.2 (Orey's Theorem) Let f Xxgk2 be an irreducible null re-
current Markov chain on S. Then, for all pairs of statesx;y 2 S

PX(x;y)! O
ask!1l

Proof: See, e.g., [2], p.131.

In order to derive a result for the evolution of k-step transition proba-
bilities for positive recurrent Markov chains, we will exploit a powerful tool
from probability theory, the coupling method (see, e.g., [9, 14]).

De nition 4.3 A coupling of two random variablesX;Y : | Sis a
random variableZ : ! S S such that
X X
[Z=(xy)]= [X=x]; and [Z=(xy]= [Y=Y]

y2S x2S
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for every x 2 S, and for everyy 2 S, respectively. Hence, the couplingZ
has X and Y as its marginals.

Note that, except for arti cial cases, there exists in nite ly many cou-
plings of two random variables. The coupling method explois the fact that
the total variation distance between the two distributions [X 2 A] and

[Y 2 A] can be bounded in terms of the couplingZ .

Proposition 4.4 (Basic coupling inequality) Consider two independent
random variablesX;Y : | S with distributions and , respectively, de-
nedvia (x)= [X =x]and (y)= [Y =y]for x;y 2 S. Then

k kTV 2 [X 6 Y];

with [X 6 Y]=fl 2 : X(1)6 Y(!)g.

Proof: We have for some subseA S

(A (A)j

i [X2A] Y 2A]
i X2AX =Y]+ [X2AX 6Y]
[Y2AX =Y] [Y2AX 6 Y]
i X2AX6Y] [Y2AX 6 Y]
[X 6 Y]:

Since
k krv =2supj (A)  (A)]
A'S

the statement directly follows.

Note that the term [X 6 Y] in the basic coupling inequality can be
stated in terms of the coupling Z:
X X
[X 6 Y]= [Z=(xy)]=1 [Z = (xx)]:
X;)y2S;x&y x2S

Sincepthere are many couplings the aim i]@,two construct a codmg Z such
that X&'y [Z = (x;y)] is as small, or , [Z = (x;X)] is as large as
possible. To prove convergence results for the evolution ahe distribution
of some Markov chain, we exploit a speci ¢ (and impressive) gample of the
coupling method.

Consider an irreducible, aperiodic, positive recurrent Makov chain X =
fXkok2 with stationary distribution and some initial distribution .
Moreover, de ne another independent Markov chain Y = fYygk, that
has the same transition function asX, but the stationary distribution as
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initial distribution. Observe that Y is a stationary process, i.e., the induced
distribution of Yy equals for all k 2 . Then, we can make use of the
coupling method by interpreting the Markov chains as random variables
X;Y : ! S and consider some couplingZz : ! S S . Dene the

coupling time  T¢: ! by

Tc=minfk 1:Xx= Ykg;

Tc is the rst time at which the Markov chains X and Y met; moreover, it
is stopping time for Z. The next proposition bounds the distance between
the distributions ¢ and at time k in terms of the coupling time T..

Proposition 4.5 Consider some irreducible, aperiodic, positive recurrent
Markov chain with initial distribution o and stationary distribution . Then,
the distribution | at time k satis es

Kk kv 2 [k<T(]

for every k 2 |, where T, denote the coupling time de ned above.

Figure 8: The construction of the coupled proces¥ %as needed in the proof
of Prop. 4.5. Here, T denotes the value of the coupling timeT. for this
realization.

Proof: We start by de ning a new stochastic processX %= fXEgkz with

X2: 1 S (see Fig. 8) according to
XE: Xk: ?fk<TC;
Y, ifk Te

Due to the strong Markov property 3.15 (applied to the coupled Markov
chain (Xk;Y)k2 ), X%is a Markov chain with the same transition prob-
abilities as X and Y. As a consequence of the de nition ofX % we have



4.1 k-step transition probabilities and distributions 39

JXk2Al=  [X22A]fork2 andeveryA S, hence the distribu-
tions of Xy and XE are the same. Hence, from the basic coupling inequality,
we get

fkA) Wi=] XQ2Al [Yc2All 2 [XQ6 Yil:
SincefX26 Yig f k<Tcg, we nally obtain
X268 Vil [k<Tcl;
which implies the statement.

Proposition 4.5 enables us to prove the convergence of to by proving
that [k < T ] converges to zero.

Theorem 4.6 Consider some irreducible, aperiodic, positive recurrentMarkov
chain with stationary distribution . Then, for any initial probability distri-
bution g, the distribution of the Markov chain at time k satis es

kk krv! O

ask ! 1 . In particular, choosing the initial distribution to be a delta
distribution at x 2 S, we obtain

kPX(x; ) krv! O
ask!'!l

Proof: Itsucestoprove [T.< 1]=1. Moreover, if we xe some state
X 2 S and consider the stopping time

T. =inffk L Xg=x = Yg;

then [T < 1] =1 follows from [T, < 1] = 1. To prove the latter
statement, consider the couplingZ = (Zk)k2 with Z,x = (Xk;Yk)2S S
with X = fXyogk2 andY = fYyg» dened as above. BecauseX and Y
are independent, the transition matrix Pz of Z is given by

Pz (viw); (x;y) = P(v;w)P(x}y)
for all v;w;x;y 2 S. Obviously, Z has a stationary distribution given by
z(xy)= (x) (y):

Furthermore the coupled Markov chain is irreducible: consder (v;w); (X;y) 2
S Sarbitrary. Since X and Y are irreducible and aperiodic we can choose
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Irreducible and aperiodic
Markov chain, X 2 S

X[Tx<1]<;/ \X[Tx<1]=1

Transient MC Recurrent MC

PK(x;y)! 08y2S Tl =1
/X[Tx]<1

Positive recurrent Null recurrent
PKGY) ! )= —fr; PK(xy)! 08y2S

Figure 9: Long run behaviour of an irreducible aperiodic Makov chain.

an integer k > 0 such that PK (v;w) > 0 and P¥ (x;y) > 0 holds, see
Prop. 3.8. Therefore

PX (v;w);(x;y) = P¥ (v;w)P* (x;y) > O:

HenceZ is irreducible. Finally observe that T, is the rstreturn time of the
coupled Markov chain to the state (x ;x ). SinceZ is irreducible and has a
stationary distribution, it is positive recurrent accordi ng to Thm. 3.21. By
Thm. 3.18, this implies [T, < 1 ] =1, which completes the proof of the
statement.

Fig. 9 summarizes the long run behavior of irreducible and apriodic
Markov chains.

4.2 Time reversal and reversibility

The notions of time reversal and time reversibility are very productive, in
particular w.r.t. the spectral theory, the central limit th eory and theory of
Monte Carlo methods, as we will see.

Chang [3] has a nice motivation of time reversibility: Let Xo; X 1;::: de-
note a Markov chain with transition function P. Imagine that | recorded

movie on my fancy machine that can play the tape forward or ba&ward
equally well. Can you tell by watching the sequence of trangions on the
movie whether | am showing it forward or backward?

To answer this question, we determine the transition probalilities of the
Markov chain fYygko obtained by reversing time for the original Markov
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chain f Xgk2 . Given some probability distribution > 0, we require that

holds for everym 2 and every Xo;:::;Xm 2 S in the case of reversibility.
For the special casem = 1 we have

[Yo=y;Y1=x] = Xo=xX1=1Y] (19)

for x;y 2 S. Denote by Q and P the transition functions of the Markov
chainsfYgg and f X g, respectively. Then, by equation (19) we obtain

Qy;x) = (X)P(xy): (20)

Note that the diagonals of P and Q are always equal, henceQ(x;x) =
P(x;x) for every x 2 S. Moreover, from eq. (20) we deduce by summing
over all x 2 Sthat is some stationary distribution of the Markov chain.

De nition 4.7  Consider some Markov chainX = fXygk2 with transition
function P and stationary distribution > 0. Then, the Markov chain
fYkoke with transition function Q de ned by

POy e

is called thetime-reversed Markov chain (assoziated withX).

Q(y;x) =

Example 4.8 Consider the two state Markov chain given by

1 a a

P = b 1 b -

for a;b 2 [0;1]. The two state Markov chain is an exceptionally simple
example, since we know on the one hand that the diagonal ems of Q
and P are identical, and on the other hand thatQ is a stochastic matrix.
ConsequentlyQ = P.

Example 4.9 Consider a Markov chain on the state spaces = f1;2;3g
given by

0
1 a a 0
P = @0 1 b bA:
c 0O 1 c

for a;b;c2 [0;1]. Denote by the stationary distribution (which exists due
to Theorem 3.23). Then, = P isequivalenttoa ()= b (2)=c¢ (3). A
short calculation reveals

1

= b+ ac+ be PGAcab:



42 4 ASYMPTOTIC BEHAVIOR

Once again, we have only to compute the o {diagonal entries DQ. We get

0
1 a O a
Q=@p 1 b 0A:

0 c 1 c

For illustration, consider the casea = b= ¢ = 1. Then P is periodic
with period d = 3; it moves deterministically: 1! 2! 3! 1::.. By
construction, the matrix Q corresponds to the time reversed Markov chain
that moves like:3! 2! 1! 3:::, but this is exactly the dynamics de ned

by Q.

De nition 4.10 Consider some Markov chainX = fXy g, with transi-
tion function P and stationary distribution > 0, and its associated time-
reversed Markov chain with transition function Q. Then X is called re-
versible w.r.t. , if

P(xy) = Q(xy)

for all x;y 2 S.

The above de nition can be reformulated: a Markov chain is reversible
w.r.t. , if and only if the detailed balance condition

XP(xy) = (VP(y;x) (22)

is satis ed for every x;y 2 S. Eq. (22) has a nice interpretation in terms
of the probability ux de ned in (12). Recall that the ux fro m x to y is
denedby ux (x;y)= (X)P(x;y). Thus, eq. (22) states that the ux from
X to y is the same as the ux fromy to x|itis locally balancedbetween each
pair of states: ux (x;y)= ux (y;x)for x;y 2 S. This is a much stronger
condition than the global balancecondition that charactegizes stationarity.
The glgbal balance condition that can be rewritten as , (y)P(y;x) =

()= (X)P(x;y) states that the total ux leaving state x is the same
as the total ux into state x: ux (x;Snfxg)= ux (Snfxg;Xx).

Corollary 4.11  Given some Markov chain with transition function P and
stationary distribution . If there exist a pair of statesx;y 2 Swith (x) > 0
such that

P(x;y) > 0; while P(y;x)=0

then the detailed balance condition cannot hold foP, hence the Markov
chain is not reversible. This is in particular the case, if the Markov chain
is periodic with period d > 2.

Application of Corollary 4.11 yields that the three state Markov chain
de ned in Example 4.9 cannot be reversible.
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Example 4.12 Consider the random walk on  with xed parameter p 2
(0; ). The Markov chain is given by

P(x;x+1)=p and P(x+1;x)=1 p

for x 2 Sand P(0;0) =1 p, while all other transition probabilities are
zero. It is irreducible and admits a unique stationary distiibution given by

k

(0) = 1 4 K= (0 -——

1 p 1 p

for k > 0. Obviously, we expect no trouble due to Corollary 4.11. Mow¥er,
we have

X)P(x;x +1) = (x+1)P(x+1;x)

for arbitrary x 2 S; hence, the detailed balance condition holds foP and
the random walk on is reversible.

Last but not least let us observe that the detailed balance cadition can
also be usedwithout assuming to be a stationary distribution:

Theorem 4.13 Consider some Markov chainX = fXygk> with transition
function P and a probability distribution > 0. Let the detailed balance
condition be formally satis ed:

XPy) = (Y)P(y;x):
Then, is a stationary distribution of X, i.e., P =

Proof: Thg, statement is an easy consequence of the detailed balancen-
diionand | P(x;y)=1forall y2 S:

X X
P(y)= PMXy)= ()  Pix)= (y):
x2S x2S

4.3 Some spectral theory

We now introduce the necessary notions from spectral theoryin order to
analyze the asymptotic behavior of transfer operators. Thoughout this sec-
tion, we assume that is some stationary distribution of a Markov chain
with transition function P. Note that is neither assumed to be unique nor
positive everywhere.
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We start by introducing the Banach spaces (of equivalence esses)
X
I"( )=fv:S! vt (x) < 19 ;
x2S

for1 r< 1 with corresponding norms
!

X o 1=r
kvky = v(x)i" (x)
x2S
and
It ()= fv:S! : -supjv(x)j < 19 :
x2S
with supremums norm de ned by
kvky = -supjv(x)j= sup jv(X)j:
x2S x2S; (x)>0

Given two functions u;v 2 12( ), the {weighted scalar product h; i
S S! is de ned by

X
hu;vi o = u(x)v(x) (x);
X2S

wherev denotes the conjugate complex of. Note that 12( ), equipped with
the scalar producth; i , is aHilbert space .

Remark. In general, the elements of the above introduced fuction
spaces are equivalence classes of functionfs][= fg : S ! Cgx) =
f (x); if (x) > Og rather than single functionsf : S'! (this is equivalent
to the approach of introducing equivalence classes of Lebgsge-integrable
functions (see, e.g., [20])). Hence, functions that di er o a set of points
with  -measure zero are considered to be equivalent. However, ifi¢ prob-
ability distribution is positive everywhere, we regain the interpretation of
functions as elements.

Before proceeding, we need the following two de nitions.

De nition 4.14  Given some Markov chain with stationary distribution

1. Some measuere 2 M is said to beabsolutely continuous w.r.t.
in short , if

(x)=0 ) (x)=0

for every x 2 S. In this case, there exists some functionf : S'!
such that = f . The function f is called the Radon-Nikodym
derivative of w.rt. and sometimes denoted bgd =d .



4.3 Some spectral theory 45

2. The stationary distribution  is called maximal , if every other sta-
tionary distribution  is absolutely continuous w.r.t.

In broad terms, a stationary distribution is maximal, if it p ossesses as
many non{zero elements as possible. Note that a maximal stabnary dis-
tribution need not be unique.

Example 4.15 Consider the state spaces = f 1; 2; 3; 4g and a Markov chain
with transition function

0 1
1 00 O

_Bo 1o g_

P = 01 ;
1000

Then ;=(1;0;0;0); 2 =(0;1,0;0); 3 =(0;0;1;0) are stationary distri-

butions of P, but none of them is obviously maximal. In contrast to that,

both = (3;3:3,0)and = (3;%;3;0) are maximal stationary distribu-

tions. Note that since statex = 4 is transient, every stationary distribution
satises (4) =0 due to Proposition 3.17.

To this end, we consider some Markov chain with maximal statonary
distribution . We now restrict the transfer operator P from the space of
complex nite measuresM to the space of complex nite measures that are
absolutely continuous w.rt. . Wedeneforl r 1

M,()=f 2M : andd=d 21"( )g
with corresponding norm k ky () = kd =d k;. Note that k ky ,() =
K ktyv and M 1() M »( ) :::. We now de ne the transfer operator
P:M()!M 1()by
X
P(y)= (X)P(xy):
x2S

It can be shown by exploiting Helders inequality that P is well-de ned on
anyM( )forl r 1

It is interesting to note that the transfer operator P on M 1( ) induces
some transfer operatorP on I*( ): Given some 2 M 1( ) with derivative
v=d =d , it follows that P (if is some stationary measure with
P = then (y)implies p(x;y) for every x 2 S with (x) > 0. Now, the
statement directly follows). Hence, we deneP by (v )P = (vP) . More
precisely, itis P :11( ) ! 1%( ) given by

X
VP (y) = Q(y; x)v(x)
x2S
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for v 2 I1( ). Above, Q with Q(y;x) = (X)P(x;y)= (y) is the transition
function of the time-reversed Markov chain (see eq. (20)), \Wich is an in-
teresting relation between the original Markov chain and the time-reversed
one. Actually, we could formulate all following results als in terms of the
transfer operator P, which is usually done for the general state space case.
Here, however, we prefer to state the results related to theunction space
M 1( ), since then there is a direct relation to the action of the transfer
operator and the (stochastic) matrix-vector multiplicati on from the left. In
terms of 11( ), this important relation would only hold after some suitab le
reweighting (of the stochastic matrix). From a functional analytical point
of view, however, the two function spaces ¥ 1( ):k ktv) and (I*( );k ky)
are equivalent.

Central for our purpose will be notion of eigenvalues and eignvectors of
some transfer operatorP : M 1( )!'M 1( ). Some number 2 s called
an eigenvalue of P, if there exists some 2 M 1( ) with 6 O satisfying
the eigenvalue equation

P = (23)

The function is called an (left) eigenvector corresponding to the eigen-
value . Note that not every function satisfying (23) is an eigenvector,
since has to fulll the integrability condition jj jjtrv < 1 by de nition
(which, of course, is always satis ed in the nite state spae case). The
subspace of all eigenvectors corresponding to some eigelua is called the
eigenspace corresponding to. By (P) we denote the spectrum of P,
which contains all eigenvalues ofP. In the nite state space case, we have

P)y=f 2 . is eigenvalue ofP g, while for the in nite state space
case, it may well contain elements that are not eigenvaluessge, e.g., [20,
Kap. VI)).

The transfer operators considered above is closely relatetb a transfer
operator acting on bounded (measurable) functions. De neT : 11 ( ) !
It () by X
Tu(x)= xuXyl=  PXyuly)

y2S
for u2 It (). We remark that for the important class of reversible Markov
chains, T is simply given by Tv(x) = y P (x;y)v(y) (which corresponds

to the matrix vector multiplication from the right). For som e function 2
M 1( )and u2 I (), de ne the duality bracket h; i :M () 11 ( )by
X

h;ui = (X)u(x):
X2S

Then, we have
X X X

X
hP;ui = (Y)P(y; X)u(x) = (y) P(y;x)u(x)= h;Tui;
X2Sy2S y2S x2S
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henceT is the adjoint operator of P, or P = T. This fact can be widely
exploited when dealing with spectral properties ofP, since the spectrum of
some operator is equal to the spectrum of its adjoint operato (see, e.g., [20,
Satz VI.1.2]). Hence, if 2 (P), then there exists some non-vanishing func-
tion u2 It ( )with Tu= u (and analogously for the reversed implication).

Example 4.16 Consider some transfer operatorP acting on M 1( ). Then
P = (sincelisin M 1( )) and consequently the =1 is an eigenvalue
of P.

The next proposition collects some useful facts about the spctrum of
the transfer operator.

Proposition 4.17 Consider a transition function P on a countable state
space with stationary distribution . Then, for the associated transfer oper-
ator P:M 1( )!'M 4( ) holds:

(@) The spectrum of P is contained in the unit disc, i.e. 2 (P) implies
i L
(b) =1 is an eigenvalue ofP, i.e., 12 (P).

(c) If = a+ ibis some eigenvalue oP, sois = a ib. Hence, the
spectrum (P) is symmetric w.r.t. the real axis.

(d) If the transition function is reversible, then the spectum of P acting
on M () is real{valued, i.e., (P) [ 1;+1].

Item (d) of Proposition 4.17 is due to the following fact abou reversible
Markov chains that emphasizes their importance.

Theorem 4.18 Let T :12( ) ! I%( )) denote some transfer operator cor-
responding to some reversible Markov chain with stationandistribution
Then T is self{fadjoint w.r.t. to h;i ,i.e.,

HTu;vi = hu;Tvi
for arbitrary u;v 2 12( ). Since P = T, the same result holds forP on
M2( ).

Below, we will give a much more detailed analysis of the speaim of P such
that it is possible to infer structural properties of the corresponding Markov
chain.

In the sequel, we often will assume that the following assumiion on the
spectrum of P as an operator action onM 1( ) holds.
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Assumption R . There exists some constantR < 1 such that
there are only nitely many 2 (P) with j j >R, each being
an eigenvalue of nite multiplicity 3.

Assumption R is, e.g., a condition on the so{called essentiaspectral ra-
diusof P in M 1( )[7]; itis also closely related to the so-called>oeblincondition .
Assumption R is necessary only for the in nite countable stae space case,
since for the nite state space case, it is trivially ful lle d.

Proposition 4.19 Given some Markov chainf Xygkes on S with maxi-
mal stationary distribution > 0. Let P : M 1( ) ! M 1( ) denote the
associated transfer operator. Then, condition R is satis &, if

1. the state space is nite; in this case itisR =0.

2. the transition function P ful lls the Doeblin condition , i.e., there
exist ; > Oand somem 2 such that for everyy 2 S

(y) =) P™(xy) 1
for all x 2 S. In this case, itis R=(1 ).

3. the transfer operator is constrictive , i.e., there exist ; > 0 and
somemg 2  such that for every 2M 1( )

(y) =) PM(y) 1

forall m  mo. In this case, itis R=(1 )Mo,

Proof: The statements 2. and 3. follow from Thm. 4.13 in [7]. 1. follavs
from 2. or 3. by choosing < minyzs (y), which is positive due to the
niteness of the state space. Now, choose =1 and m = mg = 1.

4.4 Evolution of transfer operators

We start by stating the famous Frobenius{Perron theorem for transfer oper-
ators related to Markov chains on somenite state space (see, e.g., [1, 2, 15]).
We then state the result for the in nite state space case. To d so, we
de ne, based on stationary distribution , the transition function =

(( X;¥))xy2s by

(xy) = (¥
3For the general de nition of multiplicity see [8, Chap. lll. 6]. If P is in addition
reversible, then the eigenvalue = 1 is of nite multiplicity, if there exist only nitely

many mutually linear independent corresponding eigenvectors.
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Hence, each row of is identical to , and the Markov chain associated
with is actually a sequence of i.i.d. random variables, ead distributed
according to . We will see that is related to the asymptotic behaviour
of the powers of the transition matrix P. In matrix notation, itis = 1 ¢,
where 1 is the function constant 1.

Theorem 4.20 (Frobenius{Perron theorem) Let P denote ann n
transition matrix that is irreducible and aperiodic. Then

1. The eigenvalue 1 = 1 is simple and the corresponding left and right
eigenvectors can be chosen positive. More preciseh = for > 0

2. Any other eigenvalue of P is strictly smaller (in modulus) than 1 =
lie,jj<1lforany 2 (P)with 61.

3. Let 1; 2;:::; ¢ with somer n 4 denote the eigenvalues oP or-
dered in such a way that

1> 2 j 3 ol
Let moreover m denote the algebraic multiplicity of ,. Then
P? = 1 '+ 0™ Y 5"):
Proof: See, e.g., [15].
We now state an extended result for the in nite state space cae.

Theorem 4.21 Consider some Markov chainX = fXigk> with maximal
stationary distribution > OandletP : M1( ) ! M 1( ) denote the
associated transfer operator satisfying Assumption R. Tha the following
holds:

1. The Markov chain X is irreducible, if and only if the eigenvalue =1
of P is simple, i.e., the multiplicity is equal to 1.

2. Assume that the Markov chain is irreducible. ThenX is aperiodic,
if and only if the eigenvalue = 1 of P is dominant, i.e., for any
2 (P)with 61 impliesj j< 1.

4If P is reversible than r = n and there exists a complete basis of (orthogonal) eigen-
vectors.

>The algebraic multiplicity of > is de ned as .... If P is reversible than m is equal to
the dimension of the eigenspace corresponding to ».
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3. If the Markov chain is irreducible and aperiodic, then P" ! as
n!l . More precisely, there exists constantdM > 0 and r < 1 such
that

P ity Mr "

for n 1 Dening gps(P) =supfi j: 2 (P);jj< 1g, itis
r anst forany > Oandr = 4 for reversible Markov chains.

Proof: 1.) By Thm. 4.14 of [7], =1 simple is equivalent to a decomposi-
tion of the state spaceS = E [ F with E being invariant ( eP = g with

e = 1 ) and F being of {measure zero. Since > 0 by assumption,
F is empty and thus E = S. By contradiction it follows that the Markov
chain is irreducible.

2.) By Cor. 4.18 (ii) of [7], =1 simple and dominant is equivalent to P
being aperiodic (which in our case is equivalent to the Marke chain being
aperiodic).

3.) By Cor. 4.22 of [7], the inequality jjP"™  jjtv  Mr" is equivalent
to P being ergodic and aperiodic (which in our case is equivalento the
Markov chain being irreducible and aperiodic|following fr om 1.) and 2.)).

Theorem 4.21 (3.) states that for largen, the Markov chain X, attime n
is approximately distributed like , and moreover it is approximately inde-
pendent of its history, in particular of X, 1 and Xo. Thus the distribution
of Xy, for n 0 is almost the same, namely , regardless of whether the
Markov chain started at Xqg = x or Xo = y for some initial states x;y 2 S.

We end by relating a certain type of ergodicity condition to the above
theorem.

De nition 4.22 Let X = fXkgk2 denote an irreducible Markov chain
with transition function P and stationary distribution . Then, X is called
uniformly ergodic , if for every x 2 S

iP¥( ) ditv  crf (24)
with positive constantsC 2 andr< 1

Theorem 4.23 LetfXygk2 denote some uniformly ergordic Markov chain.
Then, the Markov chain is irreducible, aperiodic and Assumgion R is sat-
is ed. Hence, P" ! forn!1 asin Them. 4.21.

Proof: Apply Thm. 4.24 of [7] and note that we required the properties to
hold for every x 2 S rather than for almost everyx 2 S.
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5 Empirical averages

5.1 The strong law of large numbers

Assume that we observe some realizatiorXo(! ); X1(! );::: of a Markov
chain. Is it possible to \reconstruct" the Markov chain by determining
its transition probabilities just from the observed data?

In general the answer is 'no'; for example, if the Markov chan is re-
ducible, we would expect to be able to approximate only the tansition
probabilities corresponding to one communication class. flthe Markov chain
is transient, the reconstruction attempt will also fail. However, under some
reasonable conditions, the answer to our initial question $ 'yes'.

In the context of Markov chain theory, a function f : S'! de ned
on the state space of the chain is called ambservable . Observables allow
to perform \measurements" on the system that is modelled by he Markov
chain. Given some Markov chainf Xy gk2 we de ne the so{called empiri-
cal average Sy(f) of the observablef by

1 X
Si(f) = FO):
k=0

Note that the empirical average is a random variable, henceS,(f) : !

[f1lg . Under suitable conditions the empirical average convergeto a
probabilistic average, i.e., the expectation value
X
[fl = f(x) (x):
x2S
Theorem 5.1 (Strong law of large numbers [2, 17]) LetfXkoko de-
note an irreducible Markov chain with stationary distribution , and let
f:S! be some observable such that
ifXx)j x) < 1: (25)
x2S

Then for any initial state x 2 S, i.e., Xg = X

1
TRt I] (26)

k=0

asn!l and y{almost surely, i.e,
" #
n X0 0
I - i | = = .
! .nl!llm n+1k-of Xk(M) [f] 1:

X
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Proof: Due to the assurpptioankgkz is irreducible and positive rekur-
rent, therefore (y)= ] IQO ltx,=ygl de nes an invariant measure, while

the stationary q:i;tribution is given by (y) = % with the normalization

constant Z = g (y) (cp. Theorem 3.19). For the random variable
Uo= % f (Xk) the expectation is given by
n # 2 3
Xx Xx X
[Uol = « f(Xi) = x4 f(y)lka=yg5
k=0 k=0 y25S
" # y (27)
X Xx X
= f) x lixe=yg = f(¥) (¥)
y2S k=0 y2S

Now considerU, = P k";1p+1 f(Xk), with p  1andTx = gq; 1; 2;::: the

successive return times tox. It follows from the strong Markov property

(Theorem 3.15) that Ug; Uq; Uy;::: are i.i.d. random variables. Since from
(25) and (27) we have [jUgj] < 1, therefore the famous Strong Law of
Large Numbers for i.i.d. random variables can be applied andyields with

probability one, i.e. almost surely,

1 X X _ X X
U= T O, Im —— T(X)= 1) O

k=0 y2S k=0 y2S

P
For the moment assume thatf 0 and de ne Ny(n) := E:o lix, =xg, the
number of visits in x within the rst n steps. Due to

Nx(n) N< Ny(n)+1
andf O it follows that

%(n) 1 )(1 1 NXn)+1
f(X f(X
. (X) Nx() , (X) N, (n)

f (Xy): 28
N () e e
Since the Markov chain is recurgent limyiz  Nyx(n) = 1, so that the ex-
tremal terms in (28) converge to v2 sf(y) (y) and therefore

1 X X X
Im S 0= fm m=2 fo) o)
' X k=0 y2s y2S

Now consider the observableg 1, which is positive and ful lls condi-
tion (25), since f Xkgk2 is recurrent. By the equation above we have

. X _n+1 Ny(n) _ 1
JT1NXm)h0“X”‘HT Nem -2 A her T 7
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and nally
. 1 X o 1 Ng(n) X
nIHn n+1k=0f(x") - r|1llq1 Ny(n) n+1 kzof(xk)
1 X
= - M O,m= 1O O
y2S y2S
For arbitrary f, considerf* = max(0;f) and f = max(0; f) and take

the di erence between the obtained limits.

Theorem 5.1 is often referred to as ergodic theorem. It state that the
time average (left hand side of (26)) is equal to the space avage (right
hand side of (26)). The practical relevance of the strong lawof large num-
bers is the following. Assume we want to calculate the expeetion  [f]
of some observabld w.r.t. the stationary distribution of the Markov chain
fXkgk2 . Instead of rst computing andthen [f ], we can alternatively
compute some realizationX (! ); X1(! );::: and then determine the corre-
sponding empirical averageS,(f). By Theorem 5.1, S,(f ) will be a good
approximation to [f ] for \large enough" n and almost every realization
2.

Why should we do so? There are many applications, for which tk transi-
tion matrix of the Markov chain is not given explicitly. Inst ead, the Markov
chain is speci ed by an algorithm of how to compute a realizaton of it (this
is, e.g., the case, if the Markov chain is speci ed as a stoctsic dynamics
system like in eqg. (5)) . In such situations, the strong law oflarge numbers
can be extremely useful. Of course, we have to further invesgate the ap-
proximation quality of the expectation by empirical averages, in particular
try to specify how large \large enough” is.

Example 5.2 Consider as observabld : S'! the indicator function of
some subseA S, i.e.,

1;if x2 A
f(x) = 1fx2Ag = ,
0; otherwise:

Then under the conditions of Theorem 5.1

1 X X

1
1f X = !
k 2 Ag 1 1a(Xk) (A)
k=0 k=0

n+1

asn!l . Hence, (A) can be interpreted as the long time average number
of visits to the subsetA. Consequently for large enougm, (A) approx-
imately denotes the probability of encountering the Markowhain after n
steps in subsetA.
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Remark. In our introductory example (random surfer on the WWW)
we considered the transition matrix P = ( py:wo)w:wo=1 =N With

Puwo = Wia1 = wiwj = w]

according to (1). The associated chain is irreducible, and periodic on nite
state space. Its stationary distribution thus is unique, positive everywhere
and given by either P = . The probability p, of a visit of the average

in some in nitely long realization of the chain. It is given by its stationary
distribution

X
Pw = rI}l!rln 1 - 1fw; = wg= (w):

Thus the ranking of webpage can be computed by solving the e@nvalue
problem P = | which is very large since the numbemN of webpages in the
WWW is extemely large (N is in the range of 13°). Thus direct numerical

solution of the eigenvalue problem is prohibitive, and onlyiterative solvers
can lead to success. Google's famous page rank algorithm is dterative

scheme for computing the solution iteratively via the application of the

power methodto P =

To answer the initial question whether we can reconstruct tre transition
probabilities from a realization, we state the following

Corollary 5.3 (Strong law of large numbers 1l [2]) Let f Xygk2 de-
note an irreducible Markov chain with transition matrix P = P(X;y) xy25s
and stationary distribution , andletg:S S! be some function such
that

X

jgly)j (X)P(xy) < 1:
X)y2S

Then for any initial state x 2 S, i.e., Xo = X we have
1 X
n+1

X
9(Xk; Xk+1) ! p [l = axy) (X)P(x;y)
k=0 X;y2S

asn!l and y{almost surely.

Proof. We leave this as an excercise. Prove that (X)P (x;y) is a stationary
distribution of the bivariate Markov chain Yy = ( Xk; Xk+1)-

Corollary 5.3 is quite useful for our purpose. Consider the dnction
g:S S! with
1, ifx=uy=v

9(x;y) ww) (XY) 0; otherwise:
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Under the condition of Corollary 5.3

1 X
= u: = | .
1 UXk=uXea=vgl o (WP(Uv)
k=0
asn!1l . Hence, if we rst compute (u) as outlined in Example 5.2

with A = fug, we can then approximate the transition probability P (u;v)
by computing the average number of \transitions Xy = u; Xx+1 = V" with
0 k<n anddivideitby n (u).

5.2 Central limit theorem

We are now ready to state the important central limit theorem:

Theorem 5.4 (central limit theorem) Let fXkgk2 denote an irredu-
cible reversible Markov chain with stationary distribution . Let moreover
f:S! denote some observable satisfying
) (x) < 1
x2S

Then, for every initial state Xg=x2 S:

() The variance of the empirical averages satis es

" #
1X?
nvar — f(Xg) ! 2(f)

k=0
asn!1l ,where 2(f) is called theasymptotic variance  w.r.t. f.

(i) If (f) < 1, then the distribution of the empirical averages satis es
!

P f(XW) @1 'N 0 %(f) (29)

_ 1X!?
n —
n

k=0

for n!1 |, where the convergence is understood in distribution, i.e.

" ! #
' n p_ 1X 1 o]
n|!I]I:n I':'n - f(Xk(')) [f] z = #)(2)
k=0
foreveryz?2 . Here : ! given by
1 Z z y2
zZ) = — ex —— d
#)(2) 19272(” ) p 2 2(f) y

denotes the distribution function of the normal distribution with mean
zero and variance 2(f).
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Remarks. ForP actingonM ,( ) de ne the quantity max(P) =supf 2
(P): 61g 1.

1. The convergence process related to the asymptotic variare can be
characterized more precisely by
n #
1X1 2
Var — f(Xx) =
N =0

M, L
n n2

2. We have the upper bound on the asymptotic variance in termsof
max(P). If  max(P) < 1, then

1+ max(P)

A N )

H:fi <1:

3. For nite state space case we always have nhax(P) < 1.

4. The asymptotic variance in the central limit theorem is related to the
convergence rates of the empirical averageS,(f ). The smaller the
asymptotic variance 2(f), the better the convergence ofS,(f) to its
limit values  [f].

5. Equation (29) is often interpreted in the following way to quantify
convergence for a given observablé. For large n we approximately
have

!
1X1 1

= TXW) [f] P=N 0 2(f)

k=0

in a distributional sense. Hence if we quadruple the length bthe
Markov chain realization, we gain only the double precision

6. Note that the asymptotic variance depends on the observale f . Hence,
for one and the same Markov chain the asymptotic variance maybe
small for one observable, but large for another.

5.3 Markov Chain Monte Carlo

We will now give a very short summary of the idea behind Markov Chain
Monte Carlo (MCMC). There are many dierent (and very general) ap-
proaches to the construction of MCMC methods; however, we Wi concen-
trate completely on Metropolis MCMC.



5.3 Markov Chain Monte Carlo 57

The background. We consider the following problem: Let be a prob-
ability distribution on state space S. We are interested in computing the
expectation value of some observablé : S! :

X
F1= () (x):

x2S

For the sake of simpli cation we consider andf to be everywhere positive
both. If the state space is gigantic the actual computation d the expectation

value may be a very hard or even seemingly infeasible task. Fthermore, in

many such applications the value of (x) for some arbitrary x 2 S cannot
be computedexplicitly but has the form

=5 (0

with some for which (x) is explicitly given and easily computable but
the normalization constant

X
zZ= [1]= (X);
x2S
is not!

The idea. Given we want to construct an irreducible Markov Chain
fXkgk2 such that

(C1) is a stationary distribution of fXygk2 , and

(C2) realizations of f Xkgk2 can be computed by evaluations of only
(without having to compute Z).

Then we can exploit the law of large humbers and approximate he desired
expectation value by mean valuesS,(f ) of nite realization of fXgk2

1
n+1
k=0

X
Sn(f)= —— (X! [ 1:

Theory.  We start with the assumption that we have a transition functi on
Q:S S! that belongs to an irreducible Markov Chain. We can take
any irreducible transition function; it does not need to have ary relation to

but should have the additional property of being e ciently ¢ omputable.
Surprisingly this is enough to construct an irreducible Markov chain with
above properties (C1) and (C2):
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Theorem 5.5 Let > 0 be the given probability distribution andQ : S
S! a transition function of an arbitrary irreducible Markov Ch ain which
satis es

Q(x;y)60 ,  Q(yix) 80;

which we will call the proposal function. Furthermore let : (0 ;1 )! (0;1]
be a function satisfying

(i ):(3() = X; forall x 2 (0;1):

Then, the acceptance functionA : S S! (0;1]is de ned by

(
LDQUX) 5 (011 i Ofx-
A(XY) = oo6ey) 2 0:1] if Q(xy) 60
0

otherwise
and the transition function P : S S!! by
( QUG YA (X Y) if X6y
PXxiy)= 1 Q(x;2)A(X;z) if x=y : (30)
z22S;26 X

Then the Markov Chainf Xygko associated withP is irreducible, and has
as stationary distribution, i.e., P =

Proof: First, we observe that P indeed is a transition function:

X X
P(xy) = Q(x;z)A(x;z) +1 Q(x;z)A(x;z) = 1:
y2S z2S;26 X 22S;26 X

Furthermore, since > 0 and Q O per de nition, we have A 0 and
P 0, andin particular A> 0 andP > 0 wheneverQ > 0. Thus P inherits
the irreducibility from Q.

Next, assume thatx;y 2 S are chosen such thatQ(x;y) 6 0 and there-
fore Q(y;x) 6 0O; then also P(x;y) > 0 and therefore P(y;x) > 0, and the
same forA. Hence, we compute by exploitation of the property of :

AXY) - (V)Q(Y:x).
A(y; ) (X)Q(x;y)’

and therefore nally

(X)P(x;y) = (V)P(y;x): (31)

The same equation is obviously satis ed ifx = y. If x 6 y and such that
Q(x;y) = 0 then also P(x;y) = 0 such that (31) is satis ed again. Thus,
the detailed balance condition (31) is valid for all x;y 2 S. Then, by Theo-
rem 4.13, is a stationary distribution of fXy g2 and P =
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The usual choice for the function is the so-called Metropolis function
( X) =min f1;xg:

In contrast to this, the transition function Q needs to be chosen individually
for each application under consideration.

Algorithmic realization. Computing a realization (X)k=0:1:2:::: of the
Markov Chain f Xy gx» associated with the transition function P is easier
than expected:

1. Start in some state xg with iteration index k = 0.
2. Let x¢ be the present state.

3. Draw y from the proposal distribution Q(Xg; ). This can be done as
described in Sec. 2.3.

4. Compute the acceptance probability

(Y)Q(y; xk) (Y)Q(y; xk)
a= A(xx;y) = = :
K= 000 y) (0Q0x:Y)
5. Draw r 2 [0; 1) randomly from a uniform distribution in [O ;1).
6. Set
« _ oy ifr a |
K17 % ifr>a

7. Setk := k +1 and return to step 2.

Thus, a = A(Xg;y) really is an acceptance probability since the proposed
state y is taken as the next statexy+; with probability a, while we remain
in the present state (xx = Xg+1) With probability 1  a.

If in addition Q is symmetric, i.e., Q(X;y) = Q(y;x) for all pairs x;y 2 S,
then the acceptance probability takes the particularly simple form

(y)
(Xk)

A(Xk;y) =

General remarks. We observe that we do not need the normalization
constant Z from = =Z; instead we only need fractions of the form
(x)= (y). Thus, we achieved everything we wanted, and we can compute
the desired expectation values from the mean value$§, (f ) of realization of
fXkgk2 . The speed of convergenceé, (f) ! [f] is given by the cen-
tral limit theorem; we can apply Theorem 5.4 since the chainf X gko is
reversible by construction. From our remarks to the central limit theorem
on page 56 we learn that the variance of the random variabless, (f ) will
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decay with O(n 1 2(f)) with an asymptotic variance ?(f) that essentially
depends on largest eigenvalues d® (not counting = 1). Itis an art to
chooseQ in a way that minimizes these largest eigenvalues oP and thus
minimizes the asymptotic variance.
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6 Markov jump processes

In the following two sections we will consider Markov proceses on discrete
state space butcontinuous in time. Many of the basic notions and de nitions
for discrete-time Markov chains will be repeated. We do thiswithout too
much reference to the former sections in order to make the ftdwing sections
readable on their own.

6.1 Setting the scene

Consider some probability space (;A; ), where is called the sample

space, A the set of all possible events (the {algebra) and is someprob-

ability measure on . Afamily X = fX(t):t 0g of random variables
X(t) : ! Sis called acontinuous-time stochastic process on the
state spaceS. The index t admits the convenient interpretation as time:
if X (t) = y, the process is said to be in statey at time t. For some given
I 2 ,the S{valuedsetfX(t;! ):t Ogis called arealization (trajectory,

sample path) of the stochastic proces associated with! .

De nition 6.1 (Markov process) A continuous-time stochastic process
fX(t):t 0Ogon a countable state spacs is called aMarkov process , if
for any ty+; >t >:::>tgand B S the Markov property

[X (tks1) 2 BjX (t); 3 X (to)] = [X(tks1) 2 BjX (t)] (32)

holds. If, moreover, the right hand side of (32) does only demd on the

time increment ty+;  tg, but not on ty, then the Markov process is called

homogeneous . Given a homogeneous Markov process, the functiop :
¥ S S!  * dened by

p(t;x;y) = [X(t) = yjX(0) = x]

is called the stochastic transition function ; its values p(t;y; z) are the
(conditional) transition probabilities to move from x to y within time t. The
probability distribution ¢ satisfying

ox) = [X(0)=x]

is called theinitial distribution . If there is a single x 2 S such that
o(X) =1, then x is called theinitial state

In the following, we will focus on homogeneous Markov proces and thus the
term Markov process will always refer to a homogeneous Marko process,
unless otherwise stated.

There are some subtleties in the realm of continuous time proesses that
are not present in the discrete-time case. These steam fronmhe fact that the
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uncountable union of measurable sets need not be measuraldaeymore. For
example, the mappingX (t; ): ! Sis measurable for everyt 2 *, i.e,,
fl.2 : X(t!')2 Ag2A for every measurable subseA S. However,

\
fl 2 @ X(E1)2At2 *g=  fl 2 @ X(t!)2Ag
t2 *

need not be inA in general. This is related to functions like inf,, + X(t)
or sup, + X(t), since, e.g.,
\

sup X (t) x = fl 2 : X({!) xo

X
12 t2 +

We will therefore impose some (quite natural) regularity conditions on
the Markov process in order to exclude pathological cases (doo technical
details). Throughout this chapter, we assume that

PO; X y) = xy; (33)

where 4y =1, if x =y and zero otherwise. This guarantees that no transi-
tion can take place at zero time. Moreover, we assume that thdransition
probabilities are continuous att = O:

Jmop(Exy) = xy (34)

for every x;y 2 S. This guarantees (up to stochastic equivalence) that the
realizations of f X (t) : t  Og are right continuous functions (more precisely,
itimplies that the Markov process is stochastically continuous, separable and
measurable on compact intervals. Moreover, there exists aeparable version,
being stochastically equivalenttof X (t) : t  Og and all of whose realizations
are continuous from the right; for details see reference [1&8hapt. 8.5]). Due
to the fact that the state space is discrete, continuity from the right of the
sampling functions implies that they are step functions, that is, for almost
all! 2 andall t 0 there exists t(t;! ) > 0 such that

X+ ;)= X(@!); 20; t(t;!)):

This fact motivates the name Markov jump process

For our further study, we recall to important random variabl es. A con-
tinuous random variable : ! * satisfying

[ >s]=exp( s)

for everys 0 is called anexponential random variable with parameter
0. Its probability density f : * ! * is given by

f(s)= exp( s)
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for s 0 (and zero otherwise). Moreover, the expectation is given ¥

[]: E:

One of the most striking features of exponential random varables is their
memoryless property, expressed as

[ >t +5§ >t]= [ >s]

for all s;t 0. This is easily proven by noticing that the left hand side is
per de nition equal to exp( (t + s))=exp( t) =exp( s), being equal
to the right hand side.

A discrete random variableN : ! with probability distribution
k
e
=K==

+

for k2 is called aPoisson random variable  with parameter 2
Its expectation is given by
[N]=:

We now consider two examples of Markov jump processes that arof proto-
type nature.

Example 6.2 Consider an iid. sequencef g2 of exponential random
variable with parameter > 0 and de ne recursively the sequence of random
variable f Tygko by

Tksr = T+«

for k 1 and To = 0. Here, T is called the kth event time and | the
inter-event time. Then, the sequence of random variable§N(t) : t 0Og
de ned by

R

N (t) = li7, tg=maxfk O0:Tx tg:

k=0
for t 0 and with N(0) = 0. Its (discrete) distribution is given by the
Poisson distribution with parameter t :

() o

k! '
for kK 1. That is why fN (t)g is called a homogeneou$oisson process
with intensity . Per construction, N (t) is counting the number of events
up to time t. Therefore, it is also sometime called thecounting process
associated withf Tyg.

IN(t) = k] =
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Remark: One could also determine the distribution of the ewvd times
Tk, the time at which the kth event happens to occur. Since per de nition
Ty is the sum ofk iid. exponential random variables with parameter , the
probability density is known as

(t)k t

fr()= e

for t 0 and zero otherwise. This is the so-called Erlang distributin (a
special type of Gamma distribution) with parameterk + 1 and

Example 6.3 Consider some discrete-time Markov chainfExgko on a
countable state spaceS with stochastic transition matrix K = (k(X;y))xy2s,
and furthermore, consider some homogeneous Poisson prosekTigke 0N
* with intensity > 0 and associated counting proces§N(t) : t  0Og.
Then, assuming independence of Exg and f N (t)g, the processf X (t) : t
Og with
X(t) = En

is called the uniform Markov jump process with clock fN (t)g and sub-
ordinated chain fExg. The thus de ned process is indeed a Markov jump
process (exercise). Note that the jumps oK (t) are events of the clock pro-
cessN (t), however, not every event oN (t) corresponds to a jump (unless
E(x;x) =0 for all x 2 S). In order to compute its transition probabilities,
note that

[X (1) = yjX(0) = x]

[Eny = YiEo = X]

s

= [En = y;N(t) = njEo = Xx]
n=0

= [En = yiEo=x] [N(t)= n];
n=0

where the last equality is due to the assumed independencekaf and N (t).
Hence, its transition probabilities are given by

)é‘ (t )n
pitx;y)= el K6y (35)
n=0 ’

fort 0, x;y 2 S, where k"(x;y) is the corresponding entry ofK", the
n-step transition matrix of the subordinated Markov chain.

Solely based on the Markov property, we will now deduce somerpperties
of Markov jump processes that illuminate the di erences, bu also the close
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relations to the realm of discrete-time Markov chains. We wil see that
the uniform Markov chain is in some sensdhe prototype of a Markov jump
process. Todoso, de nefort 2 * theresidual lifetime  (t): S! [0;1 ]
in state X (t) by

(t)=inffs> 0:X(t+s) 6 X (1)g: (36)

Obviously, (t) is a stopping time, i.e., it can be expressed in terms of
fX(s):0 s tg(since the sample paths are right-continuous). Hence,
conditioned on X (t) and (t) < 1 , the next jump (state change) will occur
attime t+ (t). Otherwise the Markov process will not leave the stateX (t)
anymore.

Proposition 6.4 Consider some Markov procesg X (t) : t  0g being in
statex 2 Sattime t2 *. Then, there exists (x) 0, independent of the
time t, such that

[ (1) >sjX(t)= x]=exp(  (x)s) (37)

for every s > 0.

Therefore, (x) is called the jump rate associated with the statex 2 S.
Prop. 6.4 states that the residual life time decays exponenally in s.

Proof: Notethat [ (t) >sjX(t)= x]= [ (0) >sjX(0) = x], since the
Markov jump process is homogeneous. De ng(s) = [ (0) >sjX (0) = X]
and compute

[ @ >t+sX(0)=x]= [(0)>t (t)>sjX(0)= x]
[ ©)>tjX(©0)=x] [ (t)>s] (0)>tX (0)= x]

git) [ () >sj (0)>tX (0)= x; X (t) = X]

o(t) [ (1)>sjX(t)= x]= g(t)g(s):

g(t+ s)

In addition, g(s) is continuous at s = 0, since the transition probabilities
were assumed to be continuous at zero. Moreover, 0 g(s) 1, which
nally implies that the only solution must be

g(s) =exp( (x)s)
with (x) 2 [0;1 ]givenby (X)= In( [ (0) > 1jX(0) = Xx]).

To further illuminate the characteristics of Markov processes on count-
able state spaces, denote byfp = 0 < T; < T, < ::: the random jump
times or event times, at which the Markov process changes its stateBased



66 6 MARKOV JUMP PROCESSES

on the jump times, de ne the sequence of randonlife times ( ¢ )k2 Via
the relation
k= Tksar Tk

for k 2 . Due to Prop. 6.4 we know that
[k >siX(Tk) = x]=exp(  (X)s)

for s 0. Moreover, the average life time of a state is

[ OiX (1) = x] = %:

In terms of the jump times, we have
X(t) = X(Tk); t2 [Tk;Tk+1);
hence the Markov process is constant, except for the jumps.

De nition 6.5  Consider a statex 2 S with associated jump rate (x).
Then, x is called

1. permanent , if (x)=0
2. stable, if 0< (x)< 1,

3. instantaneous , if (x) = 1 (not present for Markov processes with
right continuous sample paths).

Assume that X (t) = x at time t; if x is

1. permanent, then [X(s)= xjX (t) = x] =1 for every s >t, hence the
Markov process stays inx forever,

2. stable, then [0< (t) < 1j X(t)= x] =1,

3. instantaneous, then [ (t) = 0jX(t) = x] = 1, hence the Markov
process exists the state as soon as it enters it.

Due to our general assumption, we know that the Markov proces has right
continuous sample paths. As a consequence, the state spa&does not
contain instantaneous states.

De nition 6.6  Consider some Markov proces§ X (t) : t  Og with right
continuous sample paths. Then, the Markov process is callegkgular or
non-explosive , if
Ty =supTg=1 (as);
k2

where Tp < T1 <::: denote the jump times off X (t) : t 0g. The random
variable T; is called the explosion time



6.1 Setting the scene 67

If the Markov jump process is explosive, then [Ty < 1] > 0. Hence
there is a "substantial" set of realizations, for which the Markov process
"blows up" in nite time. In such a situation, we assume that t he Markov
jump process is only de ned for times smaller than the explo®n time. The
following proposition provides a quite general condition br a Markov process
to be regular.

Proposition 6.7 A Markov processfX (t) : t Og on a countable state

spaceS is regular, if and only if
R 1
———=1 (as):
XM

This is particularly the case, if (1) Sis nite, or (2) if sup,s (X) < 1.
Proof: See Prop. 8.7.2 in [18].

Compare also Prop. 6.16. Based on the sequence of event timg&)x>
we de ne the following discrete-time S-valued stochastic procesd Exg by
Ex = X (Tx). As is motivated from the de nition and the following resul ts,
fEkgk2 is called the embedded Markov chain. However, it still remans to
prove that fExgko is really well-de ned and Markov. To do so, we need
the following

De nition 6.8 A Markov processfX (t) :t 0Og on a state spaceS ful lls
the strong Markov property  if, for any stopping time , being nite a.s.,

[X(s+ )2ZAX()=xX({)t< ]= x[X(s)2A]

for every A 2 A, whenever bhoth sides are well-de ned. Hence, the process
fX(s+ ):s 0Ogis Markov and independent off X (t);t < g, given
X()=x.

In contrast to the discrete-time case, not every continuoustime Markov
process on a countable state space obeys the strong Markov qperty. How-

ever, under some suitable regularity conditions, this is tue.

Theorem 6.9 A regular Markov process on a countable state space ful lls
the strong Markov property.

Proof: See Thm. 4.1 in Chapter 8 of [2].

The next proposition states that the time, at which the Markov process
jumps next, and the state, it jumps into, are independent.



68 6 MARKOV JUMP PROCESSES

Proposition 6.10 Consider a regular Markov jump process orS, and as-
sume that Ty+; < 1 a.s. Then, conditioned on X (Tx) = X, the random
variables y+1 and X (Tx+1) are independent, i.e.,

[ k1 > 6 X (Tks1) = YiX(Tk) = X] (38)
= [k 20X (T) = X] [X(Tker) = YiX(Tk) = Xx]

Proof: Starting with (38) we get, by applying Bayes rule,

[ k+1 > 6X (Teer) = YiX(Tk) = Xx]
= [k 2X(Te) = X] [X(Tk+1r) = YiX(Tk) = X, k+1 > L]

Using the Markov property we can rewrite he last factor

X (Tk+1) = YiX(Tk) = X; k1 > t]

= [X(Tke1) = Vi X(8)= X Tk s<Tya1jX(Tk + t) = X]

= [X(Tk+ (Tk+t)=y;X(8)=xTk s<Tg+ (Tk+ 1)jX(T)= x]
= [X(Tk+r) = YiX(Tk) = x[;

where we used the homogeneity of the Markov process to procgdrom the
second to the third line.

We are now ready to de ne the embedded Markov chain of the
Markov jump process.

De nition 6.11  De ne the homogeneous Markov chainf Exgk» on the
state spaceS in terms of the following transition function P = p(x;y) xy 25"

If x is permanent, setp(x;x) = 1. Otherwise, if x is stable, set
p(x;y) = [X(T1) = yjX(0) = x] (39)
and consequentlyp(x;x) = 0.

Summarizing our results we obtain the following theorem.

Theorem 6.12 Consider a regular Markov jump process and assume that
the state space consists only of stable states. ThehX (Tx)gk2 is a ho-
mogeneous Markov chain with transition function de ned in (39). In other
words, it is

Ex = X (Tk)

for every k 2 (in distribution).
So, we obtain the following characterization of a Markov jurmp processes

fX (t)g on the state spaceS. Assume that the process is at statex at time
t, i.e., X(t) = x. If the state is permanent, then the Markov process will
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stay in x forever, i.e., X (s) = x for all s >t. If the state is stable, then the
Markov process will leave the statex at a (random) time being exponentially
distributed with parameter 0 < (x) < 1 . It then jumps into some other

state y 6 x 2 X with probability p(x;y), hence according to the law of the
embedded Markov chainf Exgko . Therefore knowing the rates ( (x)) and

the embedded Markov chain in terms of its transition function P = ( p(X; y))

completely characterizes the Markov jump process.

The above characterization is also the basis for a numericasimulation
of the Markov jump process. To do so, one might exploit the fdlowing
important and well-known relation between an exponential random variable

with parameter and some uniform random variableU on [0; 1], given by
1
= =In(U):

Hence, a numerical simulation of a Markov jump process can béased on
randomly drawing two uniform random numbers for each jump ewent (one
for the time, another one for the state change).

6.2 Communication and recurrence

This section is about the topology ofregular Markov jump processes (unless
stated otherwise). As in the case of Markov chains, we start \ith some

De nition 6.13 LetfX(t):t Ogdenote a Markov process with transition
function P(t), and let x;y 2 S denote some arbitrary pair of states.

1. The state x has access to the statey, written x ! v, if
[X(t)=yjX(©0)=x]>0
for somet> 0.

2. The statesx and y communicate , if X has access toy and y access
to x, denoted byx $ .

3. The Markov chain is said to beirreducible , if all pairs of states com-
municate.

As for Markov chains, it can be proven that the communication relation
$ is an equivalence relation on the state space. We remark thaperiodicity
plays no role for continuous-time Markov jump processes, sice they are
always aperiodic . We proceed by introducing the rst return time.

De nition 6.14 1. The stopping timeEy : ! *[flg de ned by
Ex=infft 0:X(t) 8 x;X (0) = xg:

is called the rst escape time from state x 2 S.
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2. The stopping timeRy : ! " [flg dened by
Ry = infft>Tq,:X(t)= xg;
with inffg = 1 , is called the rst return time to state x.

Note that «[Ex] = «[ (0)] (see eq. (36)).
Analogous to the Markov chain theory, based on the rst return time to
a state, we may de ne recurrence and transience of a state.

De nition 6.15 A state x 2 S is called recurrent , if it is permanent or
x[Rx =11 = 1,
and transient otherwise.

Again, recurrence and transience are class properties, i,ghe states of some
communication class are either all recurrent or all transiet. Interestingly
and maybe not surprisingly, some (but not all, as we will seedter) properties
of states can be determined in terms of the embedded Markov @in.

Proposition 6.16  Consider a regular and stable Markov jump procestX (t) :
t Og and the associated embedded Markov chaifExgko , then the fol-
lowing holds true.

a) The Markov jump process is irreducible, if and only if its enbedded Markov
chain is irreducible.

b) A state x 2 S is recurrent (transient) for the embedded Markov chain, if
and only if is recurrent (transient) for the Markov jump proc ess.

c) A state x 2 S is recurrent for the Markov jump process, if and only if
Z,

p(t;x;x)dt = 1 :
0

d) Recurrence and transience of the Markov process inheritdo any dis-
cretization, i.e. if h> 0 and Zy := X (kh) then recurrence ofx 2 S for
the Markov process is equivalent to recurrence aof 2 S for the discretiza-
tion fZxgko

Proof: We leave the proof of the rst two statements as an exercise tahe
reader.

c) Remember the analogous formulation in the time-discretecase: if for
some Markov chain, e.g.fExgko , and some state, e.g.x 2 S, the random
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variable Ny counts the number of visits in x, then x is recurrent if and only

if
" #

R R
x[Nx] = X Ex=x = x[ Ek=x]
k=0 k=0
= pPxx)=1;

k=0

where, as usualp® (x; x) denotes thek step transition probability  x[Ex =
x]. Therefore we can prove the statement by showing that

Z,
D 1 (K) (yr v ) -
p(t,X,X)d'[ = p (Xlx)
0 () 2o
This is done in the following, where we use Fubini's theorem @ exchange
integral and expectation and Beppo Levi's theorem to exchage summation

and expectation:

Z, z, z,
p(t;x;x)dt = x[ x@=xldt="« X (t)= x dt
0 0 u " 0
s s _
= X k+l Ex=x = x[ k+1JEk = X] x[Ek = X]
k=0 k=0
1
_ (K) (o
= —— P (X X)
ko X

Be aware that the conditions to use Fubini's theorem are onlymet because
X is a jump process.

d) That transience inherits to any discretization is obvious, so considerx
recurrent. If t is constrained bykh t< (k +1)h, then

p((k + 1) h; x;x) p((k+1)h  tx;x)p(t; x;x)
exp( (X)((k+1)h t)p(t;x;x)
exp( (x)h)p(t; x;x):
Multiplication with exp( (x)h) yields
exp( (xX)h)p((k +1) h;x;x)  p(t;x;x), for kh  t< (k+1)h:
This enables us to give an upperbound to the integral
lemxxmt h>4 exp( (x)h)p((k + 1) h; x;x)

0 k=0

R
= hexp( (x)h) p(kh; x; x):
k=1
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P
It follows from d) that ﬁﬂ p(kh;x;x) = 1, which is the sum over the
transition probabilities of the discretized Markov chain.

Irreducible and recurrent Markov jump processes are regula as the next
theorem states.

Theorem 6.17 An irreducible and recurrent Markov jump process is regu-
lar.

Proof: Regularity means that the sequence of event times heads to inity

3
lim Ty = =1:
Jim- Ty 1, k=1
k=1
Let x 2 S be an arbitrary start position. Since the Markov process is ire-

ducible and recurrent, we know that the embedded Markov chan f Eygko
visits x in nitely often. Denote by fNy(x)gko the sequence of visits inx.

Observe that if is  exponential distributed, then is 1 exponential
distributed (we pose that as an easy exercise), therefore wieave
R R
1 = (Eng) Ng#z = (X) Ny +1
k=0 k=0
xR
(x) K+l
k=0

As we will see below, it is also possible to characterize inveant measures
in terms of the embedded Markov chain. However, the distincion between
positive and null-recurrence and the existence of stationgy distributions can
not be examined in terms of the embedded Markov chain. Here,he rates
(' (x)) also have to come into play. That is why we postpone the corespond-
ing analysis and rstintroduce the concept of in nitesimal generators, which
is the more adequate object to study.

6.3 In nitesimal generators and the master equation

We now come to the characterization of Markov jump processeghat is not
present for the discrete-time case. It is in terms of in nitesimal changes of
the transition probabilities and based on the notion of geneators. As in
the preceding section, we assume throughout that the Markojump process
satis es the two regularity conditions (33) and (34).
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To start with, we introduce the transition semigroup  fP(t):t Og
with
PO = ptXY) o5
Due to (33), itis P(0) = Id and due to (34), we have

t!Ilrg+ Pt)=Id:

In terms of the transition semigroup, we can also easily exmss theChapman-
Kolmogorov equation  as

P(s+ t)= P(s)P(t)

fort;s 0 (which justi es the notion of a semigroup). In semigroup theory,
one aims at characterizingP (t) in terms of its in nitesimal generator Q. In
broad terms, the goal is to prove and justify the notion P (t) = exp(tQ). In
the following, we will proceed towards this goal.

Proposition 6.18 Consider the semigroupP (t) of a Markov jump process.
Then, the limit
A = lim PO d
tl 0+ t
exists (entrywise) and de nes thein nitesimal generator A =(a(x;y))xy2s
with 1 a(x;x) 0 alxy)<1.

Note that we do not claim uniform convergence for all pairs ofstates
X;y 2 S.

Proof: We rst prove the result for the diagonal entries. Consider some
state x 2 S and de ne h(t;x) = In(p(t; x;x)). Then, from the Chapman-
Kolmogorov equation we deducep(t + s;x;x)  p(t; X; X )p(s; x;x). In terms
of h, this implies h(t + s;x)  h(t;x)h(s;x). Due to the general regularity
condition (33), it is h(0;x) = 0, implying h(t;x) Oforallt 0. Now,
de ne

p h(t:x) =c2[01]

0t1l

We now proof that c is in fact equal to the limit lim h(t;x)=t for t | +,
being equivalent to the statement that for every b <c it is

h(t; x) lim sup h(t; x)

= C: 40
t t 0+ t (40)

b liminf
tl O+

So, chooseb < ¢ arbitrarily. Acc. to the de nition of c, there existss > 0
such that b < h(s; x;x)=s. Rewriting s= nt+ twitht> 0andO0 t<t,

we obtain
< h(s; x) n_th(t;x) N h( t;x)

S S t S

b
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Taking the joint limit t! O+, t! Oandn!1 such that nt=s !
1 proves the rst inequality in (40) and thus completes the proof for the
diagonal entries.

To prove the statement for the o -diagonal entries, assume hat we are
able to prove for every 2 (1=2;1) there exist > 0 such that

p(ns;x;y) (2 L)np(s;x;y) (41)

foreveryn2 ands OsuchthatO0 ns< . Denote by [x] the integer
part of x. Then,
p(s;x;y)  P([t=s]s; x;y)
s [t=s]s(2 2 )

with t;s < . Considerings! 0+, we obtain for all t> 0

p(s;xy)  p(txy)

li <1
So s 22 )
sincelimg o+ [t=S]s = t. Therefore,
: p(s; x;y) - Pt X Y) .
|I£I!’] Solip S 27 ) Iltr!nbrlf . <1:

Since can be chosen arbitrarily close to 1, we nally obtain the dedred
result. However, statement (41) still needs to be proven ...

Sometimes, even for discrete-time Markov chains "generats" are de-
ned; here A = P Id mimics the properties of a in nitesimal generator
(which it of course not is). In Graph Theory, such a matrix is known as
Laplace matrix

Example 6.19 Rewriting eqg. (35) in matrix form, we obtain for the tran-
sition semigroup of the uniform Markov process with intensiy > 0 and
subordinated Markov chainK = (k(x;y))

A n
P(t) = et oo K (42)

for t  0.The in nitesimal generator is thus given by
A= K Id; (43)

which, entry-wise, corresponds toa(x;x) = (1 k(x;x)), and a(x;y) =
k (x;y) for x 8 y. The result directly follows from eq. (42).

By now we have two di erent descriptions of a Markov jump process,
one in of form sojourn times and the embedded Markov chain, tke other
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by the generator. We saw in the preceding sections that a Mar&v jump
process is fully determined by its sojourn times and the embaded Markov
chain. Why did we introduce the notion of a generator then? The answer is
that more general Markov processes, i.e. in continuous stat space, can not
described by an embedded Markov chain anymore, while it is $t possible
to use the generator concept. But of course, in the case of a Mkiov jump
process, it is possible to convey both description types ird each other, like
we did in the case of a uniform Markov jump process. This is whawe do
in the next paragraph. Therefore we will construct for a given generator a
suitable Markov jump process and use this construction aftewards to get
insight about the entries of a generator of agiven Markov jump process.
As preparation we need

Proposition 6.20 Consider a series of independent exponentiaIF;iistributed
random variablesf N gxo>  with parametersf g2 . Assume that ﬁzo K =
< 1 and let

be the minimum value of the random variables series andl such thatN; =
T. Then J and T are independent random variables with

D=iT tl= [P=i] [T tl= —exp( t):

Proof: Left as an exercise (use results about the distribution of a rmi-

mum of exponential distributed random variables, show the goposition for

a nite number of random variables and then generalize to thecase of an
in nite number of random variables).

Given a stable and conservative generator, i.e. a matrixA with
1 < alx;x) 0
0 a(x;y)<1 forx6y

=]

and V6 x a(x;y) = a(x;x). To construct a jump process based on this
matrix set To =0, X (To) = X (0) = Xo and de ne recursively the following
process

1. AssumeX (Ty) = X.

2. If a(x;x) = 0 end the construction by setting ¢ = 1 and X (t) = X
forallt Tg.

N (X;y) is exponential distributed to the parameter a(x;y).

4, SetTys1 = T+ k and Xy+1 = X (Tk+1) = v, Wherey is the state
such that = N(x;y).
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Theorem 6.21 The previous constructed process is a homogeneous Markov
jump process with generatorA

Proof: We leave the fact that the constructed process is a homogenas
Markov jump process to the careful reasoning of the reader. tiremains to
show that a(x;y) = lim ¢ ¢ w, i.e. it is necessary to analyze
the transition function P. The statement is trivial if a(x;x) = 0 (why?),
therefore it is assumed in the following that a(x; x) 6 0.

The rst case to be considered isx 6 y, then

Ptixiy) =  x[T2 tX(t)=y]l+ [T2>tX (1)=Y]
= T2 tX@)=yl+ «[T2>tT1 tXi1=y]
= x[T2 X () =yl+ «[T1 tX1=1Y] x[T1 tX1=y:Ty

The three terms on the right-hand side are now to be analyzed eparately.
For the second term we have, by 6.20,

alx;y)

x[Tr tX1=y]=(1 exp( a(X;X)t)a(X'x)

= f(t):

Sincef qt) = a(x;y) exp(a(x; x)t) we havef 40) = a(x;y) and
lim M 1o =lim 0
tt 0 t tt o t
The rst and the third term are both upper-bounded by ([T, t], which
can be bounded further by
x[T2 1] Xx[Tl to1 ]
= [T tX1=y; 1 {]

= a(x;y):

x&y
X .

= 7 o) T expayiyo) = f O
x&y ’

a(x;x)

where f (1) .= exp(a(y;y)t) 1 andg(t) = P ng(l exp(a(x;x)t)a(xzy).

Now observe

exp(ay;y)t) exp(ay;y)o) _ (exp(aly; ) Ji=o = aly:y)

1,
im, 1 0= i,

t O
and X a(x: X)
tIimog(t) = ILmOng(l exp(a(x; x)t) a(x;y) =0;

(the exchange of limes and summation is allowed in this casdyecause all
summands in the sum are positive, bounded and with an existig limes).
This yields limy o =123 =im, o 109 = g and, putting it all together,

im P(t;xy)

th 0 t - a(X;y):

t]
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It remains to show that lim¢, ¢ M = a(x;x). This is very similar to
the casex 6 vy, in that P(t;x;x) is decomposed by
P(;x;x) = [Tz X (@)= x]+ «[T2>tX (1) = X]

= x[T2 X (t)= x]+ x[T1>t];

which can be treated similar to the rst case to show the assetion.

As it is clear by now how to construct a Markov jump process to agiven
generator we proceed to the reverse direction. Assume a gineMarkov jump
processf X (t) : t  Og with jump rates f (x)gx2s and conditional transition
probabilities fk(X;y)0xy2s, furthermore k(x;x) =0 and (x) < 1 for all
X 2 S. Let P be the transition function of this process. A matrix A de ned
by

(x)for x =y

a(xy) = (X)k(x;y) for x 6 y

ful lls obviously the conditions we posed on a generator, nanely conserva-
tive and stable, to construct a Markov Process by the previos described
procedure. Doing this we obtain another Markov Process withtransition
function P. By construction it is clear that P = P (you should be able to
gure that out!) and therefore the derivatives at 0 are equal, that is the
generator off X (t):t Ogfullls A = A. We state this important result in

Theorem 6.22 Consider a homogeneous and regular Markov jump process
on state spaceS with jump rates f (X)gx2s and conditional transition prob-
abilities fk(x;y)0xy2s, wherek(x;x) =0 for all x 2 S. Then the generator
A is given by

a(x y) = (x) for x =y
(X)k(x;y) for x 6 y
i,e. A= ( K Id), where thejump rate matrix is given by

1
©)

1

Hence, the negative diagonal entry of the generator corregmds to the
life time rate of the corresponding state, while the o -diagonal entries are
proportional to the transition probabilities of the embedd ed Markov chain.
We further remark that many in nitesimal generators can be represent in
multiple ways, if represented by an intensity 2 * and some subordinated
Markov chain with transition matrix S. Assume sug (x) < 1 . Then, for
any choice of sup, (x), de ne

S= (K ld)+Id;
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which indeed is a stochastic matrix (exercise). As a resulteq. (43) trans-
forms into the uniform representation

A= (S Id); (45)

which is the representation of the in nitesimal generator of an uniform
Markov jump process with intensity and subordinated Markov chain rep-
resented by S. In the representation (45), every event is associated witha
state change (sincep(x;x) = 0). In contrast, events in the representation
(45) need not necessarily correspond to a state change (sies(x;x) 0,
which might be positive).

Example 6.23 A birth and death process with birth rates ( x)x2s and

death rates( x)x2s on the state spaceS =  is a continuous-time Markov
jump process with in nitesimal generator A = (a(x;y))xy2s de ned by
0 1
0 0 0 0 0
1 (1+ 1) 1 0 0
A=gB O 2 (2+ 2) 2 0
3

0 0 3 (3+ 3)

We assume that (x); (x) 2 (0;1 ) for x 2 S. The birth and death process
is regular, if and only if the corresponding Reuters's critgion

3
i+ K+ + X1 -

k k k1 k 0

k=1
is satis ed [2, Chapt. 8, Thm. 4.5].

The next proposition shows how the generator can be used to elwe the
semigroup of conditional transitions in time.

Proposition 6.24  Consider a Markov jump process with transition semi-
group P (t) and in nitesimal generator A = (a(x;y)), satisfying a(x;x) <

1 for all x 2 S. Then, P(t) is dierentiable for all t 0 and satis es the
Kolmogorov backward equation

dP(t) _ .

gt = AP(): (46)
If furthermore X

ptxy) (y) <1 (47)

y
is satised for all t 0 and x 2 S, then also the Kolmogorov forward
equation
dP(t
PO _ iy ey

holds.
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Remark 6.25 Condition (47) is always satis ed if the state spaceS is nite
orsup, (x)<1.

Proof: There is simple proof in the case of a nite state space. In the
general case the proof is considerably harder, we refere ta§], Prop. 8.3.4,
p.210.

By de nition of a semigroup we have P(t + s) = P(t)P(s) = P(s+ t),

therefore, under the assumption thatS is nite,

. h ) h
r!llmop(t+ r)1 mu IAr!nOP(t)P( )h & = POA
= lim MP(t) = AP (1)

h! 0 h

This does not work in the in nite case, because it is not sure fi we can ex-
change the limes with the sum in the matrix-matrix multiplic ation.

Remark 6.26 Component wise the backward, resp. forward, equation reads

X
%P(t;x;y) = (X)P(t;x;y) + a(x;z)P(t;z;y), resp.
g ;(6x
EP(t;x;y) = (Y)P(t;xy) + P(t;x;z)a(z;y)

z6 X

If the state space is nite the solution to eq. (46) is given by P (t) = exp(tA),
where the matrix exponential function is de ned via the series

X (tA)"

exp(tA) = py

n2

which is known to converge. The situation is quite easy ifA is diagonalizable,
i.e. we haveA = V 1DV for a unitary matrix V and a diagonal matrix D.
Then A" =V D"V and

X 1 n X n
(tv_Dv)" X @),

n! n!
n2 n2

exp(tA)

1]
<
[y
=
Q
«Q
~—~
D
X
o
=
o
[
~—
®
x
°
=
Q.
N
~—
®
X
°
=
o
~—
~—
<

In the non-diagonalizable case the exponential function ca still be used for
a reasonable approximation by computing only part of the sum

>From the Kolmogorov forward equation we can easily deducehte evolution
equation for an arbitrary initial distribution o= ( o(X))x2s of the Markov
jump process. As in the discrete-time case, we have

()= oP(1);
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with (1) = ( (t;X))x2s and (t;x) = o[X (1) = x]. Now, multiplying
the Kolmogorov forward equation with o from the left, we get the so-called

Master equation

d () _
o - OA

with initial condition  (0) = . It describes on an in nitesimal scale the
evolution of densities w.r.t. the Markov process. An altermative formulation
can be given in terms of the jump ratesf (x)g and the embedded Markov
chain K = (k(x;y))

: X
TED = 7 wyay
y2S X
= (2 (ty) (tz) k(y;2)
y2S

foreveryz 2 S.

6.4 Invariant measures and stationary distributions

This section studies the existence of invariant measures ahstationary (prob-
ability) distributions. We will see that the embedded Markov chain is still
a very useful object with this regard, but we will also see tha not every
property of the continuous-time Markov process can be spe@d in terms of
the embedded discrete-time Markov chain. This is particulaly true for the
property of positive recurrence.

De nition 6.27 A measure =( (X))x2s satisfying
=P

forall t O is called aninvariant measure of the Markov jump process.
If, moreover, is a probability measure satisfying (S) = 1, it is called a
stationary distribution

We are now able to state for a quite large class of Markov jump pocesses
the existence of invariant measures, and also to specify thme.

Theorem 6.28 Consider an irreducible and recurrent regular Markov jump
process onS with transition semigroup P(t). For an arbitrary state x 2 S

dene =( (Yy))yzs via
Z RX
= x . lix (s)=ygdS (49)

the expected time, the process visitg before returning to x. Then
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1.0< (y) <1 forall y2S. Moreover, (x)=1= (x) for the state
X 2 S chosen in the eq. (49).

2. =P (@)foralt O

3. If = P (t) for some measure , then = for some 2

Proof: See Bremaud Thm. 5.1, p 357. We just prove here (x) = 1= (x).
We have

Z R,
(x) = X 1fX(s):xgdS (50)
ZOEX Z R,
= ¥ , lix(s)=xgdS + «x X lix (s)= xgdS (51)
= [E+0 = —: (52)
(X)

As one would expect, there is a close relation between the iawiant
measure of the transition semigroup, the in nitesimal geneator and the
embedded Markov chain.

Proposition 6.29 Consider an irreducible and recurrent regular Markov
jump process onS with transition semigroup P (1), in nitesimal generator A
and embedded Markov chain with transition matrixK . Then the following
statements are equivalent:

1. There exists a measure =( (x))x2s such that
= P (1)
forallt O.
2. There exists a measure =( (X))x2s such that
0= A
3. There exists a measure = ( (X))x2s such that
= K

1 which element-wise

The relation between and is given by
corresponds to
(x)

(x) = x)

for every x 2 S.
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Proof: Exercise.

Consider the expected return times from some statex 2 S de ned by
Z,
x[Rx] =« lis RxgdS : (53)
0

Depending on the behavior of «[Rx], we further distinguish the two types
of recurrent states:

De nition 6.30 A recurrent state x 2 S is called positive recurrent , if
x[R] < 1
and null recurrent  otherwise.
As in the discrete-time case, we have the following result.

Theorem 6.31 An irreducible regular Markov jump process with in nitesi-
mal generator A is positive recurrent, if and only if there exists a probabiity
distribution  on S such that

0= A
holds. Under these conditions, the stationary distributim is unique and
positive everywhere, with

1
(x)  x[Rx]’

Hence (x) can be interpreted as the exit rate of statex times the inverse
of the expected rst return time to state x 2 S.

(x) =

Proof : Theorem 6.28 states that an irreducible and recurrent regur
Markov jump process admits an invariant measure de ned through (49)
for an arbitrary x 2 S. Thus

X X Z R,
(y) = X i x (s)= ygds
y2S y2S 0 3
= X4 Lix (s)= yglts Rxgds5
0 y2S
Z 1
= X s RxgdS = x[R«];
0

which is by de nition nite in the case of positive recurrenc e. Therefore the
stationary distribution can be obtained by normalization of with 4[Ry]
yielding

(x) _ 1

0= —Rd - 0 ARl
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Since the statex was chosen arbitrary this is true for all x 2 S. Unique-
ness and positivity of follows from Theorem 6.28. On the other hand,
if there exists a stationary distribution of the Markov proc ess, it satis es

= P (t)forallt 0 due to Prop. 6.29. Moreover if the Markov process
were transient, then

lim Lixg=yg =0 implying lim p(t;x;y)=0

for x;y 2 S by dominated convergence. In particular, P (t) would tend
to zero fort ! 1 component-wise, which would be in contradiction to

= P (t). Hence, the Markov process is recurrent. Positive recurnece
follows from the unigqueness of and the consideration above.

Our considerations in the proof of Theorem 6.31 easily lead® a criteria
to distinguish positive recurrence from null recurrence.

Corollary 6.32 Consider an irreducible regular Markov jump process with
invariant measure . Then

P
1. fX(t):t Og positive recurrent , x)<1,
x2S

P
2. fX(t):t Og null recurrent , x)=1.
x2S

Proof: The proof is left as an exercise.

It is important to notice that positive recurrence can not be characterized
on the basis of the embedded Markov chain. This is due to the fet that
given an irreducible regular Markov jump process with 0 = A, (x), and

= K , we know by by Prop. 6.29, that

s 3 (x)
Bz ™
x=0 x=0
So, whether the left hand side converges or not, depends on thp the asymp-
totic behavior of ( (x)) and of ( (x)).

Example 6.33 Consider the birth and death Markov jump process with em-
bedded Markov chain given by

0 1
0 1

1 0
Kz%plpgp % 4)

and jump rates ( (x)), still to be speci ed. The embedded Markov chain is
irreducible and recurrent for 0<p  1=2. Hence, so is the thereby de ned
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Markov jump process, which in addition is regular due to Prop 6.16. The
invariant measure of the embedded Markov chain is given by

1 p
X)= = —— 0 55
W=7 5 © (55)
forx land (0)2 . Computing the norm results in
R 2 2p
(x)= —- (O):
x=0 1 2p

Hence, the embedded Markov chain is null-recurrent fop = 1=2 and positive
recurrent for p < 1=2. We now exemplify four possible setting:

1. Set (x)= x for x =1;2;::: while (0) =2, and p=1=2. Then, we
know that the embedded Markov chain is null-recurrent withrivariant
measure =(1=2;1;1;:::), and

R X q
(x) = X

x=0 x=0
Hence, the Markov jump process is null-recurrent, too.

2. Set (x) = x?for x =1;2;:::, while (0) =2, and p=1=2. Again,
the embedded Markov chain is null-recurrent, but now

R x o1
(x) = —<1:
x=0 x=0 X

Hence, now the Markov jump process is positive recurrent.

3. Set (x) = (1=3)* for x =1;2;:::, while (0) =1=4, and p=1=4.
Now, the embedded Markov chain is positive recurrent with ationary
distribution  (x) = 4(1=8)**! for x 1land (0)=1=3.

p 3 X 4
(x) = 3
x=0 x=0
Hence, the Markov jump process is null-recurrent.

4, Set (x)=4=3forx=1;2;:::, while (0)=1=3, andp=1=4. Again,

the embedded Markov chain is positive recurrent. Finally, w have

bS R X
(x) = - <1:
x=0 x=0

Hence, the Markov jump process is positive recurrent.
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In the same spirit, one can show that the existence of a statioary distri-
bution of some irreducible Markov jump process (being not neessarily regu-
lar) does not guarantee positive recurrence. In other wordsTheorem 6.31 is
wrong, if one drops the assumption that the Markov jump process is regular.

Example 6.34 We consider the embedded Markov chain with transition
matrix given by eq. (54). If p > 1=2, then the Markov chain is transient.
However, it does posses an invariant measure de ned in eq. (55), where
we choose (0) = p. De ne the jump rates by
1 p 2X
X) = _
(x) 0
forx land (0)= p. Then, we getthat dened by (x)= (x)= (x)is
an invariant measure with
AR 1 pX_ p .
(x) = = 55 1 <1:
x=0 x=0 P P

sincep > 1=2 and thus(1 p)=p < 1. Concluding, the Markov jump process
is irreducible and possesses an stationary distribution. De to Prop. 6.16, it

moreover is transient (since the embedded Markov chain is)This can only

be in accordance with Thm 6.31, if the Markov jump process is an-regular,

hence explosive.

6.5 Reversibility and the law of large numbers

The concept of time reversibility for continuous-time Markov processes is
basically the same as for discrete-time Markov chains. Corider some pos-
itive recurrent, irreducible regular Markov jump process with in nitesimal
generator A and stationary distribution . Then, de ne the time-reversed
Markov jump processfY(t) : t 0Og in terms of its transition semigroup
fQ(t);t 0g according to

(x)pt;x;y)
(¥)
fort Oandx;y 2 S. As can easily be shownQ(t) ful lls all requirements

for a transition semigroup. De ning the diagonal matrix D = ( (X))xy2s
with  on its diagonal, we may rewrite the above eq. (56) as

a(t;y; x) = (56)

Qt)=D P()'D :

Now, let us determine the in nitesimal generator B = (b(x;y))xy2s of the
semigroup Q(t). It is

.
B = IimleimD 1MD = D 'ATD ; (57)
tl 0 t tl 0 t
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hence the inf. generator transforms in the same way as the sdgroup does.
From the inf. generator, we easily conclude that the jump rates (x) are for
both processes equal, since

B(X)= bx;x)=a(xx)= a(x):

Now, denote by K and L the transition matrix of the embedded Markov
chains of the Markov jump processesX (t) and Y (t), respectively. Assume
that K is positive recurrent with stationary distribution . Then, we get

(L 1d = B=D 'ATD (58)
= D YKT 1d D (59)
= D (kT 1d) D (60)
= ( D" D 1d) (61)
= (D *'D 1d) (62)

since (x) (x)= a (x) forall x 2 S and some normalization constanta > 0,
which implies D = aD . Hence, we get the relation

L=D KD

and thus that the embedded Markov chainL of the time-reversed Markov
jump processY (t) equals the time-reversed embedded Markov chairK of
the original Markov jump process X (t).

As in the discrete time case, we have

De nition 6.35  Consider an irreducible regular Markov jump procesd X (t) :
t  Og with in nitesimal generator A and stationary distribution > 0, and
its associated time-reversed Markov jump process with in itesimal genera-
tor B. Then X (t) is called reversible w.r.t. , if

A=B
for all x;y 2 S.

The above de nition can be reformulated: a Markov process igeversible
w.r.t. , if and only if the detailed balance condition

(X)a(xy) = (y)aly;x) (63)

is satis ed for every x;y 2 S.

A measurable functionf : S'! de ned on the state space is called an
observable . Observables allow to perform \measurements" on the system
that is modelled by the Markov process. The expectation off is de ned as

X
[fl = f(x) (x):

x2S
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Theorem 6.36 (Strong law of large numbers) Let fX(t):t Og de-
note an irreducible regular Markov process with stationarydistribution
and letf : S! be some observable such that
X
ifil=  Jif(x)j (x)<1:
x2S

Then for any initial state x 2 S, i.e., Xg = X
z t
1
T f(X(s))ds! [, (as)
0

ast!l

Proof: The proof is analogous to the proof for discrete-time Markovchains.

6.6 Biochemical reaction kinetics

Consider a volumeV containing molecules ofN chemically active species
So;:::;Sn 1 and possibly molecules of inert species. Fok =0;:::;N 1,

V attime t 2 *,and setX(t) = (Xo(t);:::: XN 1(t) 2 N. Further-

more, considerM chemical reactions Ryg;:::;Rm 1, characterized by a
reaction constant ¢¢. The fundamental hypothesis of chemical reaction
Kinetics is that the rate of each reaction Rx can be specied in terms of a
so-calledpropensity function k = j(X(t)), depending in general on the
current state X (t) and possible on timet. For the most common reaction
type, it is (¢ = some generic reaction constant, r.p. = reaction products)

1. "spontaneous creation” ! r.p., (X(1);t) = c,

2. mono-molecular reactionS; ! r.p., (X(t)) = cXj(t),

3. bi-molecular reaction§; + Sg'!' r.p., (X(t)) = cXj(t)X(t),

4. bi-molecular reactionS; + §; ! r.p., (X(t)) = cX;(t)(Xj(t) 1)=2,

The change in numbers of molecules of described by the statdvange vectors
0;iiirm 12 Nosuchthat X (t)! X(t)+ \, if reaction Ry occurs. The
state change vectors are part of the stoichiometric matrix.

Example 6.37 We consider here a model by Srivastava et al. [16] describ-
ing the intracellular growth of a T7 phage. The model compriss three chem-
ical species, the viral nucleic acids classi ed into genont (Sgen) and tem-
plate (Seem) and viral structural proteins ( Ssyuc). The interaction network
between the bacteriophage and the host is modelled by sixatans.
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No. | reaction propensity state change
Ro | Sgen! « Stem 0= Co Xgen 0=(1,-1,0)
R1 | Stem! ;Cl 1= C Xtem 1=(-1,0,0)
Rz | Stem! e Stem + Sgen 2= C Xtiem 2= (0,1,0)
R3 | Sgen* Sstruc! © "virus" 3= C3 Xgen Xstruc 3=(0,-1,-1)
R4 | Stem! o Stem * Sstruc 4= C4 Xiem 4=(0,0,1)
Rs | Sstruc! ;CS 5= G Xstruc 5=(0,0,-1)

The reaction constants are given bycy = 0:025 ¢; = 0:25, ¢ = 1:0,
c3 =75 108, ¢4 = 1000, and cs = 1:99 (day 1). In the model, the
volume of the cell isV = 1. The interesting scenario is the low infection
level corresponding to the initial numbers of moleculesKiem = 1, Xgen =
Xstrue = 0.

We now specify the dynamics off X (t) : t  Og, assuming that X (t) is a
regular Markov jump process on the state spacé&s = N that satis es the
regularity conditions (33) and (34), which seem to be a reasaable assump-
tion for biochemical reaction systems. In terms ofX (t), the fundamental
hypothesis of chemical reaction kinetics is that

[X(t+h)=x+ jX(t)=x]= «(x)h+ o(h)

ash! 0 holds fork =0;:::;M 1. This allows us to determine the
in nitesimal generator A = (a(X;y))xy2s. In view of

p(h;x;x + ) = a(x;x + )h+ o(h);
for h! 0, we conclude that
ax;x + k)= k(x)
fork =0;:::;M 1. As a consequence, the jump rates are given by the
propensity functionsf (x)gx2s. Dening (X) = o(X)+:::+ wm 1(x), the

embedded Markov chain with transition matrix K = (Kk(x;y))xy2s is given
by

(x)
KOGx + )= —
(%)
fork=0;:::;M 1, and zero otherwise. Thealgorithmic realization of

the chemical reaction kinetics is as follows:

1. Set initial time t = tg and initial numbers of moleculesX (tg);

2. Generate independently two uniformly distributed random numbers
Uo;ur  UJ0;1]. Setx = X (t).
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. Compute the next reaction time increment

In(uo) |

(x)

Compute the next reaction Ry according to the discrete probability
distribution

. Update molecular numbersX (t+ ) X (t)+ g,andtime:t t+

Go to Step 2.

This algorithmic scheme is known as the direct method [5, 6].

Consider some initial distribution ug and setu(t;x) = [X (t) = xjX (0)
Uo]. The evolution equation for u is given by the master equation, which in
this context is called the chemical master equation . It takes the form

0 1

. X

duS£X) = @ u(ty)a(y; x)A + u(t; x)a(x; x)
y6 x2S
W1
= u(t;x  ax  k;x)+ u(tx)alx;x + k)

k=0
w1

= k(X utx ) k(Jultx) -
k=0
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7 Transition path theory for Markov jump pro-
cesses

Transition Path Theory (TPT) is concerned with transitions in Markov pro-
cesses. The basic idea is to single out two disjoint subset ithe state-space
of the chain and ask what is the typical mechanism by which thedynamics
transits from one of these states to the other. We may also aslat which
rate these transitions occur.

The rst object which comes to mind to characterize these transitions is
the path of maximum likelihood by which they occur. However, this path
can again be not very informative if the two states one has sigled out are
not metastable states. The main objective herein is to showhat we can give
a precise meaning to the question of nding typical mechanisns and rate of
transition in discrete state spaces for continuous time preesses which are
neither metastable nor time-reversible. In a nutshell, given two subsets in
state-space, TPT analyzes the statistical properties of tke associated reactive
trajectories, i.e., the trajectories by which transition occur between these
sets. TPT provides information such as the probability distribution of these
trajectories, their probability current and ux, and their rate of occurrence.

The framework of transition path theory (TPT) has rst been d eveloped
in [4, 19, 10] in the context of di usions. However, we will fdlow [11] and
focus on continuous-time Markov chains, but we note that theresults to
be outlined can be straightforwardly extended to the case ofdiscrete-time
Markov chains.

7.1 Notation.

We consider a Markov jump process on the countable state spacS with
in nitesimal generator (or rate matrix) L = (ljj)ij2s.,

1y 0 foralli;j 2 S;i6 |

64
j2slj =0 foralli2s: (64)

We assume that the process is irreducible and ergodic with spect to the
unique, strictly positive invariant distribution =( i)i2s satisfying

o= TL: (65)
We will denote by fX:g a (right-continuous with left limits) trajectory of

the Markov jump process. Finally, recall that if the in nite simal generator
satis es the detailed balance equation,

ilij = jli 8ij 2S; (66)
the process is reversible, i.e. the direct and the time-rewsed process are

statistically indistinguishable. In the following we assume that the process
is irreducible and reversible.



7.2 Hitting times and potential theory 91

Figure 10: Schematic representation of the rst hitting tim e scenario. A
trajectory hits the boundary @Dat time the rst time.

7.2 Hitting times and potential theory

In this paragraph we state a theorem which provides an eleganway to
derive equations for the main objects in TPT. Suppose the stte spaceS is
decomposed into two disjoint setsD and @D= SnD where @ Dis called the
boundary of D. Let i 2 D be an arbitrary state. Conditional on starting in

i, the time (i) at which the process hits the boundary @ Dthe rst time is

called the (rst) hitting time. Formally, it is de ned as

()=infft> 0:X;2 @D; X% =ig: (67)

Notice that is a random variable and, particularly, is a stopping time.
For a schematic presentation of the rst hitting scenario see Fig. 10.

Next, suppose that two real-valued discrete functions €)i;i 2 S and
(fi)i;i 2 S are given. The object of interest is thepotential =( );i2 S
associated with the two functions and element-wise de ned @

A
P = o(X)dt+ f(X )l<1jXo=1i ; (68)
0
where denotes thehitting time of @D In the following we assume that
the hitting time  is nite which is guaranteed by the irreducibility of the
process.

Regarding the ()i;i 2 S and (fj);;i 2 S as costs the potential can
be interpreted as an expected total cost: the process wandgraround in D
until it his the boundary @ Dwhere the cost of wandering around inD per
unit time is given by (c)i;i 2 S. When the process hits the boundary, say
in state j, a nal cost or fee f; is incurred. The next theorem states that
the potential satis es a discrete Dirichlet problem involving the generator
L =(lj);i;j 2 S of the process.
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Figure 11: Schematic representation of a piece of an ergoditajectory. The
sub-piece connectingA to B (shown in thick black) is a reactive trajec-
tory, and the collection of reactive trajectories is the engmble of reactive
trajectories.

Theorem 7.1 ([13], Sect. 4.2)  Under the assumption that the functions
(¢)i;i 2 Sand(f);;i 2 S are nonnegative, the potential is the nonnegative
solution to
(p _
jesli 7= & 82D (69)
i = fi 8i 2 @DZ
Consequently, the potential can simply numerically be compited by solving
a system of linear equations with Dirichlet boundary conditions.

7.3 Reactive trajectories.

Let A and B two nonempty, disjoint subsets of the state spaceS. By ergod-
icity, any equilibrium path fXg oscillates in nitely many times between set
A and setB. If we view A as a reactant state andB as a product state, each
oscillation from A to B is a reaction event. To properly de ne and charac-
terize the reaction events, we proceed by cutting a long ergtic trajectory

f X (g into pieces that each connectA and B. To be more precise, aeactive

trajectory is a piece of the ergodic trajectory which lives inSn(A[ B) after

leaving the setA and before hitting the set B. We shall then try to describe
various statistical properties of the ensemble of reactivarajectories consist-
ing of all these pieces. See Fig. 11 for a schematic illustran of a reaction
trajectory. For details on the pruning procedure, see [11].

7.4 Committor functions

The fundamental objects of TPT are the committor functions. The dis-
crete forward committor g* = (¢’ )i2s is de ned as the probability that the
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process starting ini 2 S will reach rst B rather than A. Analogously,
we de ne the discrete backward committorq = (¢ )i2s as the probability

that the process arriving in state i has been started inA rather than B. It

has been proven in [11] that the forward and backward commitbr satisfy a
discrete Dirichlet problem that is the exact nite-dimensi onal analogue of
the respective continuous problem [4], nhamely,

8p + .

2 sliq =0; 8i2Sn(A[ B)

>q+ =0, 8i2 A (70)
T q =1, 8i 2 B:

The forward committor equation (70) readily follows from Th eorem 7.1. To
see that set

G = 8i2Sn(A[ B); (71)
o= 22n 72
1; 8i2B
and notice that the associated potential reducestoD = Sn(A[ B)):
z
i = c(Xp)dt+ f (X )jXo =i (73)
0
= [18(X )jXo = 1] (74)
= q: (75)

Finally, we state without proof that the backward committor ¢ , i.e.,
the probability that the process arriving in state i has been started inA
rather than in B, is simply related to the forward committor function by

g =1 q: (76)

That relation is a consequence of reversibility.
Another interesting quantity follows from setting

¢ = 1 8i2SnB; (77)
fi = 0 8i2B: (78)

The associated potential is simply the expected omean rst hitting time of
the process with respect to the setB,
Z

i = c(Xp)dt + f(X )jXo =i (79)
0

[ iXo=1]: (80)

and satis es the discrete Dirichlet problem
(p
jzshjmj: 1; 8i2SnB

81
mi =0; 8i 2 B: 81)



947 TRANSITION PATH THEORY FOR MARKOV JUMP PROCESSES

7.5 Probability distribution of reactive trajectories.

The rst relevant object for quantifying the statistical pr operties of the re-
active trajectories is the distribution of reactive trajectories mR = ( miR)iz S.
The distribution mR gives the equilibrium probability to observe a reactive
trajectory at state i and at any time t.

How can we nd an expression formR? Suppose we encounter the pro-
cessX; in a state i 2 S. What is the probability that X; be reactive?
Intuitively, this is the probability that the process came r ather from A than
from B times the probability that the process will reach B rather than A in
the future. Indeed, it was proven in [11] that the probability distribution of
reactive trajectories is given by

mi=q i =1 qd)iq; i2s (82)

Probability current of reactive trajectories. Any equilibrated trajec-
tory fXtg induces an equilibrium probability current f;; between any pair
(i;] ) of states. In other words, fj; is the average number of jumps fromi
to j per time unit observed in an in nitesimal time interval dt. In formula,
that current is given by

fij = ily;

where [ is the jump rate from i to j and ; is the probability to observe
the equilibrated process in statei.

It should be clear that probability current induced by the ensemble of
reactive trajectories diers from equilibrium probabilit y current fj; . How
can be derive an expression for the average number of reacévtrajectories
owing from state i to state j per unit of time? Again, intuitively, that
current is given by the equilibrium probability current f;; weighted with
the probability that the process came rather from A than from B before
jumping from i to j and weighted by the probability that the process will
continue to B rather than to A after jumping from i to j.

Formally, the probability current of reactive trajectories f A% = (f{®);; 2s
is given by [11]

( . . .
ere - (@ q)iiljq; ifi6]
i

. (83)
0; otherwise.

7.6 Transition rate and e ective current.

Further we may ask for the average number of transitions fromA to B
per time unit or, equivalently, the average number of reactive trajectories
observed per unit of time (transition rate). Let Nt be the number of reactive
trajectories intheinterval[ T;T]intime. The transition rate kag is de ned
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as

L Nt
ke = Im o (84
Due to [11] the transition rate is given by
X X
Kag = fijAB = f jﬁB: (85)
i2A; 25 j2sik2B

Notice that the rate equals
X +
Kag = fij ; (86)
i2A;j 2S

where the e ective current is de ned as

fi =max(ff® f7%;0): (87)

7.7 Reaction Pathways.

a simple pathway with the property
i02Ajin2B;ij2(A[ B)® j=1;:::5n L

The crucial observation which leads to a characterization 6 bottlenecks
of reaction pathways is that the amount of reactive trajectories which can be
conducted by a reaction pathway per time unit is con ned by the minimal
e ective current of a transition involved along the reaction pathway: the
min-current of w is

— ; + o
c(w) = ezr(ni;ljrg 2wff” o (88)
Accordingly we shall characterize the "best" reaction pathway as the one
with the maximal min-current, and, eventually, we can rank all reaction
pathways according to the respective weight(w). E cient graph algorithms
for computing the hierarchy of transition pathways can be faund in [11].
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