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Preface

These notes were developed to accompany the corresponding course in the Network Math-
ematics Graduate Programme at the Hamilton Institute. The purpose of the course is to
introduce some basic concepts and results in the analysis and control of linear and nonlin-
ear dynamical systems. There is a lot more material in these notes than can be covered in
twenty hours. However, the extra material should prove useful to the student who wants to
pursue a specific topic in more depth. Sections marked with an asterisk will not be covered.
Although proofs are given for most of the results presented here, they will not be covered in
the course
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Chapter 1

Introduction

The purpose of this course is to introduce some basic concepts and tools which are useful
in the analysis and control of dynamical systems. The concept of a dynamical system is
very general; it refers to anything which evolves with time. A communication network is a
dynamical system. Vehicles (aircraft, spacecraft, motorcycles, cars) are dynamical systems.
Other engineering examples of dynamical systems include, metal cutting machines such as
lathes and milling machines, robots, chemical plants, and electrical circuits. Even civil
engineering structures such as bridges and skyscrapers are examples; think of a structure
subject to strong winds or an earthquake. The concept of a dynamical system is not restricted
to engineering; non-engineering examples include plants, animals, yourself, and the economy.

A system interacts with its environment via inputs and outputs. Inputs can be considered
to be exerted on the system by the environment whereas outputs are exerted by the system
on the environment. Inputs are usually divided into control inputs and disturbance inputs.
In an aircraft, the deflection of a control surface such as an elevator would be considered a
control input; a wind gust would be considered a disturbance input. An actuator is a physical
device used for the implementation of a control input. Some examples of actuators are: the
elevator on an aircraft; the throttle twistgrip on a motorcycle; a valve in a chemical plant.

Outputs are usually divided into performance outputs and measured outputs. Performance
outputs are those outputs whose behavior or performance you are interested in, for example,
heading and speed of an aircraft. The measured outputs are the outputs you actually mea-
sure, for example, speed of an aircraft. Usually, all the performance outputs are measured.
Sensors are the physical devices used to obtain the measured outputs. Some examples of
sensors are: altimeter and airspeed sensor on an aircraft; a pressure gauge in a chemical
plant.

A fundamental concept is describing the behavior of a dynamical system is the state of
the system. A precise definition will be given later. However, a main desirable property of
a system state is that the current state uniquely determines all future states, that is, if one



knows the current state of the system and all future inputs then, one can predict the future
state of the system.

Feedback is a fundamental concept in system control. In applying a control input to a
system the controller usually takes into account the behavior of the system; the controller
bases its control inputs on the measured outputs of the plant (the system under control).
Control based on feedback is called closed loop control. The term open loop control is usually
used when one applies a control input which is pre-specified function of time; hence no
feedback is involved.

The state space description of an input-output system usually involves a time variable ¢
and three sets of variables:

e State variables: =1, 29, - , 1,
e Input variables: wy, ug, -+ , Uy,
e Output variables: y1, 2, -+, yp

In a continuous-time system, the time-variable ¢ can be any real number. For discrete-time
systems, the time-variable only takes integer values, that is, ..., —2,—1,0,1,2,....
For continuous-time systems, the description usually takes the following form

Ltl - Fl(xhx%”' y Ty U, U,y * * 7um)
Lo = FQ(xlyx%"' y Ty U, Uy = v 7um) (1 1)
iﬁ = Fn(xhx%"' y Upy U, Uy * v 7um)

and
Yy = H1<I1,x2,“‘ y Ly U, U,y = v+ 7um)
Y2 = H2<'I17I27"' y Lpy U, Uy« v Jum) (1 2)
Yp = Hp<xlux2)"' y Ly U, U2y -+ aum)

where the overhead dot indicates differentiation with respect to time. The first set of equa-
tions are called the state equations and the second set are called the output equations.
For discrete-time systems, the description usually takes the following form

yro s U () (1.3)
ro(k+1) = Fo(x1(k),x2(k), - xn(k),ur(k),uz(k), -, um(k))
and
y1 = Hy(xy, 29, xp,up, g, Up)
Yo = Ho(xy,me, -+, Tp,up, U, -+ Upy) (1.4)
yp = Hp(xy, 20, -, Tp,ur, Uz, -, Up)




The first set of equations are called the state equations and the second set are called the
output equations.



1.1 Ingredients

Dynamical systems

Linear algebra

Applications

MATLAB (including Simulink)

1.2 Some notation

Sets : s € S

Z represents the set of integers

IR represents the set of real numbers

C represents the set of complex numbers

Functions: f: S8 — T

1.3 MATLAB
Introduce yourself to MATLAB

%matlab
>> lookfor
>> help
>> quit

Learn the representation, addition and multiplication of real and complex numbers



Chapter 2

State space representation of
dynamical systems

In this section, we consider a bunch of simple physical systems and demonstrate how one
can obtain a state space mathematical models of these systems. We begin with some linear
examples.

2.1 Linear examples

2.1.1 A first example

ol
! 3 ™ J
m
Q—0 Yy

TTTT77T 77777777070 ¢ ¢ ¢ 7 (¢ ¢

Figure 2.1: First example

Consider a small cart of mass m which is constrained to move along a horizontal line.
The cart is subject to viscous friction with damping coefficient ¢; it is also subject to an input
force which can be represented by a real scalar variable u(t) where the real scalar variable ¢
represents time. Let the real scalar variable v(t) represent the velocity of the cart at time ¢;
we will regard this as the output of the cart. Then, the motion of the cart can be described
by the following first order ordinary differential equation (ODE):

mo(t) = —co(t) +u
Introducing the state x := v results in
T = axr+bu
= x

where a := —¢/m < 0 and b :=1/m.



2.1.2 The unattached mass

Consider a small cart of mass m which is constrained to move without friction along a
horizontal line. It is also subject to an input force which can be represented by a real scalar
variable u(t). Let ¢(t) be the horizontal displacement of the cart from a fixed point on its
line of motion; we will regard y = ¢ as the output of the cart.

K

Vs Gy

Figure 2.2: The unattached mass

Application of Newton’s second law to the unattached mass illustrated in Figure 2.2 results
in
mq = u
Introducing the state variables,

r1:=¢q and To = (,

yields the following state space description:

i’l = I3
Ty = u/m
y =

2.1.3 Spring-mass-damper

Consider a system which can be modeled as a simple mechanical system consisting of a body
of mass m attached to a base via a linear spring of spring constant k£ and linear dashpot
with damping coefficient ¢. The base is subject to an acceleration v which we will regard
as the input to the system. As output y, we will consider the force transmitted to the mass
from the spring-damper combination. Letting ¢ be the deflection of the spring, the motion
of the system can be described by

m(§+u) = —c¢g — kg —myg

and y = —kq — cq where g is the gravitational acceleration constant. Introducing z; := ¢
and x5 := ¢ results in the following state space description:

jﬂ'l = X2
Ty = —(k/m)xy — (¢/m)xy—u—g
y = —kxy—cro.
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Figure 2.3: Spring-mass-damper with exciting base

SOOI S
Figure 2.4: A simple structure

2.1.4 A simple structure

Consider a structure consisting of two floors. The scalar variables ¢; and ¢y represent
the lateral displacement of the floors from their nominal positions. Application of Newton’s
second law to each floor results in

migi + (aa+c)g + (ki+k)ga — g — kage = w
MaGy — Coq1 — kaqu + @ + kg = wo

Here us is a control input resulting from a force applied to the second floor and u; is a
disturbance input resulting from a force applied to the first floor. We have not considered
any outputs here.



2.2 Nonlinear examples

2.2.1 A first nonlinear system

Recall the first example, and suppose now that the friction force on the cart is due to
Coulomb (or dry) friction with coefficient of friction x> 0. Then we have

Q‘T A
—> {3
m /!J

77777707777 7777 C (77

U

Figure 2.5: A first nonlinear system

mo = —pmgsgm (v) + u
where
-1 if v<0
sgm (v) = 0 if v=0
1 if v>0

and ¢ is the gravitational acceleration constant of the planet on which the block resides.
With x := v we obtain

r = —asgm(z)+bu

= T

and o := pg and b = 1/m.



2.2.2 Planar pendulum

Consider a planar rigid body which is constrained to rotate about a horizontal axis which
is perpendicular to the body. Here the input u is a torque applied to the pendulum and the
output is the angle # that the pendulum makes with a vertical line.

Figure 2.6: Simple pendulum

The motion of this system is governed by
JO 4+ Wising = u

where J > 0 is the moment of inertia of the body about its axis of rotation, W > 0 is the
weight of the body and [ is the distance between the mass center of the body and the axis
of rotation. Introducing state variables

=10 and Ty 1= 0

results in the following nonlinear state space description:

i‘l = I3
To = —asinz + byu
y = I

where a := WIl/J >0 and by = 1/J.

2.2.3 Attitude dynamics of a rigid body

The equations describing the rotational motion of a rigid body are given by Euler’s equations
of motion. If we choose the axes of a body-fixed reference frame along the principal axes of
inertia of the rigid body with origin at the center of mass, Euler’s equations of motion take
the simplified form

Ildjl = (IQ — [3)&)2&)3
IQC(.JQ = (]3 — ]1)w3w1
Igwg = ([1 — [2)&)1(.()2

9



Figure 2.7: Attitude dynamics of a rigid body

where wq,ws,ws denote the components of the body angular velocity vector with respect
to the body principal axes, and the positive scalars Iy, I, I3 are the principal moments of
inertia of the body with respect to its mass center.

2.2.4 Body in central force motion

Figure 2.8: Body in central force motion

Po— rw? 4+ g(r) =0
rw + 21w =0

For the simplest situation in orbit mechanics ( a “satellite” orbiting YFHB)
g(r)=p/r*  p=GM

where (G is the universal constant of gravitation and M is the mass of YFHB.

10



2.2.5 Double pendulum on cart

Consider the the double pendulum on a cart illustrated in Figure 2.9. The motion of this
system can be described by the cart displacement y and the two pendulum angles 6;, 6.
The input u is a force applied to the cart. Application of your favorite laws of mechanics
results in the following equations of motion:

AN\
<
v

Figure 2.9: Double pendulum on cart

(mo 4+ my + ma)i — myly cos 0y 6y — malycos b0, +  myly sin 6102 + malysin 0202 = u
—myly cos 0y § + mq126, + myligsin 0, =0
—Mmigly cos Oy § + mal30; + malag sin Oy = 0

11



2.2.6 Two-link robotic manipulator

(e}

Figure 2.10: A simplified model of a two link manipulator

The coordinates ¢; and ¢ denote the angular location of the first and second links relative
to the local vertical, respectively. The second link includes a payload located at its end. The
masses of the first and the second links are m; and ma, respectively. The moments of inertia
of the first and the second links about their centers of mass are I; and I, respectively. The
locations of the center of mass of links one and two are determined by lc; and lco, respectively;
[y is the length of link 1. The equations of motion for the two arms are described by:

mi1G1 + migcos(qi—q2)ia + cisin(gi—q)d3 + gisin(@)) = w
mo1 cos(q1—q2)1 + ma2do + cosin(qr—q2)dd + gosin(g) = uo
where
my = I + m1l0% + mzl% ) Mg = Mo = Malylcsy, Mg = 1o + m2lC§
g1 = —(maley +moly)g, g2 = —malcag
Ccl = m2l1l02, Cy = —m2l1l02

12



2.3 Discrete-time examples

All the examples considered so far are continuous-time examples. Now we consider discrete-
time examples; here the time variable k is an integer, that is, --- ,—2,—1,0,1,2,---. Some-
times, a discrete-time system results from the discretization of a continuous-time system (see
first example) and sometimes it arises naturally (see second example).

2.3.1 The discrete unattached mass

Here we consider a discretization of the unattached mass of Section 2.1.2 described by
mqg=1u.
Suppose that the input to this system is given by a zero order hold as follows:
u(t) = ug(k) for kKT <t< (k+1)T

where k is an integer, that is, k = ..., —-2,—-1,0,1,2... and T" > 0 is some specified time
interval; we call it the sampling time. Thus the input to the system is constant over each
sampling interval [KT, (k+1)T").
Suppose we sample the state of the system at integer multiples of the sampling time and
let
x1(k) = q(kT) xo(k) := ¢(kT)

for every integer k. Note that, for any k& and any ¢t with £7° <t < (k+1)T we have

i(t) = 4(kT) + / L) dr = ma(k) + /k S L) dt = mak) +

kT T m m
Hence,
To(k+1) = ¢((k+1)T) = 22(k) + %u(k)
and
()T ()T —_
a1 = a0 =g D)+ [ @ de=aa) [ (b + ) d

2

= x1(k) + Taq(k) + 2T—mu(k) :

Thus, the sampled system is described by the two first order linear difference equations:

vi(k+1) = x1(k) + Taa(k) + Zou(k)
zo(k+1) = x9(k) + Zu(k)

315

and the output equation:

y(k) = 1 (k)

This is a discrete-time state space description.

13



2.3.2 Additive increase multiplicative decrease (AIMD) algorithm
for resource allocation

Consider a resource such as a communications router which is serving n users and has a

R
e
s
o C
u
r
c
e

maximum capacity of c¢. Ideally, we would like the resource to be fully utilized at all times.
Each user determines how much capacity it will request without knowledge of the usage of
the other users. How does each user determine its use of the resource? One approach is
to use an additive increase multiplicative decrease (AIMD) algorithm. In this approach, each
user increases its use of the resource linearly with time (additive increase phase) until it is
notified that the resource has reached maximum capacity. It then (instantaneously) reduces
its usage to a fraction of its usage at notification (multiplicative decrease phase). It again
starts to increase its usage linearly with time.

To describe AIMD, let w;(t) > 0 represent the i-th users share of the resource capacity at
time t. Each user increases its share linearly with time until the resource reaches maximum
capacity ¢. When maximum capacity is reached, we refer to this as a congestion event.
Suppose we number the congestion events consecutively with index k = 1,2,--- and let t;
denote the time at which the k-th congestion event occurs. Then.

wy (tr) + waty) + - - +wp(ty) = ¢

Suppose that immediately after a congestion event, each user ¢ decreases its share of the
resource to [3; times its share at congestion where

0<p<1.

This is the multiplicative decrease phase of the algorithm. If ¢, represents a time immediately
after the k-th congestion event then,

w;(t) = Biwi(tr)

Following the multiplicative decrease of its share after a congestion event, each user 7 increases
its share linearly in time at a rate a; > 0 until congestion occurs again, that is,

w;(t) = Biwi(tr) + ot — tr)

for ty, <t < tgy. This is the additive increase phase of the algorithm.
Let T}, be the time between the k-th congestion event and congestion event k + 1. Then
Tk = tk—i—l — tk and
wi(tpn) = Biwi(tr) + Ty

14



Abusing notation and letting w;(k) = w;(tx), the AIMD algorithm is described by
wi(k+1) = Baw;(k) + a; Ty for i=1,---,n (2.1)
where the inter-congestion time T}, is determined by the congestion condition
wi(k4+1) + -+ wy(k+1) =c¢

Using this, (2.1) and
wi(k) 4+ +w,(k) =c¢

results in
(1=B ) wi(k) + -+ (1=B)wa(k) = (g + -+ + )Ty,

Solving the above equation for T} and substitution into (2.1) results in

wi(k+1) = Biw;(k) + (1= Br)wi (k) + -+ + 7i(1—Bn)wn (k) (2.2)
fori=1,--- ,n. where
TS T ey
Note that
mt-ot+tm=1. (2.3)

Not also that the above system is described by n first order difference equations.

15



2.4 General representation

2.4.1 Continuous-time

With the exception of the discrete-time examples, all of the preceding systems can be de-
scribed by a bunch of first order ordinary differential equations of the form

rr = Fl(xhx%'”axn?uhu%'"7um)
Ty = FQ(.ZCh.TQ,...,.Tn,Ul,UQ,...,Um>
Tn = Fu(z1,T0,. .., Tp, U, Uy oo Upy)

Such a description of a dynamical system is called a state space description; the real scalar
variables, z;(t) are called the state variables; the real scalar variables, u;(t) are called the
input variables and the real scalar variable ¢ is called the time variable. If the system has
outputs, they are described by

y1 = Hy(xy,. .. @n, Uy Uy)
Yo = Ho(wy,. . Tn, Uty oo Un)
Yp = Hy(z1,..., %5, ur, ..., Up)

where the real scalar variables, y;(t) are called the output variables
When a system has no inputs or the inputs are fixed at some constant values, the system
is described by

jrl - fl(xlax%”wxn)
i‘Q — fQ(x17x27"'7xn)
:tn = fn(xlax27"'axn)

Limitations of the above description. The above description cannot handle

Systems with delays.
Systems described by partial differential equations.

16



Higher order ODE descriptions

Single equation. (Recall the spring-mass-damper system.) Consider a dynamical system
described by a single n'"- order differential equation of the form

F<Q7q'7"'7q(n)7u) = 0

where ¢(t) is a real scalar and ¢™ := %

we proceed as follows.

. To obtain an equivalent state space description,

(a) First solve for the highest order derivative ¢ of ¢ as a function of ¢, ¢, ...,¢™™" and u
to obtain something like:

¢" = alq,q,...,q" ", u)
(b) Now introduce state variables,
X1 =
To =
T, = ¢
to obtain the following state space description:
Ty = Xy
Ty = I3
Tp1 = Tp
Tn = a(T1,T9, ..., Ty, u)

17



Multiple equations. (Recall the simple structure and the pendulum cart system.) Con-
sider a dynamical system described by N scalar differential equations in N scalar variables:

Fl(q17q.17"‘7qyl1)7 q27q.27"'7Q§n2)7"'7q1V7q.N7"'7qu\j}N)? u17u27"'7um) - O
Bl g () (n2) ' () _ 0
2(q17q17"'7QI y 42,42, - ., (4o y +oy AN AN, - -5 Q)N 7u17u27"'aum) -
F J (n1) . (n2) . (nn) = 0
N(QLQI;--',% 7q27QQ7"')QQ 7"'7QN7QNa"'7QN )u17u27"-aum) -

where ¢, q1(t), g2(t), . .., qn(t) are real scalars. Note that qgni) is the highest order derivative
of ¢; which appears in the above equations. To obtain an equivalent state space description,
we proceed as follows.

(a) Solve for the highest order derivatives, q§”1), q§"2), . q](\?N ) of g1, -+, qy which appear

in the differential equations to obtain something like:

n . ni— . no— . nn—l1
qg v = al(qlaqlv-"Q§11)7Q2aQ27-'-7Q§21)7~--aQN7qN7”-aQ§VN ),Ul,UQ,...,Um)
n . ni—1 . no—1 . ny—l1
q§2) = a2(q17Q17"'q§1 )7q27Q27"'7q§2 )7"'7QN7qN7"'7QJ(VN )7u17u27"'7um)
n . ni—1 . no—1 . ny—l1
QJ(VN) = aN(Qlana"'q§l )>Q2aQZ7--->(J£2 )7""qN7qN7"'aQJ(VN ),Ul,UQ,...,Um)

If one cannot uniquely solve for the above derivatives, then one cannot obtain a unique state
space description

(b) As state variables, consider each ¢; variable and its derivatives up to but not including
its highest order derivative. One way to do this is as follows. Let

T = - (1)
1= q1 T2 ‘= (1 c. Tn, ‘= qq
e o _(n2-1)
Tni+1 = 42, Tni+2 = 42 ce Tny+ny = 42
._ . T = (nn—1)
Tni+..4+nya+l = N Lni+..+nya+2 = 4N S n =4y

where

n:=ny+ne+...+nNN

18



to obtain

T = X2
jfg = X3
CC'TL1—1 - anl
Tpy, = a1(T1, Ty .0y Ty, UL, Uy« oy Upy)
xnﬁ—l == xn1+2
Tpyany, = Qo(T1,To, ... T, U, U, .. Upy,)
Tp = aN(zlax27"'7$n7 u17u27"'aum)
Example 1
G1+ ¢+ 2q1

0
—f+@+q+4p = 0
The highest order derivatives of ¢; and ¢» appearing in these equations are ¢; and ¢o, respec-
tively.
Solving for ¢; and ¢y, we obtain

. 1.

1 = —q1+ 591 + 2¢0
. 1,

@2 = —@ 50— 2qo .

Introducing state variables x1 := q1, z2 := ¢1, and z3 = ¢» we obtain the following state
space description:

1 = X9

) 1

To = —X —+ 51’2 + 2ZL’3
.’tg = —I1 — 55132 — 21’3

2.4.2 Discrete-time

Recall the AIMD algorithm of Section 2.3.2. The general discrete-time system is described
by a bunch of first order difference equations of the form:

ri(k+1) = Fi(z1(k),ze(k),...,zn(k), ur(k),us(k), ..., un(k))
zo(k+1) = Fy(z1(k),xe(k),. .., x0(k), ur(k),us(k), ..., un(k))

zo(k+1) = Fy(x1(k),z2(k),. .., z0(k), ur(k),ua(k),. .., un(k))



The real scalar variables, x;(k), i = 1,2,...,n are called the state variables; the real scalar
variables, u;(k), i = 1,2,...,m are called the input variables and the integer variable k is
called the time variable. If the system has outputs, they are described by

i = Hi(zy,. T, Ury e U)
Yo = Ho(xy,...,Tp, Uy ., Upy)
Yy = Hp(x1,..., 20, U1, Up)
where the real scalar variables, y;(k), i = 1,2,...,p are called the output variables

When a system has no inputs or the inputs are fixed at some constant values, the system
is described by

tnlk+1) = fulwr(k), 2a(k), . an(k))

Higher order difference equation descriptions

One converts higher order difference equation descriptions into state space descriptions in a
similar manner to that of converting higher order ODE descriptions into state space descrip-
tions; see Example 2.3.1.
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2.4.3 Exercises

Exercise 1 Consider a system described by a single n*"-order linear differential equation of
the form

¢™ + an_1g"™ Y + . arg + agg = 0

where ¢(t) € IR and ¢™ := %. By appropriate definition of state variables, obtain a first

order state space description of this system.

Exercise 2 By appropriate definition of state variables, obtain a first order state space
description of the following systems.

(i) The ‘simple structure’
(ii) The ‘body in central force motion’
(i)

Gi+q+2¢p=0

Gi+¢+q¢p=0

where q1, ¢o are real scalars.

Exercise 3 By appropriate definition of state variables, obtain a first order state space
description of the following systems where ¢; and ¢, are real scalars.

(i)

2(.]'1—|—('].2+Sinq1 = 0
G+ 2G2 +sings = 0

511+C}2+q:15:0
d1+cjz+q§’=0

Exercise 4 By appropriate definition of state variables, obtain a first order state space
description of the following systems where ¢, go are real scalars.

(1)

21 +3G2+q1—q2 = 0
G +24—¢@+qa =

21



do+241 + @2 —q1 =0
Got+aqi—q@+q =0

Exercise 5 By appropriate definition of state variables, obtain a first order state space
description of the following systems where ¢, ¢o are real scalars.

(i)

3G1 — G2 +2¢1 +4q2 = O
—G1+ 3G +2¢1 —4gs = 0

3G1 — G2 +4q2 — 41 =0
—G¢1 +3¢2 —4q2 +4¢1 =0

Exercise 6 Obtain a state-space description of the following single-input single-output sys-
tem with input v and output .

g1+ G2 +qu
Gi—Got+q = u
y = ¢

Exercise 7 Consider the second order difference equation
q(k+2) = q(k+1) + q(k)

Obtain the solution corresponding to

and £ =0,1,...,10. Obtain a state space description of this system.
Exercise 8 Obtain a state space representation of the following system:
q(k+n) + apaq(k+n—1)+ ...+ a1q(k+1) + apq(k) =0

where ¢(k) € R.

22



2.5 Vectors

When dealing with systems containing many variables, the introduction of vectors for system
description can considerably simplify system analysis and control design.

2.5.1 Vector spaces and IR"

A scalar is a real or a complex number. The symbols IR and C represent the set of real
and complex numbers, respectively. In this section, all the definitions and results are given
for real scalars. However, they also hold for complex scalars; to get the results for complex
scalars, simply replace ‘real’ with ‘complex’ and IR with C.

Consider any positive integer n. A real n-vector x is an ordered n-tuple of real numbers,

x1,%9, ..., T,. This is usually written as x = (1,29, -+ ,x,) or
x1 T
T2 T2
x = or xr =
Tn Tn
The real numbers 1, xs, ..., x, are called the scalar components of z and x; is called the

i-th component. The symbol IR" represents the set of ordered n-tuples of real numbers.

Addition

The addition of any two real n-vectors x and y yields another real n-vector x 4+ y which is
defined by:

1 Y1 1+ %
T2 Yo To + Y2
Tty = : + : = .
Zero element of IR™:

0
0
0:= )
0

Note that we are using the same symbol, 0, for a zero scalar and a zero vector.
The negative of a vector:

_xn
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Properties of addition

(a) (Commutative). For each pair x,y in R",
r+y=y+zx

(b) (Associative). For each z, y, z in R",

(r+y)+z=z+(y+2)
(c¢) There is an element 0 in IR™ such that for every = in IR",
r+0=u

(d) For each z in IR", there is an element —x in IR" such that

x4+ (—x)=0

Scalar multiplication.

The multiplication of an element = of IR™ by a real scalar « yields an element of IR" and is

defined by:

T QT

To (64 8))
ar = « =

Ty axy,

Properties of scalar multiplication
(a) For each scalar a and pair z,y in R"
alrz+y) =ar+ oy
(b) For each pair of scalars o, 8 and z in IR",
(a+ B)r = ax + px
(c) For each pair of scalars «, 3, and x in R",
a(fr) = (af)z

(d) For each z in IR",

lr =2
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Vector space

Consider any set V equipped with an addition operation and a scalar multiplication oper-
ation. Suppose the addition operation assigns to each pair of elements z,y in )V a unique
element = + y in V and it satisfies the above four properties of addition (with IR" replaced
by V). Suppose the scalar multiplication operation assigns to each scalar a and element x in
Y a unique element ax in V and it satisfies the above four properties of scalar multiplication
(with IR™ replaced by V). Then this set (along with its addition and scalar multiplication)
is called a vector space. Thus IR" equipped with its definitions of addition and scalar mul-
tiplication is a specific example of a vector space. We shall meet other examples of vectors
spaces later. An element x of a vector space is called a vector. A vector space with real
(complex) scalars is called a real (complex) vector space.

As a more abstract example of a vector space, let V be the set of continuous real-valued
functions which are defined on the interval [0, 00); thus, an element = of V is a function
which maps [0, 00) into IR, that is, x : [0, 00) — TR. Addition and scalar multiplication are
defined as follows. Suppose x and y are any two elements of }V and « is any scalar, then

(x+y)(t) = () +y(t)
(ax)(t) = ax(t)
Subtraction in a vector space is defined by:

r—y =+ (-y)

Hence in IR",

T hn 1 — Y
T2 Y2 T2 — Y2

2.5.2 IR? and pictures

An element of IR? can be represented in a plane by a point or a directed line segment.
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2.5.3 Derivatives

Suppose z(+) is a function of a real variable ¢ where z(t) is an n-vector

dZL"
Codt

2.5.4 MATLAB

Representation of real and complex vectors
Addition and substraction of vectors
Multiplication of a vector by a scalar

dx,

dt
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2.6 Vector representation of dynamical systems

Recall the general descriptions (continuous and discrete) of dynamical systems given in

Section 2.4. We define the state (vector) x as the vector with components, x1, 2, - , T,
that is,
T
T2
xr =
Tn

If the system has inputs, we define the input (vector) u as the vector with components,
U, U, *** , U, that is,

Uy
Uz

Upm

If the system has outputs, we define the output (vector) y as the vector with components,
Y1, Y2, ", Yp, that is,
Y1
Y2
y=1 .
Yp
We introduce the vector valued functions F' and H defined by

F1<$1,x2,...,$n, Uy, Ug, -~ - 7um)
Fy(xy,x0, .o Xy, ug, Uy -y Upy)
F(z,u) = :
Fo(xy, o, ..o Ty Up, Uy - oo Upy)
and
Hi(x1,To, ..o Ty U, Uy s Upy)
HZ(xlv'TZJ"‘axn? Up, Uy " - 7um)
H(z,u) = .
Hp(x17x27 sy Ty U, U2, oo 7um)
respectively.

Continuous-time systems. The general representation of a continuous-time dynamical
system can be compactly described by the following equations:

, - Z(é Z)) (2.4)
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where z(t) is an n-vector, u(t) is an m-vector, y(t) is a p-vector and the real variable ¢ is
the time variable. The first equation above is a first order vector differential equation and is
called the state equation. The second equation is called the output equation.

When a system has no inputs of the input vector vector is constant, it can be described
by

= f(x).

A system described by the above equations is called autonomous or time-invariant because
the right-hand sides of the equations do not depend explicitly on time ¢. For the first part
of the course, we will only concern ourselves with these systems.

However, one can have a system containing time-varying parameters. In this case the
system might be described by

T = F(t,z,u)
y = H(t,z,u)

that is, the right-hand sides of the differential equation and/or the output equation depend
explicitly on time. Such a system is called non-autonomous or time-varying. We will look at
them later.

Other systems described by higher order differential equations Consider a system
described by

ANy(N) + AN_1y(N_1) +--+ Aoy = BMU(M) + BM_lu(M_l) + -+ BOU

where y(t) is a p-vector, u(t) is an m-vector, N > M, and the matrix Ay is invertible. When
M = 0, we can obtain a state space description with

)
y(N_l)

When M > 1, we will see later how to put such a system into the standard state space form
(2.4).

Discrete-time systems. The general representation of a continuous-time dynamical sys-
tem can be compactly described by the following equations:

z(k+1) = F(z(k),u(k))

y(k) = Hz(k),u(k)) (2:5)

where x(k) is an n-vector, u(k) is an m-vector, y(k) is a p-vector and the integer variable k
is the time variable. The first equation above is a first order vector difference equation and
is called the state equation. The second equation is called the output equation. A system
described by the above equations is called autonomous or time-invariant because the right-
hand sides of the equations do not depend explicitly on time k.
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However, one can have a system containing time-varying parameters. In this case the
system might be described by

w(k+1) = F(k,a(k),u(k))
y(k) = H(k,z(k),u(k))

that is, the right-hand sides of the differential equation and/or the output equation depend
explicitly on time. Such a system is called non-autonomous or time-varying.
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2.7 Solutions and equilibrium states : continuous-time

2.7.1 Equilibrium states

Consider a system described by

i = f(x) (2.6)
A solution or motion of this system is any continuous function z(-) satisfying @(t) = f(z(t))
for all t.

An equilibrium solution is the simplest type of solution; it is constant for all time, that is,

it satisfies

x(t) = z°
for some fixed state vector z¢. The state ¢ is called an equilibrium state. Since an equilibrium
solution must satisfy the above differential equation, all equilibrium states must satisfy the
equilibrium condition:

flz) =0
or, in scalar terms,
fl(x'iamga 7xfl) =0
f2($§7$§> J‘rfm) =0
folz$, x5, ...,28) = 0

Conversely, if a state x® satisfies the above equilibrium condition, then there is a solution
satisfying z(t) = 2¢; hence z¢ is an equilibrium state.

Example 2 Spring mass damper. With u = 0 this system is described by
1 = X9
Ty = —(k/m)xy — (¢/m)xa—g.
Hence equilibrium states are given by:
x5 = 0
—(k/m)af — (¢/m)as —g = 0

Hence
°=0=( —mg/k//0 )
This system has a single equilibrium state.

Example 3 The unattached mass. With u = 0 this system is described by

i1:$2

Ty = 0.

([
(1)

where x{ is arbitrary. This system has an infinite number of equilibrium states.

Hence
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Example 4 Pendulum. With u = 0, this system is described by

T1 = o

Ty = —asinr;.
The equilibrium condition yields:

x5 =10 and sin(z7) = 0.
Hence, all equilibrium states are of the form
o ( mm >
0

where m is an arbitrary integer. Physically, there are only two distinct equilibrium states

(8) (D)

Higher order ODEs

F(g,4,...,4™) =0
An equilibrium solution is the simplest type of solution; it is constant for all time, that is, it
satisfies

q(t) = ¢°
for some fixed scalar ¢°. Clearly, ¢¢ must satisfy
F(¢%,0,...,0)=0 (2.7)

For the state space description of this system introduced earlier, all equilibrium states
are given by

q
. 0
¢ = .
0
where ¢° solves (2.7).
Multiple higher order ODEs
Equilibrium solutions
wt)=q¢, i=12,...,N
Hence
Fi(¢5,0,...,450,...,...,¢%,---,0) = 0
F5(q%,0,..., ¢5,0, ... ..., q%,---,0 =0
>(qf 2 N ) (2.8)
Fn(gf,0,...,4¢50,...,...,¢%,...,0) = 0



For the state space description of this system introduced earlier, all equilibrium states

are given by
e

qi
0

e

ds
0

where ¢f, 45, ..., q5% solve (2.8).

Example 5 Central force motion in inverse square gravitational field

Poo— 1w 4+ op/rt =0
rw + 21w =0
Equilibrium solutions
r(t) =r°, w(t) = w®
Hence,
rrw =0

This yields
W+ ) =0
0 =0

Thus there are infinite number of equilibrium solutions given by:

w =F/p/(re)?
where 7€ is arbitrary. Note that, for this state space description, an equilibrium state corre-

sponds to a circular orbit.

2.7.2 Exercises

Exercise 9 Find all equilibrium states of the following systems
(i) The first nonlinear system.
(ii) The attitude dynamics system.

(iii) The two link manipulator.

32



2.7.3 Controlled equilibrium states
Consider now a system with inputs described by
T = F(x,u) (2.9)

Suppose the input is constant and equal to u¢, that is, u(t) = u®. Then the resulting system
is described by
i(t) = F(x(t), u)

The equilibrium states z¢ of this system are given by F(z¢ u®) = 0. This leads to the
following definition.

A state z¢ is a controlled equilibrium state of the system, @ = F(z,u), if there is a constant
mput u® such that

F(zf,u®) =0
Example 6 (Controlled pendulum)
j:l = T2
Ty = —sin(x1) +u

Any state of the form

([
(%)

is a controlled equilibrium state. The corresponding constant input is u® = sin(x{).

2.8 Solutions and equilibrium states: discrete-time

2.8.1 Equilibrium states
Consider a discrete-time system described by
x(k+1) = f(z(k)). (2.10)
A solution of (2.10) is a sequence
(z(0), (1), z(2), ...)
which satisfies (2.5).
Example 7 Simple scalar nonlinear system
z(k+1) = 2(k)?

Sample solutions are:

(0,0,0,...)
(-1,1,1,...)
(2,4,16,...)



Equilibrium solutions and states

z(k) = ¢
fa©) = a°
In scalar terms,
fﬂl‘i,x%,. 7fo) = l’i
fQ(l’i,lEg,- 71:;31) - %S
falaf @y, ay) = ap,

Example 8 Simple scalar nonlinear system
r(k+1) = 2(k)?

All equilibrium states are given by:

Solving yields

e e __ e
x] + T'xg xy
e __ e

Ly = Iy

where x{ is arbitrary.

Example 10 (AIMD algoritm) Recalling (2.2) we see that an equilibrium share vector
w must satisfy

w; = fiw; + yi(1=Lr)wr + - + 31— Fn)wn for i=1,---,n. (2.11)
Letting (1-4)
i = e
Vi

above equations simplify to
i =71 + -+ Yalln for 1=1,---,n.
Thus every solution must satisfy

n =K for 1=1,---,n.



for some K. Since v, + - -+ + 7, = 1, it should be K can be any real number

K
w; =
1-05;

Considering wy + - - - + w,, = ¢, the constant K is uniquely given by

C

o ... Yn_°
1_51 + + l_ﬁn

K =

2.8.2 Controlled equilibrium states

Consider now a system with inputs described by

z(k+1) = F(z(k),u(k))

. Hence

(2.12)

Suppose the input is constant and equal to u¢, that is, u(k) = u®. Then the resulting system

is described by
z(k+1) = F(z(k),u°)

The equilibrium states x¢ of this system are given by x¢ = F(z¢ u°). This leads to the

following definition.

A state x¢ is a controlled equilibrium state of the system, z(k+1) = F(x(k),u(k)), if there

18 a constant input u® such that

F(2¢, u®) = a°
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2.9 Numerical simulation

2.9.1 MATLAB

>> help ode23

ODE23 Solve differential equations, low order method.
ODE23 integrates a system of ordinary differential equations using
2nd and 3rd order Runge-Kutta formulas.
[T,Y] = ODE23(’yprime’, TO, Tfinal, YO) integrates the system of
ordinary differential equations described by the M-file YPRIME.M,
over the interval TO to Tfinal, with initial conditions YO.
[T, Y] = ODE23(F, TO, Tfinal, YO, TOL, 1) uses tolerance TOL
and displays status while the integration proceeds.

INPUT:
F - String containing name of user-supplied problem description.
Call: yprime = fun(t,y) where F = ’fun’.
t - Time (scalar).
y - Solution column-vector.
yprime - Returned derivative column-vector; yprime(i) = dy(i)/dt.
t0 - Initial value of t.
tfinal- Final value of t.
yO - Initial value column-vector.
tol - The desired accuracy. (Default: tol = 1.e-3).
trace - If nonzero, each step is printed. (Default: trace = 0).
OUTPUT:
T - Returned integration time points (column-vector).
Y - Returned solution, one solution column-vector per tout-value.

The result can be displayed by: plot(tout, yout).

See also 0DE45, ODEDEMO.
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>> help ode45

ODE45 Solve differential equations, higher order method.
ODE45 integrates a system of ordinary differential equations using
4th and 5th order Runge-Kutta formulas.
[T,Y] = ODE45(’yprime’, TO, Tfinal, YO) integrates the system of
ordinary differential equations described by the M-file YPRIME.M,
over the interval TO to Tfinal, with initial conditions YO.
[T, Y] = ODE45(F, TO, Tfinal, YO, TOL, 1) uses tolerance TOL
and displays status while the integration proceeds.

INPUT:
F - String containing name of user-supplied problem description.
Call: yprime = fun(t,y) where F = ’fun’.
t - Time (scalar).
y - Solution column-vector.
yprime - Returned derivative column-vector; yprime(i) = dy(i)/dt.
t0 - Initial value of t.
tfinal- Final value of t.
yO - Initial value column-vector.
tol - The desired accuracy. (Default: tol = 1.e-6).

trace - If nonzero, each step is printed. (Default: trace = 0).

OUTPUT:
T - Returned integration time points (column-vector).
Y - Returned solution, one solution column-vector per tout-value.

The result can be displayed by: plot(tout, yout).
See also 0ODE23, ODEDEMO.

2.9.2 Simulink

Simulink is part of Matlab. In Simulink, one describes a system graphically. If one has a
Simulink model of a system there are several useful Matlab operations which can be applied
to the system, for example, one may readily find the equilibrium state of the system.
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2.10 Exercises

Exercise 10 Obtain a state-space description of the following system.
Gi+¢@+qa = 0
G—G2+qg =0

Exercise 11 Recall the ‘two link manipulator’ example in the notes.

(i) By appropriate definition of state variables, obtain a first order state space description
of this system.

(ii) Find all equilibrium states.

(iii) Numerically simulate this system using MATLAB. Use the following data and initial

conditions:
my | I | ley L may | Iy | leg I, Mpayload
kg |m | m | kgm® | kg | m | m | kg.m? kg
(10]1]o05]10/12] 5 [1[05]5/12 ] 0 |
s
Q1(0):§§ ¢:1(0) =0
s
QQ(O)_Z; G2(0) =0

Exercise 12 Recall the two pendulum cart example in the notes.

(a) Obtain all equilibrium configurations corresponding to u = 0.

(b) Consider the following parameter sets

’ H mo my mg Ll g ‘
P1] 2 1 1 1 1 1
P2 2 1 1 1 099 1
P3| 2 1 05 1 1 1
P4 2 1 1 1 05 1

and initial conditions,
Y 0 0 vy 01 0y

IC1 | 0 —10° 10° 0 O O

IC2 | 0 10° 10° 0 O O

IC3 | 0 -90° 90° 0 O O

IC4 {0 —-90.01° 90° 0 0 O

IC5 | 0 100° 100° 0 O O

IC6 || O 100.01° 100° O O O

IC7 | 0 179.99° 0c 0 0 O
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Simulate the system using the following combinations:

Pl IC1,102,1C03,1C4,1C5,1C6,1CT
P2 IC1,102,1C3,1C5.1C7

P3 IC1,102,1C5,1C7

P4 : IC1,102,103,1C4,1C5,1C6,1CT
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Chapter 3

Linear time-invariant (LTTI) systems

To discuss linear systems, we need matrices. In this section we briefly review some properties
of matrices. All the definitions and results of this section are stated for real scalars and
matrices. However, they also hold for complex scalars and matrices; to obtain the results for
the complex case, simply replace ‘real’ with ‘complex’ and IR with C.

3.1 Matrices

An m x n matrix A is an array of scalars consisting of m rows and n columns.

a1 a19 N AT
921 929 ... Qop
A= ] ] ] M TOWS
Am1 Am2 ... Qmp
N ~~ 7
n columns

The scalars a;; are called the elements of A. If the scalars are real numbers, A is called a
real matrix. The set of real m x n matrices is denoted by IR™*"
Recall that we can do the following things with matrices.

Matrix addition: A+ B
Multiplication of a matrix by a scalar: aA
Zero matrices: 0

Negative of the matrix A: —A

One can readily show that IR™*™ with the usual definitions of addition and scalar mul-
tiplication is a wvector space.

Matrix multiplication: AB
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Some properties:

(AB)C
In general AB

A(B +C)
(B+C)A

Identity matrix in IR™*™:

= A(BC) (associative)
# BA (non-commutative)
= AB+ AC
+ BA+CA
= aAB
= aAB
0 ... 0
1
: =diag (1,1,...,1)
0 1
Al =TA=A

Inverse of a square (n = m) matrix A: A™!

Some properties:

Transpose of A: AT
Some properties:

AATT =ATTA=1T

(A+B)" = AT+ BT

Determinant of a square matrix A :

() = aA”

(AB)Y = BTAT

Associated with any square matrix A is a scalar called

the determinant of A and is denoted by det A.
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Some properties:

det(AB) = det(A)det(B)
det(AT) = det(A)

Note that, in general,

det(A+ B) # det(A) + det(B)
det(aA) # adet(A)

The following fact provides a very useful property of determinants.
Fact: A square matrixz is invertible iff its determinant is non-zero.
Exercise 13 Compute the determinant and inverse of the following matrix.

( cosf sind )
—sinf cosf
Exercise 14 Prove that if A is invertible then,

1

det(47) = S @

MATLAB

Representation of real and complex matrices
Addition and multiplication of matrices
Multiplication of a matrix by a scalar
Matriz powers

Transpose of a matrizc

Inverse of a matrix

>> help zeros

ZEROS All zeros.
ZEROS(N) is an N-by-N matrix of zeros.
ZEROS(M,N) or ZEROS([M,N]) is an M-by-N matrix of zeros.
ZEROS(SIZE(A)) is the same size as A and all zeros.

>> help eye
EYE Identity matrix.
EYE(N) is the N-by-N identity matrix.

EYE(M,N) or EYE([M,N]) is an M-by-N matrix with 1’s on
the diagonal and zeros elsewhere.
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EYE(SIZE(A)) is the same size as A.
>> help det

DET Determinant.
DET(X) is the determinant of the square matrix X.

>> help inv

INV Matrix inverse.
INV(X) is the inverse of the square matrix X.
A warning message is printed if X is badly scaled or
nearly singular.

Exercise 15 Determine which of the following matrices are invertible. Obtain the inverses
of those which are. Check your answers using MATLAB.

@ (o1) ® (11) © (00) @ (1)

Exercise 16 Determine which of the following matrices are invertible. Using MATLAB,
check your answers and determine the inverse of those that are invertible.

110 101 010
) [0 01 (b) 10 1 (c) 101
100 10 1 010

Powers and polynomials of a matrix

Suppose A is a square matrix. We can define powers of a matrix as follows:

A = T

Al = A

A2 = AA
ARt : AAF

We can also define polynomials of a matrix as follows. If
p(s) = agp + a1s + ags® + ... + aps™

where ay, ..., a,, are scalars, then,

p(A) = agl + a1 A+ axA* + ...+ a, A™
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Exercise 17 Compute p(A) for the following polynomial-matrix pairs. Check your answers
using MATLAB.

(a)
111
p(s) =s* - 35 + 35— 1 A=10 11
0 01
(b)
1 11
p(s) = s* — 3s A=11 11
1 11
(c)
1 10
p(s)=s*+s+s+1 A= 111
011
(d)
010
p(s) = s> — 2s A= 101
010
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3.2 Linear time-invariant systems

3.2.1 Continuous-time

A continuous-time, linear time-invariant (LTI) input-output system can be described by

t = Ax+ Bu
y = Cx+ Du

where the n-vector z(t) is the state vector at time ¢, the m-vector u(t) is the input vector at
time ¢, and the p-vector y(t) is the output vector at time ¢. The n X n matrix A is sometimes
called the system matrix. The matrices B, ', and D have dimensions n X m, p X n, and
p X m, respectively. In scalar terms, this system is described by:

S'L’l = apxy+...+a,x, + b11U1 + ...+ blmum

Tn = Q%1+ ...+ GunTn + 0w + ... + byt
and

Y1 = C11 + ...+ Ciny + d11U1 + ...+ dlmum

Yp = Cpi®i+ ...+ CpnTp +dpits + ...+ dpm U, -

A system with no inputs is described by
T = Ax. (3.1)
Example 11 The unattached mass

A:(8 (1]) B:(l/om>, C=(10), D=0.

Example 12 Spring-mass-damper

A:(_ko/m _Cl/m), B:(_?), C=(-k —), D=0.

Other systems. It should be mentioned that the results of this section and most of these
notes only apply to finite-dimensional systems, that is, systems whose state space is finite-
dimensional. As an example of a system not included here, consider a system with a time
delay 7" described by

q(t) = Aoq(t) + Arq(t—T) + Bu(T)
y(t) = Cq(t) + Du(t)

As another example, consider any system described by a partial differtial equation, for

example
0%q 0*q
— 4+ k*—==0.
gz K g =0
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3.2.2 Discrete-time

A discrete-time linear time-invariant (LTI) input-output system can be described by

z(k+1) = Az(k)+ Bu(k)
y(k) = Cuz(k)+ Du(k)

where the n-vector x(k) is the state vector at time k, the m-vector u(k) is the input vector
at time k, and the p-vector y(k) is the output vector at time k. The n X n matrix A is
sometimes called the system matrix. The matrices B, C', and D have dimensions n X m,
p X n, and p X m, respectively.

In scalar terms:

I‘l(k—i‘l) = auxl(l{:) 4+ ...+ alnacn(k:) + bnul(k) 4+ ...+ blmum(k)

ro(k+1) = amzi(k) + ...+ apnxn(k) + bpaug (k) + . .o 4 bum i (k)
and

Y1 = cuTi+ ...+ ey, Hdnu + .+ diguy

Yp = Cp1®1+ ...+ CpnTp Fdpur + .. dpp i,

A system with no inputs is described by
z(k+1) = Ax(k). (3.2)

Example 13 The discrete unattached mass

A_(é{), B_(T;ﬁlm), c=(10), D=o0.

Example 14 AIMD This is a system with no inputs and

Br+7(1— ) (1= B2) (1= Bn)
= Yo(1—= ) Ba+ Y2(1—F2) --- Yo(1—= Bn)
W1=B) = B) o Bt (- B

47



3.3 Linearization about an equilibrium solution

In this section we present systematic procedures for approximating a nonlinear system by a
linear system. These procedures rely heavily on derivatives.

3.3.1 Derivative as a matrix

Consider an m-vector-valued function f of an n-vector variable x. Suppose that each of the

partial derivatives, ng(x*) exist and are continuous about some x*.
J

The derivative of f (Jacobian of f) at z* is the following m x n matrix:

g—ﬁ(x*) g—g(x*) %(w*)
o7 g—ﬁ(x*) g—g(x*) %(w*)
Di) = o) =
B (yr) Ba(ar) . Ym(ar)
So,
_ 0f;

Df(a%)y = 5 ~(a7),

that is, the ij-th element of Df is the partial derivative of f; with respect to x;. Sometimes
of

Dy is written as 3.

Example 15 If

T1T9
flx)=| cos(z1)
e*?
then
T I
Df(x)= [ —sin(z;) 0
0 e*?

Some properties:

D(f+g) = Df+ Dg

D(af) = aDf (cv is a constant scalar)
(Constant function:) flx) = ¢ Df(zx) = 0
(Linear function:) flz) = Ax Df(zx) = A

All linearization is based on the following fundamental property of the derivative. If z*
and z are any two vectors and z is ‘close’ to z*, then

fo) ~ f) + L @) )
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This says that, near z*, the function can be approximated by a linear function plus a constant
term.

3.3.2 Linearization of continuous-time systems

Consider a continuous-time system described by

and suppose x°¢ is an equilibrium state corresponding to a constant input u®; hence,

F(z%u®) =0.

Let y© be the corresponding constant output, that is,

Sometimes we call the triple (z¢ u® y°) a trim condition of the system. Introducing the
perturbed state dx, the perturbed input du and the perturbed output dy defined by

or :=x — x°, ou == u — u, or = u — uc,

the system can also be described by

0t = F(2°4dx,u’+ou)

oy = H(z°4dz,u+ou) — H (2% u)
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Define now the following derivative matrices:

g—ill(*) g_fé(*) . %(*)
oF o SR SR ... 22w
%(a:,u) . (8:15](*)) - : : .

Bhu(s) Oha(x) ... Gha(x)

g—i(*) g—i(*) . gu%(*)
oF OF () SR ... FE(x)
e = (o) = | |

g%(*) g%(*) . 31%(*)

%—fll(*) 88—1;[21(*) . gTH;(*)
. oH %—I;f(*) %—ZI;(*) e gTHj(*)
Tp ) = (axj<*>> - | | |

Uo(x) Yr(x) ... Yr(y)

%—fll(*) %—521(*) . gl%(*)
- . %—512(*) %—Iﬁ(*) e g%i(*)
B0 ) = (auj<*>> - | | |

Wo(r) o) ... Zh(x)

where x = (z¢ u®). When z is ‘close’ to z¢ and wu is ‘close’ to u®, that is, when dx and du are
‘small’,

e e ~ e e 6F e e aF e e
F(z°4dz, u®+du) ~ F(z%u )—l—%(a: ,uf)ox + %(m , uf)ou

oF , . . oF , . .
= %(x,u)éxjta(x,u)du
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and

e e e e aH e e aH e e
H(z+6x, u®+du) ~ H(z° u®) + o (2%, u®)ox + 7 (%, u®)du

Hence

oF, . . oF , . .
%(a:,u)éaﬂ— (2, u)ou

ou
oH , . . oH , . .
oy =~ a—x(x,u)éa:jL%(x,u)éu

Q

oz

This leads to the following definition:

The linearization of system (3.3) about (z¢, u®):

0x = Adx+ Bdu

5y = Céx+ Déu (3-4)
where
aF [+ [ _aF e e _aH (4 [ _aH e [
A—%(x,u), B—au(x,u), C—ax(x,u), D—au(m,u)

Example 16 (Simple pendulum.) The linearization of this system about any (z¢ u®) is
given by (3.4) with

A:(_CO(;(@ (1)) B:(?) C=(10) D=0

For eqm. state
we obtain
For eqm. state

we obtain



3.3.3 Implicit linearization

This is the way to go when starting from a higher order ODE description.
It is usually easter to first linearize and then obtain a state space description than vice-versa.

For a single equation,
F(g.q,....q"™, u)=0

linearization about an equilibrium solution ¢(t) = ¢° corresponding to constant input u(t) =
u® is defined by:

oF

oF oF . oF
_I_ R
ou

- il = (n)
97 (x)dq 2 ()¢ + ... + aq(n)(*)&]

(x)ou = 0
where (%) = (¢%,0,0,...,0), 0¢g = ¢ — ¢° and du = u — u°.
For multiple equations, see next example.

Example 17 Orbit mechanics

P —rw? +p/rt = 0
rw+2rv = 0

Linearization about equilibrium solutions corresponding to constant values ¢, w® of r and
w, respectively, results in:

or — (we)2(57" — (2r°w®)dw — (2,u/(re)3)5r =
WeOr + réw + +2wor + 21w =

Using the relationship

we obtain

67 — 3(w)%or — (2r‘w)ow = 0
reow + 2wr = 0

Introducing state variables:
x1 = or, To 1= OT T3 := 0w

we obtain a LTI system with system matrix

0 1 0
A= 3(w°)? 0 2rew*
0 —2we/r® 0
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Example: vehicle lateral dynamics

Consider a vehicle moving in a horizonal plane. We can describe the motion of this vehicle
with the velocity © of its center of gravity (CG) and its yaw rate z/z The velocity of the mass
center can be described by its magnitude v (the speed of the CG) and the vehicle sideslip
angle 3 which is the angle between v and the vehicle. We will use these three variables to
describe the state of the vehicle. As inputs we consider the steering angle § of the front
wheels and the braking and acceleration forces Fy, and F,, on the front and rear wheels of
the vehicle.
Application of Newton’s second law to the vehicle mass center results in

miv = F,cosf+ Foysinf + Fr,cos(8—0) + Frysin(5—9) (3.5a)
mo(B+1) = —F.sinf+ Fycosf — Fpasin(3—0) + F,, cos(3—9) (3.5b)

where Fy,, I, are the longitudinal forces on the front and rear wheels due to braking and
acceleration; FYy,, F,, are the lateral forces on the front and rear wheels. Considerations of
angular momentum yield

J.b = a(Fy, cosd + Fi,sind) — bE,, (3.6)

where J, is the moment of inertia of the vehicle about the vertical line through its CG, and
a, b are the distances between the mass center and the front and rear of the vehicle.

The lateral force F,, depends on the rear sideslip angle «, which is the angle between
the rear tires and the velocity of the rear of the vehicle. The lateral force F', depends on
the front sideslip angle oy which is the angle between the front tires and the velocity of the
front of the vehicle. Kinematical considerations yield the following relationships:

by)

tanc, = tanf — e (3.7a)
tan(ay +0) = tanf + ay (3.7b)
et - vecos 3 ‘

Assuming the lateral forces are zero for zero sideslip angles, and considering F,, = Fy, =
0 = 0, the vehicle has an equilibrium with 8 = ¥ = o, = oy = 0 and v an arbitrary constant.
Linearization of the nonlinear equations about these equilibrium conditions results in

o = a
mv(ﬁ + 1/}) = —Ugray — Carar
Jzzﬂ = —aCyray + bCy, 0,
by
o, = - —
U.
a

e ——5
Ozf ﬂ‘i‘ v
where a = (F,, + Fy,)/m and

—dFyf and Cor = ——dFyT

Cor = —
! dovy dao,

23



are the front and rear “axle stiffnesses”.

Notice that the dynamics of v can be decoupled from that of (3, w) With z = (8, w)

and u = 9, the lateral vehicle dynamics can be described by & = Ax + Bu where

_(C'af+Ca,.) bC’a,-—aCaf _ 1 %
mv mu? muv
A - s B =
me—aCaf a2Caf+b20ar CLCaf
J - Jov J.

o4

(3.8)



3.3.4 Linearization of discrete-time systems

Consider a discrete-time system described by

z(k+1) = F(z(k),u(
y(k) = H(x(k),u(

F(z%u®) = =z°

H(z%u®) = y°

The linearization of system (3.9) about (z¢ u®):

dx(k+1) = Adx(k)+ Bou(k)
dy(k) = Cox(k)+ Dou(k)

where

oF , . . _oF, . _0H, ,
A—%(x,u), B_a_u<x7u)7 C——(J?,U),

Example 18 Simple scalar nonlinear system
v(k+1) = 2(k)?

We have ¢ = 0,1. For ¢ = 0:
dx(k+1)=0

For z¢ = 1:

Sr(k+1) = 20x(k)

95
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Exercises

Exercise 18 Consider the two-degree-of-freedom spring-mass-damper system described by

mgr + C(g1 — ¢2) + K(q1 — q2) + ¢ + kg = 0
mgs +C(G2 — q1) + K(q@2 — q1) + cGa + kg = 0
Obtain an A-matrix for a state space description of this system.

Exercise 19 Linearize each of the following systems about the zero equilibrium state.

x'l = (1 + .T%)LEQ
Zl"JQ = —ZU:;)

(ii)
7 = sinzy
Ty = (cosxy)rs
jfg = 6“332

Exercise 20

(a) Obtain all equilibrium states of the following system:

Z"l = 21‘2(1—1’1)—1’1

i‘z = 31’1(1 - l‘g) — T2
(b) Linearize the above system about the zero equilibrium state.

Exercise 21 For each of the following systems, linearize about each equilibrium solution
and obtain the system A-matrix for a state space representation of these linearized systems.

(a)

i+ ("= 1i+q=0.
where ¢(t) is a scalar.

(b)

G+q+q—q’=0

where ¢(t) is a scalar.

(©)

(M 4+ m)G +mlfcos® —ml6?sin + kq
milgcosO +mi? 0 +mgl sind = 0

where ¢(t) and 6(t) are scalars.

<d) . . .
G+ 0.5q|dl+qg=0.

where ¢(t) is a scalar.
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Exercise 22

(a) Obtain all equilibrium solutions of the following system:

(cosqi)ih + (singi)ga + (singa)d? + sings =0
—(sing1)d1 + (cosqi)da + (cosga)gs +singr =0

(b) Linearize the above system about its zero solution.

Exercise 23 (Simple pendulum in drag)

Figure 3.1: Pendulum in drag
Recall the simple pendulum in drag whose motion is described by
mlf + kV (10 — wsin ) + mgsinf = 0

where

V= \/1292 + w? — 2lwsin(6)6 with k=" 5 b
and

g is the gravitational acceleration constant of the earth,

S is the reference area associated with the ball,

Cp is the drag coefficient of the ball,

p is the air density.
(a) Obtain the equilibrium values 6° of 6.

(b) Linearize the system about 6°.

(c) Obtain an expression for the A matrix for a state space representation of the linearized

system.

(d) Compare the behavior of the nonlinear system with that of the linearized system for the

following parameters.

[=01m m=10grams g¢=9.81 m/s?
Cp=02 S=.01m? p = 0.3809 kg/m3
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Consider the following cases:

0¢ | w (m/s)

0 0

0 )

0 15

0 20
180° 20

Mlustrate your results with time histories of §6 in degrees. Comment on your results.
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Chapter 4

Transfer functions

4.1 +— |Transfer functions| «——

4.1.1 The Laplace transform

A state space description of an input-output system can be regarded as a time-domain
description. For linear time-invariant systems, transfer functions provide another way of
describing input-output systems; this description is sometimes called a frequency domain

description.

To discuss transfer functions of continuous-time systems, we need the Laplace transform.
Suppose f is a function of time t. Then the Laplace transform of f, which we denote by f or

L(f), is a function of a complex variable s and is defined by
fs) = (h)s) = [ e piwyan
0

Note that f(¢) could be a scalar, a vector or a matrix.
We will need the following very useful relationship:

L(f)(s) = s/(s) = f(0)

The following example illustrates the use of the above relationship.

Example 19 Consider f(t) = e™ where a is any scalar. Since f satisfies

and f(0) = 0, we obtain that

Hence, as expected, f(s) = 1/(s — a).

29
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4.1.2 Transfer functions

Consider now the LTI system

along with the initial condition
z(0) = 20 .

Taking the Laplace transform of the state equation results in
st(s) — xg = Az(s) + Bu(s)

which can be rewritten as
(sI — A)z(s) = xo + Bu(s)

where = and 4 are the Laplace transforms of x and u, respectively, Whenever the matrix
sl — A is invertible, the above equation may be uniquely solved for z yielding

2(s) = (sl — A)rwo + (sI — A" Ba(s) .
Taking the Laplace transform of the above output equation yields

y(s) = Cz(s) + Du(s)

where g is the Laplace transform of y. Using the expression for £ now results in
g(s) = C(sI — A) 'y +  G(s)a(s)
(

where the transfer function (matrix) G(s) is defined by

G(s)=C(sI — A)'B+ D

Zero initial conditions response. Suppose that x(0) = 0. Then, the relationship be-
tween the Laplace transform of the input @ and the Laplace transform of the output ¢ is
given by the simple relationship

=Gu

<<

Sometimes this is represented by

B

Y — — U
For a SISO system, we obtain that, for @ # 0,
a¢=1%
U

Thus, for a SISO system, the transfer function is the ratio of the Laplace transform of
the output to the Laplace transform of the input all initial conditions are zero.
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Example 20

Here

Example 21 Unattached mass

1 = X2
I"Q = u
y =
Here
01 0
A:(OO) B_(1> C=(10) D=0
Hence

Exercise 24 Show that the transfer function of

il = X2
Ty = —QpT1 — Q1To+ U
y =  fori+ [ixo
is given by
- s+
G(S) _ ﬁl ﬁo

s2 4+ a5 + ap

Exercise 25 Show that the transfer function of

I = —ry +  Pou
Ty = 11 —aqre + [u
Yy = L2
is given by
A s+

s2 4+ a5 + ap
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MATLAB
>> help ss2tf

SS2TF State-space to transfer function conversion.
[NUM,DEN] = SS2TF(A,B,C,D,iu) calculates the transfer function:

NUM(s) -1
H(g) = ———————- = C(sI-A) B+ D

of the system:

x = Ax + Bu
y = Cx + Du

from the iu’th input. Vector DEN contains the coefficients of the
denominator in descending powers of s. The numerator coefficients
are returned in matrix NUM with as many rows as there are

outputs y.

Example 22 MIMO (Multi-input multi-output) B&B Consider the system illustrated in
Figure 4.1 which has two inputs and two outputs. Its motion can be described by

Figure 4.1: B&B

mg = kle—q) + w
mgy = —k(g—q) + us
Y = ¢
Y2 = @2

With z; = q1, 72 = @2, 23 = ¢1, T4 = (2, We have

0 0 10 0 0
0 0 01 0 0
A —k/m k/m 0 0 B = I/m 0
k/m —k/m 0 0 0 1/m
1 0 0 0
¢ = (0 10 0> D=0
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Hence

G(s) = C(sI-A)'B+D

ms?+k k
ms2(ms24+2k)  ms2(ms?+2k)

k ms?+k
ms2(ms24+2k)  ms2(ms?+2k)

Note that the above calculation requires one to invert the 4 x 4 matrix s/ — A

e We can also compute G(s) as follows. Taking the Laplace transform of the original second
order differential equations with zero initial conditions, we get

ms*q = —k(Gi—q¢) + W
ms*Gy = k(G —qa) + o
o= G
o = Qo

hence,

Solving, yields

. (@ . 1 ms® + k k Uy
Y=\ @ A(s) k ms® + k Uy

A(s) = ms*(ms* + 2k)

ms?+k k
ms2(ms?2+2k)  ms2(ms?+2k)

k ms?+k
ms2(ms?2+2k)  ms2(ms?+2k)

Using this second method, the matrix to be inverted was only 2 x 2.
MATLAB
>> help ss2tf

SS2TF State-space to transfer function conversion.
[NUM,DEN] = SS2TF(A,B,C,D,iu) calculates the transfer function:

NUM(s) -1
H(s) = -———————- = C(sI-A) B+ D
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of the system:

Ax + Bu
Cx + Du

X
y

from the iu’th input. Vector DEN contains the coefficients of the
denominator in descending powers of s. The numerator coefficients
are returned in matrix NUM with as many rows as there are

outputs y.

See also Itimodels, ss and tf.

Rational transfer functions.

A scalar valued function of a complex variable is rational if it can be expressed as the ratio
of two polynomials. It is proper if the order of the numerator polynomial is less than or
equal to the order of the denominator polynomial. It is strictly proper if the order of the
numerator polynomial is strictly less than that of the denominator polynomial. A matrix
valued function of a complex variable is rational, proper or strictly proper if each element of
the matrix function is respectively rational, proper or strictly proper.

Example 23 )
G(s) = &5 rational, strictly proper
G (s) = % rational, proper
G(s) = 5284?;1 rational, not proper
G(s) = :2::1 not rational

We now demonstrate the following result:

The transfer function of a finite-dimensional LTI system is always rational and proper.

The above result follows from the fact that every element Gij of the transfer function of
a finite dimensional LTI system can be expressed as
N;;
A

G = (4.3)
where A(s) = det(sI—A) is called the characteristic polynomial of A. It is a monic polynomial
of order n. A monic polynomial is one whose coefficient of its highest order term is one.
Thus

det(sl — A) = s" + 18"+ 4+ 15 + ag
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for some scalars ag, - -+, a,_1. The order of the polynomial Ni]- is at most n. It is less than
n if D is zero.

To demonstrate the above fact, recall that the inverse of an invertible n x n matrix M

can be expressed as
1
-1

~ det(M)
where each element of the matrix adj (M) is equal to & the determinant of an (n—1) x (n—1)
submatrix of M. Hence (sI — A)~! can be expressed as

adj (M)

1

(s1—A)" = det(sl — A)

adj (sI — A)

where each element of the matrix adj (sI— A) is equal to £ the determinant of an (n—1) x (n—1)
submatrix of sI — A. Hence, if A is n X n, then each element of adj (s/ — A) is a polynomial
in s whose degree is at most n — 1. Also, det(s/ — A) is a polynomial of order n.

From the above form of (sI — A)™! it follows that if

N

G(s)=C(sI —A)'B

where A is n X n, then
A 1
G(s) = —A(s)

where A is the n-th order characteristic polynomial of A , that is, A(s) = det(s/ — A) and
each element N;; of N is a polynomial of order less than or equal to n—1. So,

N(s)

N.

ij

A

Gij —

that is, each element CA;Z-]- of G is a rational function (ratio of two polynomials) and is strictly
proper (order of numerator strictly less than order of denominator). When each element of
(G is rational and strictly proper, we say that GG is rational and strictly proper.

It

N

G(s)=C(sI —A)'B+D

then

G(s) = mN (s)
where each element N;; of N is a polynomial of order less than or equal to n. So, each
element of (G is a rational function and is proper (order of numerator less than or equal to
order of denominator). When each element of G is rational and proper, we say that G is
rational and proper.

So, we see that if G is the transfer function of a finite-dimensional LTI system then, G
is rational and proper. Is the converse true? That is, is every proper rational G the transfer
function of some finite-dimensional system and if so, what is(are) the system(s). This is
answered in the next section.
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Invariance of transfer function under state transformations. The transfer function
of a linear time-invariant system describes the input output behavior of the system when all
initial conditions are zero. Hence, it should be independent of the state variables used in a
state space description of the system. We now demonstrate this explicitly.

Suppose G is the transfer function of a system described by

= Az + Bu
= (Cxz+ Du

Then G(s) = C(sI — A)"'B + D. Consider any state transformation
x="T¢

where T is square and invertible. Then, the system can also be described by

¢ = A+ Bu
y = C&+ Du
with _ _
A=T71TAT B=T"'B
C=CT D=D

It can be readily verified that
C(sI—A)'B+D=C(sI —A)'B+D

that is, the transfer function matrix is unaffected by a state transformation.

Systems described by higher order differential equations. Consider a system de-
scribed by

Aly(l) + Al—ly(l_l) + -+ Aoy — Blu(l) + Bl_lu(l—l) + 4+ Bou

where the input u(t) is an m-vector, the output y(t) is a p-vector, [ > 1, and the matrix A,
is invertible. How do we put such a system into state space form? By taking the Laplace
transform of the above equation and considering zero initial values for y,¢,-- -,y and
w, 0, -, ul"Y | we obtain

[SZAZ + Sl_lAl_l + -+ Ao]gj(s) = [SlBl + Sl_lBl_1 + -+ Bo]ﬁ(s)
Hence §j(s) = G(s)i(s) where
G(s) = [s'A + s YA + -+ Ao ' By + 87 Bi_y + -+ - + By

To obtain a state space description of the system under consideration, we could look for
matrices A, B, C, D such that G(s) = C(sI — A)~'B + D. We consider this problem in a
later section.
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General input-output systems. Consider any linear input-output system described by

y(t) = /0 Gt — Tyu(r) dr

where G is Laplace transformable. Then,

<>
I
(N
>

where G is the Laplace transform of G.

Example 24

B(t) = —a(t) +ut — 1)
y(t) = =(t)

Taking Laplace transform with z(0) = 0 yields

st(s) = —(s)+ e *u(s)
g(s) = &(s)
Hence §j(s) = G(s)i(s) with y
(s) = s+1

Exercise 26 What is the transfer function of the following system?
iy (t) = wa(t)
To(t) u(t — 2)
y(t) = a(t)

Exercise 27 Obtain the transfer function of the following system

B(t) = —a(t) + 22t — ) +ult)
y(t) = =x(t)

4.1.3 Poles and zeros

Poles. Suppose G is a matrix valued function of a complex variable. A complex number
A is defined to be a pole of G if for some element G;; of G,

1iII>l\ Gi;(s) = c0.
Example 25
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G(s) poles
1
52435+2 _17 -2
s+1 -2
s2435+2
1o
s+1
0,-1, -2

52 s+1
s+1 s+2

When G(s) = C(sI — A)"'B + D it should be clear that if X is a pole of G then X must
be an eigenvalue of A. However, as the following example illustrates, the converse is not
always true.

Example 26 If,

A:(?é) B:(?) C=(-11) D=0,

then
det(sI — A) = s —1
and ] 1
W)= C(sl — A 'B= 2~ — .
Gls) = ClsI = 4) 21 s+1

Here A has eigenvalues —1 and 1 whereas G only has a single pole at —1.

We say that a complex number X is a pole of order m of a transfer function Gif\isa
pole of G and m is the smallest integer such that A is not a pole of

A

(s —N)"G.
Example 27 The transfer function
A 1
s) = s+

(s —3)(s+4)?

has two poles: 3 and —4. The order of the pole at 3 is 1 whereas the order of the pole at —4
is 2.

Suppose Aq, Ag, - -+, A; are the poles of a rational transfer function G. Then, it should be
clear that we can express G as

G(s) = %N(S) (4.4)
where
d(s) = (5= A1)™ (s — Ag)"2 - (5 — )™,

with m; being the order of the pole A;, and N is a matrix with polynomial elements.
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Zeroes. Here, we only define zeroes for scalar-input scalar-output transfer functions. The
definition of zeroes for MIMO systems is much more complicated. We say that a complex
number 7 is a zero of a scalar-input scalar-output transfer function G if

G(n) =0. (4.5)

The significance of zeroes. Consider a general LTI SISO system described by

y(t) = /0 Glt—7)u(r) dr

Then, the transfer function G of this system is simply the Laplace transform of the impulse
response G, that is,

G(s) = /OOO e G (t) dt .

If we assume that the impulse response G' converges to zero exponentially and s is not a pole
of G, then it can be shown that the steady-state response of this system to an input

u(t) = e*

is given by the output

y(t) = G(s)e

So, we have the following conclusion:

If g s a zero ofCATY then, the steady-state response of the system to the input u(t) = e is
zero.

Suppose that G is the transfer function of a system with a real impulse response that is,
. o
G(s) = / e 'G(t) dt
0

where G(t) is real. Using the property that e™* = e, the realness of G(t) implies that
e G (t) = e s'G(t) = e=s!G(t); hence

G(5) = /0 h e G(t) dt = /0 Oofrst—(;(t) dt = /0 Ooe*StG(t) dt = G(s),

that is,

G(3) = G(s). (4.6)
Let ¢(s) be the argument of the complex number G(s), that is

G(s) = |G(s)[e®) (4.7)
where ¢(s) is real. We now show that the steady state response of this system to
u(t) = e sin(wt) ,
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where o and w are real numbers, is given by

y(t) = [G(s)|e* sin(wt+(s)) (4.8)

where s = a + jw. Thus the output has the same form as the input; the non-negative real
scalar |G(s)| can be regarded as the system gain at s and ¢(s) is the system phase shift at s.
We also obtain the following conclusion:

If n = a+ jw is a zero of G then, the steady-state response of the system to the input
u(t) = e sin(wt) is zero.

We also see that the steady state response to a purely sinusoidal input
u(t) = sin(wt)

is given by

y(t) = |G ()| sin(wi+(w)) (4.9)

To demonstrate the above result, we first note that u(t) = e* sin(wt) can be expressed
as u(t) = (e — e)/(27) where s = a + jw. So, the corresponding steady state response is
given by

y(t) = [Gs)e™ + G(5)e™] /2.

Since G(s) = G(5), we obtain that

y(t) = [Gls)e” = Gls)e™)/(25) = 3 (Gls)e)

Noting that

~ N

G(S)€St _ ‘G(S) |6]q5(s)eatejwt _ |G(S) |eat€j(wt+¢(s)) ’
it now follows that

y(t) = |G’(s)|eat sin(wt + ¢(s)) .

Example 28 (Tuned vibration absorber.) Consider a mechanical system subject to a
sinusoidal disturbance input:
Mg+ Cq+ Kq=w(t)

where w(t) = Asin(wt).
Attaching a vibration absorber to the system results in

Mi+Cij+Kqg—k(n—q) = w (4.10)
mij+k(n—q) = 0. (4.11)

Taking the Laplace transform of the above equations yields:

(Ms*+Cs+K+k)qg—ki = w0 (4.12)
(ms*>+ k)i —kiq = 0.
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ViBRATION
T % ’lz } ABSORBER

e

Figure 4.2: Tuned vibration absorber

We see that ¢ = G where
ms? + k
A(s)

G =
and
A(s) = (Ms* + Cs + K + k)(ms® + k) — k*.
This transfer function has zeros at +4/k/m. if we choose
k/m = w?

then the steady state response of ¢ to w will be zero.

4.1.4 Discrete-time
The transfer function matrix for

x(k+1) = Ax(k)+ Bu(k)
y(k) = Cuz(k)+ Du(k)

is defined by

A

G(z)=C(zI —A)'B+D
where z € C.

4.1.5 Exercises

Exercise 28 (BB in Laundromat.) Consider

mer — mQP¢y + E(¢1 — ¢2) = biu
mgﬁé — mQ¢y — §(¢1 —¢2) = bou

Yy = c1¢1+ oo

For each of the following cases, obtain the system transfer function and its poles; consider

w:=/k/m > Q.
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by =1 bo

Cc1 = 1 Cy = 0
(b) (Self excited.)

by =1 by = —1

C1 = 1 Cy = 0

(c¢) (Mass center measurement.)

b1:1 b2:0

01:]. 02:1

(d) (Self excited and mass center measurement.)

191:1 622—1

01:1 62:1

Comment on your results.
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4.2 Some transfer function properties

4.2.1 Power series expansion and Markov parameters

Suppose G is a transfer function for (A, B, C, D), that is G(s) = C(sI — A)"'B + D. Then
we will show that, for sufficiently large s, we have the following power series expansion:

A =1 _ 1 1 1
<ﬂ@:p+§:goﬁ1B:D+§CB+;CAB+§CMB+~-
k=1

To see this recall that, for sufficiently large s,
1 1 1
I—A) ' =T+ A4+ A+
(s ) . + = + 3 +
The result follows from this. The coefficient matrices
D, CB, CAB, CA®B,

are called the Markov parameters of G.

4.2.2 More properties*

Recall that a transfer function G for a finite dimensional system must be rational and proper,

that is, it can be expressed as

A 1
G==-N
d

where d is a scalar valued polynomial and N is a matrix of polynomials whose degrees are
not greater than that of d. Without loss of generality, we consider d to be monic. Then we
can express d and N as

d(s) = s"+dp 18"+ +dis+do
N(s) = 8"N,+s""'Ny_1 +---+sN; + Ny

where dp, ..., d,—1 are scalars and Ny, ..., N, are constant matrices whose dimensions are
the same as those of G(s). We now show that G = 1N is a transfer function for a system
(A, B,C, D) if and only if d satisfies

CA*d(A)B=0  for k=0,1,2,---. (4.14)
and

N, = D
Nn—l - CB + dn_lD
Nn72 - CAB —|— dnfch —|— dn,QD

NO - CAnilB + dnfchTLiQB S dch + doD (415)
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To obtain the above result, we first use the power series expansion for G to obtain
1 1 1 9
—N(s):D+—C’B+—QCAB+—30A B+---
s s s

Multiplying both sides by d(s) yields

"N, + 8" 'N,_1 + -4+ sN; + N
1 1 1
= ["+dp1s" "+ dis+do][D+ —-CB+ CAB + CA’B + - -]
S S S

Since the coefficients of like powers of s on both sides of the equation must be equal, this
equation holds if and only if

N, = D
Nn,1 - CB + dnle
N, = CAB+d,1CB+d,_2D

Ny, = CA"'B+d, CA" 2B+ .--+d,CB+dyD
and

0 = CA"B+d, ,CA"'B+.--+d,CB
0 = CA""'B+d, ,CA"B+---+d,CAB

0 = CA"™"B+d, CA""*'B+...+d,CA*B

Now note that the first set of equations above is the same as (4.15) while the second set is
equivalent to (4.14) u

Suppose G is a transfer function for (A,B,C,D) and d is any polynomial for which
d(A) = 0. It follows immediately that (4.15) holds. Hence we can express G as G = N
where the coefficients of N are computed from (4.14).

A proof of the Cayley Hamilton Theorem. Consider any square matrix A and let
G(s) = (sI — A)~'. The function G is the transfer function for the system with B = I,
C =1 and D = 0. Hence G can be expressed as G = clzN where d is the characteristic
polynomial of A. Considering k = 1 in (4.14), it now follows that d(A) = 0.
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4.3 State space realization of transfer functions

Here we consider the following type of problem: Given a matrix valued function G of a
complex variable s, find constant matrices A, B, C, D (or determine that none exist) so that

G(s)=C(sI—A)'B+D. (4.16)

When the above holds, we say that (A, B,C, D) is a finite-dimensional state space realization
of G.

Theorem 1 Suppose G is a matriz valued function oan complex variable. Then G has a
finite-dimensional state space realization if and only if G is rational and proper.

ProOOF: We have already seen the necessity of G being proper rational. We prove sufficiency
in the next two sections by demonstrating specific realizations. [ ]

Minimal realizations. It should be clear from Section 4.1 that a given transfer function
has an infinite number of state space realizations. One might expect that the dimension of
every state space realization is the same. This is not even true as the next example illustrates.
We say that a realization is a minimal realization if its dimension is less than or equal to that
of any other realization. Clearly, all minimal realizations have the same dimension. Later
on we will characterize minimal state space realizations.

Example 29 Consider a SISO system of dimension two described by

A:(_é_i’) B:(}) C=(10) D=0

- B -t B s—4 1
G(s) =C(sI — A) B+D_82—23—8_3—|—2

This also has the following one dimensional realization

Here

A=-2 B=1 (C=1 D=0

Note that this system is stable, whereas the original system is unstable.
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4.4 Realization of SISO transfer functions

4.4.1 Controllable canonical form realization

Suppose that Gisa proper rational scalar function of a complex variable s. If G # 0, then
for some positive integer n, the function G' can be expressed as

A ﬁnflsn_l + -+ ﬁls + 6(]
G(s) = 0
ST+ 1SV A s+ o

d (4.17)

Note that the denominator polynomial is monic. This is illustrated in the following example.

Example 30 Consider

4s + 8
Gls) = =10

This is a proper rational function. Also 4s + 8 = —2(—2s + 10) + 28 which results in

—2(—2s + 10) + 28 28 —14
&) —25+ 10 "0 s-5
When G is expressed in the form shown in (4.17) we now show that
G(s)=C(sI — A)'B+D
where
G(s)=C(sI —A)'B+D
where
0 1 0 0 0 0
0 0 1 0 0 0
A - B =
S : : : (4.18)
0 0 0o ... 0 1 0
—Qyp —Q1 —Q2 ... —0Op_92 —0p_1 1
C = (6 H B ... Poaz Bua) D=d

It then follows that one can obtain a state space realization of any proper rational scalar
SISO transfer function.

To demonstrate the above claim, let A be the denominator polynomial in the above
expression for é, that is,

Als) =g +ags+ ...+ s"
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and define

1
S
v(s) = .
Sn—l
Then,
s =1 0 0 0 0
0 s -1 0 0 S 0
(I—Ap(s) = | | N N
0O 0 0 ... s —1 5572 0
oy o Qg ... Qg S+ oy sl A(s)
Hence, whenever s is not an eigenvalue of A,
(s —A)'B = Lv(s)
A(s)
and
C(sI—A)'B = ——(f B .. furr
A(s)
Snfl
 fo+Bis+ o+ fuas" !
C apt s+t a8t 4+ sn
So,

A

G(s)=C(s[ —A)'B+D
We will see later why this realization is called controllable.

4.4.2 Observable canonical form realization

Suppose G(s) is a proper rational scalar function of a complex variable s. If G # 0, then,
for some positive integer n,

n_l .« ..
G(S) _ ﬁnfls —t +ﬁ18+ﬁ0 + d
ST+ 1SV A s+ o

We will show that

~

G(s)=C(sI —A)'B+D
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where

0 0 ... 0 — Q) ﬂo

10 . 0 —-m B
A = 0 1 0 —a B= :

00 ... 1 —ayu_, Br-1
¢C =(00...0 1) D=d

e Noting that C'(sI — A)"'B + D is a scalar and using the results of the previous section,
we have

C(sI —A)'B+ D = BT (sI — AT)"'C" + D = G(s)

We will see later why this realization is called observable.
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MATLAB

>> help tf2ss

TF25S Transfer function to state-space conversion.
[A,B,C,D] = TF2SS(NUM,DEN) calculates the state-space

representation:
x = Ax + Bu
y = Cx + Du

of the system:

from a single input. Vector DEN must contain the coefficients of
the denominator in descending powers of s. Matrix NUM must
contain the numerator coefficients with as many rows as there are
outputs y. The A,B,C,D matrices are returned in controller
canonical form. This calculation also works for discrete systems.
To avoid confusion when using this function with discrete systems,
always use a numerator polynomial that has been padded with zeros
to make it the same length as the denominator. See the User’s
guide for more details.

Example 31 Consider

A s
G —
This can be written as ]
Gls) = ——— +1
() s2+1 +

hence a state space representation is given by

A:(_?é) B:((l)) C=(-10) D=1

or,
Ztl = X9
To = —r1+u
Yy = —x1+u

Matlab time:
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>> num [1 0 0]
>> den [1 0 1]
>> [a,b,c,d]=tf2ss(num,den)

a =

0 -1

1 0
b =

1

0
C=

0 -1
d =

1

4.5 Realization of MIMO systems

Suppose G is an p X m proper rational transfer function. Because Gis a proper rational
function it has a representation of the form

Gs) = %@N(s) +D (4.19)

where D is a constant p X m matrix, N is a p X m matrix of polynomials and d is a scalar
valued monic polynomial.

4.5.1 Controllable realizations

Sometimes it is more convenient to express G as
G(s) = N(s)A(s) ' + D (4.20)

where A is a p X m matrix of polynomials. Let us consider this case. Note that if G is
expressed as in (4.19) then, G can be expressed as in (4.20) with A(s) = d(s)I where I is
the m x m identity matrix.

Without loss of generality, we can express N and A as

N(S) = SlilNl_l + SlizNZ_Q 4+ -4+ sN; + Ny (4 21)
A(s) = s T+s87ID 1 +872Dp 9+ -+ 45Dy + Dy '
Here, Ny, ..., N;_1 are constant p X m matrices while Dy, ..., D;_; are constant m x m

matrices. With n = ml, let A, B and C be the following matrices of dimensions n x n, n xm
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and p X n, respectively,

0 I 0 ... 0 0 0
0 0 I 0 0 0

A = o . B=| |, @229
0 0 0o ... 0 I 0
—Dy —Dy =Dy ... —D;_5 —D;_, I

C=( N N N ... No N (4.22Db)

Note that in the above matrices, I and 0 represent the m x m identity and zero matrices,
respectively. We claim that (A, B,C, D) is a realization of G. This is proven at the end of
this section.

Note that, when G(s) = .= N(s) and d(s) = ag + 15 + -+ + @, 18" + s, we have

d(s)
0 I 0o ... 0 0 0
0 0 r ... 0 0 0
A = o . B=| |, 423
0 0 0o ... 0 I 0
—C(()[ —041[ —Oég[ c. —05172[ —al,1[ 1
C - ( NO Nl N2 e Nl*Z lel ) (423b)
where I and 0 represent the m x m identity and zero matrices, respectively.
Example 32 Consider
3
. 5—2
G(s) =
s+4
5242543
The lowest common denominator (LCD) of the two elements of G(s) is
(s —2)(s* +25+3) =5 —5—6=:d(s)
and G(s) = N(s)d(s)~* where
(32 +6s+9\ o[ 3 6 9
Ns) = ( §2 4258 ) RACYARMEIARE
Hence, a controllable realization of ' is given by
010 0
A= 001 B=| 0 o:(_iii’) D=0
6 1 0 1
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Example 33 Consider the strictly proper rational function,

1 1
s+1 5243542

Here G = éN where

and
s+2 1 10 2 1
N(s) = =3 +
0 s+1 0 1 0 1
Hence a realization of G is given by
0O o0 1 0 00
0O 0 0 1 00 2110 0 0
A= -2 0 =3 0 B= 10 C’_(0101) D_(O O)
0 -2 0 -3 0 1

Here we show that (A, B, C, D) as defined above is a realization of G. Let V be the n xm
matrix of polynomials defined by

1
sl
Vi(s) = .
sl;lf
where [ represents the m x m identity matrix. Then we have
s —I 0 ... 0 0 I 0
0 sI —-I ... O 0 sl 0
I-AV(es) = | 00T f ] o=
o 0 0 ... sl —1 s
DO Dl D2 ce Dl*Z sl + Dl*l Sl_ll A(S)
= BA(s)

Hence, whenever s is not an eigenvalue of A,
(sI — A)'B =V(s)A(s)™"

Now note that
I

sl
CV(S):(NU N1 Nl—l) :N(S)

s2r
sHLT
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Hence

C(sI — A)T'B=CV(s)A(s)™' = N(s)A(s) "

and

G(s)=C(sI—A)'B+D.

|
4.5.2 Observable realizations
Sometimes it is more convenient to express G as
G(s) = A(s)"'N(s)+ D (4.24)

where A is a p x p matrix of polynomials. Note that if G is expressed as in (4.19) then, G
can be expressed as in (4.24) with A(s) = d(s)I where [ is the p X p identity matrix.

Without loss of generality, we can express N and A as

N(S) = Sl_lNl,1 +8l_2Nl,2+"'+SN1 + Ny (4 25)
A(s) = s T+s8ID 1 +872D o+ -+ 5D+ Dy '
Here, Ny, ..., N;_; are constant p X m matrices while Dy, ..., D;_; are constant p X p

matrices With n = pl, let A, B and C be the following matrices of dimensions n X n, n x m
and p x n, respectively,

—Diy T 0 ... 0 0 Ny
—Diy 0 I 0 0 Ny
A = - |, B=| = |, (4.26a)
-D; 0 0 0 I N,
—Dy 0 0 0 0 Ny
C=( I 00--00). (4.26D)

Note that in the above matrices, I and 0 represent the p x p identity and zero matrices,
respectively. We claim that (A, B, C, D) is a realization of G. This can be shown as follows.

Let V' be the p x n matrix of polynomials defined by

V(s)= (s 2 oo sl 1) .
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where [ represents the p X p identity matrix. Then we have

sI+D,_y, —I 0 ... 0 0
Dl_g sl —1 ... 0 0
V(s)(sI —A) = (s s72I - - sI 1)
D, 0 0 ... 0 —I
Dy 0 0 0 sl
= (A(s) 0 00)
= A(s)C

Hence, whenever s is not an eigenvalue of A,
C(sI — A =A(s)"'V(s)

Now note that

N
Nio
V(s)B= (s s71 sl T) : = N(s)

Ny
No

Hence

C(sI — A)'B=A(s)"'V(s)B = A(s)""N(s)
and

4.5.3 Alternative realizations®
SIMO systems

Suppose G is an p x 1 transfer matrix function and

g
G = :

p

that is g; is the i-th element of G. Choosing a monic polynomial A as the least common
denominator polynomial of g,. .., g,, we can write each g; as

N ):ni(s)—l—di



where

A(s) = 8"+ ap_18" 1+ -+ as + g

and
ni(s) = B _18" "+ -+ Bis + G
Letting
0 1 0 0 0
0 0 1 0 0 0
A — B —
0 0 0o ... 0 1 0
—Qyg —O0p —0OQg ... —0Qp_9 —0Op_1
o BL By o Baa Bia d
¢ = : : : : : D= :
o O B o Bhs Bh dy
we obtain

C(sI — A)'B+ D = G(s)

Example 34 Consider
3

s—2

s+4
524+25+3

The lowest common denominator (LCD) of the two elements of G(s) is
(5 —2)(s* +25+3) =5 —5—6=: A(s)

and G(s) can be expressed as
3s%+65+9
Als)

52+425—8
A(s)

Hence, a controllable realization of  is given by

010 0
A=1001 B=1{0 C:<_gg?>
6 10 1
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MIMO systems

Suppose G is an p x m transfer matrix function and
G=(G, ... G )

that is G is the i-th column of G. Using the results of the previous section, fori =1,...,m,
we can obtain matrices A;, B;, C;, D; such that

~

Let
A= B = :
0 A 0 By,
Then

C(sI — A)'B+ D =G(s)

e Nonminimal realization, in general.

Example 35
1

R

G(s) =
U

The first and second columns of G have realizations

A1:O 31:1 Clz<1) D1:O

0 1 0 10
we(ho) (V) e (Gy) o

respectively. Hence a realization of G is given by
0 00 10
A= 0 0 1 B=100 C’:((l)é(l)) D:(88>
000 01

Note that this transfer function also has the following lower dimensional realization:

a=(00) #=(01) (V) 2=(50)
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Exercises

Exercise 29 Obtain a state space realization of the transfer function,

s%2 4 3s 42
s24+55+6"

G(s) =
Is your realization minimal?

Exercise 30 Obtain a state space realization of the transfer function,

1
1
N s—1
G(s) =
1 1
s+1 s2—-1

Exercise 31 Obtain a state space realization of the following transfer function.

s+2 1
. s+1 s+3
G(s) =
5 5541
s+1 s+2

Exercise 32 Obtain a state space realization of the transfer function,

1 1
. s—1 s-—1
G(s) =
1 1
s+ 1 s+ 1

Exercise 33 Obtain a state space realization of the transfer function,

é(3>:(si1 lerl )

Is your realization minimal?

Exercise 34 Obtain a state space representation of the following transfer function.

. 2
G(s):(52+1 2 )
s2—1 s—1

Exercise 35 Obtain a state space representation of the following input-output system.

d3y d?y dy d*u du
2— 46— +4— +2y=6— + 10— 48
a Vae Tra T T aE T e
Exercise 36 (a) Obtain a state space realization of the following single-input single-output
system.

§j— 3 — 4y = i — 24 — Su
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(b) Is your realization minimal?
Exercise 37 Obtain a state space realization of the following input-output system.

Y1 —y1+y2 = U +u
Yoty — Y1 = U

Exercise 38 Obtain a state space realization of the following input-output system.

Y1 = U+ U

Yo = up+up
Exercise 39 Obtain a state space realization of the following input-output system.

Y1 +Y2 = uxt+u
Yoty = U+ U

Exercise 40 Consider the single-input single-output system described by

i‘l = —21’2 +u
Ty = —2x1+u
Yy = T1— T2

(a) Compute e for the matrix,

A= < B ) .
(b) Obtain the impulse response of the system.
(c) What is the transfer function of this system?

Exercise 41 Consider the single-input single-output system described by

‘7.71 = —3I1 + o +w
ng = I — 3%2 +w
y = T1+ T2

(a) Compute e for the matrix,

(b) Obtain the impulse response of the system.
(c) What is the transfer function of this system?

(d) What are the poles and zeros of the transfer function?

38



Part 11

System Behavior and Stability
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Chapter 5

Behavior of (LTI) systems : 1

5.1 Initial stuff

5.1.1 Continuous-time

Here we look at the behavior of linear time-invariant systems described by

(5:1)

where the state z(t) is a complex n-vector and A is a complex n x n matrix. (The reason
for complexifying things will be seen shortly.) Sometimes A is called the system matrix.

Solutions. By a solution of system (5.1) we mean any continuous function z(-) which is
defined on some time interval [tg, co) and which satisfies (5.1). Sometimes we are interested
in solutions which satisfy an initial condition of the form

l’(t()) = 2o (52)

where %, is called the initial time and z( is called the initial state. As a consequence of the
linearity of the system, one can prove the following result:

For each initial condition, system (5.1) has a unique solution.

Shortly, we will study the nature of these solutions.

Since the system is time-invariant, knowledge of the solutions for zero initial time, that
is tg = 0, yields knowledge of the solutions for any other initial time. For suppose Z(-) is
a solution corresponding to #(0) = zo. Then, the solution corresponding to z(ty) = x¢ is
given by

z(t) = T(t—tp) .

Since the system is linear, one can readily show that solutions depends linearly on the
initial state; more specifically, there is a matrix valued function ® (called the state transition
matrix) such that at each time ¢ the solution due to z(0) = z is uniquely given by

z(t) = ®(t)xo

Later, we develop explicit expressions for .
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5.1.2 Discrete-time

Here we look at the behavior of linear time-invariant systems described by

z(k+1) = Az(k)

The state x(k) is a complex n-vector and A is a complex n X n matrix. Sometimes A is
called the system matrix.

Solutions: Consider initial condition:

Since the system is time-invariant we can, wlog (without loss of generality), consider only
zero initial time, that is, kg = 0. For suppose x(-) is a solution corresponding

57(]’6’0) = 29

Then
(k) = x(k—ko)
where z(+) is the solution corresponding to (5.3).

For k > ky = 0, we have existence and uniqueness of solutions; specifically,

z(k) = Akz

Proof: (Example of a proof by induction) Suppose there is a k* > 0 for which the above
holds, that is,
z(k*) = A¥ 2

Then

z(k*+1) = Ax(k™)
= AA¥ x,

AG D

So, if it holds for k* it holds for k* 4+ 1. Since, x(0) = A%, it holds for k* = 0. It now
follows by induction that it holds for all £* > 0. [ |

Solution depends linearly on initial state; specifically,

z(k) = ®(k)z(0) , for k>0
where ®(k) = A*.
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5.2 Scalar systems

5.2.1 Continuous-time

Consider a scalar system described by
T =ax

where z(t) and a are scalars. All solutions are given by:

x(t) = ey ; zg := x(0)

Real a. So,
(a) If @ < 0 you decay with increasing age.
(b) If a > 0 you grow with increasing age.

(c) If a = 0 you stay the same; every state is an equilibrium state.

Quﬂz»
4 1<o
- £
edﬂr a=o
1
> ¢
et
I a>0
} > +

Figure 5.1: The three types of modes for real scalar systems: a = a

Example 36 (A first example.) Here
a=—c/m<0

Thus, all solutions are of the form e~ (¢/™tz;: hence they decay exponentially.
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Complex a. Suppose a is a genuine complex number (unreal); that is,
a=o+jw

where a and w are real numbers. We call « the real part of a and denote this by a = R(a).
Similarly, we call w the imaginary part of a and denote this by w = J(a).

We now show that the growth behavior of e* depends only on the real part of a. To this
end, we first note that

at €(a+jw)t _ e(at+]wt) atejwt7

e =e
and, hence, |e™| = |e®| |e*|. Since e is positive, |e*| = e®. Since,
et = coswt + gsinwt ,

we obtain that |e*'| = 1. Hence,

le’| = e where  a=R(a)

Thu, ()] = [e*ao| = |e*][ao] = efzq]. So,

(a) If R(a) < 0 you decay with increasing age.
(b) If R(a) > 0 you grow with increasing age.

(¢) If R(a) = 0 your magnitude remains constant.

5.2.2 First order complex and second order real.

Suppose a is a genuine complex number (unreal); that is,

a=a+jw where a=%Ra), w=Sa)
Since
r==E&+ )5  where & =R(z), &=S(2)
Then
51 = af; —wé _ (a —w)f
§ = w+ady w o«
N ———

axisymmetric spacecraft
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Exercise 42 Verify the last set of equations.

Also,
&(t) = e*cos(wt)&ip — e sin(wt)a [ e*cos(wt)  —e*sin(wt) ¢
&(t) = e sin(wt)éio + e cos(wt)a e sin(wt) e cos(wt) | >°

where &9 = £(0), {20 = &(0)

Exercise 43 Verify the last set of equations. Hint: e/** = coswt + 7sin wt

. 4<0|
N :\/ -
e
NETAN
\ ot

e*tw t I S|

[YI X

o %L

oH-. £
e 70
—h—-b

Figure 5.2: The three complex modes
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5.2.3 DT

z(k+1) = ax(k)

where z(k) and a are scalars. All solutions are given by:

x(k) = afzq ; xo := x(0)

Hence, |x(k)| = |a*xo| = |a|*|zo|. So,
(a) If |a] < 1 you decay with increasing age.
(b) If |a|] > 1 you grow with increasing age.

)
)

(c) If |a] = 1 your magnitude remains the same.
)

(d) If a = 1 you stay the same; every state is an equilibrium state.
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5.3 Eigenvalues and eigenvectors

Shortly, we shall see that the behavior of a linear time invariant system is completely deter-
mined by the eigenvalues and eigenvectors of its system matrix.

Suppose A is a complex n x n matrix. (The use of the word complex also includes real.
To indicate that something is complex but not real we say genuine complex.)

DEFN. A complex number X is an eigenvalue of A if there is a nonzero vector v such that

The nonzero vector v is called an eigenvector of A corresponding to .

So, an eigenvector of A is a nonzero complex n-vector with the property that there is a
complex number A such that the above relationship holds or, equivalently,

(M — Ao =0

Since v is nonzero, AI — A must be singular; so,

det(M — A) =0

e The characteristic polynomial of A:
charpoly(A) := det(s] — A)
Note that det(s/ — A) is an n-th order monic polynomial, that is, it has the form

det(sI —A)=ap+a;s+...+s"

e We conclude that a complex number X is an eigenvalue of A if and only if it is a root of
the nth order characteristic polynomial of A. Hence, A has at least one eigenvalue and at
most n distinct eigenvalues. Suppose A has [ distinct eigenvalues, A1, Ao, ..., \;; since these
are the distinct roots of the characteristic polynomial of A, we must have

det(sI — A) = [ (s = x)™

i=1

e The integer m; is called the algebraic multiplicity of \;

e It should be clear that if v! and v? are any two eigenvectors corresponding to the same
eigenvalue A and & and & are any two numbers then (provided it is nonzero) & vt + &2
is also an eigenvector for A\. The set of eigenvectors corresponding to A along with the zero
vector is called the eigenspace of A associated with A. This is simply the null space of A\l — A

e The geometric multiplicity of A is the nullity of A\I — A, that is, it is the maximum number
of linearly independent eigenvectors associated with .

o It follows that A is invertible if and only if all its eigenvalues are nonzero.
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Example 37 (An eigenvalue-eigenvector calculation)

3 —1
=(35)
The characteristic polynomial of A is given by

5—3 1
det(sl — A) = det( 1 5—3)

The roots of this polynomial yield two distinct real eigenvalues:
)\1 == 2, )\2 =4

To compute eigenvectors for A, we use (A — A)v = 0 to obtain

—V; + Uy =
V1 — Uy = 0
which is equivalent to
V1 — U2 = 0

So, only one linearly independent eigenvector for A; let’s take

In a similar fashion, \; has one linearly independent eigenvector; we take

()

To check the above calculations, note that:

(2 () () (1)

Similarly for \s.
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Example 38 (Another eigenvalue-eigenvector calculation)

A=(1)

The characteristic polynomial of A is given by

det(sI — A) = det(s_i 5—_1) = (s—1(s—1)+1
= 5% —25+2

Computing the roots of this polynomial yields two distinct complezx eigenvalues:
/\1:1+j, )\2:1_j

To compute eigenvectors for A, we use (A — A)v = 0 to obtain

Jur—vy = 0

U1+ JUu2 = 0
which is equivalent to

—JUu1 + Vo = 0

So, only one linearly independent eigenvector; let’s take

(We could also take (7 1 )T) In a similar fashion, Ay has one linearly independent eigen-
vector; we take
()
—J

To check the above calculations, note that

(1)) (H) (3 ae

Similarly for As.
Example 39
(o)
Exercise 44 Compute expressions for eigenvalues and linearly independent eigenvectors of

A:( “ w) a,w # 0
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5.3.1 Real A
Recall Examples 37 and 38. They illustrate the following facts.

o If A is real, its eigenvalues and eigenvectors occur in complex conjugate pairs.
To see this, suppose A\ is an eigenvalue of A with eigenvector v. Then
Av = )v
Taking complex conjugate of both sides of this equation yields

AD =\

Since A is real, A = A; hence

1]
I
>~

A v
that is, A is an eigenvalue of A with eigenvector o
e Real eigenvectors for real eigenvalues.

e Genuine complex eigenvectors for (genuine) complex eigenvalues.

e The real and imaginary parts of a complex eigenvector are linearly independent.

Example 40 Consider any non-zero angular velocity matrix of the form:
0 —Wws3 [035)

A= Ws 0 —Ww1
—W9 w1 0

charpoly(A) = s(s* + Q?), =/ wi + wi +wj

Hence, A has one real eigenvalue 0 and two complex conjugate eigenvalues, 72, —€2.
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5.3.2
>> help

EIG

>> help

POLY

>> help

ROOTS

MATLAB
eig

Eigenvalues and eigenvectors.
EIG(X) is a vector containing the eigenvalues of a square
matrix X.

[V,D] = EIG(X) produces a diagonal matrix D of
eigenvalues and a full matrix V whose columns are the
corresponding eigenvectors so that XV = Vx*D.

[V,D] = EIG(X,’nobalance’) performs the computation with
balancing disabled, which sometimes gives more accurate results
for certain problems with unusual scaling.

poly

Characteristic polynomial.

If A is an N by N matrix, POLY(A) is a row vector with
N+1 elements which are the coefficients of the
characteristic polynomial, DET(lambda*EYE(A) - A)

If V is a vector, POLY(V) is a vector whose elements are
the coefficients of the polynomial whose roots are the
elements of V . For vectors, ROOTS and POLY are inverse
functions of each other, up to ordering, scaling, and
roundoff error.

ROOTS(POLY(1:20)) generates Wilkinson’s famous example.

roots
Find polynomial roots.
ROOTS(C) computes the roots of the polynomial whose coefficients

are the elements of the vector C. If C has N+1 components,
the polynomial is C(1)*X"N + ... + C(N)*X + C(N+1).
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5.3.3 Companion matrices

These matrices will be useful later in control design. We met these matrices when construct-
ing state space descriptions for systems described by a single higher order linear differential
equation.

Exercise 45 Compute the characteristic polynomial of

0 1
—Gp —ap

Hence, write down the characteristic polynomials for the A matrices associated with the
unattached mass and the damped linear oscillator.

Exercise 46 Compute the characteristic polynomial of

0 1 0
0 0 1
—Qp —a; —Aas

Fact 1 The characteristic polynomial of

0 1 0 0 0

0 0 1 0 0

0 0 0o ... 0 1
—Qyp —a1 —QA ... —Qp—2 —Qp_1

s given by
p(s) =ag+ais+ ...+ ap 18" 45"

Hence, given any bunch of n complex numbers, there is a companion matrixz whose eigen-
values are exactly these numbers.

Exercise 47 What is the real 2 x 2 companion matrix with eigenvalues 1 + 5, 1 — 57

Exercise 48 What is the companion matrix whose eigenvalues are —1, —2, and —37
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5.4 Behavior of continuous-time systems

5.4.1 System significance of eigenvectors and eigenvalues

In this section, we demonstrate that the eigenvalues and eigenvectors of a square matrix A
play a fundamental role in the behavior of the linear system described by

T =Az. (5.4)

We first demonstrate the following result.

The system & = Ax has a non-zero solution of the form

z(t) = My (5.5)

if and only if X is an eigenvector of A and v is a corresponding eigenvector.

To demonstrate the above claim, note that if z(t) = ev, then

&= eMw and Az(t) = AeMv = M Av.

My is a non-zero solution of & = Az if and only if v is nonzero and

Hence, z(t) = e
M = eMAv .

At

Since e is nonzero, the above condition is equivalent to

Av = \v.

Since v is non-zero, this means A is an eigenvector of A and v is a corresponding eigenvector.

A solution of the form e*v is a very special type of solution and is sometimes called a

mode of the system. Note that if 2(¢) = e v is a solution, then x(0) = v, that is, v is the
initial value of x. Hence, we can make the following statement.

If v is an eigenvector of A, then the solution to & = Ax with initial condition x(0) = v
is given by z(t) = eMv where X is the eigenvalue corresponding to v.

A

If v is an eigenvector then, e*v is also an eigenvector for each ¢. Also, considering the

magnitude of eMv, we obtain
leX ]| = [eX] [Jo]| = e [|v]
where « is the real part of \. So,

(a) Once an eigenvector, always an eigenvector!
(b) If ®(N\) < 0 you decay with increasing age.

(c) If ®(A) > 0 you grow with increasing age.
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(d) If R(N\) = 0 your magnitude remains constant.

(e) If A = 0 you stay put; every eigenvector corresponding to A = 0 is an equilibrium state.

Example 41 The matrix A of example 37 had 2 as an eigenvalue with corresponding eigen-
vector [ 1 1 ]T. Hence with initial state,

(1)

the system & = Az has the following solution:

o= (G )
(1)

Exercise 49 Prove the following statement. Suppose that v',...,v™ are eigenvectors of A
with corresponding eigenvalues, A1, ..., \p. Then the solution of (5.4) with initial state

What is the solution for

m

1 m
ro = &10v + ...+ Emov™
where &1, - . ., Emo are scalars, is given by

z(t) = et + L+ Enoe o™

Behaviour in the v subspace. Suppose v is an eigenvector of A with corresponding
eigenvalue A and consider any initial state of the form xy = £v. Thus, the initial state xg is
in the 1-dimensional subspace spanned by v. We have shown that the solution corresponding
to 2(0) = x¢ has the form () = £(¢)v; hence x(t) remains in this subspace. Forgetting about

the actual solution, we note that (v = @ = Az = A(&v) = A{v. Hence

£=X¢ £(0) =&

In other words, the behavior of the system in the 1-dimensional subspace spanned by v is
that of a scalar system.

Some state space pictures
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Real systems and complex eigenvalues. Suppose we are interested in the behavior of
a ‘real’ system with real state x and real system matrix A and suppose A is a (genuine)
complex eigenvalue of A, that is,

Av =M\

for a nonzero v. Since A is real and A is complex, the eigenvector v is complex. The complex
system can start with a complex initial state but the ‘real’ system cannot. So is the above
result useful? It is, just wait.

Since A is real, ) is also an eigenvalue of A with corresponding eigenvector o; hence the
(complex) solution corresponding to x(0) = v is given by

Mo = eMy

Consider now the real vector

u:=Rw) = %(U + )

as an initial state. Since the solution depends linearly on initial state, the solution for this
real initial state is

1 S
5(6’\%4—6’“1}) = R(eMv)

Suppose we let
a=R(\) w=S(\) w = J(v).

Then
A=a+jw and v=u-+Jw.

Hence,

My = e*(coswt + gsinwt)(u + Jw)

= [ cos(wt)u— e sin(wt)w] + 7 (e sin(wt) u + e cos(wt) w)
Hence, the solution due to z(0) = u is
e cos(wt) u — e sin(wt) w
Similarly, the solution due to initial state w is S(e*v), that is,

e sin(wt) u + e cos(wt) w

e So, if the initial state is of the form

z(0) = &ou + Eow

where &9, o0 are any two real scalars (that is, the system starts in the real subspace spanned
by the real span of u,w), the resulting solution is given by

z(t) = &i(t)u + &(Hw
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where

&1(1)
&a(t)

e cos(wt)&1g + € sin(wt)Eq e cos(wt) e sin(wt)
_pat o at = _at o at &]
et sin(wt)&19 + e cos(wt)€a e sin(wt) e cos(wt)

Note that, if we let Ay = (£, + f%o)% and let ¢y be the unique number in the interval [0, 27)
defined by

sin(¢o) = &10/Ao and  cos(do) = §20/A0
then

i(1)

Age™ sin(wt+¢y)
§2(t)

Ape™ cos(wt+gp)
and

z(t) = Ape™ (sin(wt+¢o)u + cos(wt+dg)w)
So, we conclude that for real systems:

(a) If the initial state is in the real 2D subspace spanned by the real and imaginary parts
of an complex eigenvector, then so is the resulting solution.

(b) If ®(A) < 0 you decay with increasing age.

(c) If ®(A) > 0 you grow with increasing age.

(d) If R(N\) = 0 your magnitude remains constant and if A # 0 you oscillate forever.

(e) If A = 0 you stay put; every eigenvector corresponding to A = 0 is an equilibrium state.

Example 42 Recall example 38. Considering

we have

w= {1 w=("

~\ 0 1
So,
T = T1U + Tow

Hence, all solutions are given by
x1(t) e cos(wt) g + € sin(wt)xag B e cos(wt) e sin(wt) .
zo(t) = —e“sin(wt)zig + €™ cos(wt)rag N —e®sin(wt) e cos(wt) )P

106



Behavior in the u—w subspace. We have shown that if the state starts in the 2-
dimensional subspace spanned by u,w, ( let’s call it the u—w subspace) it remains there,
that is, if xg = &ou+ Eyow then x(t) = & (t)u+ & (t)w. Forgetting about the actual solution,

we now show that motion in this subspace is described by:

G = o + wh (aw
52 = _W§1 + Oé§2 —W

)¢

To see this, we first equate real and imaginary parts of
Alu+ jw) = (o + yw)(u + jJw)

to obtain
Au = oau — ww

Aw = wu + aw
Now
Slu + égw = T
= Ax
= A(Siu+ Sw)
= §Au+ &Aw

= (a& 4+ w&)u+ (—wé + ad)w

The desired result now follows by equating coefficients of u and
equation.

w on both sides of the

Example 43 (Beavis and Butthead) Consider u; = uy = 0 in the system in Figure 5.3.

Figure 5.3: Beavis & Butthead

m¢y = k(g —q1)
mgs = _k<QQ - Q1)
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Introducing state variables

Ty =4q, X2:=(q¢2, I3:=(q1, I4:=(q2,

this system is described by & = Ax where A is the block partitioned matrix given by

0 I -1 1
A_<A21 0), Agl—k‘/m< 1 _1> .

The characteristic polynomial of A is given by

p(s) = s%(s* + w?) , w=+/2k/m

Hence, A has three eigenvalues
>\1:jw7 >\2:_jw7 )\3:()

Corresponding to each eigenvalue \;, there is at most one linearly independent eigenvector
v, for example,

1
1 -1 2
Jw

1 0 1 0
-1 0 -1 0

1 _
S = span , w = span 0 , 1
0 —w 0 —1

A little reflection reveals that states in this subspace correspond to those states for which

g2 = —q1 and ¢, = —¢;. A state trajectory which remains in this subspace is characterized
by the condition that

@(t) = —q(t).

We have seen that whenever a motion originates in this subspace it remains there; also
all motions in this subspace are purely oscillatory and consist of terms of the form cos(wt)
and sin(wt).

Consider now the subspace S? spanned by the eigenvector v3. Every state in this subspace
has the form

that is, ¢; is arbitrary, ¢o = ¢1, and ¢; = ¢, = 0. Since the eigenvalue corresponding to this
eigenspace is zero, every state in this subspace is an equilibrium state.
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5.4.2 Solutions for nondefective matrices

Recall that the algebraic multiplicity of an eigenvalue of a matrix is the number of times
that the eigenvalue is repeated as a root of the characteristic polynomial of the matrix. Also
the geometric multiplicity of an eigenvalue is the dimension of its eigenspace, or equivalently,
the maximum number of linearly independent eigenvectors associated with that eigenvalue.
It can be proven that the geometric multiplicity of an eigenvalue is always less than or equal
to its algebraic multiplicity. An eigenvalue whose geometric multiplicity equals its algebraic
multiplicity is call a nondefective eigenvalue. Otherwise, it is called defective. If an eigenvalue
is not repeated, that is, it is not a repeated root of the matrix characteristic polynomial, then
it has algebraic multiplicity one. Since its geometric multiplicity must be greater than zero
and less than or equal to its algebraic multiplicity, it follows that its geometric multiplicity
equals its algebraic multiplicity; hence the eigenvalue is nondefective.

A matrix with the property that all its eigenvalues are nondefective is called a nondefective
matrix. Otherwise, it is called defective. When is a matrix A nondefective? Some examples
are:

(a) A has n distinct eigenvalues where A is n X n.
(b) A is hermitian that is, A* = A.
(c) A is unitary, that is, A*A = 1.

Here A* is the complex conjugate transpose of A.
We have the following result.

Fact 2 An n x n matriz has n linearly independent eigenvectors if and only if A is nonde-
fective.

Example 44 The following matrix is a simple example of a defective matrix.

-(30)

Example 45 The following matrix is another example example of a defective matrix.

01 0 0

—w? 0 10

A= 0 0 01
00 —w? 0

where w is any real number.

Suppose A is a nondefective matrix and consider any initial condition: x(0) = z,. Since
A is nondefective, it has a basis of eigenvectors v!,---  v"™. Hence, there are unique scalars
&10,&10, - - - Eno such that xy can be expressed as

o = §10v1 + 520’02 4+ ...+ fng’l}n .
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From this it follows that the solution due to x(0) = x, is given by

I‘(t) = 6)‘1t§107j1 -+ 6>\2t£201)2 4+ ...+ €A"t§n(ﬂ)n (56)

Note that each term e**¢;pv’ on the right-hand-side of the above equation is a mode. This
results in the following fundamental observation.

Every motion (solution) of a linear time-invariant system with nondefective A matrix is
simply a sum of modes.

5.4.3 Defective matrices and generalized eigenvectors

Consider a square matrix A. Then we have the following fact.

Fact 3 An eigenvalue X for A is defective if and only if there is a nonzero vector g such that
(A= X)?g=0 but (A=X)g#0.

The vector g is called a generalized eigenvector for A.
0 1
=(00)
(0
9=\ 1

We now demonstrate the consequence of a system having a defective eigenvalue. So,
suppose A is a defective eigenvalue for a square matrix A. Let g be any corresponding
generalized eigenvector for \. We now show that

Example 46

Consider A = 0. Then

is a generalized eigenvector of A.

z(t) = eMg +teM(A — N)g

is a solution of # = Ax. To see this, differentiate x to obtain

i(t) = eMAg+eM(A—N)g+teMNA— N)g
eMAg +teMA(A — Mg

Since (A — A\I)%g = 0, we have
A(A=X)g=XNA—-X)g.
Hence

i(t) = eMAg+teMA(A—N)g = A(eMg + te(A — N)g)
= Ax(t).
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Consider the function given by te and note that
|t | = [t]e

where « is the real part of . So, if a is negative, the magnitude of the above function decays
exponentially. If « is positive, the magnitude of the above function grows exponentially. If
«a is zero, the magnitude of the above function is given by |¢| which is also unbounded. From
this discussion, we see that the defectiveness of an eigenvalue is only significant when the
eigenvalue lies on the imaginary azis of the complex plane, that is when it has zero real part.

Example 47 (Resonance) Consider a simple spring-mass system, of mass m and spring
constant k, subject to a sinusoidal force w(t) = Asin(wt + ¢) where w = /k/m is the
unforced natural frequency of the spring mass system and A and ¢ are arbitrary constants.
Letting ¢ be the displacement of the mass from its unforced equilibrium position, the motion
of this system can be described by

mq+kq=w.

N

T oo S LSl

Figure 5.4: Resonance

Since w(t) = Asin(wt + ¢) it satisfies the following differential equation:
W+ ww=0.
If we introduce state variables,
r1=4q, To=¢q, T3=w, Ty,= W

the sinusoidally forced spring-mass system can be described by & = Az where

0o 1 0 O

—w? 0 1/m 0

A= 0 0 0 1
0 0 —w? 0

This matrix has characteristic polynomial
p(s) = (s* +w’)*.
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Hence A has two distinct imaginary eigenvalues A\; = jw and Ay = —jw, both of which are
repeated twice as roots of the characteristic polynomial. All eigenvalues for \; and Ay are of
the form cv' and cv?, respectively, where

1 1

1 _ Jw 2 —Jw
Vo= 0 and Ve = 0
0 0

Since these eigenvalues have algebraic multiplicity two and geometric multiplicity one, they
are defective. A generalized eigenvector corresponding to A; and As is given by

1/2k 1/2k
0 0
g=1 and  g*=| | |,
Jw —Jw

respectively. Hence this system has solutions with terms of the form ¢ sin(wt).
Exercises
Exercise 50 (Beavis and Butthead at the laundromat)

mgi — mQ%q 4+ E(gn — g —2l) = 0

mgs — mQ2q — 51— g2 —2lp) = 0

with

w:=+k/m>Q

Figure 5.5: At the laundromat

(a) Obtain the equilibrium values ¢f, ¢5 of ¢1, go.
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(b)

(c)

(d)

(e)

With
T = 0qi=q — Qf
Ty = 0q2 = q2 — C]S
T3 = q
Ty = Qo

Obtain a state space description of the form z = Ax.

Obtain expressions for the eigenvalues of A. Write down expressions for the complex
Jordan form and the real Jordan form of A?

For the rest of the exercise, consider w? = 202, Obtain expressions for linearly inde-
pendent eigenvectors of A.

For the rest of the exercise, let {2 = 1. Numerically simulate with initial conditions
0q1(0) =1, d¢2(0) = -1, Gi(0)=0, ¢(0)=0

On the same graph, plot dq; () and —dgo(t) vs t. Why is dga(t) = —0q1(t)? Plot dgo(t)
vs dq(t).

Numerically simulate with initial conditions
0q1(0) =1, 6¢2(0) =1, 6i(0) =—1, ¢a(0)=—1

On the same graph, plot dq;(¢) and dgo(t) vs t. Why is dg2(t) = dq1(t)? Why does the
solution decay to zero? Plot dga(t) vs dqi(t).

Numerically simulate with initial conditions
5q1 (0) = 17 56]2(0) = 17 (jl (0) = 17 Q2(0)

=1
On the same graph, plot dq;(t) and 0gy(t) vs t. Why is dqa(t) = 0q1(¢)? Is this solution
bounded? Plot dga(t) vs dq1(t).

Numerically simulate with initial conditions

Compute ||z(t)|| and show (by plotting ||z|| vs t) that it is constant. Why is it constant?

Exercise 51 Consider the delay differential equation described by

(t) = Ayz(t) + Asx(t — 1)

where t € IR and z(t) € C". Show that if a complex number X satisfies

det()\l — Al — B_AAQ) =0

then the delay differential equation has a solution of the form

My

where v € C" is nonzero.
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Exercise 52 Consider a system described by
Mi+Cq+Kq=0

where ¢(t) is an N-vector and M, C' and K are square matrices. Suppose A is a complex

number which satisfies
det(\>M + A\C' + K) = 0.

Show that the above system has a solution of the form
q(t) = Mv

where v is a constant N-vector.
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5.5 Behavior of discrete-time systems

5.5.1 System significance of eigenvectors and eigenvalues
Consider now a discrete time system described by
z(k+1) = Az(k) (5.7)

We now demonstrate the following result:

The discrete-time system (5.7) has a solution of the form

z(k) = Mo (5.8)

if and only if \ is an eigenvalue of A and v is a corresponding eigenvector.

To prove this, we first suppose that A is an eigenvalue of A with v as a corresponding
eigenvector. We need to show that x(k) = AMwv is a solution of (5.7). Since Av = Av, it
follows that z(k+1) = AFy = X\exv = N Ay = A(Nv) = Ax(k), that is 2(k+1) = Az(k);
hence z(+) is a solution of (5.7).

Now suppose that z(k) = M\*v is a solution of (5.7). Then v = z(1) = Az(0) = Awv, that
is, Av = Av; hence A is an eigenvalue of A and v is a corresponding eigenvector. [ ]

A solution of the form A*v is a very special type of solution and is sometimes called a
mode of the system. Note that if x(k) = A\*v is a solution, then z(0) = v, that is, v is the
initial value of x. Hence, we can make the following statement.

If v is an eigenvector of A, then the solution to x(k+1) = Ax(k) with initial condition
z(0) = v is given by z(k) = \*v where X is the eigenvalue corresponding to v.

If v is an eigenvector then, \¥v is also an eigenvector for each k. Also, considering the
magnitude of M*v, we obtain

[N 0l = N[ Jlol] = (A o]
So,

a) Once an eigenvector, always an eigenvector!

(a)

(b) If |A| < 1 you decay with increasing age.

(c) If |[A] > 1 you grow with increasing age.
)

(d) If |A| =1 and A # 1 you oscillate forever.

e If A =1 and z(0) = v, then z(k) = v for all k, that is v is an equilibrium state for the
system.

e If A\ =0 and z(0) = v, then z(k) = 0 for all k£ > 0, that is the state of the system goes to
zero in one step.
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5.5.2 All solutions for nondefective matrices

Recall that an eigenvalue whose geometric multiplicity equals its algebraic multiplicity is
called a nondefective eigenvalue. Otherwise, it is considered defective. A matrix with the
property that all its eigenvalues are nondefective is called a nondefective matrix. Otherwise,
it is considered defective. Recall also that an n X n matrix has n linearly independent
eigenvectors if and only if A is nondefective.

Example 48 The following matrix is a simple example of a defective matrix.
0 1
A=
Suppose A is a nondefective matrix and consider any initial condition: z(0) = x¢. Since
A is nondefective, it has a basis of eigenvectors v!,--- ,v™. Hence,

Ty = E10v" + g0 + ...+ Eno”

From this it follows that

.T(k) = )\Ifgl(ﬂ)l + )\]55207]2 4+ ...+ )\ﬁgn(ﬂ}n (59)

Note that each term Af&pv' on the right-hand-side of the above equation is a mode. This
results in the following fundamental observation.

Every motion (solution) of a discrete-time linear time-invariant system with nondefective
A matrixz is simply a sum of modes.

5.5.3 Some solutions for defective matrices

Consider a square matrix A and recall that an eigenvalue A for A is defective if and only if
there is a nonzero vector g such that

(A= X)?g=0 but (A= X)g#0.
The vector g is called a generalized eigenvector for A.

Example 49

Consider A = 0. Then

is a generalized eigenvector of A.
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We now demonstrate the consequence of a system having a defective eigenvalue. So,
suppose A is a defective eigenvalue for a square matrix A. Let g be any corresponding
generalized eigenvector for \. We now show that

z(k) = Mg+ kAP (A - AD)g

is a solution of x(k+1) = Ax(k). To see this, we first note that, since (A — A\I)?g = 0, we
have
A(A=XDg=XNA—-X)g.

Hence

Ax(k) = MNAg+EANFVAA - A)g
= MNAg+ kN (A—N)g.

Now note that

w(k+1) = AFg 4 (k+1)N (A~ \)g
= A L EXF(A = Mg+ A Ag — Ay
= MNAg+EN(A—NDg.
Hence z(k+1) = Az(k) u

Consider the function given by kA*! and note that
[EAST] = (K|

So, if |A| < 1, the magnitude of the above function decays exponentially. If |A] > 1,
the magnitude of the above function grows exponentially. If |A| = 1, the magnitude of the
above function is given by |k| which is also unbounded. From this discussion, we see that the
defectiveness of an eigenvalue is only significant when the eigenvalue lies on the unit circle
in the complex plane, that is when its magnitude is one.
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5.6 Similarity transformations
Motivating example. Consider

Ztl == 3.%'1 — X9

Sbg = —x1+ 3.%2
Suppose we define new states:

51 = ($1+l’2)/2
& = ($1—$2)/2

Then,

& o= 2
& = 46

That looks better!
Where did new states come from? First note that

= &+ &
Ty = 51—52

and we have the following geometric interpretation. Since,

= a(d)(?)
- o()-()

the scalars x1, x5 are the coordinates of the vector  wrt the usual basis for ]R?; the scalars
&1, & are the coordinates of x wrt the basis
1
-1

1
1
Where did these new basis vectors come from? These new basis vectors are eigenvectors of
the matrix
3 -1
=(35)

and the system is described by & = Ax.
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Coordinate transformations. Suppose we have n scalar variables z1, o, ..., z, and we

implicitly define new scalar variables &;,&,, ..., &, by
T &1
x=T¢ where xr = I;2 and £ = 5:2
. 3

and 7' is an n X n invertible matrix. Then, ¢ is explicitly given by
E=T"'z

We can obtain a geometric interpretation of this change of variables as follows. First,
observe that

1 1 0 0
i) 0 1 0
. = al . “+ X9 . + ... + x, . s
Ty 0 0 1
—— N——

x ol o2 eh
that is the scalars x1,xs,...,x, are the coordinates of the vector x wrt the standard basis
el,e?, ... e or, x is the coordinate vector of itself wrt the standard basis. Suppose

T=(t ...t ... t")

that is, #/ is the j-th column of T'. Since T is invertible, its columns, t',#2, ... ", form a

basis for C". Also, x = T¢ can be written as
=+ &P 6T

From this we see that &;,&s,...,&, are the coordinates of z wrt to the new basis and the
vector ¢ is the coordinate vector of the vector x wrt this new basis. So x = T¢ defines a
coordinate transformation.

Similarity transformations. Consider now a CT (DT) system described by
T = Ax (z(k+1) = Ax(k))

and suppose we define new state variables by x = T¢ where T is nonsingular; then the
behavior of £ is governed by

§=A¢ (€(k+1) = AZ(k))

A square matriz A is said to be similar to another square matrix A if there exists a
nonsingular matriz T such that A = T—'AT.

where

Recalling that the columns t!,¢2,...,t" of T form a basis, we have now the following very
useful result.
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Useful result. Suppose
AV = apt! + agit? + ..+ it
Then the matrix A = T-*AT is uniquely given by
Nij =

that is A;; is the i-th coordinate of the vector At/ wrt the basis ¢!,¢? - -+ ¢". Thus, the j-th
column of the matrix A is the coordinate vector of At/ wrt the basis t!,#2,--- "

PROOF. Premultiply A = T7YAT by T to get:

TA = AT
On the right we have
AT = A(th ... ¢ .. tm)
= (A" AV L A
And on the left,
A11 Alj Aln
A21 .. Agj A2n
TA = (8 & ... ... ") :
A oo Ay o A,
B (A11t1+~--+An1t”E ...... At AT EAlnt1+...+Annt”>
j-thcglumn

Comparing the expressions for the j-th columns of AT and TA yields

At 4+ o+ At = AP

= aljtl + ...+ Oénjtn
Since the b;’s form a basis we must have A;; = a;. [ |

e Note that
A=TAT!

Example 50 Recall example 37. Note that the eigenvectors v! and v? are linearly indepen-

dent; hence the matrix
1 1
. 1,2Y _
T.—(U U)—(l _1)
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is invertible. Since

Avt = 20!
Av? = 4?

we can use the above result and immediately write down (without computing 771)

i (20
werro (20)

Explicitly compute 77! and then T-'AT to check.

Example 51 Recalling example 38 we can follow the procedure of the last example and

define
T .= ( Lo >
J =)
to obtain (without computing 71)

-1 _ 1+] 0
s (140 )

You may now compute 7! and check this.

Example 52 Suppose A is a 4 x 4 matrix and v!,v?, 03, v* are four linearly independent
vectors which satisfy:

Avt =02, Av? =03, Av® =0t Avt = 30t — 0?4+ 603

3

If we let V be the matrix whose columns are v!,v?,v3, v*, then V is invertible and we can

immediately write down that

000 3
.o 100 -1
VEAV=1 01 0 6

001 0

Example 53 B&B

Some properties:
Exercise 53 Prove the following statements:
(a) If A is similar to B, then B is similar to A

(b) If A is similar to B and B is similar to C, then A is similar to C.

Exercise 54 Show that if A is similar to A then the following hold:
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(a) det A =det A

(b) charpoly A = charpoly A and, hence, A and A have the same eigenvalues with the
same algebraic multiplicities.

Exercise 55 Suppose A is a 3 x 3 matrix, b is a 3-vector,
AP+ 24+ A+1=0
and the matrix
T=(b Ab A% )

is invertible. What is the matrix A := T AT? Specify each element of A explicitly.
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5.7 Hotel California

5.7.1 Invariant subspaces

Suppose A is a square matrix. We have already met several subspaces associated with A,
namely, its range, null space, and eigenspaces. These subspaces are all examples of invariant
subspaces for A

We say that a subspace S is an invariant subspace for A if for each vector x in S, the
vector Ax is also in' S.

Figure 5.6: Invariant subspace

The significance of invariant subspaces for LTI systems lies in the following result which
is proven later.

If the state of a linear-time-invariant system starts in an invariant subspace of the system
matrix, it never leaves the subspace.

A coordinate transformation. Suppose § is an invariant subspace for a square matrix
A. If § has dimension m, let
tl,ﬂ’ NN
be a basis for S. If A is n x n, extend the above basis to a basis
tho
for €™ (This can always be done.) Now introduce the coordinate transformation

x="T¢

where
T.=(t ¢ ... )

gz(g),

where ( is an m-vector and 7 is an (n—m)-vector, we obtain

Letting

=Gt Gt it ot
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So
risin § if and only if n=20

Let
A:=T71AT.

Using our ‘useful result on similarity transformations’ and the fact that S is invariant for A,
it follows that A must have the following structure:

A Ay
A=
( 0 A
System significance of invariant subspaces. Consider a system described by

T = Ax

and suppose S is an invariant subspace for A. Introduce the above coordinate transformation
to obtain

£ =A¢
or
é = Au¢+Awn
n = Ny

Looking at the differential equation 7 = Agen, we see that if 7(0) = 0, then 7n(¢) = 0; hence,
if (0) is in S then z(¢) is always in S. In other words, if you are in S, you can check out
any time, but you can never leave.....

5.7.2 More on invariant subspaces®

Suppose Si, S, ..., S, are g invariant subspaces of a square matrix A with the property that
there is basis
th t"
where
th.
is a basis for Sy,
RN
is a basis for S,,
tn1+---+n<p1+1 e
is a basis for S,
= Ax
Coordinate transformation
x=T¢
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where
T=(t ¢ ... )

that is, # is the i-th column of 7. Consider
A=T71AT

Claim:
A = blockdiag (Aq, ..., Ay)
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5.8 Diagonalizable systems

5.8.1 Diagonalizable matrices

We say that a square matrixz A is diagonalizable if it is similar to a diagonal matriz, that is,
there is an invertible matriz T and a diagonal matriz A such that

A=T71AT.

In this section, we show that A is diagonalizable if and only if it has the following property:
For each distinct eigenvalue of A,

geometric multiplicity = algebraic multiplicity

Recall that the geometric multiplicity of an eigenvalue is the dimension of its eigenspace,
or equivalently, the maximum number of linearly independent eigenvectors associated with
that eigenvalue. An eigenvalue whose geometric multiplicity equals its algebraic multiplicity
is call a nondefective eigenvalue. Otherwise, it is considered defective. A matrix with the
property that all its eigenvalues are nondefective is called a nondefective matrix. Otherwise,
it is considered defective. When is a matrix A nondefective? Some examples are:

(a) A has n distinct eigenvalues where A is n x n.
(b) A is hermitian that is, A* = A.
We first need the following result.

Fact 4 Suppose that geometric multiplicity equals algebraic multiplicity for each distinct
eigenvalue of a square matrix A. Then A has a basis of eigenvectors:

Example 54
0 1
A=
(30
Theorem 2 Suppose that for each distinct eigenvalue of A, its geometric multiplicity is the
same as its algebraic multiplicity . Then A is similar to a diagonal matriz A whose diagonal

elements are the eigenvalues of A. (If an eigenvalue has multiplicity m, it appears m times
on the diagonal of A)

PROOF. Let
T::(v1 v? o )
where v!,...,v" is a basis of eigenvectors for A. Let )\; be the eigenvalue corresponding to
v'. Then,
Avt = 0t
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Defining
A:=T1AT

it follows from the ‘useful result on similarity transformations’ that

A = dlag ()\1,)\2,...7>\n>
At 0O 0
0 A 0
0 0 An

J/

Complex J ordan form of A

So A is similar to the diagonal matrix A.

Example 55
4 -2 =2
A= 0 2 =2
0o —2 2

The characteristic polynomial of A is

p(s) =det(s] — A) = (s —4)[(s — 2)(s — 2) — 4] = s(s — 4)*
So A has eigenvalues,
A1 =0, Ao =14

with algebraic multiplicities 1 and 2.
The equation (A — A\)v = 0 yields:

For )\1 = O,
4 -2 -2 4 0 —4 1 0 -1
rref(A—MI)=rref [ 0 2 -2 | =ref| 0 2 =2 | = | 0 1 —1
0 -2 2 00 O 00 O

Hence, A1 has geometric multiplicity 1 and its eigenspace is spanned by

1
ol = 1
1
For \y = 4,
0 -2 -2 0 -2 -2 011
rref(A — X)) =1ref | 0 =2 =2 | =ef{ O O O ] = |00 O
0 —2 -2 0o 0 0 000
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Hence, Ay has geometric multiplicity 2 and its eigenspace is spanned by

1 0
v? = 0 and V3 = —1
0 1

Since the geometric multiplicity of each eigenvalue is equal to its algebraic multiplicity,
A is diagonalizable and its Jordan form is

A:

o O O
O = O
- O O

A quick check with MATLAB yields A = T7'AT where T' = (v'v*0?).

5.8.2 Diagonalizable continuous-time systems

Consider a continuous-time system
T = Ax

and suppose A is an n x n diagonalizable matrix, that is, there is a nonsingular matrix 7’
such that

AN=T"1AT
is diagonal. Hence, the diagonal elements of A are the eigenvalues (including possible mul-
tiplicities) A1, Ag, ..., A, of A. Introducing the state transformation,
x=T¢

we have £ = T~ 'z and the system behavior is now equivalently described by

£=A£.
This yields
&= A&
2 = b
that is, n decoupled first order systems. Hence, for ¢ =1,2,...,n,
fz(t) = 6/\it€i0 (510)
where & = £(0). In vector form, we obtain
eMt 0 0
0 e ... 0
E(t) = : . : &o (5.11)
0 0 et



where & = ( o &0 0 &no )T. Since x(t) = T¢(t), we have
2(t) = &0 + G0 + .+ Ea(t)0”

where v!,v%, ... 0" are the columns of T. It now follows from (5.10) that the solution for
x(t) is given by

Note that each term e*'&;pv’ on the right-hand-side of the above equation is a mode. This
results in the following fundamental observation.

Every motion (solution) of a diagonalizable linear time-invariant system is simply a sum
of modes.

Suppose g is the initial value of = at ¢ = 0, that is, z(0) = x¢. Then, the corresponding
initial value & = £(0) of £ is given by

50 = T71x0 .

State transition matrix. Since z(t) = T¢(t) and & = Ty, it follows from (5.11) that
z(t) = O(t)zo (5.13)

where the state transition matrix ®(-) is given by

eMt 0 0
0 et .. 0
O(t):=T ) . ) T (5.14)
0 0 ernt

Example 56 Consider a CT system with A from example 37, that is,
3 —1
=)
1 1
(1)

Here,

and A\; = 2, Ay = 4.
Hence,

1 €2t +€€4t 62t 64t
= §(e2t_e4t e2t 4 et >
and all solutions are given by
ni(t) = %(€2t+€4t)x10+ %(6% — Mgy
wo(t) = %(e2t — ey + %(6275 + e o



Exercise 56 Compute the state transition matrix for the CT system corresponding to the
A matrix in example 55.

5.8.3 Diagonalizable DT systems
The story here is basically the same as that for CT. Consider a DT system

z(k+1) = Ax(k)
and suppose A is diagonalizable, that is, there is a nonsingular matrix 7" such that
AN=T1AT

is diagonal and the diagonal elements of A are the eigenvalues Ay,..., A, of A.
Introducing the state transformation,

x=T¢
we have £ = T~ 'z and its behavior is described by:

§(k+1) = Ag(K)

Hence,
Si(k+1) = M&i(k)
Sk +1) = Xa&a(k)
If
z(0) = x9
then
£0)=¢& =T "x
So,
&i(k) = A&, i=1,2,...,n
or,
Moo 0
0 X ... 0
§(k) = : S €o
0 0 Ak
Since

=&V + &0+ L+ 60
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where v!,v? ... v" are the columns of T', the solution for x(k) is given by

ZE(k) = )\’fgl(ﬂ}l + /\gggon + ...+ /\Zgno’vn

Or,
x(k) = ®(k)xo

where the DT state transition matriz ®(-) is given by

Mooo0

0 X ... 0 .
ok) =T . |

0 0 ... X\

Example 57 Consider a DT system with A from example 37, that is,
3 -1
=)
1 1
1 -1

d(k) = T(% 42>T—1

L2k pak 2k gk
oo\ 284k ok gk

Here,

~
I

and Ay = 2, Ay = 4.
Hence,

and all solutions are given by

xl(t) = (2k + 4k )1‘10 + (2k — 4k )1‘20
£L‘2(t) = (Qk — 4k )1'10 + (Qk + 4k )lL‘QO
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5.9 Real Jordan form for real diagonalizable systems*

Suppose A is real and has a complex eigenvalue
A=a+ jw

where a,w are real. Then any corresponding eigenvector v is complex and can be expressed
as
v=u-+jw

where u,w are real and are linearly independent over the real scalars.

Since A is real, A is also an eigenvector of A with eigenvector ¥. So we can replace each v
and v in the basis of eigenvectors with the corresponding u and w to obtain a new basis; then
we define a coordinate transformation where the columns of 7" are these new basis vectors.

The relationship,

Av =l
and A real implies
Au = au— ww
Avw = wu-+ow

Hence, using the ‘useful result on similarity transformations’, we can choose 7" so that
A =T AT is given by

A = block—diag(/\l,...7/\l,( 31 zl),...,( 3m zm))

A
A
_ a1 Wi
- —wW1 Qq
am wm
—Wm QO
Real Jordan form of A
where \j, ..., \; are real eigenvalues of A and ay + jwy, ..., + Jw, are genuine complex

eigenvalues.
Example 58 Recall example 38.

Example 59

_ o O O
o O O
o O = O
o= O O
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By inspection (recall companion matrices),
det(s] —A) =s*—1

So eigenvalues are:
)\1:1 /\2:—1 )\2:] )\3:—j

Since there are n = 4 distinct eigenvalues, the complex Jordan form is:

1 00 O
0 -1 0 0
0 0 52 O
0 00 —y
The real Jordan form is:
1 0 00
0O -1 00
0O 0 01
0O 0 -1 0

5.9.1 CT systems

The solutions of
T = Az, z(0) = xg

are given by
z(t) = ®(t)zo

where the state transition matrix ®(-) is given by

O(t) =TdH)T !

with ®(t) being the block diagonal matrix:

block-diag (€M, ... &Mt ealttcgs(wlt) 60‘1: sin(wt) L eamtths(wmt) eam; sin(wp,t)
—e™tsin(wt) e*’cos(wit) —e*mtsin(wy,t) et cos(wpt)

5.10 Diagonalizable second order systems

Only two cases for real Jordan form

A O a w
0 XM —w «
where all the above scalars are real.
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5.10.1 State plane portraits for CT systems

Real eigenvalues

Genuine complex eigenvalues

5.11 Exercises
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Exercise 57 Compute the eigenvalues and eigenvectors of the matrix,

2 -3 0
A= 2 -3 0
3 =5 1

Exercise 58 Compute the eigenvalues and eigenvectors of the matrix,

1
A= 1
-1

[NORE NI V)

1
1
3

Exercise 59 Compute the eigenvalues and eigenvectors of the following matrix.

S O = O
O = O O

Exercise 60 Compute expressions for eigenvalues and linearly independent eigenvectors of

A—( “ w) a,w # 0

—w
Exercise 61 Find expressions for the eigenvalues and linearly independent eigenvectors of

matrices Of the form:

where v and (3 are real with v > 0. Obtain state plane portraits for

p=0 =1
6=-3 =2
6=3 v=2

Exercise 62 Consider an LTI system described by & = Ax.
(a) Suppose that the vectors

1 1
-1 1
1 and 1
-1 1
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are eigenvectors of A corresponding to eigenvalues —2 and 3, respectively. What is the
response x(t) of the system to the initial condition

(b) Suppose A is a real matrix and the vector

1

J
—1

—J

is an eigenvector of A corresponding to the eigenvalue 2 + 3. What is the response z(t) of
the system to the initial condition

Exercise 63 Suppose A is a square matrix and the vectors

1 1
2 and 1
3 1

are eigenvectors of A corresponding to eigenvalues —1 and 1, respectively. What is the
response z(t) of the system & = Ax to the following initial conditions.

2 2 0
(a) z(0)=1 4 (b) z(0)=1 2 (¢c) z(0)=1 2 |7
6 2 4

(d) Suppose A is a real matrix and the vector
1429

-y
3

is an eigenvector of A corresponding to the eigenvalue 2 — 3j. What is the response x(t) of
the system & = Ax to the initial condition
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Exercise 64 Suppose A is a real square matrix and the vectors

1 1 1
—1 2 7
1 4 -1
—1 8 —J

are eigenvectors of A corresponding to eigenvalues —1 and 2 and 3, respectively. What is the
response z(t) of the system & = Ax to the following initial conditions.

2 —1 0
@ = 5| o= 3| ©«0=|5| @ ==
—9 -8 9

Exercise 65 Suppose A is a real square matrix with characteristic polynomial
p(s) = (s +2)(s* +4)°

Suppose that all eigenvectors of A are nonzero multiples of

1 0 0
2 1+ 1—
3 ) —7 or ¥
4 0 0
0 1 1
What is the solution to & = Az with the following initial conditions.
2 0 0
4 1 0
(@) z(0)=1 6 |, (b) z(0)=1 0 |, (¢c) z(0)=11
8 0 0
0 1 1

(d) All all solutions of the system & = Az bounded? Justify your answer.

Exercise 66 Consider a discrete-time LTI system described by xz(k+1) = Az(k).
(a) Suppose that the vectors

1
-1
1
-1

and

—_ = = =

are eigenvectors of A corresponding to eigenvalues —2 and 3, respectively. What is the
response z(k) of the system to the initial condition

1
2(0) =

O = O
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(b) Suppose A is a real matrix and the vector

is an eigenvector of A corresponding to the eigenvalue 2 4+ 32. What is the response z(k) of
the system to the initial condition

Exercise 67 Determine whether or not the following matrix is nondefective.
0
0

-1

1
A= 0
1

=)

Exercise 68 In vibration analysis, one usually encounters systems described by
MG+ Kq=0

where ¢(t) is an N-vector and M and K are square matrices. Suppose w is a real number
which satisfies
det(w?M — K) = 0.

Show that the above system has a solution of the form
q(t) = sin(wt)v
where v is a constant N-vector.

Exercise 69 Determine whether or not the matrix,

0
A=10
0

o O =

0
1
3
is diagonalizable, that is, determine whether or not there exists an invertible matrix 7" such
that T-YAT is diagonal. If A is diagonalizable, determine T'.

Problem 1 Recall that a square matrix is said to be diagonalizable if there exists an invert-

ible matrix 7" so that T-*AT is diagonal. Determine whether or not each of the following
matrices are diagonalizable. If not diagonalizable, give a reason. If diagonalizable, obtain 7.
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Chapter 6

eAt

Recall that all solutions to the scalar system @ = ax satisfy x(t) = e?**0)z(t,) for all ¢ and
to. Recall also the power series expansion for e®:

1 1
eat:1—|—at+a(at)2+---+y(at)k+---

The main result of this chapter is that all solutions of & = Ax satisfy

z(t) = etz (1) (6.1)

for all t and ¢y where

1 1
eAt:1+At+E(At)2+---+E(At)’“+--- (6.2)
6.1 State transition matrix
6.1.1 Continuous time
Consider the initial value problem specified by
t=Ax and  z(ty) = 0. (6.3)

It can be shown that for each initial time tq and each initial state xy there is an unique
solution z(-) to the above initial value problem and this solution is defined for all time ¢.
Let ¢(t;to, z9) be the value of this solution at ¢, that is, for any ¢, and zg, the solution to

(6.3) is given by z(t) = ¢(t;to, ). Since the system & = Ax is time-invariant, we must have
qg(t; to, o) = P(t—to; xo) for some function ¢. Since the system under consideration is linear,
one can show that, for any ¢ and %y, the solution at time ¢ depends linearly on the initial
state xy at time to; hence there exists a matrix ®(t—ty) such that ¢(t—tg, z9) = P(t—to)wo.
We call the matrix valued function ®(-) the state transition matrix for the system & = Ax.
So, we have concluded that there is a matrix valued function ®(-) such that for any ¢, and

xg, the solution z(-) to the above initial value problem is given by
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We now show that ® must satisfy the following matrix differential equation and initial
condition:

d = AP
o(0) = I

To demonstrate this, consider any initial state zo and let x(-) be the solution to (6.3)
with tg = 0. Then x(t) = ®(t)z,. Considering ¢t = 0, we note that

zo = x(0) = ®(0)z0;

that is ®(0)xy = . Since the above holds for any x(, we must have ®(0) = I.
We now note that for all ¢,

d(t)xy = (t) = Ax(t) = AD(t)xg ;

that is ®(t)zg = AP (t)xzo. Since the above must hold for any z, we obtain that ®(t) = AD(t).
Note that the above two conditions on ® uniquely specify ® (Why?) The purpose of this
section is to examine ® and look at ways of evaluating it.
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6.1.2 Discrete time

z(k+1) = Az(k) and  z(ko) = xo
We have

ZE(/{J) = (I)(k‘—k’o)l‘()

The matrix valued function ®(-) is called the state transition matrix and is given by

o(k) = A

Note that, if A is singular, ®(k) is not defined for & < 0. That was easy; now for CT.
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6.2 Polynomials of a square matrix

6.2.1 Polynomials of a matrix

We define polynomials of a matrix as follows. Consider any polynomial p of a scalar variable
s given by:
p(s) = ag + a15 + ags® + ... + pps™
where ag, . .., a,, are scalars. If A is a square matrix, we define p(A) as follows:
p(A) = apl + a1 A+ as A% + ...+ a, A™

that is, we replace s* with A*. (Recall that s =1 and A° = I)
The following properties can be readily deduced from the above definition.

(a) The matrices A and p(A) commute, that is,
Ap(A) = p(A)A

(b) Consider any nonsingular matrix 7', and suppose A = TAT~!. Then
p(A) = Tp(A)T!

(c) Suppose A is diagonal, that is,

M O - 0
0 X 0
0 0 An
then
0 p(A2) 0
p(A) = : ' :
0 0 - p(A)
(d) Suppose A is diagonalizable, that is, for some nonsingular 7',
N O - 0
0 A 0
A=T| . 7% T |
0 0 An
Then
0 A 0
pA) =T v T
0 0 - p(A)

(e) If A is an eigenvalue of A with eigenvector v, then p(\) is an eigenvalue of p(A) with
eigenvector v.

Properties (b)-(d) are useful for computing p(A).
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Example 60 For

we found that

results in

Hence, A = TAT~! and

Suppose p is the characteristic polynomial of A. Since 2,4 are the eigenvalues of A, we have
p(2) = p(4) = 0; hence
p(A) =0

6.2.2 Cayley-Hamilton Theorem

The following result is a fundamental result in linear algebra and is very useful in systems
and control.

Theorem 3 If p is the characteristic polynomial of a square matriz A, then

p(A)=0.

PRrROOF. The proof is easy for a diagonalizable matrix A. Recall that such a matrix is

similar to a diagonal matrix whose diagonal elements Aq,...,\, are the eigenvalues of A;
hence p(A1) = ... = p(\,) = 0. Now use property (d) above. We will leave the proof of the
general nondiagonalizable case for another day. [ ]

Suppose the characteristic polynomial of A is
det(sl —A) =ap+ais+...+a, 15" +s"
Then the Cayley Hamilton theorem states that
aol + a1 A+ .. 4 a, A"+ AT =0
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hence
?
A" = —CL()[ - alA — ... an,lAnfl

From this one can readily show that for any m > n, A™ can be expressed as a linear
combination of I, A,..., A" . Hence, any polynomial of A can be can be expressed as a
linear combination of I, A, ..., A"L,

Example 61 Consider a discrete-time system described by z(k+1) = Az(k) and suppose
that all the eigenvalues of A are zero. Then the characteristic polynomial of A is given by
p(s) = s™ where A is n x n. It now follows from the Cayley Hamilton theorem that

A" =0
Since all solutions of the system satisfy z(k) = A¥z(0) for k =0,1,2, ..., it follows that
z(k) =0 for k>n.

Thus, all solutions go to zero in at most n steps.

Minimal polynomial of A

The minimal polynomial (minpoly) of a square matrix A is the monic polynomial ¢ of lowest

order for which ¢(A) = 0.

The order of minpoly ¢ is always less than or equal to the order of charpoly p; its roots are
precisely the eigenvalues of A and p(s) = g(s)q(s).

0 0
=(00)
has charpoly p(s) = s? and minpoly ¢(s) = s. The matrix
0 1
=(00)

has charpoly p(s) = s* and minimal poly ¢(s) = s*.

Example 62 The matrix

e It follows from property (d) above that for a diagonalizable matriz A, its minimal polyno-

mial is
[IGs =)
i=1

where \; are the distinct eigenvalues of A.

Exercise 70 Without doing any matrix multiplications, compute A* for

010

e}

01
000
10

o = O

Justify your answer.
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6.3 Functions of a square matrix

Consider a complex valued function f of a complex variable A\. Suppose f is analytic in some
open disk {\ € C: || < p} of radius p > 0. Then, provided |A| < p, f(A) can be expressed
as the sum of a convergent power series; specifically

=Y @\ =ag+ ad +a) +
k=0

where
1 1dvf
*) (0 0
SI00) = )

Suppose A is a square complex matrix and |\;| < p for every eigenvalue \; of A. Then,
it can be shown that the power series {>;_, ayA*}>°, is convergent. We define f(A) to be
the sum of this power series, that is,

ap =

A) = Z arA¥ = agl + a1 A + a, A% +
k=0

Example 63 Consider

This is analytic in the open unit disk (p = 1) and
N=) M =1+X+X+
k=0

Consider any matrix A with eigenvalues in the open unit disk. Then the series {d> ) _, Ak}yoe
is convergent and we let
=2 4
k=0

Multiplication of both sides of the above equality by I — A yields

[e.o]

( Z Ak-i—l =1

k=0

hence the matrix I — A is invertible with inverse f(A) and we obtain the following power
series expansion for (I — A)~!

(I—-A) ZAk_1+A+A2
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Power series expansion for (sI — A)~'. We present here an expansion which will be
useful later on. Consider any square matrix A and any complex number s which satisfies:

ls| > |\ for every eigenvalue \; of A.

Then s/ — A is invertible and (s/ — A)™' = (I — 214)~!. Also, the eigenvalues of 1A are in
the open unit disk; hence

1 =1 1
I— A= AP =T+ A+ A
( s ) kz:;sk +s +32 +
and
=1 1 1 1
-1 _ k 2
(ﬂ—A)-_Z;@?4—EI+§A+?Ah”

Properties of f(A). The following properties can be readily deduced from the above
definition of f(A).

(a) The matrices A and f(A) commute, that is,

(b) Consider any nonsingular matrix 7" and suppose A = TAT~!. Then

FA) = TFA)T

(c) Suppose A is diagonal, that is,

A O 0
0 X 0
A=
0 0 A,
then
f(A) 0 0
0 A 0
o %) :
0 0 f(An)

(d) Suppose A is diagonalizable, that is, for some nonsingular T’

N O - 0
0 A 0

A=T7| 7% T |7t
0 0 - X\,
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Then

f(a) 0 0
cor| 0 ) e
0 0 FOW)

(e) If X is an eigenvalue of A with eigenvector v, then f()\) is an eigenvalue of f(A) with
eigenvector v.

o It follows from Cayley Hamilton, that f(A) is a linear combination of I, A4, ..., A"}

Properties (b)-(d) are useful for calculating f(A). When A is diagonalizable, one simply has
to evaluate the scalars f(\1),..., f(\,) and then compute T diag (f(A1),..., f(A)) T L

=50
(1)

i (20
w20

Example 64 For

we found that
results in

Hence, A = TAT~! and

flA) = THT

= T(fg)f&))Tl

_ 1(ﬂ®+f@ ﬂ%—ﬂ@)

2\ f2) = f(4) f2)+f(4)

Exercise 71 Compute an explicit expression (see last example) for f(A) where

=(2 %)
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6.3.1 The matrix exponential: e

Recall the exponential function:

fA) =¢
This function is analytic in the whole complex plane (that is p = oco0) and
dke Y
ANk
for k =1,2,...; hence for any complex number A,
— 1 1 1
A k 2 3
= —A" = 1A+ N+ N+
e ; - F A A A

Thus the exponential of any square matrix A is defined by:

A k 2
e = E _k!A = [+A+—2!A + ...
k=0

and this power series converges for every square matrix A. Some properties:

(a) For any zero matrix 0,
0 __
e =1
(b) Suppose t is a scalar variable.

deAt
dt

= At = MA

The following results also hold:

(i)

eA(t1+t2) — eAtleAtQ
B_A — (eA)—l

A

(i) If X is an eigenvalue of A with eigenvector v, then e* is an eigenvalue of e with

eigenvector v. So, e has no eigenvalue at 0 and hence:
(iii) e” is nonsingular.
(iv) The following result also holds

eAtTB = 4B if A and B commute

6.3.2 Other matrix functions

cos(A)
sin(A)
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6.4 The state transition matrix: e?!

Using the above definitions and abusing notation (e“! instead of e'4),

=1 1 1
e = ZH(tA)’“ = I+tA+§(tA)2+§(tA)3+...
k=0
Letting
d(t) := e
we have
®(0) = I
d = Ad

Hence, the solution of

is given by

x(t) = ety
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6.5 Computation of e?

6.5.1 MATLAB

>> help expm

EXPM Matrix exponential.
EXPM(X) is the matrix exponential of X. EXPM is computed using
a scaling and squaring algorithm with a Pade approximation.
Although it is not computed this way, if X has a full set
of eigenvectors V with corresponding eigenvalues D, then
[V,D] = EIG(X) and EXPM(X) = Vxdiag(exp(diag(D)))/V.
See EXPM1, EXPM2 and EXPM3 for alternative methods.

EXP(X) (that’s without the M) does it element-by-element.

6.5.2 Numerical simulation

Let ¢; be the i-th column of the state transition matrix ®(¢) = e?*; thus
() = ((¢i(t) @2(t) -+ dalt) ) -
Let x be the unique solution to & = Az and x(0) = xy. Since z(t) = ®(t)xy we have
z(t) = zo1¢1(t) + -+ + Ton P
where xg; is the i-th component of xy. Hence ¢;, is the solution to
T = Ax z(0) = ¢’

where €’ is all zeros except for its i-th component which is 1.

6.5.3 Jordan form

eAt — TeAtT—l

where A = T71AT and A is the Jordan form of A. We have already seen this for diagonal-
izable systems.

6.5.4 Laplace style

T = Ax x(0) = xg
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Suppose
X(s) = L(z)(s)
is the Laplace transform of z(-) evaluated at s € C. Taking the Laplace transform of & = Az
yields:
sX(s) —xg=AX(s)
Hence, except when s is an eigenvalue of A, sI — A is invertible and

L(z)(s) = X(s5) = (s] — A) 'z

Since x(t) = etz for all y, we must have

L(et) = (sI —A)~!
el = L7N((sI = A)7Y
Example 65 Recall
3 -1
=)
So,
s—3 —1
(s—2)(s—4) (s—2)(s—4)
(s —A) ' =
—1 s—3
(s=2)(s—4)  (s—2)(s—4)
Since
s—3 1 1 1
— = - -
(s —2)(s—4) 2\s—2 s—4
-1 1 11
(s—2)(s—4)  2\s—2 s—4
and ) )
—1 2t -1 At
Lo —5)=c¢ (=) =c¢
we have,

et = L ((sI— A

B 1/ €2t 4 ettt 2t _ it
o \ 2t _pdt g2ty it

Exercise 72 Compute e at ¢ = In(2) for

(V)

using all methods of this section.
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6.6 Sampled-data systems

Here we discuss the process of discretizing a continuous-time system to obtain a discrete-time

system.
Consider a continuous-time LTI system described by

Folt) = Auzo(t) .

Suppose we only look at the behavior of this system at discrete instants of time, namely

cee =270, T,2T, - -
where 7" > 0 is called the sampling time.

PBe (£ 4

TN

-3T -27 -7 o T aT 37T
UQAMPLWG-

Figure 6.1: Sampling

If we introduce the discrete-time state defined

zq(k) = x(kT) k=...,—2,-1,0,1,2,...

then,
za(k+1) = x((k+1)T)

= ATy (kT)
e T q(k)

Hence, this sampled data system is described by the discrete-time system

[L’d(k?+ 1) = Adl’d(k')

where

Ad = €AcT
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The eigenvalues of A, are

T

e ,...e’\lT

where A1,..., \; are the eigenvalues of A.. Note that,

’e)\iT

<1 iff R(N) <0
M| =1 iff RN) =0
M| > 1 iff R(N) >0

M =1 iff Ai=0

It should be clear that all eigenvalues of Aq are nonzero, that is Aq in invertible.

Note that if we approximate e<” by the first two terms in its power series, that is,
AT ~ T+ AT
then,
Ag=1+AT.
6.7 Exercises
Exercise 73 Suppose A is a 3 x 3 matrix, b is a 3-vector and
det(s] — A) = s* +25> + 5+ 1
(a) Express A3b in terms of b, Ab, A2b.
(b) Suppose that the matrix
T=(b Ab A% )
is invertible. What is the matrix A := T AT? Specify each element of A explicitly.
Exercise 74 Suppose A is a 3 X 3 matrix and
det(s] —A) =8 +2s +s+1
(a) Express A% in terms of I, A, A%.
(b) Express A® in terms of I, A, A2.
(c) Express A~! in terms of I, A, A?

Exercise 75 Suppose A is a 3 x 3 matrix with eigenvalues 1, 27y and —27j. What are the
eigenvalues of e,
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Exercise 76 Consider the differential equation
T = Ax (6.4)

where A is a square matrix. Show that if A has j27 as an eigenvalue, then there is an nonzero
initial state zy such that (6.4) has a solution = which satisfies x(1) = x(0) = zo.

Exercise 77 Suppose A is a square matrix.
(a) Obtain expressions for
cos(At) and sin(At).

(b) Show that
cos(At) = (e 4 e7941) /2 and sin(At) = (2 — e /25
(c) Show that

d cos(At)
dt

dsin(At)

= —Asin(At d
sin(At) an o

= Acos(At).
Exercise 78 Compute ¢! for the matrix
3 =5
(3 5)
Exercise 79 Compute e?! for the matrix,
—11 20
A= ( —6 11 ) ‘
Exercise 80 Compute ¢! for the matrix
0 1
()

Exercise 81 Suppose A is a matrix with four distinct eigenvalues: —1,+1— j, j. Show that
At =1T.

Exercise 82 Suppose

e

I
cooo
oo o
cor o
o~ oo

What is A0 4+ 4447

Exercise 83 Compute ¢! for the matrix,
-3 2
A= ( 32 ) |
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Exercise 84 Compute et for the matrix

3 =5
A= < —5 3
Exercise 85 Compute e at ¢ = In(2) for
01
a=( s

using all four methods mentioned in the notes.
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Chapter 7

Stability and boundedness

Consider a general nonlinear system described by

i = f(2) (7.1)
where z(t) is a real n-vector and t is a real scalar. By a solution of (7.1) we mean any

continuous function z(-) : [0,¢;) — IR" with ¢; > 0, which satisfies @(t) = f(x(¢)) for
0<t<t.

7.1 Boundedness of solutions

DEFN. (Boundedness) A solution z(-) is bounded if there exists 3 > 0 such that
lz@®)|[ <8 forall t>0
A solution is unbounded if it is not bounded.

It should be clear from the above definitions that a solution z(-) is bounded if and only
if each component x;(-) of x(:) is bounded. Also, a solution is unbounded if and only if
at least one of its components is unbounded. So, z(t) = [ e™* 72" |7 is bounded while
z(t)=[ e e ]T is unbounded.

Example 66 All solutions of

are bounded.

Example 67 All solutions of

rT=x—x

are bounded.
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Example 68 All solutions (except the zero solution) of

r=x
are unbounded.

Example 69 Consider

i =a?, z(0) = xg

If xg > 0, the corresponding solution has a finite escape time and is unbounded. If xq < 0,

the corresponding solution is bounded.
Example 70 Undamped oscillator.

(’,‘Elzl'g

ZI.,‘Q = —I

All solutions are bounded.

Boundedness and linear time-invariant systems.
invariant) system

Consider a general LTI (linear time-

T = Ax (7.2)
Recall that every solution of this system has the form
l TLi—l
x(t) = Z Z tietityii
i=1 j=0
where Aj, ..., \; are the eigenvalues of A, n; is the index of );, and the constant vectors v

depend on initial state.

We say that an eigenvalue A of A is non-defective if its index is one; this means that the
algebraic multiplicity and the geometric multiplicity of A are the same. Otherwise we say A

is defective.

Hence we conclude that all solutions of (7.2) are bounded if and only if for each eigenvalue

A; of A:
(bl) R(N\;) <0 and
(b2) if R(\;) = 0 then A; is non-defective.
If there is an eigenvalue \; of A such that either
(ul) R(N\;) >0 or
(u2) R(\;) =0 and \; is defective

then, the system has some unbounded solutions.
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Example 71 Unattached mass

;1':1:352

ijZO

-(30)

has a single eigenvalue 0. This eigenvalue has algebraic multiplicity 2 but geometric multi-
plicity 1; hence some of the solutions of the system are unbounded. One example is

- (1)

:t1:0

Here

Example 72

.%.'2:0

- (59)

has a single eigenvalue 0. This eigenvalue has algebraic multiplicity 2 and geometric mul-
tiplicity 2. Hence all the solutions of the system are bounded. Actually every state is an
equilibrium state and every solution is constant.

Here

Example 73 (Resonance) Consider a simple linear oscillator subject to a sinusoidal input
of amplitude W:
G+ q = Wsin(wt+9¢)

Resonance occurs when w = 1. To see this, let

T i=q, Ty:=¢q, x3:=Wsin(wt+¢), x4:=wWcos(wt+q)

to yield
T = Az
where
01 0 O
-10 1 0
A= 00 0 1
00 —w? 0

If w = 1 then, A has eigenvalues 7 and —). These eigenvalues have algebraic multiplicity two
but geometric multiplicity one; hence the system has unbounded solutions.
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7.2 Stability of equilibrium states

Suppose z¢ is an equilibrium state of the system @ = f(x). Then, whenever z(0) = z¢, we
have (assuming uniqueness of solutions) x(t) = x° for all t > 0. Roughly speaking, we say
that z¢ is a stable equilibrium state for the system if the following holds. If the initial state
of the system is close to x¢, then the resulting solution is close to x¢. The formal definition
is as follows.

DEFN. (Stability) An equilibrium state z¢ is stable if for each € > 0 there exists 6 > 0 such
that whenever ||x(0)—z¢|| < 0 one has ||z(t)—z°|| < € for all t > 0.

L (¢)
Figure 7.1: Stability of an equilibrium state

An equilibrium state x¢ is said to be unstable if it is not stable.

Example 74
=0

Every equilibrium state is stable. (Choose € = ¢.)

Example 75

The origin is unstable.

Example 76

T=x—1°

The origin is unstable; the remaining equilibrium states 1 and —1 are stable.

Example 77 Undamped oscillator
The origin is stable.

162



Example 78 Simple pendulum

i‘l = T2
Ty = —sinz
(0,0) is stable; (m,0) is unstable.
Example 79 Van der Pol oscillator
T = @
‘%.'2 = (1 — I%)l‘Q — T

Figure 7.2: Van der Pol oscillator

The origin is unstable. However, all solutions are bounded.

Stability of linear time-invariant systems. It can be shown that every equilibrium
state of a LTI system (7.2) is stable if and only if all eigenvalues \; of A satisfy conditions
(bl) and (b2) above. Hence every equilibrium state of a LTI system is stable if and only if
all solutions are bounded.

It can also be shown that every equilibrium state is unstable if and only if there is an
eigenvalue \; of A which satisfies condition (ul) or (u2) above. Hence every equilibrium
state of a LTI system is unstable if and only if there are unbounded solutions.
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7.3 Asymptotic stability

7.3.1 Global asymptotic stability

DEFN. (Global asymptotic stability) An equilibrium state z¢ is globally asymptotically stable
(GAS) if
(a) It is stable

(b) Every solution z(-) converges to x¢ with increasing time, that is,

lim z(t) =

t—o0

If z¢ is a globally asymptotically stable equilibrium state, then there are no other equi-
librium states and all solutions are bounded. In this case we say that the system & = f(z)
is globally asymptotically stable.

Example 80 The system

is GAS.

Example 81 The system
is GAS.

7.3.2 Asymptotic stability

In asymptotic stability, we do not require that all solutions converge to the equilibrium state;
we only require that all solutions which originate in some neighborhood of the equilibrium
state converge to the equilibrium state.

DEFN. (Asymptotic stability) An equilibrium state x¢ is asymptotically stable (AS) if
(a) It is stable.

(b) There exists R > 0 such that whenever ||x(0)—x°|| < R one has

lim z(t) = x°. (7.3)

t—o0

The region of attraction of an equilibrium state x® which is AS is the set of initial states
which result in (7.3), that is it is the set of initial states which are attracted to 2¢. Thus, the
region of attraction of a globally asymptotically equilibrium state is the whole state space.
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Figure 7.3: Asymptotic stability

Example 82

Example 83

t=x—13

The equilibrium states —1 and 1 are AS with regions of attraction (—oo,0) and (0, 00),
respectively.

Example 84 Damped simple pendulum

j31:$2

Ty = —sSinz — o
The zero state is AS but not GAS.
Example 85 Reverse Van der Pol oscillator

jfl = —XT2

i?g = —(1—$%)$2+LL’1

The zero state is AS but not GAS. Also, the system has unbounded solutions.

Figure 7.4: Reverse Van der Pol oscillator
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LTT systems. For LTI systems, it should be clear from the general form of the solution
that the zero state is AS if and only if all the eigenvalues \; of A have negative real parts,
that is,

Also AS is equivalent to GAS.

Example 86 The system
i‘l = —X1+ 22
To9 = —XT9

is GAS.

Example 87 The system
i’l = —X1+ X9
Ty = —T1— I

is GAS.

7.4 Exponential stability
We now present the “strongest” form of stability considered in this section.

DEFN. (Global exponential stability) An equilibrium state x¢ is globally exponentially stable
(GES) with rate of convergence a > 0 if there exists 3 > 0 such that every solution satisfies

llz(t)—z°|] < B||lz(0)—z°|| exp(—at) forall t>0

Example 88

GES with rate o = 1.

Note that global exponential stability implies global asymptotic stability, but, in general,
the converse is not true. This is illustrated in the next example. For linear time-invariant
systems, GAS and GES are equivalent.

Example 89

Solutions satisfy

GAS but not GES

166



DEFN. (Exponential stability) An equilibrium state x¢ is exponentially stable (ES) with rate of
convergence o > 0 if there exists R > 0 and 3 > 0 such that whenever ||z(0)—x°|| < R one
has

llz(t)—z°|| < B]|x(0)—z°|| exp(—at) forall t>0

Figure 7.5: Exponential stability

Note that exponential stability implies asymptotic stability, but, in general, the converse is
not true.

Example 90
i = -z
GAS but not even ES
Example 91
x
1442
GAS, ES, but not GES
7.5 LTI systems
Consider a LTT system
T = Ax (7.4)
Recall that every solution of this system has the form
n;—1
x(t) = Z Z tietity
i=1 j=0
where Aq,...,\; are the eigenvalues of A, the integer n; is the index of \;, and the constant

vectors v depend on initial state. From this it follows that the stability properties of this
system are completely determined by the location of its eigenvalues; this is summarized in
the table below.
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The following table summarizes the relationhip between the stability properties of a LTI
system and the eigenproperties of its A-matrix. In the table, unless otherwise stated, a
property involving A must hold for all eigenvalues \ of A.

Stability properties Eigenproperties

Global exponential stability RN <0
and boundedness

Stability and R(A) <0

boundedness If R(A\) = 0 then A is non-defective.
Instability and some There is an eigenvalue A with ®(\) > 0 or
unbounded solutions R(A) =0 and A is defective.

Example 92 The system

Ty = =X+ X
To — —XT2
is GES.
Example 93 The system
l.‘l = —I + i)
.I"Q = —T1 — T2
is GES.
Example 94 The system
jjl - 0
.ﬁi’g - 0

is stable about every equilibrium point.
Example 95 The system

.Z"lzl'g

Ty = 0

is unstable about every equilibrium point.
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Figure 7.6: The big picture. For LTI systems, the concepts in each dashed box are equivalent

169



7.6 Linearization and stability
Consider a nonlinear time-invariant system described by

i = f(a)

where x(t) is an n-vector at each time t. Suppose x¢ is an equilibrium state for this system,
that is, f(2°) = 0, and consider the linearization of this system about z°:

of
P = A h A= ).
od dr  where aw(af )

The following results can be demonstrated using nonlinear Lyapunov stability theory.

Stability. If all the eigenvalues of the A matriz of the linearized system have negative real
parts, then the nonlinear system is exponentially stable about x°.

Instability. If at least one eigenvalue of the A matriz of the linearized system has a positive
real part, then the nonlinear system is unstable about x°.

Undetermined. Suppose all the eigenvalues of the A matrixz of the linearized system have
non-positive real parts and at least one eigenvalue of A has zero real part. Then, based on
the linearized system alone, one cannot predict the stability properties of the nonlinear system
about x°.

Note that the first statement above is equivalent to the following statement. If the
linearized system is exponentially stable, then the nonlinear system is exponentially stable
about z°¢.

Example 96 (Damped simple pendulum.) Physically, the system
i’l = I3
Ty = —sinx; — Ty

has two distinct equilibrium states: (0,0) and (7,0). The A matrix for the linearization of
this system about (0, 0) is
0 1
()

Since all the eigenvalues of this matrix have negative real parts, the nonlinear system is
exponentially stable about (0,0). The A matrix corresponding to linearization about (7, 0)

is
0 1
A=
Since this matrix has an eigenvalue with a positive real part, the nonlinear system is unstable

about (7, 0)

The following example illustrates the fact that if the eigenvalues of the A matrix have non-
positive real parts and there is at least one eigenvalue with zero real part, then, one cannot
make any conclusions on the stability of the nonlinear system based on the linearization.
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Example 97 Consider the scalar nonlinear system:

= azx’

This origin is GAS if a < 0, unstable if a > 0 and stable if « = 0. However, the linearization
of this system about zero, given by
0x =0

is independent of a and is stable.

The following example illustrates that instability of the linearized system does not imply
instability of the nonlinear system.

Example 98 Using nonlinear techniques, one can show that the following system is GAS
about the origin.

jflzl’z

Ty = —ab—

However, the linearization of this system, given by

5i1 = 51’2
5j72 — O,

is unstable about the origin.
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Exercises
Exercise 86 For each of the following systems, determine (from the state portrait) the

stability properties of each equilibrium state. For AS equilibrium states, give the region of
attraction.

rT=—-T—x
t=—z+a3
bt=x—22>+2°

Exercise 87 If possible, use linearization to determine the stability properties of each of
the following systems about the zero equilibrium state.

(i)

rp = (1 + .CL'%)Z’Q
jfg = —I':i

(i)
.i'l = sin i)
Ty = (cosxy)rs
{t'g = e“mg

Exercise 88 If possible, use linearization to determine the stability properties of each equi-
librium state of the Lorenz system.
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Chapter 8

Stability and boundedness: discrete
time

8.1 Boundedness of solutions

Consider a general discrete-time nonlinear system described by

z(k+1) = f(z(k)) (8.1)
where x(k) is an n-vector and k is an integer. By a solution of (8.1) we mean a sequence

z(-) = (x(0),z(1),2z(2), ...) which satisfies (8.1) for all k£ > 0.

DEFN. (Boundedness of solutions) A solution z(-) is bounded if there exists 5 > 0 such that
llz(k)|| < forall k>0.

A solution is unbounded if it is not bounded.

It should be clear from the above definitions that a solution z(-) is bounded if and only
if each component z;(-) of () is bounded. Also, a solution is unbounded if and only if at
least one of its components is unbounded. So, z(k) = [ (0.5)% (—0.5)% T is bounded while
x(k) =] (0.5)% 2% ]7 is unbounded.

Example 99
z(k+1) =0

All solutions are bounded.

Example 100
r(k+1) = x(k)

All solutions are bounded.

Example 101
x(k+1) = —2xz(k)

All solutions (except the zero solution) are unbounded.
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Linear time invariant (LTI) systems. All solutions of the LTI system

r(k+1) = Az(k) (8.2)
are bounded if and only if for each eigenvalue A of A:
(bl) |A] <1 and

(b2) if |A] = 1 then A is non-defective.

If there is an eigenvalue \ of A such that either
(ul) |A\| >1or

(u2) |A] =1 and A is defective.
then the system has some unbounded solutions.

Example 102 Discrete unattached mass. Here

(31)

has a single eigenvalue 1. This eigenvalue has algebraic multiplicity 2 but geometric mul-
tiplicity 1; hence this eigenvalue is defective. So, some of the solutions of the system
x(k+1) = Az(k) are unbounded. One example is

o-(4)

8.2 Stability of equilibrium states

Suppose z¢ is an equilibrium state of the system z(k+1) = f(x(k)). Then, whenever
x(0) = x¢, we have z(k) = x° for all k£ > 0. Roughly speaking, we say that z¢ is a stable
equilibrium state for the system if the following holds. If the initial state of the system is
close to x¢, then the resulting solution is close to x¢. The formal definition is as follows.

DEFN. (Stability) An equilibrium state z¢ is stable if for each € > 0 there exists 4 > 0 such
that whenever ||z(0)—x¢|| < 4, one has ||z(k)—z°¢|| < € for all £ > 0.
x¢ is unstable if it is not stable.

Example 103
z(k+1) = —z(k).

The origin is stable. (Consider § = e€.)

Example 104
x(k+1) = —2z(k).

The origin is unstable.

Example 105
z(k+1) = —z(k)®.

The single equilibrium at the origin is stable, but, the system has unbounded solutions.
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LTI systems. Every equilibrium state of a LTI system (8.2) is stable if and only if all
eigenvalues \ of A satisfy conditions (b1) and (b2) above. Hence every equilibrium state of
a LTT system is stable if and only if all solutions are bounded.

Every equilibrium state is unstable if and only if there is an eigenvalue A of A which
satisfies condition (ul) or (u2) above. Hence every equilibrium state of a LTI system is
unstable if and only if there are unbounded solutions.

8.3 Asymptotic stability

8.3.1 Global asymptotic stability

DEFN. (Global asymptotic stability (GAS)) An equilibrium state z¢ is globally asymptotically
stable (GAS) if

(a) It is stable

(b) Every solution z(-) converges to x¢, that is,

klim x(k) = z°.

If z¢ is a globally asymptotically stable equilibrium state, then there are no other equi-
librium states. In this case we say the system (8.1) is globally asymptotically stable.

Example 106
1
z(k+1) = §x(k)

GAS

Example 107
(k)

z(k+1) = m

8.3.2 Asymptotic stability

DEFN. (Asymptotic stability (AS)) An equilibrium state ¢ is asymptotically stable (AS) if
(a) It is stable

(b) There exists R > 0 such that whenever ||z(0) — z¢|| < R one has

lim z(k) = 2° (8.3)

k—oo
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The region of attraction of an equilibrium state z¢ which is AS is the set of initial states
which result in (8.3), that is it is the set of initial states which are attracted to 2. Thus, the
region of attraction of a globally asymptotically equilibrium state is the whole state space.

Example 108
r(k+1) = 2(k)?

Origin is AS with region of attraction [-1 1].

LTT systems. For LTI systems, it should be clear from the general form of the solution
that the zero state is AS if and only if all the eigenvalues \; of A have magnitude less than
one, that is,

Also AS is equivalent to GAS.

8.4 Exponential stability
We now present the “strongest” form of stability considered in this section.

DEFN. (Global exponential stability) An equilibrium state x¢ is globally exponentially stable
(GES) with there exists 0 < X < 1 and 3 > 0 such that every solution satisfies

lz(k)—2¢|| < BA*||2(0)—2¢| forall k>0

Example 109
1
r(k+1) = 5:5(]{)

GES with v = %

Note that global exponential stability implies global asymptotic stability, but, in general,
the converse is not true. This is illustrated in the next example. For linear time-invariant
systems, GAS and GES are equivalent.

Lemma 1 Consider a system described by x(k+1) = f(z(k)) and suppose that for some
scalar X > 0,

1F (@) < Al

for all x. Then, every solution x(-) of the system satisfies
lz () < X*[lz(0)]]

for all k > 0. In particular, if A < 1 then, the system is globally exponentially stable.
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Example 110

k
2(k+1) = _ak)
1+ 2z(k)?
Solutions satisfy
z(k) = S where  xy = 2(0).

V14 2k}

GAS but not GES

DEFN. (Exponential stability) An equilibrium state x¢ is exponentially stable (ES) if there
exists R > 0,0 <\ <1 and B > 0 such that whenever ||z(0)—xz¢|| < R one has

lz(k)—2¢|| < BA*||z(0)—2¢| forall k>1

Note that exponential stability implies asymptotic stability, but, in general, the converse
is not true.

Example 111

k
z(k+1) = v (k)
1+ 2z(k)?
Solutions satisfy
z(k) = 0 where  x¢ = z(0)

GAS but not even ES

8.5 LTI systems

The following table summarizes the relationhip between the stability properties of a LTI
system and the eigenproperties of its A-matrix. In the table, unless otherwise stated, a
property involving A must hold for all eigenvalues \ of A.

Stability properties eigenproperties

Asymptotic stability Al <1
and boundedness

Stability and A <1

boundedness If |A] =1 then A is non-defective
Instability and some There is an eigenvalue of A with
unbounded solutions A >1or

|A| =1 and A is defective
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8.6 Linearization and stability

Consider a nonlinear time-invariant system described by

w(k+1) = f(x(k))

where x(k) is an n-vector at each time t. Suppose z¢ is an equilibrium state for this system,
that is, f(z¢) = z°, and consider the linearization of this system about z°:

of

T

dx(k+1) = Adx(k) where A = —(x°).

The following results can be demonstrated using nonlinear Lyapunov stability theory.

Stability. If all the eigenvalues of the A matriz of the linearized system have magnitude less
than one, then the nonlinear system is exponentially stable about x°¢.

Instability. If at least one eigenvalue of the A matrix of the linearized system has magnitude
greater than one, then the nonlinear system is unstable about x°.

Undetermined. Suppose all the eigenvalues of the A matrixz of the linearized system have
magnitude less than or equal to one and at least one eigenvalue of A has magnitude one.
Then, based on the linearized system alone, one cannot predict the stability properties of the
nonlinear system about x°.

Note that the first statement above is equivalent to the following statement. If the
linearized system is exponentially stable, then the nonlinear system is exponentially stable
about x°.

Example 112 (Newton’s method) Recall that Newton’s method for a scalar function
can be described by

(k1) = (k) — &)

g'(x(k))
Here ()
_ g
fle) = g'(x)
So,

g(x)g"(x) _ g(x)g"(x)

g'(x)? g'(x)?
At an equilibrium state z¢, we have g(z¢) = 0; hence f’(2¢) = 0 and the linearization about
any equilibrium state is given by

f(z)=1-1+

dx(k+1)=0.

Thus, every equilibrium state is exponentially stable.
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Chapter 9

Basic Lyapunov theory

Suppose we are interested in the stability properties of the system

i= f(x) (9.1)

where z(t) is a real n-vector at time ¢. If the system is linear, we can determine its stability
properties from the properties of the eigenvalues of the system matrix. What do we do for
a nonlinear system?” We could linearize about each equilibrium state and determine the
stability properties of the resulting linearizations. Under certain conditions this will tell us
something about the local stability properties of the nonlinear system about its equilibrium
states. However there are situations where linearization cannot be used to deduce even the
local stability properties of the nonlinear system. Also, linearization tells us nothing about
the global stability properties of the nonlinear system.

In general, we cannot explicitly obtain solutions for nonlinear systems. Lyapunov theory
allows to say something about the stability properties of a system without knowing the form
or structure of the solutions.

In this chapter, V' is a scalar-valued function of the state, that is V' : IR" — IR. Suppose
V' is continuously differentiable. Then, at any time ¢, the derivative of V' along a solution z(+)
of system (9.1) is given by

Tat) = DV)i)
= DV(z())f(x(t))
where DV (z) is the derivative of V' at z and is given by
DV (z) = ( g—;/l(x) 37‘/2(3:) %(w) )
Note that
oV ov ov

DV (x)f(x) = 5—(x) fr(x) +

=5 (@) ful)

a—m(x)fg(x) +...+

ox,

In what follows, if a condition involves DV, then it is implicitly assumed that V' is continu-
ously differentiable. Sometimes DV is denoted by

oV
oxr
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Also, when the system under consideration is fixed, DV f is sometimes denoted by
V.

This a slight but convenient abuse of notation.
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9.1 Stability

9.1.1 Locally positive definite functions

DEFN. (Locally positive definite function) A function V' is locally positive definite (Ipd) about
a point z°¢ if
V(z) =0

and there is a scalar R > 0 such that

V(z) >0 whenever x #2° and ||z —zf|| <R

Basically, a function is Ipd about a point x¢ if it is zero at x° has a strict local minimum
at x°.

Figure 9.1: A locally positive definite function

Example 113 (Scalar z) The following functions are lpd about zero.

V(r) = 2
Viz) = 1—e™
V(z) = 1—coszx
Viz) = 22!
Example 114
V(z) = [al]”

2 2 2
r1t+xy+ ...+,

Lpd about the origin.

Quadratic forms. Suppose P is a real n X n symmetric matrix and is positive definite.
Consider the quadratic form defined by

V(z) =a2"Pr = i i Pjxx;.

i=1 j=1
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Clearly V(0) = 0. Recalling the definition of a positive definite matrix, it follows that
V(x) = 2T Pz > 0 for all nonzero z. Hence V is locally positive definite about the origin.

e The second derivative of V' at x is the square symmetric matrix given by:

2 2 2
(1) aian (@) - ghae (@)
9%V 9%V 9%V
8rzax1( ) (92"22( ) t Oxelxp (l‘)
D?*V(z) ==
2 2 2
i GO e e CONIPRN =l C))
that is,
0’V
D*V (x);; = G
1Ubg

Sometimes D?V/ (x) is written as %27‘2/(1:) and is referred to as the Hessian of V.

The following lemma is sometimes useful in demonstrating that a function is Ipd.

Lemma 2 Suppose V is twice continuously differentiable and
Vzt) = 0
DV (z¢) =
D*V(xf) >
Then V is a locally positive definite about z°.

Example 115 Consider V(z) = 2? — z* where x is a scalar. Since V(0) = DV(0) = 0 and
D2V (0) =2 >0, V is Ipd about zero.

Example 116 Consider

1
V(z)=1—cosz + 5:53

Clearly
V(0)=0
Since
DV(z) = (sinzy x5 )
we have
DV(0)=0
Also,

9 [ cosxy O
DV(:U)—( 0 1)
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Hence,

DQV(O):((l) $)>o

Since V' satisfies the hypotheses of the previous lemma with ¢ = 0, it is Ipd about zero.

9.1.2 A stability result

If the equilibrium state of a nonlinear system is stable but not asymptotically stable, then
one cannot deduce the stability properties of the equilibrium state of the nonlinear system
from the linearization of the nonlinear system about that equilibrium state

Theorem 4 (Stability) Suppose there exists a function V' and a scalar R > 0 such that V' is
locally positive definite about x¢ and

DV(z)f(x) <0  for |lz—2a°| <R
Then x€ is a stable equilibrium state.
If V satisfies the hypotheses of the above theorem, then V is said to be a Lyapunov
function which guarantees the stability of x°.
Example 117
t=0

Consider
V(z) =2°

as a candidate Lyapunov function. Then V is Ipd about 0 and
DV (z)f(x) =0
Hence (it follows from Theorem 4 that) the origin is stable.

Example 118 (Undamped linear oscillator.)

Ty = Xy
Consider the total energy,
1 1
V(z) = 5]@% + §x§

as a candidate Lyapunov function. Then V' is Ipd about the origin and
DV(z)f(x)=0

Hence the origin is stable.
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Example 119 (Simple pendulum.)

T1 = o
Ty = —sinz,
Consider the total energy,
V(z) =1—cosz + %x%
as a candidate Lyapunov function. Then V' is Ipd about the origin and
DV (x)f(x)=0
Hence the origin is stable

Example 120 (Stability of origin for attitude dynamics system.) Recall

Ty = —<[2 _ Ig)w T
1 i 2T3

) Is —1
To = —< 3[2 1)11335131

I — I
o %xle

where
]1a]2a-[3 >0

Consider the kinetic energy
1
V(z) = 3 (L} + Lay + Iza3)
as a candidate Lyapunov function. Then V is Ipd about the origin and
DV (x)f(x)=0
Hence the origin is stable.

Example 121 (Undamped Duffing system)

T = T
i’g = 1 — 1’?
As a candidate Lyapunov function for the equilibrium state ¢ = [ 1 0 |7 consider the

total energy

1 1 1 1

Since
0 1

we have V(z¢) = 0, DV (z¢) = 0 and D?V(2°) > 0, and it follows that V is Ipd about z¢.
One can readily verify that DV (x)f(x) = 0. Hence, z¢ is stable.

DV(z)=(af—-w z2) and DQV(x):(gx%_l 0)
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ydot

Phase portrait of ddoty = y - y*
T

Figure 9.2: Duffing system
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Exercises

Exercise 89 Determine whether or not the following functions are Ipd. (a)
V(z) = 2] — o] + 25

(b)

V(z) =z + 23

(c)

V(z) = 22% — 2% + 3129 + 73

Exercise 90 (Simple pendulum with Coulomb damping.) By appropriate choice of Lya-
punov function, show that the origin is a stable equilibrium state for

T = Ty

Ty = —sinz; — ¢ sgm (r9)
where ¢ > 0.

Exercise 91 By appropriate choice of Lyapunov function, show that the origin is a stable
equilibrium state for

T = g

i?g = —$?

Note that the linearization of this system about the origin is unstable.

Exercise 92 By appropriate choice of Lyapunov function, show that the origin is a stable
equilibrium state for

T1 = g

. 3
Tog = —I1+ X
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9.2 Asymptotic stability

The following result presents conditions which guarantee that an equilibrium state is asymp-
totically stable.

Theorem 5 (Asymptotic stability) Suppose there exists a function V' and a scalar R > 0
such that V is locally positive definite about x¢ and

DV(z)f(x) <0  for z#2° and ||z —2z°||<R
Then z¢ is an asymptotically stable equilibrium state for & = f(x).

Example 122
Consider

Then V is Ipd about zero and
DV (z)f(x) = —22* <0 for z#0
Hence the origin is AS.

Example 123
Consider

Then V is Ipd about zero and
DV (z)f(x) = —22*(1 —2%) < 0 for |z| <1, z#0

Hence the origin is AS. Although the origin is AS, there are solutions which go unbounded
in a finite time.

Example 124
Consider

Then V is Ipd about zero and
DV (z)f(x) = —2zsin(x) < 0 for |z|<m x#0

Hence the origin is AS.
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Example 125 (Simple pendulum with viscous damping.) Intuitively, we expect the origin
to be an asymptotically stable equilibrium state for the damped simple pendulum:

T = @

Ty = —sSINT| — CTa
where ¢ > 0 is the damping coefficient. If we consider the total mechanical energy
V(z)=1-cosz + %x%
as a candidate Lyapunov function, we obtain
DV (z)f(x) = —ca3.

Since DV (x)f(z) < 0 for all z, we have stability of the origin. Since DV (z)f(z) = 0

whenever zo = 0, it follows that DV (z)f(z) = 0 for points arbitrarily close to the origin;

hence V' does not satisfy the requirements of the above theorem for asymptotic stability.
Suppose we modify V' to

1 1
V(z) = 5)\0237% + Acxyxg + 51‘3 + 1 —cosay
where A is any scalar with 0 < A < 1. Letting

1/ X? X
P_Q( e 1 )

V(x)

note that P > 0 and

2T Pr+1— cosxy

2T Px

v

Hence V is Ipd about zero and we obtain
DV (z)f(x) = —Aerysinz; — (1 — N)eas <0 for ||z|| <7, x#0

to satisfy the requirements of above theorem; hence the origin is AS.

Exercises

Exercise 93 By appropriate choice of Lyapunov function, show that the origin is an asymp-
totically stable equilibrium state for

T = @

fz = —JT? — T2

Exercise 94 By appropriate choice of Lyapunov function, show that the origin is a asymp-
totically stable equilibrium state for

T = @

. 3
Ty = —T1+T]— T2

188



9.3 Boundedness

9.3.1 Radially unbounded functions

DEFN. A scalar valued function V' of the state x is said to be radially unbounded if

T V() =
Example 126
Viz) = a? yes
Vieg) = 1—e™ no
Vir) = 22 —x yes
V(z) = at—2a? yes
V(z) = zsinz no
V(z) = 2*(1 —cosz) no

Example 127 Suppose P is a real n X n matrix and is positive definite symmetric and
consider the quadratic form defined by

V(z) = 2" Px

Since P is real symmetric,
2T Px > Apin(P)|| 2|2

for all x, where App,(P) is the minimum eigenvalue of P. Since P is positive definite,
Amin(P) > 0. From this it should be clear that V is radially unbounded.

The following lemma can be useful for guaranteeing radial unboundedness.

Lemma 3 Suppose V' is twice continuously differentiable, and there is a positive definite
symmetric matrix P and a scalar R > 0 such that

D*V(z)>P  for |lz|]|>R

Then, V s radially unbounded.

9.3.2 A boundedness result

Theorem 6 Suppose there exists a radially unbounded function V' and a scalar R > 0 such
that
DV(z)f(z) <0 for |lz|][>R

Then all solutions of © = f(x) are bounded.

Note that, in the above theorem, V' does not have to be positive away from the origin; it
only has to be radially unbounded.
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Example 128 Recall
Consider

Since V is radially unbounded and
DV (z)f(x) = —22%(2* — 1)

the hypotheses of the above theorem are satisfied with R = 1; hence all solutions are bounded.
Note that the origin is unstable.

Example 129 Duffing’s equation
.i'l = X2
L 3
Ty = T1— T4

Consider | ) .
V(z) = 53:3 — §x% + me
It should be clear that V' is radially unbounded; also
DV(x)f(z)=0<0  forall =z

So, the hypotheses of the above theorem are satisfied with any R; hence all solutions are

bounded.

Exercises
Exercise 95 Determine whether or not the the following function is radially unbounded.
V(r) =m — 23+ o] — 22+ 25

Exercise 96 (Forced Duffing’s equation with damping.) Show that all solutions of the
system

j31 = X2
By = m —2F —cag+1 c>0
are bounded.
Hint: Consider 1 1 1 1
V(w) = At + dexry + 5a3 — a3 + ol

where 0 < A < 1. Letting
L/ X? X
P= 2 ( Ac 1 )

note that P > 0 and

1 1
V(r) = 2'Px— §xf + Zx‘f
1
> g"Pr— =
> @ Pr—-
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Exercise 97 Recall the Lorenz system

T = oz —xy)
i’g = T — T2 — 13
.’J‘U3 = —bl’g + X122

with b > 0. Prove that all solutions of this system are bounded. (Hint: Consider V(z) =
rz? + ox3 + o(xs — 2r)%)
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9.4 (Global asymptotic stability

9.4.1 Positive definite functions

DEFN. (Positive definite function.) A function V is positive definite (pd) if

V() = 0
V() > 0  forall z#0

lim V(z) = o0

In the above definition, note the requirement that V be radially unbounded.

Example 130 Scalar x

Viz) = a? pd
Viz) = 1—e® Ipd but not pd
V(z) = 1—coszx Ipd but not pd

Example 131
V(r) =z} + 23

Example 132

Vi) = |l=IP
= ﬁ—i—x%—i—...%—xi

Example 133 Suppose P is a real n X n matrix and is positive definite symmetric and
consider the quadratic form defined by

V(z) = 2" Px
V' is a positive definite function.

Lemma 4 Suppose V is twice continuously differentiable and

V() =
DV(0) = 0
D*V(x) > 0 for all =z

Then V(x) > 0 for all x.

If V satisfies the hypotheses of the above lemma, it is not guaranteed to be radially un-
bounded, hence it is not guaranteed to be positive definite. Lemma 3 can be useful for
guaranteeing radial unboundedness. We also have the following lemma.
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Lemma 5 Suppose V is twice continuously differentiable,

V() = 0
DV(0) = 0
and there is a positive definite symmetric matriz P such that
D*V(z) > P for all x

Then .
V(z) > §xTP:L‘

for all x.
9.4.2 A result on global asymptotic stability

Theorem 7 (Global asymptotic stability) Suppose there exists a positive definite function V
such that
DV(z)f(x) <0 forall x#0

Then the origin is a globally asymptotically stable equilibrium state for @ = f(x).

Example 134

V(z) = 2?
DV (z)f(z) = —2a*

< 0 forall x=#0

We have GAS. Note that linearization of this system about the origin cannot be used to
deduce the asymptotic stability of this system.

Example 135 The first nonlinear system
&= —sgm(x).
This system is not linearizable about its unique equilibrium state at the origin. Considering
V(z) =2°
we obtain

DV(x)f(x) = —2Jx|
< 0 forall = #0.

Hence, we have GAS.
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Example 136 (Linear globally stabilizing controller for inverted pendulum.)

I"l = XT3
Ty = sinz;+u
Consider
u = —kix1 — koo with k& > 1, ko >0
Closed loop system:
jfl = T2

Zi)g = —klfL’l + sin I — kJQZL'Q

Consider X

2/{1:5% +coszy — 1

V(z) = %Akgxf + Mgz 29 + %x% +
where 0 < A < 1. Then V is pd (apply lemma 5) and
DV (x)f(z) = Meo(—k12] + 2y sinzy) — (1 — N)kgas

Since

|sinzq| < |aq] for all x;

it follows that

risinx; < x? for all

hence
DV (z)f(x) < =Xkg(k1 — D)2 — (1 = Nk <0 for all

The closed loop system is GAS.

Example 137 (Stabilization of origin for attitude dynamics system.)

. (—72 - ]3) Uy
rKT = Il T2T3 + ]1
. (Is — 1) Uz
To = [2 371 + I2
. I — 1. U
where
[17 127 [3 >0

Consider any linear controller of the form
u; = —kx; 1=1,2,3, k>0
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Closed loop system:

. ([2 - [3> kxy
r1 = ToT3 — e
L L
. ([3 - [1) kxy
To = 31 — —_—
I I
. [1 - [2 k:lj'g
r3 = [3 T1T9 — [—3

Consider the kinetic energy

1
V(z) = 3 (Lo + Lay + Izx3)
as a candidate Lyapunov function. Then V is pd and

DV(z)f(x) = —k(z3+ 23+ 23)
< 0 forall = #0

Hence the origin is GAS for the closed loop system.

Exercises

Exercise 98 Determine whether or not the following function is positive definite.
V(z) = 2f — xiwy + 23
Exercise 99 Consider any scalar system described by
&= —g(z)
where g has the following properties:

g(x) >0 for >0
g(x) <0 for <0

Show that this system is GAS.
Exercise 100 Recall the Lorenz system

i’l = 0'(1’2 — IL‘l)

jj2 rry — X9 — T1x3

j?g = —b$3+$11‘2

Prove that if
b>0 and 0<r<1,

then this system is GAS about the origin. (Hint: Consider V(z) = z% + 013 + o23.)
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Exercise 101 (Stabilization of the Duffing system.) Consider the Duffing system with a
scalar control input u(t):

l"lzl‘z

3‘72 = 1 — .T:f +u
Obtain a linear controller of the form
u = —kfll’l — k’gl‘g

which results in a closed loop system which is GAS about the origin. Numerically simulate
the open loop system (u = 0) and the closed loop system for several initial conditions.

9.5 Exponential stability

9.5.1 Global exponential stability

Theorem 8 (Global exponential stability) Suppose there exists a function V and positive
scalars o, B1, B2 such that for all x,

Gillz|]* < V(x) < Bollx]]?

and
DV (z)f(x) < —2aV(x).

Then, for the system @ = f(x), the origin is a globally exponentially stable equilibrium state
with rate of convergence a.. In particular, all solutions x(-) of the system satisfy

lz()]| < v/B2/61 ||z(0)]] e for all t>0.

PROOF. See below.

Example 138

Tr=—-x
Considering
V(z) = 2
we have
DV (z)f(x) = —22°

= —2V(x)

Hence, we have GES with rate of convergence 1.
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Example 139

T=—-x—zx
Considering
V(z) = 2
we have
DV (z)f(x) = —22*-22"
< =2V(z)

Hence, we have GES with rate of convergence 1.

9.5.2 Proof of theorem 8
Consider any solution z(-) and let v(t) = V(x(t)). Then

v < —2av.

9.5.3 Exponential stability

Theorem 9 (Exponential stability) Suppose there exists a function V' and positive scalars R,
a, 1, B2 such that, whenever ||z|| < R, one has

Gillz|]* < V(x) < Balla]]?

and
DV (z)f(x) < —2aV(x)

Then, for system @ = f(x), the state x° is an exponentially stable equilibrium state with rate
of convergence «.
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Exercise 102 Consider the scalar system

i=—x+2°
As a candidate Lyapunov function for exponential stability, consider V(z) = 2.
the condition on V is satisfied with 5 = 5, = 1. Noting that

Clearly,
V=222 + 22" = —2(1 — 2?)a?,

and considering R = 1/2, we obtain that whenever |z| < R, we have V < —2aV where
a = 3/4. Hence, we have ES.
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9.5.4 A special class of GES systems

Consider a system described by
i = f(x) (9.2)

and suppose that there exist two positive definite symmetric matrices P and () such that

2T Pf(z) < —2TQux.

We will show that the origin is GES with rate
@ = Auin(P71Q)

where A\pin(P71Q) > 0 is the smallest eigenvalue of P~1Q.
As a candidate Lyapunov function, consider

V(z) =a2"Px.
Then
Amin(P)[[2][* < V() < Aax (P)]]]”
that is
Aillz]|* < V() < Boll|?
with

Bi=Amn(P) >0 and B2 = Anax(P) > 0.
Now note that
DV(z)f(z) = 22"Pf(x)
< —227TQu
For any two positive-definite matrices P and @), one can show that all the eigenvalues of

P~1(Q are real positive and
27 Qr > A\ (P7'Q) 2™ Px

where A\pin(P71Q) > 0 is the smallest eigenvalue of P~1Q. Thus,
DV(2)f(z) < —2Aun(P'Q)z” Px

= —2aV(x)
Hence GES with rate «.
Example 140 Recall example 137.
Closed loop system:
. 12 — 13 k‘l’l
T = Lok - —
1 7, 23 7,
. [3 — [1 kl’Q
Ty = Tax - —
2 2 371 2
. L — 1 kxs
Ty = 1T - —
3 7, 122 2
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Considering

we have
2"Pf(zx) = —ka'x

that is, @ = kI. Hence, GES with rate

a = Aum(P7'Q)

)\min(kP’l)

EXmin (P71
k

Amax (P)
k

max{[l, IQ, Ig}
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9.5.5 Summary

The following table summarizes the results of this chapter for stability about the origin.

= stability properties
Ipd <0 for ||z|]| < R = S
Ipd <0 for||z|| <R, z#0 = AS
ru <0 for ||z|| > R = B
pd <0forz=#£0 = GAS
Bullz|l® < V(x) < Bollx|f? < —2aV(z) = GES
Billzl]* < V(2) < Boll||? for [Jx|| < R | < —2aV () for |[z]| < R = ES

Figure 9.3: Lyapunov table
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Chapter 10

Basic Lyapunov theory: discrete
time™

Suppose we are interested in the stability properties of the system,
z(k+1) = f(z(k)) (10.1)

where z(k) € R™ and k € IR. If the system is linear, we can determine its stability properties
from the properties of the eigenvalues of the system matrix. What do we for a nonlinear
system? We could linearize about each equilibrium state and determine the stability prop-
erties of the resulting linearizations. Under certain conditions (see later) this will tell us
something about the local stability properties of the nonlinear system about its equilibrium
states. However there are situations where linearization cannot be used to deduce even the
local stability properties of the nonlinear system. Also, linearization tells us nothing about
the global stability properties of the nonlinear system.

In general, we cannot explicitly obtain solutions for nonlinear systems. Lyapunov theory
allows to say something about the stability properties of a system without knowing the form
or structure of the solutions.

e In this chapter, V is a scalar-valued function of the state, i.e. V : IR" — IR. At any time
k, the one step change in V' along a solution z(-) of system (10.1) is given by

Vi{e(k+1)) = V(x(k)) = AV(2(k))

where
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10.1 Stability

Theorem 10 (Stability) Suppose there exists a locally positive definite function V and a
scalar R > 0 such that
AV(z) <0 for ||zl < R

Then the origin is a stable equilitbrium state.

o If V satisfies the hypotheses of the above theorem, then V' is said to be a Lyapunov function
which guarantees the stability of origin.

Example 141
z(k+1) = x(k)

Consider
V(z) =2°

as a candidate Lyapunov function. Then V is a Ipdf and
AV(z)=0

Hence (it follows from theorem 10 that) the origin is stable.
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10.2 Asymptotic stability

Theorem 11 (Asymptotic stability) Suppose there exists a locally positive definite function
V and a scalar R > 0 such that

AV(z) <0 for x#0 and |lz|| <R

Then the origin is an asymptotically stable equilibrium state.

Example 142

Consider
V(z) = x>
Then V is a lpdf and
L 2
AV(z) = (537) —
= —2{1:‘2

Hence the origin is AS.

Example 143

Consider
V(z) =2°
Then V is a Ipdf and
1
AV(z) = (51' + 2%)% — 2°
1
= G +a)(5 - )

Hence the origin is AS.
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10.3 Boundedness

Theorem 12 Suppose there exists a radially unbounded function V and a scalar R > 0 such
that
AV(z) <0 for ||z|| > R

Then all solutions of (10.1) are bounded.

Note that, in the above theorem, V' does not have to positive away from the origin; it only
has to be radially unbounded.

Example 144

%)
th D) = T
Consider
V(z) = 22

Since V' is radially unbounded and

AV(z) = ( 2 )Z—zQ

1+ 22

2 (2® +3)(2® = 1)
(22 4+ 1)?

< 0 for |z| > 1

the hypotheses of the above theorem are satisfied with R = 1; hence all solutions are bounded.
Note that the origin is unstable.
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10.4 Global asymptotic stability

Theorem 13 (Global asymptotic stability) Suppose there ezists a positive definite function
V' such that
AV(z) <0  forall z#0

Then the origin is a globally asymptotically stable equilibrium state.

Example 145

Example 146

z(k)
kD) = ey
Consider
V(z) = 22
Then

AV(z) = (1 fm2>2 — 22

22t + 28
(1+ 22)?

< 0 forall x #0
Hence this system is GAS about zero.
Exercise 103 Consider any scalar system described by
z(k+1) = g(z(k))
where g has the following properties:

lg(x)] < |z for w0

Show that this system is GAS.
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10.5 Exponential stability

Theorem 14 (Global exponential stability.) Suppose there exists a function V' and scalars
a, By, B2 such that for all x,

Bullzl* < V(2) < Bolfall” Br, B2 >0

and
V(f(z)) < o’V(z) 0<a<l1

Then, every solution satisfies

|z (B)I] < \/%akllfv(oﬂl for k=0
1

Hence, the origin is a globally exponentially stable equilibrium state with rate of convergence
a.

PROOF.

Example 147
1
x(k+1)= —éx(kr)
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Considering

V(z) = 2
we have
V(@) = 3
- V@

1

Hence, we have GES with rate of convergence o = 3.

Example 148
1
x(k+1)= 5 sin(z(k))

Considering

we have

[y

Hence, we have GES with rate of convergence oo = 3
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Chapter 11

Lyapunov theory for linear
time-invariant systems

The main result of this section is contained in Theorem 15.

11.1 Positive and negative (semi)definite matrices

11.1.1 Definite matrices

For any square matrix n X n matrix P we can define an associated quadratic form by
n n
r*Px = E E DijT; T
i=1 j=1

Recall that a square complex matrix P is hermitian if P* = P where P* is the complex
conjugate of P. If P is real then hermitian is equivalent to symmetric, that is, P7 = P.

Fact 5 FEvery hermitian matriz P has the following properties.
(a) All eigenvalues of P are real.
(b) The scalar x*Px is real for all x € C". and satisfies
Amin(P)|[2]]* < 2" Pz < Moo (P) ||z

where Apin(P) and Apaz(P) denote the minimum and mazximum eigenvalues of P.

DEFN. A hermitian matrix P is positive definite (pd) if
z*Px >0

for all nonzero x. We denote this by P > 0. The matrix P is negative definite (nd) if —P is
positive definite; we denote this by P < 0.
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Example 149 For
1 -1
(1)
we have (note the completion of squares trick)

*Pr = xjr) — 2jre — 2521 + 20579
* *
= (x1 — x2)"(x1 — 22) + w522

= |z — 2o|* + |22]?

Clearly, x*Px > 0 for all z. If x*Px = 0, then z; — x5 = 0 and x5 = 0; hence x = 0. So,
P> 0.

Fact 6 The following statements are equivalent for any hermitian matrixz P.
(a) P is positive definite.
(b) All the eigenvalues of P are positive.

(¢) All the leading principal minors of P are positive.

P )

Since p;; = 1 > 0 and det(P) =1 > 0, we must have P > 0.

Example 150 Consider

>> eig(P)

ans =
0.3820
2.6180

Note the positive eigenvalues.
Exercise 104 Suppose P is hermitian and 7' is invertible. Show that P > 0 iff T*PT > 0.

Exercise 105 Suppose P and () are two hermitian matrices with P > 0. Show that P +
AQ > 0 for all real A sufficiently small; i.e., there exists A > 0 such that whenever |A| < A,
one has P + \Q > 0.

11.1.2 Semi-definite matrices*

DEFN. A hermitian matrix P is positive semi-definite (psd) if
z*Px >0

for all non-zero x. We denote this by P > 0
P is negative semi-definite (nsd) if —P is positive semi-definite; we denote this by P < 0
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Fact 7 The following statements are equivalent for any hermitian matrix P.
(a) P is positive semi-definite.
(b) All the eigenvalues of P are non-negative.

(c¢) All the leading minors of P are positive.

Example 151 This example illustrates that non-negativity of the leading principal minors
of P is not sufficient for P > 0.
0 0
e-(o )

We have p;; = 0 and det(P) = 0. However,
¥ Pr = —|1|?
hence, P is not psd. Actually, P is nsd.

Fact 8 Consider any m x n complex matrix M and let P = M*M. Then
(a) P is hermitian and P > 0
(b) P> 0 iff rank M = n.

Example 152

Since

and
rank(l 1):1

P >0 but P is not pd.
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11.2 Lyapunov theory

11.2.1 Asymptotic stability results

The scalar system
T =ar

is asymptotically stable if and only if a4+a* < 0. Consider now a general linear time-invariant

system described by
T = Ax (11.1)

The generalization of a 4+ a* < 0 to this system is A + A* < 0. We will see shortly that this
condition is sufficient for asymptotic stability; however, as the following example illustrates,

it is not necessary.
-1 3
()

is asymptotically stable. However, the matrix

At A ( ’ _2)

Example 153 The matrix

is not negative definite.

Since stability is invariant under a similarity transformation 7, i.e., the stability of A and
T—YAT are equivalent for any nonsingular 7', we should consider the more general condition

TPAT + T*A*T™* <0

Introducing the hermitian matrix P := T—*T~! and pre- and post-multiplying the above
inequality by 7* and T}, respectively, yields

P > 0 (11.2a)
PA+A'P < 0 (11.2b)

We now show that the existence of a hermitian matrix P satisfying these conditions guar-
antees asymptotic stability.

Lemma 6 Suppose there is a hermitian matriz P satisfying (11.2). Then system (11.1) is
asymptotically stable

PROOF. Suppose there exists a hermitian matrix P which satisfies inequalities (11.2).
Consider any eigenvalue A of A. Let v # 0 be an eigenvector corresponding to A, i.e.,

Av =l

Then _
v*PAv = Aw*Pu ; v*A*Pv = A" Po
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Pre- and post-multiplying inequality (11.2b) by v* and v, respectively, yields
\*Pv + M Pv < 0

ie.,

2Re(N)v*Pv <0

Since P > 0, we must have v*Pv > 0; hence Re()\) < 0. Since the above holds for every
eigenvalue of A, system (11.1) is asymptotically stable. [ |

Remark 1 A hermitian matrix P which satisfies inequalities (11.2) will be referred to as a
Lyapunov matriz for (11.1) or A.

Remark 2 Conditions (11.2) are referred to as linear matriz inequalities (LMI’s). In recent
years, efficient numerical algorithms have been developed to solve LMI’s or determine that
a solution does not exist.

Lyapunov functions. To obtain an alternative interpretation of inequalities (11.2), con-
sider the quadratic function V' of the state defined by

V(z) :=a"Px

Since P > 0, this function has a strict global minimum at zero. Using inequality (11.2b), it
follows that along any non-zero solution z(-) of (11.1),

—dV(x(t)) = 1*Px 4+ 2" Pz
dt
= " (A"P+ PA)x
< 0

i.e., V(x(+)) is strictly decreasing along any non-zero solution. Intuitively, one then expects
every solution to asymptotically approach the origin. The function V' is called a Lyapunov
function for the system. The concept of a Lyapunov function readily generalizes to nonlinear
systems and has proved a very useful tool in the analysis of the stability properties of
nonlinear systems.

-1

Remark 3 Defining the hermitian matrix S := P~!, inequalities (11.2) become

S >0 (11.3a)
AS+ 84" < 0 (11.3b)

Hence the above lemma can be stated with S replacing P and the preceding inequalities
replacing (11.2).

So far we have shown that if a LTT system has a Lyapunov matrix, then it is AS. Is the
converse true? That is, does every AS LTT system have a Lyapunov matrix? And if this is
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true how does one find a Lyapunov matrix? To answer this question note that satisfaction
of inequality (11.2b) is equivalent to

PA+A'P+Q=0] (11.4)

where () is a hermitian positive definite matrix. This linear matrix equation is known as the
Lyapunov equation. So one approach to looking for Lyapunov matrices could be to choose a
pd hermitian ) and determine whether the Lyapunov equation has a pd hermitian solution
for P.

We first show that if the system & = Ax is asymptotically stable and the Lyapunov
equation (11.4) has a solution then, the solution is unique. Suppose P; and P, are two
solutions to (11.4). Then,

(PQ—Pl)A+A*(P2—P1):O
Hence,
€A*t(P2 — Pl)AeAt + GA*tA*<P2 — Pl)eAt =0

that is,
d (eA*t(PQ — Pl)eAt)
dt

=0
This implies that, for all ¢,

MNPy — P)et =Py — P =P, — P
Since & = Ax is asymptotically stable, lim;__, e** = 0. Hence

Py — Pr = lim e (Py — P)e’ =0.
From this it follows that P, = P;.
The following lemma tells us that every AS LTI system has a Lyapunov matrix and a
Lyapunov matrix can be obtained by solving the Lyapunov equation with any pd hermitian

0.

Lemma 7 Suppose system (11.1) is asymptotically stable. Then for every matriz @, the
Lyapunov equation (11.4) has a unique solution for P. If Q is positive definite hermitian
then this solution is positive-definite hermitian.

PROOF. Suppose system (11.1) is asymptotically stable and consider any matrix ). Let

P:—/ eVt Qe dt
0

This integral exists because each element of e?! is exponentially decreasing.
To show that P satisfies the Lyapunov equation (11.4), use the following properties of
At
€ )
A*eA*t — deA*t
dt dt
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to obtain

PA+ A*P = / (eM'QeMA + AT Qe™) dt
0

o0 . dedt  deA
At At
/o (e Q 7 + o Qe )

o) A*t At
_ / d(eT'Qet)
o dt

t d A*t At
, e Qe
= lim _

dt
t—oo 0 dt

= lim Qe — Q
t—o0

= —Q

We have already demonstrated uniqueness of solutions to (11.4),
Suppose () is pd hermitian. Then it should be clear that P is pd hermitian. [}

Using the above two lemmas, we can now state the main result of this section.

Theorem 15 The following statements are equivalent.
(a) The system & = Ax is asymptotically stable.

(b) There exist positive definite hermitian matrices P and Q satisfying the Lyapunov equa-
tion (11.4).

(¢) For every positive definite hermitian matriz Q, the Lyapunov equation (11.4) has a
unique solution for P and this solution is hermitian positive-definite.

PRrROOF. The first lemma yields (b) = (a). The second lemma says that (a) = (c).
Hence, (b) = (c).
To see that (¢) = (b), pick any positive definite hermitian Q). So, (b) is equivalent to
(c). Also, (c) = (a); hence (a) and (c) are equivalent.
m

Example 154

1;1::1:2

Ilfg = —I1 +CTo

Here
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Choosing

1 0
o= (s V)
P:(pll p12>

D12 D22

(note we have taken ps; = p1o because we are looking for symmetric solutions) the Lyapunov
equation results in

and letting

—2p1a+1 = 0
pi1+cpi2—pe = 0
2p1a +2cper+1 = 0

We consider three cases:

Case i) ¢ = 0. No solution; hence no GAS.

Case ii) ¢ = —1. A single solution; this solution is pd; hence GAS.

Case iii) c = 1. A single solution; this solution is not pd; hence no GAS.

Remark 4 One can state the above theorem replacing P with S and replacing (11.4) with

AS+SA*+Q =0 (11.5)

11.2.2 MATLAB.

>> help lyap

LYAP  Lyapunov equation.
X = LYAP(A,C) solves the special form of the Lyapunov matrix
equation:

AxX + X*A’ = -C

X = LYAP(A,B,C) solves the general form of the Lyapunov matrix
equation:

A*X + XxB = -C

See also DLYAP.

Note. In MATLAB, A’ is the complex conjugate transpose of A (i.e. A*). Hence, to solve
(11.4) one must use P= lyap(A’, Q).
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>> g=eye(2);
>> a=[0 1; -1 -1];

>> p=lyap(a’, q)

p =
1.5000 0.5000
0.5000 1.0000

>> p*xa + a’*p
ans =
-1.0000 -0.0000
0 -1.0000

>> det(p)
ans =
1.2500

>> eig(p)

ans =
1.8090
0.6910

Exercise 106 Consider the Lyapunov equation

PA+A"P+2aP+Q =0

where A is a square matrix, () is some positive-definite hermitian matrix and « is some
positive scalar. Show that this equation has a unique solution for P and this solution is
positive-definite hermitian if and only if for every eigenvalue A of A,

11.2.3 Stability results*

Re(M\) < —a

For stability, the following lemma is the analog of Lemma 11.2.

Lemma 8 Suppose there is a hermitian matrixz P satisfying

Then system (11.1) is stable.

P >0 (11.6a)

PA+A*P < 0 (11.6b)

We do not have the exact analog of lemma 7. However the following can be shown.
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Lemma 9 Suppose system (11.1) is stable. Then there exist a positive definite hermitian
matriz P and a positive semi-definite hermitian matrixz () satisfying the Lyapunov equation

(11.4).

The above lemma does not state that for every positive semi-definite hermitian ) the
Lyapunov equation has a solution for P. Also, when the Lyapunov equation has a solution,
it is not unique. This is illustrated in the following example.

()
(0"

PA+ AP =0

Example 155
With

we obtain

In this example the Lyapunov equation has a pd solution with ¢ = 0; this solution is
not unique; any matrix of the form
p 0O
pP=
( 0 P)

(where p is arbitrary) is also a solution.
If we consider the psd matrix
10
=0 0)

the Lyapunov equation has no solution.

Combining the above two lemmas results in the following theorem.
Theorem 16 The following statements are equivalent.
(a) The system & = Ax is stable.

(b) There exist a positive definite hermitian matriz P and a positive semi-definite matrix
Q satisfying the Lyapunov equation (11.4).
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11.3 Mechanical systems*

Example 156 A simple structure

7777777777777 77 77 777

Figure 11.1: A simple structure

Recall

miGi + (aa+e)g — g + (ki+k)g — kg = 0
maga — Caq1 + Cgp — kaqu + kg = 0

(%)

this system can be described by the following second order vector differential equation:

Letting

MGi+Cqg+Kq=0

where the symmetric matrices M, C, K are given by
Mo (™ 0 C— 1 t+c —C K k4 ko —ko
0 mo —C9 Co _k2 k2
Since mq, my > 0, we have M > 0.

If k1, ko > 0 then K > 0 (why?) and if ¢;, ¢ > 0 then C' > 0.

Note also that

kinetic energy = %mlqﬁ + %mzq% = %QTMQ

potential energy = 1kiqf + tkao(e — 1) = 3¢'Kgq
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Consider now a general mechanical system described by

Mi+Ci+Kq=0

where ¢(t) is a real N-vector of generalized coordinates which describes the configuraton of
the system. The real matrix M is the inertia matriz and satisfies

MT=M>0

We call K and C' the ‘stiffness’ matriz and ‘damping’ matriz respectively. The kinetic energy

of the system is given by

1T
Lo
54 Mg

With x = (qT, q'T)T, this system has a state space description of the form & = Az with

0 I
A= ( ~M'K —M7'C )

A first Lyapunov matrix. Suppose
K'=K>0 and C'=C2>0.

The potential energy of the system is given by
L 7

—q¢ K

2q q

Consider the following candidate Lyapunov matrix
1/ K 0
F=3 ( 0 M )
PA+A'"P+Q=0

o-(52)

Then P*= P > 0 and

where

It should be clear that

PA4+ AP <0
iff
C>0
Hence,
KT = K >0 and CT = C > 0 imply stability.
Note that

1 1
V(z) = a"Pr= QQTMQ + iqTKq = total energy
V(z) = —4"Cq
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A second Lyapunov matrix.

P—l K+ )\C \M _ 1/ K 0 —l—é cC M
2 M M 2\ 0 M 2\ M 0
For sufficiently small A, the matrix P is positive definite.
Now,
PA+A"P+Q=0
where

AK 0
Q:( 0 (J—/\M)

For sufficiently small A > 0, the matrix C'— AM is pd and, hence, @) is pd. So,

KT = K > 0and CT = C > 0 imply asymptotic stability.
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11.4 Rates of convergence for linear systems*

Theorem 17 Consider an asymptotically stable linear system described by © = Az and let
a be any real number satisfying
O<a<a

where
a = —max{R(A\) : A is an eigenvalue of A }.

Then z = Az is GES with rate a.

PrOOF: Consider any « satisfying 0 < a < @. As a consequence of the definition of @, all
the eigenvalues of the matrix A4« have negative parts. Hence, the Lyapunov equation

P(A+al)+ (A4+al))P+1=0.

has a unique solution for P and P = PT > 0. As a candidate Lyapunov for the system
i = Az, consider V(z) = 27 Px. Then,

V = 2"Pi+i"Pa
= 2" PAx + (Az)" Pz
= 2'(PA+ ATP)x.

From the above Lyapunov matrix equation, we obtain that
PA+ ATP = —2aP —1I;
hence,

V = —202"Pz—2Tx

< —2aV(z).

Hence the system is globally exponentially stable with rate of convergence «.
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11.5 Linearization and exponential stability
Consider a nonlinear system
& = f() (11.7)

and suppose that z¢ is an equilibrium state for this system. We assume that f is differential
at ¢ and let

Oft, o Of1, ¢ ofr, .
9, (=) a@(x ) axn(ﬂﬂ )
Of2 Ofa df2
() 5 —=(@) - (=)
D) = 0r, 0o ox,
8fn e afn e 8fn e
a1, (=) (%2(93 ) 8xn($ )
where = (21,29, ,x,). Then the linearization of & = f(x) about z° is the linear system
defined by
ot = Adx where A = Df(z°). (11.8)

Theorem 18 Suppose € is an equilibrium state of a nonlinear system of the form & = f(z)
and the corresponding linearization is exponentially stable. Then the nonlinear system is
exponentially stable about x°.

PROOF. Suppose the linearization is exponentially stable and let
a = —max{R(A\) : \is an eigenvalue of A }.

Since all the eigenvalues have negative real parts, we have @ > 0. Consider now any «
satisfying 0 < a < &. As a consequence of the definition of &, all the eigenvalues of the
matrix A4al have negative parts. Hence, the Lyapunov equation

P(A+al)+ (A4+al))P+1=0.

has a unique solution for P and P = PT > 0. As a candidate Lyapunov function for the
nonlinear system, consider

V(z) = (z—a°)'P(x—2°).

Recall that
f(x) = f(2°) + Df(z°)(xz—2°) + o(z)

where the “remainder term” has the following property:

o(z)

m —- =
7=0,a70 |||

Hence



and

V = 2TPi

TP f(2)

227 PAz + 227 o(x)

< 2T(PA+ ATP)x 4 2||z||o(z) .

From the above Lyapunov matrix equation, we obtain that
PA+ ATP = —2aP —1I;
hence,

V = —22TPx — 2Tz + 2|z||o(z)
= —2aV(z) — [|z|* + o()]] -

As a consequence of the properties of o, there is a scalar R > 0 such that
o(z) < [lz] when [lz| < R.
Hence, whenever ||z|| < R we obtain that
V < —2aV(z).

Hence the nonlinear system is exponentially stable about x° with rate of convergence «.
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Part 111

Input-Output Properties
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Chapter 12

Input output response

OUTPUTS INPUTS

—  [SYSTEM] —

12.1 Response of continuous-time systems

In general, a linear time-invariant continuous-time system with inputs and outputs is de-
scribed by

Y14 = Ax+ Bu
y = Cx+ Du

where A, B, C and D are matrices of dimensions n x n, n x m, p x n and p X m, respectively.

12.1.1 State response and the convolution integral

The solution to
©(t) = Az(t) + Bu(t) with  x(tg) = zo (12.1)

is unique and is given by

t
x(t) = eA(ttO)xo—i—/eA(tT)Bu(T)dT (12.2)

to

for all ¢.

Proor. Consider any time t. Considering any time 7 in the interval bounded by ¢, and ¢,
we have

(1) = Az(7) + Bu(1)
Pre-multiply both sides by e=4" and rearrange to get:

e Ni(r) — e Ax(t) = e " Bu(r)
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Hence
d

dr

Integrate with respect to to 7 from ¢ty to t and use z(ty) = xo:

(e’ATx(T)) = e’ATBu(T)

t
e M(t) — e Moy, = / e Bu(r)dr

to

Now premultiply by e4* and use e?te=4* = I and e?te 4% = ¢A(~1) to obtain

¢
z(t) — eM0gy = / A Bu(r)dr

to
and, hence, the desired result. [ |
e Note that the solution depends linearly on the pair (xq, u(-)).

e Suppose that for some input function u(-), the function z?(-) is a particular solution to
(12.1) with 2P(ty) = xf. Then all other solutions are given by

x(t) = eA(t_tO)(azo —zb) + 2P (¢)

(Why?)

Impulse response

Suppose tg = 0 and
u(t) = d(t)v

where d(-) is the Dirac delta function or the unit impulse function and v is some constant
vector. (Don’t confuse with the ¢ used in linearization.) Recall that if zero is in the interval
bounded by t; and ¢ and ¢ is any continuous function then,

Hence, the solution to (12.1) is given by
z(t) = eMag + M Bo

From this we see that the zero initial state response (that is, zo = 0) to the above impulse
input is given by
z(t) = e Bu

This is the same as the system response to zero input and initial state, xo = Bv.
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Response to exponentials and sinusoids

Suppose tog = 0 and
u(t) = eMv

where v is a constant m-vector and A is not an eigenvalue of A. Then the solution to (12.1)
1s

(t) = eM(zg—ab) + eMab
~_'\,_/ ~——
transient part steady state part

where

xh = (M — A)"'Bu

We need only prove the result for zq = zf. So considering

z(t) = M\ — A)'Bo

we have
i(t) = XeM(N — A)7 By = \z(t)
and
(M — A)z(t) = eMBv = Bu(t)
Hence,
Az (t) = Ax(t) + Bu(t)
and

z(t) = \x(t) = Az(t) + Bu(t)

e If A is asymptotically stable, the transient part goes to zero as t goes to infinity.

12.1.2 Output response

The output response of the system

©(t) = Ax(t)+ Bul(t)
y(t) = Cuz(t) + Du(t)

subject to initial condition z(tg) = z is unique and is given by

y(t) = Cet=t)g + /t G(t—T1)u(r)dr (12.3)

to

where the impulse response matrix GG is defined by

G(t) = Ce™B +6(t)D

where 6(+) is the Dirac delta function or the unit impulse function. (Don’t confuse with the §
used in linearization.)
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To see this, recall that if zero is in the interval bounded by ¢y and ¢ and ¢ is any continuous

function then,

Recalling that

we see that

[ stgtari = g0

to

Cx(t) + Du(t)
t

CeAt=t) gy 4 C'/ A Bu(r)dr + Du(t)
to

t
CeAlt=to) gy + / CeA(H)Bu(T) + §(t—7)Du(T)dr

to

t
CeAt=10) +/ G(t—7)u(r)dr

to

Zero initial conditions response: z(0) = 0.

Sometimes this is represented by

y(—(—u

(12.4)

This defines a linear map from the space of input functions to the space of output functions.

Example 157

Here

So, for zero initial state,

r = —zxz+u



Example 158 Unattached mass

1 = X9
i’Q = Uu
y = I
Here
01 0
A:(OO) B:<1> C=(10) D=0
Hence
a1t
‘ _(0 1
and
Gt) = Ce'B
=
So,

y(t) = / (t—r)u(r) dr

Remark 5 Description (12.4) is a very general representation of a linear input-output system.
It can also be used for infinite-dimensional systems such as distributed parameter systems and
systems with delays.

Example 159 Consider the system with input delay described by

B(t) = —a(t) +ut — 1)

Since

Considering only inputs for which
u(t) =0 for t<0

and defining

G(t):{o for t<1

et for t>1

the input-output response of this system is described by (12.4).
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Impulse response

Consider first a SISO (single-input single-output) system with impulse response function g
and subject to zero initial conditions, x(0) = 0. Suppose such a system is subject to a unit
impulse input, that is, u(¢) = 6(¢). Then, using (12.3), its output is given by

y(t) = / g(t—1)6(r) T = g(t).

Thus, as its name suggests, the impulse response function g is the output response of the
system to zero initial conditions and a unit impulse input.

Consider now a MIMO (multi-input multi-output) system with impulse response function
GG and subject to zero initial conditions. Suppose this system is subject to an input of the
form

u(t) = d(t)v

where v is constant m-vector. Then, from (12.3),
t
y(t) = / Gt—7)vo(t) T =G(t)v.
0
By considering v = ¢’, where each component of ¢’ is zero except for its j-th component

which equals one, we see that G;; is the zero initial state response of y; when u; = ¢ and all
other inputs are zero, that is,

u(t) = 0 ) () = Gi(0)
u;(t) ;5@ — yﬁ)%<%®
un®) = 0| L (0) = Gyt

Impulse response and transfer function
Recall that the transfer function (matrix) is given by
G(s)=C(sI — A)'B+D
Also, the impulse response (matrix) is given by
G(t) = Ce™B +6(t)D
Using the following Laplace transform results:
L(e)(s) = (sI — A)7Y, L) =1

we obtain

~

G =L(G)

that is,

the transfer function G is the Laplace transform of the impulse response G.
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Response to exponentials and sinusoids

Suppose tg = 0 and

u(t) = eMv

where v is a constant m vector and \ is not an eigenvalue of A. Then

y(t) = CeM(xg—2ab) + MG(M\v
N—— N——
transient part steady state part
where
xh = (M — A)~'Bu
and

~

G\ :=CMN —-A)"'B+D

If A is asymptotically stable, then the transient part goes to zero as t goes to infinity.

12.2 Discretization and zero-order hold

Here we consider the discretization of a continuous-time system described by

o(t) = Acae(t) + Beuc(t) (12.5)

Let T > 0 be the sampling time for discretization.

e Zero-order hold. Suppose that the input to the continuous-time system comes from a
zero-order hold with sampling time 7', that is,

ue(t) = ug(k) for kT <t < (k+1)T

Thus the input wu,. is constant over each sampling interval, [T, (k + 1)T)).

Suppose also that we sample the state of the continuous-time system at multiples of the
sampling time and let

zq(k) =z (kT)
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Then

rg(k+1) = z((k+1T)
(k+1)T
= ATy (KT) + / Al BHVT=D B 4y () dt
kT

(k+1)T
= et Tyy(k) +/ AEINT=D B 44 (k) dt

kT

(k+1)T
= eACTa:d(k)—l—/ AT gt B ug(k)
kT

Changing the variable of integration from ¢ to 7 := (k + 1)T — ¢ yields

(k+1)T 0 T
/ eAC((kJrl)Tft) dt = _/ eAcT dr = / eAcT dr
kT T 0
Hence, we obtain the following discretization of the continuous-time system (12.5):
where
Ad = eACT

By = [ eMdr B,

Recall that

1 1
et =T+ At + 5Aitz + §A§t3 SE
Thus,
T 2 2
T T
/ eATdr =TI+ A, + = A>T + ... .
0 2! 3!
and we have the following power series for A; and By:
T T3
™ T8
Bd = TBC + aACBc + ?Ach +e

If A, is invertible, then
T
/ eTdr = (eT — NAJ' = (Ag — DA]!
0

and
By= (A4 —DA'B, (12.7)

If we approximate Ay and By by considering only terms up to first order in 7" in their
power series, we obtain

A~ 1+ TA. and By~ TB..
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Example 160 (Discretization of forced undamped oscillator)

Here,
At cost sint
e = .
—sint cost

Hence,

. T
AT cosT sinT - AT [ 1—cosT
A= = ( —sinT COST) Bd_/o ™" dr B, = ( sinT

Consider T' = 2x. Then,

So,

{L‘ld<k+1) = ZL’ld(k’)
Qigd(k—i‘l) = Qigd(k)

Where did the input go?
What about T' = 7/27

ve(o) me(h)

C2D Conversion of state space models from continuous to discrete time.
[Phi, Gamma] = C2D(A,B,T) converts the continuous-time system:

>> help c2d

x = Ax + Bu

237



to the discrete-time state-space system:

x[n+1] = Phi * x[n] + Gamma * u[n]
assuming a zero-order hold on the inputs and sample time T.
See also: C2DM, and D2C.

>> a=[0 1 ; -1 0] ; b=[0; 1] ; T= pi/2;
>> [phi, gammal= c2d(a,b,T)

phi =
-0.0000 1.0000
-1.0000 0.0000

12.2.1 Input-output discretization

Consider a continuous-time system:

to(t) = Acxe(t) + Beu(t)
yc(t) chC(t) + Dcuc(t)

Suppose T > 0 is the sampling time.

e Jero order hold:

ue(t) = uq(k) for KT <t<(k+1)T

Letting
zalk) = 2e(KT)  yalk) i= y(KT)
we obtain
za(k+1) = Agzq(k) + Baua(k)
ya(k) = Caxq(k) + Dgug(k)
where

T
Ad = eACT B, = / GACT dr B, Cd = Cc D,=D.,
0
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12.3 Response of discrete-time systems*

A general linear time-invariant discrete-time system is described by

x(k+1) = Ax(k)+ Bu(k)
y(k) = Cuz(k)+ Du(k)
where k£ € R is ‘time’, x(k) € IR" in the state, u(k) € IR™ the input, and y(k) € R? is the
output.

12.3.1 State response and the convolution sum

The solution to

z(k+1) = Az (k) + Bu(k) x(ko) = x0 (12.8)
is unique and is given by
k—1
p(k) = ARz 4y " AT Bug) (12.9)
j=ko

PRroor. Use induction.

12.3.2 Input-output response and the pulse response matrix

The solution to

x(k+1) = Ax(k)+ Bu(k)
y(k) = Cuz(k)+ Du(k)

subject to initial condition

is unique and is given by

k
y(k) = CA¥ g + 3~ G(k — j)u(j)

Jj=ko

where the pulse response matrix GG is defined by

G(0) = D
Gk) = CA'B  for k=1,2,...

Clearly, the above holds for k = ky. For k > kg, recall that

k—1
(k) = Az 4y = ABT170) Buyj)

Jj=ko
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Hence,

k—1

y(k) = CAF M)z CA* ) Bu(j) + Du(k)
J=ko
k—1

= CA¥ gy + 3" Gk — ju(j) + G(0)u(k)

Jj=ko

k
= CA® gy 4+ 3" Gk — j)ulj)

Jj=ko

Zero initial conditions response: z(0) = 0.

Sometimes this is represented by
y — «—— U

Pulse response: Suppose z(0) = 0 and

u(0) = p(k)v for k=0,1,...

where v is constant m vector and p is the unit pulse function defined by

p(0) =1
pk) = 0 for k=1,2,...

Then,
y(k) = G(k)v for k=0,1,...

From this we can see that G;; is the zero initial condition response of output component y;
when input component u; is a unit pulse and all other inputs are zero, that is,

u(k) = 0 ) (yi(k) = Gui(k)
(k) = p(k) } — k) = Gyk)
(k) = 0 (k) = Gy(k)

e So, for a SISO (single-input single-output) system, G is the output response due a unit
pulse input and zero initial conditions.
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Exercises

Exercise 107 Obtain (by hand) the response of each of the following systems due to a unit
impulse input and the zero initial conditions. For each case, determine whether the response
contains all the system modes.

a)

i‘l == —5ZL'1 + 2[)’22 +u

.fi'g = —121'1 -+ 532'2 +u
b)

Ty = —5r;+ 29+ u

jﬁ'g = —]_21’1 + 5?[72 + 2u
c)

l"l = —5.7)1 + 2.732 +u

l"g = —121'1 + 5.1'2 + 3u

Exercise 108 Consider the system with disturbance input w and performance output z

described by

T = —X1+To+w
l“g = —I + 4£L‘2 + 2w
zZ = X7.

Using an appropriate Lyapunov equation, determine

/O NEOIR

for each of the following situations.

(a)

(b)
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Chapter 13

Observability

13.1 Observability

We are concerned here with the problem of determining the state of a system based on
measurements of its inputs and outputs. Consider the system

r = Axz+ Bu

y — Co+ Du (13.1)

with initial condition
x(0) = zo

where the n-vector x(t) is the state, the m-vector u(t) is the input and the p-vector y(t) is
a vector of measured outputs; we call y the measured output (vector).

Consider any time interval [0,7] with 7" > 0. The basic observability problem is as
follows. Suppose we have knowledge of the input u(t) and the output y(¢) over the interval
[0, T']; can we uniquely determine the initial state x¢? If we can do this for all input histories
and initial states xy we say that the system is observable. So, for observability, we require
that for each input history, different initial states produce different output histories, or,
equivalently, if two output histories are identical, then the corresponding initial states must
be the same. A formal definition of observability follows the next example. Note that
knowledge of the initial state and the input history over the interval [0,7] allows one to
compute the state x(t) for 0 <t < T. This follows from the relationship

t
x(t) = eAtro + / eA(t’T)Bu(T) dr.
0

Example 161 Two unattached masses

jfl - O
I"Q == O
y = I

Clearly, this system is unobservable.
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DEFN. System (13.1) is observable over an interval [0,T] if the following holds for each
input history u(-). Suppose y(-) and y°(-) are any two output histories of system (15.1) due

to initial states x¢ and xf, respectively, and y*(t) = y°(t) for 0 <t < T; then z§ = xJ.

13.2 Main result

To describe the main results associated with observability of LTI systems, we introduce the
observability matrix @), associated with system (13.1). This is the following pn x n matrix

C

CA
Qo -

A

The following result is the main observability result for continuous-time LTT systems.

Theorem 19 (Main observability result) For any T > 0, system (13.1) is observable
over the interval [0, T] if and only if the its observability matriz has maximum rank, that is,

C
CA

rank

I
3

CA™

where n is the number of state variables.

An immediate consequence of the above theorem is that observability does not depend
on the interval [0, T]. So, from now on we drop reference to the interval. Since observability
only depends on the matrix pair (C, A), we say that this pair is observable if system (13.1)
is observable.

SO systems. For scalar output (p = 1) systems, @, is a square n X n matrix; hence it has
rank n if and only if its determinant is nonzero. So, the above theorem has the following
corollary.

Corollary 1 A scalar output system of the form (13.1) is observable if and only if its ob-
servability matriz Q, has non-zero determinant.

Example 162 (Two unattached masses.) Recall example 161. Here n = 2,

A:<88> C=(10)
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Hence,
C 10
@ = (CA)_<OO)
Since rank (), = 1 < n, this system is unobservable.

Example 163 (The unattached mass)

T1 = @9

.fiZ'Q - O
We consider two cases:

(a) (Velocity measurement.) Suppose y = 5. Then

A:(gé) c=(01)

“=(ca)=(00)

Since rank Qg = 1 < n, we have unobservability.

So,

(b) (Position measurement.) Suppose y = x1. Then

o-(8)-(31)

Since rank )y = 2 = n, we have observability.

Example 164 (Beavis and Butthead: mass center measurement)

/ g, 4 L )

L m oo ]

z, rd s

Figure 13.1: Example 164

mgi = k(g —q)
mgy = —k(g—q)
Yy = 1+ Qo

Actually, y is not the location of the mass center of the system, however there is a one-to-one
correspondence between y and the mass center location.

245



With

T =aq T2 = Q2 T3 =q Ty = G2
we have
0 0 10
0 0 01
A= “k/m k/m 0 0 C=(1100)
k/m —k/m 0 0
Since,
CA = (001 1)
CA? = (CA)A = (0 0 0 0)
CA> = (CA?A (0 0 0 0)
the observability matrix for this system is
C 1 100
Q, = cA | (0011
el cAar ] 0000
CA3 0000

Since rank (), = 2 < n, this system is not observable.
Physically, one can see why this system is not observable. The system can oscillate with
the mass center fixed, that is, a non-zero state motion results in zero output history.

Example 165 (Beavis and Butthead: observable) Here we take the system from the
last example and consider the measured output to be the position of the first mass.

mqgr = k’(ﬂb—(h)

mg, = —k(qg—q)
Yy = @

With

T1=q T2 = (2 T3 =q1 Ty = o
we have

0 0 1 0

0 0 01

A= “k/m k/m 0 0 C=(1000)

k/m —k/m 0 0

Hence,

CA = (0 0 10)
CA2=(CA)A = (—k/m k/m 0 0)
CA*=(CAA = (0 0 —k/m k/m)
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So,

C 1 0 0 0

fecal | o o 1 0

Qo = CA2 | | =k/m k/m 0 0
CA3 0 0 —k/m k/m

Since rank (), = 4 = n; this system is observable.

Useful facts for checking observability. In checking observability, the following facts
are useful.

(a) Suppose there exists n* such that

C
CA CA
N : =N :
CAV 1 N Amt—1
oA CA
or, equivalently,
C
C
CA CA
rank : = rank .
CAm - SN
oA CA
Then
C
CA
N@Q) =N "
CAV !
and
C

rank (@Q),) = rank

CAn*—l
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(b) Suppose V1, ..., V¥ is a sequence of matrices which satisfy

NVYH = N(©)
Vi Vi
N ‘E/jl = N ‘E/jl for j=2,...)k
Vi Vi—lA
Then
C Vi
N : N :
C Ak vk
CAkJrl VkA
and
C 78
rank C’Ak = rank Vk
C Ak+1 VEA

See next two examples.
Example 166 (Beavis and Butthead: mass center measurement revisited)

mq = k(g —q)

mg, = —k(qg—q)
Yy = ¢1+q
With
1 =4 T2 = ({2 T3 =q Ty = Qo
we have
0 0 1 0
0 0 0 1
A= —k/m k/m 0 0 C_(l 100)
k/m —k/m 0 0
Hence,

CA = (0011)

CA*> = (000 0)

So, using useful fact (b) above,
C 1 100
rank (Q),) = rank < C’A) = rank (O 01 1 ) =2
Since rank (Q),) < n, this system is not observable.
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Example 167 (Beavis and Butthead: observable)

mgi = k(g —q1)

mgs = —k((h - Q1)
Yy = ¢
With
1 =q Ty = (2 T3 =q1 Ty = (o
we have
0 0 10
0 0 01
A= —k/m  k/m 0 0 C_(l 00 O)
k/m —k/m 0 0
Hence,
CA = ( 0 0 10 )
CA? = (—k/m k/m 0 0)
So,
C 1000
rank CA = rank 0010
C A? 0100
and
C 1 000
CA 0010
rank (Q,) = rank ca | = rank 010 0 =
C A3 0 001

Since rank (), = n; this system is observable.

Example 168 State feedback can destroy observability.

A:(g é) C=(10)

(C, A) is observable. Consider
01
sr=( o)

A+BK =0

Then

and (C, A+ BK) is unobservable.
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13.3 Development of main result

To develop the main result presented in the last section, we first demonstrate the following
result:

System (13.1) is observable over an interval [0, T if and only if the uncontrolled system
(u(t) =0)
Tz = Ax

Y — Cu (13.2)

has the property that the zero state is the only initial state which results in an output history
which 1s identically zero; that is, it has the following property:

y(t)=0 for 0<t<T implies  x(0) =0

To see that the above property is necessary for observability, simply note that the zero
initial state produces a zero output history; hence if some nonzero initial state xy produces
a zero output history, then there are two different initial states producing the same output
history and the system is not observable.

To see that the above property is sufficient, consider any input history «(-) and suppose
y®(+) and y°(+) are two output histories due to initial states z¢ and %, repectively, and y?(-) =
y*(-). Let 2%(+) and z°(-) be the state histories corresponding the z¢ and zj, respectively,
that is,

* = Az"+ Bu, z%(0) = z§
y* = Cx%+ Du

and

Then, letting

we obtain

= Az, 2(0)=ab— 8

Since y(t) = 0 we must have 2% — 28 = 0; hence z} = 2¢. So, system (13.1) is observable.
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Example 169 (The unattached mass)

Tr1 = X9
To = 0
If y = xo, the system is unobservable: consider nonzero initial state zo = [1I 0]; the

corresponding output history satisfies y(t) = 0. If y = 2, the system is observable. To see
this note that z = [y, ¢]7. If y(¢) = 0 over a nonzero interval, then §(0) = 0 and hence,
z(0) = 0.

We have just shown that to investigate the observability of system (13.1), we need only
determine the initial states which result in an identically zero output for the system with
zero input, that is system (13.2). So, let us look at the consequences of a zero output for the
above system. So, suppose zg is an initial state which, for some 7" > 0, results in y(¢) = 0
for 0 <t < T, that is,

Cz(t)=0 for 0<t<T (13.3)

where

z(t) = Az(t), x(0)=xg.
Differentiating the equation in (13.3) with respect to t results in
0=Ci(t) =CAz(t) =0 for 0<t<T.
Repeated differentiation of (13.3) yields:
CAFz(t)=0 for 0<t<T and k=0,1,2,...
Letting ¢t = 0 and using the initial condition z(0) = x( results in
CA¥2g=0 for k=0,1,2,.... (13.4)

So, we have shown that if an initial state zy results in a zero output over some nonzero
interval then, (13.4) holds.

Let us now demonstrate the converse, that is, if (13.4) holds, then the resulting output
is zero over any nonzero interval. So, suppose (13.4) holds for some initial state zo. Recall
that z(t) = exp; hence

y(t) = CeMag

Since e can be expressed as et =377 | 3, (t) A*, we have
y(t) = Cetlzy= Zﬁ(t)C’Aka:O =0.
k=0

So, we now conclude that an initial state x( results in a zero output over some nonzero
interval if and only if (13.4) holds. Since, for each k = 0,1,2..., the matrix A* can be
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expressed as a linear combination of I, A, A% ... A" it follows that (13.4) holds if and
only if

CA*zy=0  for k=0,1,2,n—1. (13.5)
Thus an initial state zy results in a zero output over some nonzero interval if and only if

(13.5) holds. Recalling the definition of the observability matrix @), associated with system
(13.1) we obtain the following result:

’ An initial state xq results in zero output over some nonzero interval if and only if Qoxo = 0 ‘

Hence, system (13.1) is observable if and only if the only vector satisfying Q,z¢ = 0 is
the zero vector. This immediately leads to the following result on observability. Recall that
the nullity of a matrix is the dimension of its null space.

For any T > 0, system (13.1) is observable over the interval [0,T] if and only if the
nullity of its observability matriz is zero.

Since the rank and nullity of @), must sum to n which is the maximum of @),, we now
obtain main result, that is Theorem 19.
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13.4 The unobservable subspace

Example 170 At first sight, the system

L'Ul = I
itg = X2
Yy = T1+ T2

might look observable. However, it is not. To see this, introduce new state variables

Ty, = T1 + Ta and Tyo '= T1 — Lo
Then
T, = X,
Ty = Ty
Yy = T

Hence, z,(0) = 0 implies z,(¢) = 0 and, hence, y(t) = 0 for all ¢. In other words if the initial
state 2(0) is in the set
{xEIRQ . $1+132:0}

The resulting output history is zero.

Figure 13.2: Example 170

Recall that observability matrix @), associated with (C, A) is defined to be the following
pn X n matrix
C
CA

C A

Recall also that an initial state x( results in a zero output if and only if QQ,x¢o = 0, that is
T, is in the null space of (),. So, we define the unobservable subspace X, associated with
system (13.1) or (C, A) to be the null space of the observability matrix, that is,

Xuo = N(Qo)

and we have the following result.
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Lemma 10 (Unobservable subspace lemma) For any nonzero time interval [0,T], the
following statements are equivalent for system (15.2).

(i) y(t) =0 for 0<t<T.
(i) Q,z(0) =0, or, equivalently, x(0) is in the unobservable subspace X,,.

Example 171 Recalling the last example we have n = 2 and

A:((l)(l)) C=(11)

Hence,
C 11
Qo = (CA):<1 1)
Clearly,
X = N(Q) =N ((1 1)) =N (C)
Hence

N(QO)Z{QTEIRQ : l’1+$2:0}
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13.5 Unobservable modes

Suppose we are interested in the observability of the the input-output system

t = Axr+ Bu

= Cx+ Du
Since observability is independent of u, we only need to consider the corresponding zero
input system:

T = Az

y = Cx (13.6)
Recall that a mode of this system is a special solution of the form z(t) = eMv. Such a
solution results when z(0) = v and v is an eigenvector of A with eigenvalue A\. We say that

e My is an unobservable mode of the above system if, the above system has a solution of the
form z(t) = e*v and the corresponding output is zero, that is,

z(t) = Mo and y(t) =0

The eigenvalue A is called an unobservable eigenvalue of the system. We also refer to A as an
unobservable eigenvalue of (C, A).

Clearly, if a system has an unobservable mode then, the system is not observable. In
the next section, we show that if an LTI system is not observable, then it must have an
unobservable mode. Thus:

An LTI system is observable if and only if it has no unobservable modes.

This is illustrated in the following example.

Example 172

.Ckl = )\1.771 + b1’LL
31.72 = )\21‘2 + bgu
Yy = C1T1 + cxo +du

Since

Q . C o C1 Co
N CA )]  \ M M\
This system is observable if and only if

017&07 C2#O7>‘17é)‘2

Note that if ¢; = 0 then considering u(t) = 0 this system has a solution



13.5.1 PBH Test

The next lemma provides a useful characterization of unobservable eigenvalues.

Lemma 11 A complex number X\ is an unobservable eigenvalue of the pair (C,A) if and

only if the matrizx
( A EM ) (13.7)

does not have mazximum rank (that is n, where n is the number of columns in A.)

PROOF. Recall that A is an unobservable eigenvalue of (C, A) if the system & = Ax
has a non-zero solution of the form z(t) = e*v which satisfies Cx(t) = 0. We have already
seen that the existence of a nonzero solution of the form e*wv is equivalent to v being an
eigenvector of A with eigenvalue A, that is, v # 0 and Av = Av; this is equivalent to

(A=X)v=0
and v # 0. Since z(t) = e*v and e # 0, the statement that Cz(t) = 0 is equivalent to
Cv=0.

So, we have shown that A is an unobservable eigenvalue of (C, A) if and only if there is a

nonzero vector satisfying
A—-AM v =0
C =0.

The existence of a nonzero v satisfying the above equality is equivalent to saying that the
columns of the matrix in the equality are linearly dependent, that is, the rank of the matrix
is less than the number of its columns. Since the number of columns in the above matrix is
less than or equal to the number of its rows, the maximum rank of this matrix equals the
number of its columns. Hence, A being an unobservable eigenvalue of (C, A) is equivalent to
the matrix in (13.7) not having maximum rank. u

Example 173 Consider a system with

01 0
A:(10) B:<1) C=(-11) D=0.
Here, the observability matrix is
C -1 1
@=(ca)=(71 )

Since @), has zero determinant, this system is not observable. Hence, the system has some
unobservable modes. The eigenvalues of A are 1 and —1. To determine the unobservable
eigenvalues, we carry out the PBH test:

Ay _ (7Y
M) -
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For A = 1, the above matrix is rank deficient; hence 1 is an unobservable eigenvalue. For
A = —1, the PBH matrix has maximum rank. Hence, this eigenvalue is observable.
Note that the transfer function for this system is given by

A s—1 1

G(s) = =

s2—1 s+1°

So, the unobservable eigenvalue is not a pole of the transfer function. This transfer function
is also the transfer function of the stable system with with A = —1 and B = C' = 1 and
D =0.

Since we have already stated that an LTI system is observable if and only if it has no
unobservable eigenvalues, we obtain the following corollary to Lemma 11. This new result
provides another useful test for observability.

Corollary 1 (PBH observability test.) The pair (C, A) is observable if and only if the matriz

A=
C
has mazimum rank for every eigenvalue A of A.

Example 174 (Unobservable modes)

A
-2 2 1 2
-1 1 1 2
-3 2 2 2
-1 0 -1 1
B =
2
0
0
2
C
1 0 0 -1
Qo= obsv(A, C)
1 0 0 -1
-1 2 2 1
-7 4 4 7
-9 -2 -2 9
rank (Qo)
2 %System is unobservable
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eig(A)
1.0000 + 2.00001
1.0000 - 2.00001
-1.0000
1.0000

I=eye(4);

rank([A-(-1)*I; C]) %PBH Time
3

rank ([A-(1)*I; CI)
3

rank ([A-(1+21)*I; C])
4

rank ([A-(1-21)*I; C])
4

So the eigenvalues —1 and +1 are unobservable. The eigenvalues 1 + 12 and 1 — 12 are not
unobservable.

[num den] = ss2tf(A,B,C,0)

1.0e-013 *
0 -0.0400 0.0933 0.0044 -0.1954

num

den

[

.0000 -2.0000 4.0000 2.0000 -5.0000

hActually, the transfer function is ZERO! Why?

Here we observe that unobservable eigenvalues are invariant under a state transformation.
To see this consider any state transformation of the form x = TZ; then the new PBH
observability matrix is given by

() (T (7 ()
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Since T is invertible, we see that the new and the old PBH matrices have the same rank.

13.5.2 Existence of unobservable modes*

Here we will show that, if a system is unobservable then, is must have an unobservable mode.
So, consider a linear time-invariant input-output system described

= Az + Bu (13.8a)
— Cz+ Du (13.8D)

where z(t) is an n-vector, u(t) is an m-vector, and y(t) is a p-vector. Suppose (C, A) is not
observable. In the following section, we show that there is a state transformation x = T'Z so
that the corresponding transformed system has the following special structure:

T, = Aok, + Bou
jju = Auoxo + Auuxu + Buu
y = Cyx,+ Du

(2)=+

Also, the pair (C,, A,,) is observable. Roughly speaking, this transformation splits the state
into an observable part x, and an unobservable part x,; the subsystem

with

To = ApTo+ Byu
y = Coxo+ Du

is observable; one can obtain z, from knowledge of the histories of u and y.

Notice that, in the transformed system description, there is no connection from the state
x,, to the output y. We also note that, when u(¢) = 0 and z,(0) = 0 we must have z,(t) = 0.
Also,

y =0

From this it should be clear that, if A is any eigenvalue of A,, then the transformed system
(with zero input) has a solution which satisfies

i(t) = eMo and y(t) =0

for some nonzero v, that is A is an unobservable eigenvalue of the transformed system.
Hence, the system
T = Az, y=Cx

has a nonzero solution z which satisfies
z(t) = Mo and y(t) =0
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Since the matrices A and
. A, 0
N AUO A'U/lL

are similar, they have the same characteristic polynomial. Moreover the characteristic poly-
nomial of A is given by

det(s] — A) = det(s] — Ayp) det(sI — Ayy)

Hence the characteristic polynomial of A is the product of the characteristic polynomials of
Ay and A,,. Thus, the eigenvalues of A are the union of those of A,, and A,,. Hence, the
eigenvalues of A, are the unobservable eigenvalues of (C, A). The corresponding modes are
the unobservable modes.

Transfer function considerations. Consider the reduced order observable system:

T, = Ao, + Bou
y = Cyx,+ Du

One can readily show that the transfer function of this system is exactly the same as that
of the original system, that is,

C(sI —A)'B+ D =C,(sI — A,)) 'B,+ D

13.5.3 A nice transformation*

Consider a LTT input-output system described by

= Az + Bu
= (Cxz+ Du

where x(t) is an n-vector, u(t) is an m-vector, and y(¢) is a p-vector. Suppose (C, A) is not
observable; then, its unobservable subspace X, is nontrivial. The next lemma states that
X, is an invariant subspace of A.

Lemma 12 For any n X n matriz A and any p X n matriz, C, the subspace
Xuo = N

s an tnvariant subspace for A.

Proor. Consider any element x of X,,. It satisfies

CAfz =0 for k=0,---,n—1
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Since
we obtain

from which it follows that
CA*(Az) =0 for k=0,---,n—1

hence Az is contained in X,,. Since this holds for every element = of X, it follows that X,
is A-invariant. [ |

Transformation. Suppose n, is the dimension of the unobservable subspace X, that is,
n,, is the nullity of the observability matrix, and let

Ny =N — Ny .

Choose any basis
ottt

for the unobservable subspace, that is, the null space of the observability matrix @),. Extend
it to a basis
th e et

for the whole state space IR™ and let
T.=(t ¢ ... )

(One could do this by choosing T" = V where USV* is a singular value decomposition of
Q,). Introduce the state transformation

x="Tx%

()=

where z, is an n,-vector and x, is an n,-vector, then

If we let

xrisin X, if and only if o =10
The transformed system description is given by

T fli+£~3u
= Ci+ Du

where ) )
A=T1AT B=T"'B C=CT
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Since X,, is an invariant subspace of A, the matrix A has the following structure:

~ Ay 0
A= ( Avy Aus )

where A,, is n, X n,. Since the vectors t™*1, ... ¢" are in the null space of C, the matrix C
has the following structure

C=(C, 0)

where C, is p x n,. If we partition B as

where B, is n, X m. then the transformed system is described by

Ty = Ay, +B,u
:tu = Auaxo + Auuxu +Buu
y = Cox, +Du

e The pair (C,, A,,) is observable.

Example 175 (Unobservable modes)

A
-2 2 1 2
-1 1 1 2
-3 2 2 2
-1 0 -1 1
C
1 0 0 -1
Qo= obsv(A, C)
1 0 0 -1
-1 2 2 1
-7 4 4 7
-9 -2 -2 9
rank (Qo)
2 %System is unobservable
eig(A)

1.0000 + 2.00001
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1.0000 - 2.00001
-1.0000
1.0000

I=eye(4);
rank([A-(-1)*I; C]) %PBH Time
3

rank ([A-(1)*I; C])
3

rank ([A-(1+21)*I; C])
4

rank ([A-(1-21)*I; C])
4

So the eigenvalues —1 and +1 are unobservable. The eigenvalues 1 412 and 1 — 12 are not
unobservable.

rref (Qo)
1 0 0 -1
0 1 1 0
0 0 0 0
0 0 0 0
N=[1 001; 01-10]" %Basis for unobservable subspace
1 0
0 1
0 -1
1 0
Qo*N
0 0 %Just checking!
0 0
0 0
0 0
rref ([N I])
1 0 0 0 0 1
0 1 0 0 -1 0
0 0 1 0 0 -1



0 0 0 1 1 0
T=[E(:,1:2) N ] % A nice transformation
1 0 1 0
0 1 0 1
0 0 0 -1
0 0 1 0

Anew = inv(T)*AxT

-1 2 0 0
-4 3 0 0
-1 0 0 1
3 -2 1 0
Cnew = CxT
1 0 0 0
Aoo= Anew(1:2,1:2)
-1 2
-4 3
Auu= Anew(3:4,3:4)
0 1
1 0
eig(Auu)
-1.0000 %Unobservable eigenvalues
1.0000
eig(Aoo)
1.0000 + 2.00001 %The remaining eigenvalues

1.0000 - 2.00001

N O O N

[num den] = ss2tf(A,B,C,0) num = 1.0e-013 *

0

den =
1.0000

-0.0400 0.0933 0.0044 -0.1954

-2.0000 4.0000 2.0000 -5.0000
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%Actually, the transfer function is ZERO! Why?

13.6 Observability grammians™

For each T' > 0, we define the finite time observability grammian associated with (C, A):

T
WO(T)—/ eNtCrCeM dt
0

To obtain an interpretation of W,(T'), consider the output y due to zero input and any
initial state xq, that is,

T = Ax z(0) = xg
Cx

Then y(t) = Cettzy, and

T T T
/ Y2 dt = / [CeAtz||2 dt = / (Cetag)” (Cetay) dt
0 0 0

T T
= / wpettC*Cetag dt = ) </ e Ce dt> Zo
0 0
= ayWo(T)zo;

thus .
| oI de = zyiwi @)z,
0

Remark 6 Note that W,(T) is the solution at ¢t = T" to the following initial value problem:

W, =W,A+ A W,+C*C  and  W,(0)=0

Proor. With s =t — 7, we have T =t — s and
t ) . *
Wc(t) — / eATC*CeA TdT :/ eA(tfs)C*CeA (t—s) ds
0 0
Hence, W,.(0) = 0 and

W, = AW, + W, A* + C*C

Lemma 13 For each T > 0, the matrices W,(T') and Q, have the same null space.
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PROOF. We need to show that N (Q,) = N (W,(T)). Since

C
CA
C Al
it follows that z is in N'(Q,) if and only if
CAfz =0  for k=0,1,...,n—1 (13.9)

We first show that N(Q,) C N(W,(T)): Consider any = in N(Q,). Then (13.9) holds.
Recalling the application of the Cayley-Hamilton theorem to functions of a matrix, it follows
that for 0 <t < T, there are scalars Gy(t),. .., 3,—1(t) such that

n—1
6At _ Zﬁz(t)Al

i=0
Hence,

n—1

Cet'z = ) Bi(t)CAz =0

i=0

and

T
W(T)x = / et CeM dt x
T
= / et'CrCeMr dt

0

= 0

that is, z is in N'(W,(T)). Since the above holds for any x € N(Q,), we must have N'(Q,) C
N(W,(T)).

We now show that N (W,(T)) € N(Q,) and hence N(Q,) = N(W,(T)). To this end,
consider any x in N (W,(T')). Then,

0 = W, (T)x

T
= g (/ At O CleM dt) T
0

T
= / e tC CeMa dt
0
T
= / (CeAt:c)* (CeAtx) dt
0
T
= / [[CeMx||?dt .
0
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Since the last integrand is non-negative for all ¢ and the integral is zero, the integrand must

be zero for all ¢, that is,
Cer=0.

If a function is zero for all ¢, all its derivatives must be zero for all ¢; hence
CAFeMy =0 for k=0,1,...,n—1.
Considering t = 0 yields
CA*z =0 for k=0,1,...,n—1,

that is, x is in N(Q,). Since the above holds for any z in N(W,(T)), we must have
N(Wo(T)) € N(Qo)- m

Example 176 (The unattached mass)

ijZO

=(oo) ()

(a) (Position measurement.) y = ;. Here

Here

C=(10)
Hence, . ,
win= [l vecras(nf TR
and W,(T') and @, have the same null space; that is, {0}.
(b) (Velocity measurement.) y = x5. Here
C=(01)
Hence,

T4 4 0 0

_ *t vk t o

WO(T)—/Oe C*Ce dt—<0T>
and W,(T) and @, have the same null space.

The above lemma has the following consequence.

The pair (C, A) is observable if and only if for every T > 0 the corresponding observability
grammaian is invertible.
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Computation of initial state. One reason for introducing the observability grammian
is as follows: Suppose (C, A) is observable; then from the above lemma, W,(T) is invertible.
The output for

t = Ax+ Bu z(0) = xg
= Cz+ Du

is given by
t
y(t) = Cetlg +/ Ce " Bu(r) dr + Dul(t)
0
Letting
t
ﬂ@)zqﬂﬂ——/‘Ce“tﬂBu@ﬁdr—lﬁdﬂ
0
we have §(t) = Cezy and

T T
/eA*tC*gj(t)dt = / eNtO* ety dt

0 0
= WO(T)ZL‘() .

Since W,(T)) is invertible, we obtain the following explicit expression for the initial state in
terms of the input and output histories:

To = VVO(T)i1 foT

et O (t) dt

The above expression explicitly shows us that if a system is observable, we can obtain the
initial state from measurements of the input and output over any time interval. However,
this formula is not usually used to obtain the state. One usually uses asymptotic observers
or state estimators to asymptotically obtain the state; these are covered in a later chapter.

13.6.1 Infinite time observability grammian

Suppose A is asymptotically stable, that is, all its eigenvalues have negative real parts, and
consider the linear matrix equation

W,A+ AW, +C*C = 0|

This is a Lyapunov equation of the form PA + A*P + ) = 0 with Q = C*C. Since A is
asymptotically stable the above equation has a unique solution for W, and this solution is
given by

W, = / eAtCrCetdt
0
We call this matrix the (infinite-time) observability grammian associated with (C, A). One
may show that W, and the observability matrix (), have the same null-space. Since W, is a

symmetric positive definite matrix, it follows that the null space of W, is {0} if and only if
W, is positive definite. Hence, we have the following result.
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Lemma 14 Suppose all the eigenvalues of A have negative real parts. Then (C, A) is ob-
servable if and only if W, is positive definite.

Note that if y is the output of the system

T = Ax
= (Cuzx

with initial condition x(0) = zo then

/ ly(®)|12 dt = 25 Wozo
0

This follows from y(t) = Ce?txy and
| Iwede = [y ot a
0 0
— / (CeMag)*CeMlay dt
0

(e 9]
= x(’;/ eTC*Cet dt x
0

= x;Wozg.
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13.7 Discrete time

Consider the discrete-time system described by

x(k+1) = Ax(k)+ Bu(k)
y(k) = Cuz(k)+ Du(k)

where k € Z is time, x(k) € IR" is the state, u(k) € R™ is the input, and y(k) € IR is the
measured output.

Consider any fixed time N > (0. The basic observability problem is as follows. Sup-
pose we have knowledge of the input sequence { u(0),u(1),--- ,u(N) } and output sequence
{y(0),y(1), - ,y(N)} over the interval [0, N]. Can we uniquely determine the initial state

(13.10)

xo = x(0)

If we can do this for input histories and all initial states we say the system is observable.

DEFN. System (13.10) is observable over the interval [0, N] if the following holds for each
input history u(-). Suppose y*(-) and y°(-) are any two output histories of system (15.1) due
to initial states 3 and 8, respectively, and y*(k) = y°(k) for 0 < k < N; then x3 = x}.
e Our first observation is that system (13.10) is observable over [0, N] if and only if the
system
z(k+1) = Ax(k)
y(k) = Calk)

has the property that the zero state is the only initial state resulting in an output history
which is identically zero; that is, it has the the following property:

y(k)=0 for 0<Ek<N — z(0)=0

(13.11)

13.7.1 Main observability result
Theorem 20 (Main observability theorem) For each , system (13.10) is

observable over [0, N| if and only if

C

CA
rank ) =n

OAn—l

PROOF. The proof can be obtained by showing that, for system (13.11) with zy = z(0),

y(0) Czg
y(:l) _ (:114950 — Qoo
y(n—l) C’A’on
Also use Cayley Hamilton. ]
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13.8 Exercises

Exercise 109 Determine whether or not each of the following systems are observable.

Ty = —I Ty = —I T = I T = X2
Zt'g = To + U I'Q = To + U I'g = Zot+u Zt'g = 4[E1—|—U
Yy = x1+ T Yy = Ts Yy = T1+ Ty y = —211+ 29

Exercise 110 Consider the system with input u, output y, and state variables z1, xy de-

scribed by

i‘l = —31'1 + QZEQ +u
i’g = —43)1 + 31’2 + 2u
y = —2x1+ 2

(a) Is this system observable?
(b) If the system is unobservable, determine the unobservable eigenvalues.

Exercise 111 Determine (by hand) whether or not the following system is observable.

jjl - 52(31 — T — 21’3
.ﬁi’g = I+ 3.1'2 — 21’3
T3 = —=x1— xp+ 43
Y1 = T+ T2
Y2 = T2+ T3

If the system is unobservable, compute the unobservable eigenvalues.

Exercise 112 Determine the unobservable eigenvalues for each of the systems of Exercise
109.

Exercise 113 For each system in Exercise 109 which is not observable, obtain a reduced
order system which is observable and has the same transfer function as the original system.

Exercise 114 (Damped linear oscillator.) Recall

x'1::1:2

iy = —(k/m)z1 — (d/m)x,
Show the following:
(a) (Position measurement.) If y = 1, we have observability.
(b) (Velocity measurement.) If y = x5, we have observability if and only if £ # 0.

(¢) (Acceleration measurement.) If y = @5, we have observability if and only if k # 0.
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Exercise 115 (BB in laundromat) Obtain a state space representation of the following sys-
tem. .
mgy —mQPq + k(g —q) = 0

mgs —mQ%¢ — k(g —¢2) = 0

Yy = @
Determine whether or not your state space representation is observable.

Figure 13.3: Beavis and Butthead in the laundromat
Exercise 116 (BB in laundromat: mass center observations.) Obtain a state space represen-
tation of the following system.
mg —mQPq + k(g —q) = 0
mgy —mQPq — k(g —q) = 0
y = %(Ch + q2)

(a) Obtain a basis for its unobservable subspace.

(b) Determine the unobservable eigenvalues. Consider w := +/k/2m > .

Exercise 117 (BB in laundromat: internal observations.) Obtain a state representation of
the following system.

mgy — mPq + k(g —q2) = 0
mgy —mPq — k(g —¢2) = 0
Yy = @2—q
(a) Obtain a basis for its unobservable subspace.

(b) By using a nice transformation, obtain a reduced order observable system which has
the same transfer function as the original system.
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(c¢) Determine the unobservable eigenvalues. Consider w := /k/2m > ).

Exercise 118 Consider a system described by

.jfl = )\11'1 + blu
{t'g = /\2?[)2 + bgu
Tn = AZyp+ byu
Yy = CT1+ Ty + -+ Cpp
where all quantities are scalar. Obtain conditions on the numbers A\;,--- , A\, and ¢y, -+ , ¢,

which are necessary and sufficient for the observability of this system.

Exercise 119 Compute the observability grammian for the damped linear oscillator with
position measurement and d, k > 0.

Exercise 120 Carry out the following for linearizations L1-L8 of the two pendulum cart
system.

(a) Determine which linearizations are observable?
(b) Compute the singular values of the observability matrix.

(b) Determine the unobservable eigenvalues for the unobservable linearizations.
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Chapter 14

Controllability

14.1 Controllability

Consider a system in which z(¢) is the system state at time ¢ and u(¢) is the control input at
time ¢. Consider now any non-trivial time interval [0, T']; by non-trivial we mean that 7' > 0.
We say that the system is controllable over the interval if it can be ‘driven’ from any one
state to any other state over the time interval by appropriate choice of control input over
the interval. A formal definition follows the next two examples.

Example 177 (Two unattached masses)

x’lzu

jZ'QZO

Since the behavior of x5 is completely unaffected by the control input u, this system is clearly
uncontrollable over any time interval.

Example 178 (Integrator) Consider the scalar system described by
T=1u

Consider any initial state z¢ and any desired final state z;. For any any 7" > 0, consider the

constant input:
u(t) = (xf — o) /T for 0<t<T

Then the state trajectory x(-) of this system with z(0) = x, satisfies (T") = zy. We consider
this system to be controllable over any time interval [0, 7.

DEFN.[Controllability] A system is controllable over a non-trivial time interval [0,T] if, for
every pair of states xoy and xy, there is a continuous control function u(-) defined on the
interval such that the solution x(-) of the system with x(0) = x satisfies x(T) = xy.

Note that the definition says nothing about keeping the state at z; after T'.
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2(T)=2p

9(e) = Mo

Figure 14.1: Controllability

14.2 Main controllability result

The concept of controllability also applies to linear and nonlinear systems. However, we are
concerned here with linear time-invariant systems described by

& = Ax + Bu (14.1)

where the n-vector x(t) is the system state at time ¢ and the m-vector wu(t) is the control
input at time ¢. In this section, we introduce a simple algebraic condition which is necessary
and sufficient for the controllability of a linear time invariant system over any time interval.
This condition involves the controllability matrix (). associated with the above system or the
pair (A, B). This matrix is defined to be the following n x nm partitioned matrix:

Q.=(B AB --- A"'B) (14.2)

Theorem 21 (Main controllability result) For any T > 0, system (14.1) is controllable
over the interval [0, T if and only if its controllability has mazimum rank, that is,

mnk(B AB .. A”_lB):n

PROOF. A proof is given at the end of Section 14.3.

An immediate consequence of the above theorem is that controllability does not depend
on the interval [0, T]. So, from now on we drop reference to the interval. Since controllability
only depends on the matrix pair (A, B), we say that this pair is controllable if system (14.1)
is controllable.

For scalar input (m = 1) systems, the controllability matrix is a square matrix; hence it
has maximum rank if and only if its determinant is nonzero. So, the above theorem has the
following corollary.

Corollary 2 A scalar input system of the form (14.1) is controllable if and only if its con-
trollability matriz has non-zero determinant.
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Example 179 (Two unattached masses.) This is a scalar input system with
0 0 1
A—(00> and B—<0).

10
Q.= (B AB)_(O O)
Clearly Q. has zero determinant, hence this system is not controllable.

Example 180

Hence,

;'El = I3+ U
fUQ = I3+ U
T3 = U

Since there is a control input entering every state equation, this system looks controllable.
Is it?
Here n = 3 and

0 01 10
A=10 0 1 B=110
0 00 01
So,
100100
Q.=(B AB AB)=[100100
01 0000
and
10
rank (Q.) = rank | 1 0 | =2
01

Since rank (). = 2, we have rank (). # n; hence this system is not controllable.

MATLAB

>> help ctrb

CTRB  Form controllability matrix.
CTRB(A,B) returns the controllability matrix
Co = [B AB A"2B ...]

> A=[0 0 1; 00 1; 0 0 0];
>> B=[10; 1 0; 0 11;

>> ctrb(A,B)

ans =
1 0 0 1 0 0
1 0 0 1 0 0
0 1 0 0 0 0
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Useful fact for computing rank ().. In computing rank ()., the following fact is useful.
Suppose there exists a positive integer k£ such that
rank ( B AB ... A*B ) = rank ( B AB ... A*'B )

Then
rank Q. =rank ( B AB ... A*¥!B)

The next example illustrates the above fact.
Example 181 (Beavis and Butthead: self-controlled) Consider the situation in which

the system generates a pair of control forces which are equal in magnitude and opposite in
direction.

/ ¢ ﬂ Q2 .
Q——Q— R S —

LSS e S
Figure 14.2: B&B: self-controlled

The motion of this system can be described by

mgi = k(gg—q1) —u
mgy = —k(gx—aq)+u

Based on simple mechanical considerations, we can see that this system is not controllable.
Now lets do the controllability test. With

T1=q T2 = (2 T3 =q1 Ty = @2
we have
0 0 10 0
0 0 01 0
4 —k/m k/m 0 0 B —1/m
k/m —k/m 0 0 1/m
Here
0 —1/m
B 0 1/m
(B ap)=| _ 0 "
1/m 0
and
0 —1/m 0
0 1/m 0
2 _
(B AR X°B)= —1/m 0 2k/m?
1/m 0 —2k/m?
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Clearly,
rank( B AB A’B ) :rank( B AB )

Hence
rank (). = rank( B AB ) =2

MATLAB time.

>> a = [0 0 1 0
0 0 0 1
-1 1 0
1 -1 0 0];
> b = [0; 0; -1; 1];

>> rank(ctrb(a,b))
ans = 2

Example 182 (Beavis and Butthead with external control) Here we consider the sys-
tem of the previous example and replace the pair of internal forces with a single external
control force u. This system is described by

1 QI ‘ Qﬂ.
U
0—0 R o—— @

TT7007 777 707 7l LS

Figure 14.3: B&B: external control

m¢y = k(g —q1)
mg = —k(gz—q) +u
With
T1=q T2 = (2 T3 =(q1 T4 = Q2
we have
0 0 10 0
0 0 01 0
A —k/m k/m 0 0 B= 0
k/m —k/m 0 0 1/m
Hence,

0 0 0  k/m?

0 1/m 0 —k/m?

0 0 k/m? 0
1/m 0 —k/m? 0

Clearly, rank (). = 4 = n; hence this system is controllable.

Q.= (B AB A’B AB) =
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Exercise 121 Suppose A isn x n, B is n x m, T is n x n and nonsingular and let
A=T1'AT B=T"'B

Then (A, B) is controllable if and only if (A, B) is controllable.

14.3 The controllable subspace

Let us now consider the situation when the system & = Az + Bu is not controllable.

Example 183 At first sight the system

jfl = 1 +tu

w'g To + U

might look controllable. However, it is not. To see this, consider the following change of
state variables:

T. = T1 + X9y and Ty = T1 — X
These variables satisfy

T, = T.+2u

Ty = Xy
Hence, ,(0) = 0 implies x,(t) = 0 for all t. In other words if the initial 2(0) is in the set
{(.1'1,1}2) EIRQ : 1’1—1'2:0}

then, regardless of the control input, the state will always stay in this set; it cannot leave
this set. So, the system is not controllable.

Ly

Figure 14.4: Controllable subspace in Example 183
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Recall that the controllability matrix associated with the pair (A, B) is defined to be the
following n X nm matrix

Q. = ( B AB ... A"'B )
The controllable subspace is defined as the range of the controllability matrix, that is,

R(Qc)

So, according to the Main Controllability Theorem (Theorem 21), the system & = Az+ Bu
is controllable if and only if its controllable subspace is the whole state space. It should be
clear that a vector x is in the controllable subspace associated with (A, B) if and only if it

can be expressed as
n—1
T = E A'Bv*
i=0

where 10, ..., v are m-vectors.

The following lemma states that when the state of system (14.1) starts at zero, then
regardless of the control input, the state always stays in the controllable subspace; that is,
it cannot leave this subspace.

Lemma 15 If (0) = 0 then, for every continuous control input function u(-), the solution
x(+) of (14.1) lies in the controllable subspace, that is, x(t) is in the range of Q. for allt > 0.

PRrROOF. For any time ¢ > 0 we have

t
x(t) :/ A Bu(r) dr
0

Recalling the application of the Cayley-Hamilton theorem to functions of a matrix, it follows
that for 0 < 7 < 't, there are scalars 3y(7),. .., 3,_1(7) such that

n—1
eA(t—T) _ 267,(7—)142
=0
Hence,
n—1
A" Bu(r) = ZAiBl/i(T) vi(1) == Bi(T)u(r)
i=0
From this it should be clear that for each 7, the n vector eA*=") Bu(r) is in R(Q..), the range
of Q.. From this one obtains that z(t) = f[f eA(t_T)Bu(T) dr is in R(Q.). [ ]

Example 184 For the system of example 183, we have

Q. = (B AB):(i })
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Clearly,

If a vector z is in this controllable subspace, then z = ¢ [ 1 1 |7 for some scalar c¢. This is
equivalent to the requirement that z; — x5 = 0.

Actually, if the state starts at any point in R(Q.) then, regardless of the control input,
the state always stays in R(Q.); see next exercise. In other words, the control input cannot
drive the state out of the controllable subspace.

CouTROLLABLE Sugspac e
“CANT gocape”

Figure 14.5: Invariance of the controllable subspace
Exercise 122 Prove the following statement. If 2(0) is in R(Q..), then for every continuous
control input function u(-), the solution of (14.1) satisfies z(t) € R(Q.) for all ¢ > 0.

The next result states that over any time interval, system (14.1) can be driven between
any two states in the controllable subspace R(Q.) by appropriate choice of control input.

Lemma 16 [Controllable subspace lemma] Consider any pair of states xq, xy in the con-
trollable subspace R(Q.). Then for each T > 0, there is a continuous control function
u(+) : [0, 7] — IR™ such that the solution x(-) of (14.1) with x(0) = x¢ satisfies x(T) = x¢

PROOF. A proof is contained in section 14.4.

Example 185

.I.‘l = —x1+x2+u
jl'Q = —$1+$2+u
Here,
-1 1 1
a=(1) e=(h)
Hence



and

()

To illustrate the controllable subspace lemma, introduce new states

T, =T Ty = —T1 + X9
Then
= ! +x 0
T = T, 1 ul
and
T, = Xyt u
T, = 0

It should be clear that x is in the controllable subspace if and only if x, = 0. In this case x
is completely specified by the scalar z. and

T.=u

Recalling example 178, we see that given any x4, z.f and any 7' > 0, one can always find
a control input which ‘drives’ z, from z. to x.s over the interval [0, 7. Hence, the state x
can be driven between any two points in the controllable subspace.

Proof of main controllability result. First note that rank Q. = n if and only if R(Q.) =
IR", that is, the controllability matrix has rank n if and only if the controllable subspace is
the whole state space. If rank (). = n, then Lemma 16 implies controllability. If rank Q). < n,
then the controllable subspace is not the whole state space and from Lemma 15 any state
which is not in the controllable subspace cannot be reached from the origin. [ ]
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14.4 Proof of the controllable subspace lemma*

14.4.1 Finite time controllability grammian

Before proving the controllable subspace lemma, we first establish a preliminary lemma. For
each T' > 0, we define the finite time controllability grammian associated with (A, B):

T
W.(T) := / e BB e dt (14.3)
0

Note that this matrix is hermitian and positive semi-definite.
Remark 7 Note that W,(T) is the solution at ¢t = T of the following initial value problem:
W,= AW, 4+ W,A*+ BB* and  W,(0)=0
PROOF. . .
We(t) = / " BB e T dr = / A=) BB e (179 g
0 0

Hence, W,.(0) = 0 and .
W, =AW, + W_.A* + BB*

]
Lemma 17 For each T > 0,
RW(T)) = R(Qe)
PrOOF. We will show that N(Q%) = N(W.(T)). From this it will follow that R(Q.) =
R(We(T)") = R(We(T)).
Since
B*
. B*A*
Q: = |
B*A*(nfl)
it follows that « is in N'(Q7) if and only if
B*A*z =0  for k=0,1,...,n—1 (14.4)

We first show that N (Q%) C N(W.(T)): Consider any z € N(Q%). Then (14.4) holds.
Recalling the application of the Cayley-Hamilton theorem to functions of a matrix, it follows
that for 0 < ¢ < T, there are scalars Gy(t), ..., B,—1(t) such that

n—1

et = Zﬁi(t)A*i

=0



Hence,

n—1
By = Zﬁi(t)B*A*ix =0
i=0
and
T *
W.(T)x = / eMBB* e dt x
0
T *
= e"BB* e v dt

0
= 0

that is, x € N(W,(T)). Since the above holds for any x € N (Q?), we must have N (Q¥) C
NW(T)).

We now show that N (W.(T)) € N(Q%) and hence N (Q*) = N(W.(T)): Consider any
x € N(W,(T)). Then,

0 = WD)

T
= gz (/ eAtBB*eA*tdt) x
0

T
= / e BB* ey dt
0
T * * *
= / (B*eA tm) (B*eA t:z:) dt
0
T *
_ / 1B " |2 dt
0

Since the integrand is non-negative for all £ and the integral is zero, the integrand must be
zero for all £, that is,
Btz =0
If a function is zero for all ¢, all its derivatives must be zero for all ¢; hence
B*A* ety =0 for £k=0,1,...,n—1
Considering t = 0 yields
B*A*z =0 for k=0,1,...,n—1

that is 2 € M(Q?). Since the above holds for any x € N (W,(T')), we must have N (W,(T)) C
N(Q2)- =

From our main controllability result and the above lemma, we see that (A, B) is control-
lable if and only if | for any T > 0, its finite time controllability grammian W.(7T') has full
rank. Since W,(T) is square, it has full rank if and only if it is invertible. Moreover, since
W.(T) is symmetric and positive semidefinite, it has full rank if and only if it is positive
definite. This yields the following result.
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Corollary 2 The system © = Ax + Bu is controllable if and only if its controllability gram-
mian over any non-trivial interval is positive definite.

14.4.2 Proof of the controllable subspace lemma

Consider any 7" > 0 and any pair of states g,z in R(Q).). The solution of (14.1) at time T
1s:

T
2(T) = ey + / AT Bu(r) dr
0
Hence, a control input drives the state from xy to ; if and only if

T
/ eA(T_T)Bu(T) dr = z:=x5 — AT,
0

We first show that
z € R(Q.)

Since zg € R(Q.),
n—1
= Z A'Brt
i=0
hence

n—1
AT.T[) — E :€ATAZBVZ
=0

By application of Cayley Hamilton to functions of a matrix

n—1
eATAi _ ZﬁzkAk
k=0

SO,
n—1 n—1 n—1
ﬁikA’“Bz/:E A* Bk
=0 k=0 k=0

where 7* ;= """ 317, From this it should be clear that eA”z, is in R(Q.). Since x; is
also in R(Q.) we have z € R(Q.).

Since z is in R(Q..), it follows from the previous lemma that z is also in R(W.(T")). Hence
there exists an n-vector y such that

Considering the control input



we obtain

T T
/ eA(T_T)Bu(T) dr = / AT BB*eA M=)y dr
0 0
T
_ / BA(T_T)BB*eA* (T—7) dr y
0
T
= / BB e dty
0
= We(T)y
= z
hence, this control input drives the state from x, to xy. [ |

Remark 8 Suppose (A, B) is controllable. Then rank W,.(7') = rank Q. = n. Hence W,(T)
is invertible and the control which drives xy to zy over the interval [0,77] is given by

u(t) = BreM T 0z i =WAT) (xy — eMay)

14.5 Uncontrollable modes

We shall see that if a system is uncontrollable, it has modes which cannot be affected by the
input. To define exactly what we mean by an uncontrollable mode, we need to look at the
left eigenvectors of the system A matrix.

14.5.1 Eigenvectors revisited: left eigenvectors

Suppose that A is an eigenvalue of a square matrix A. Then an eigenvector corresponding
to A is any nonzero vector satisfying Av = Av. We say that a nonzero vector w is a left
eigenvector of A corresponding to X\ if it satisfies

(14.5)

To see that left eigenvectors exist, note that the above equation is equivalent to A'w = \w,
that is, A is an eigenvalue of A’ and w is an eigenvector of A’ corresponding to A\. We now
recall that \ is an eigenvalue of A if and only if A is an eigenvalue of A’ . Thus, we can
say that A is an eigenvalue of A if and only if it satisfies (14.5) for some non-zero vector
w. Moreover, we can also say that every eigenvalue A of A has left eigenvectors and these
vectors are simply the eigenvectors of A’ corresponding to A.

Consider now any two eigenvectors A\; and Ay of A with A; # Ay. Suppose that v; is an
eigenvector for A\; and w, is a left eigenvector for Ay. Then

whvy = 0.
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To see this, we first use the eigenvector definitions to obtain
Avy = My and whA = dawh .

Pre-multiplying the first equation by w) we obtain that wjAv; = A\jwhv;. Post-multiplying
the section equation by v; we obtain that wjAv; = Agwhvy. This implies that \jwhv; =
Xowhvy, that is (A — Ay)whvy = 0. Since A\; — Ay # 0, we must have whv; = 0.

System significance of left eigenvectors. Consider now a system described by
T = Ax. (14.6)

Recall that A is an eigenvalue of A if and only if the above system has a solution of the form
z(t) = e*v where v is a nonzero constant vector. When this occurs, the vector v can be any
eigenvector of A corresponding to A and the above special solution is described as a mode
of the system. We now demonstrate the following result:

A scalar X is an eigenvalue of A if and only if there is a nonzero vector w such that every
solution z(-) of system (14.6) satisfies

w'z(t) = eMw'z(0) (14.7)

When this occurs, the vector w can be any left eigenvector of A corresponding to X.

In particular, if 2(0) = w/||w||? then, w'z(t) = e*. If w'z(0) = 0 then w'z(t) = 0 for all
t.
To gain further insight into the above result, introduce the scalar variable £(t) = w'x(t).

Then £(0) = w'z(0) and (14.7) is equivalent to

§(t) = e¥¢(0),
that is, the behavior of ¢ is governed by

£= ).

To demonstrate the above result, we first suppose that X is an eigenvalue of A. Then there
is a nonzero vector w such that (14.5) holds; also w is a left eigenvector of A corresponding
to A. Consider now any solution z(-) of system (14.6). Since it satisfies & = Az, it follows
from (14.5) that

d(w'x)
dt
It now follows that (14.7) holds for all t.

To demonstrate the converse, suppose that there is a nonzero vector w so that (14.7)

holds for every solution z(-). This implies that

d(w'zx)
dt

=w't = w'Ar = Mw'z)

w Az(t) = w'i(t) = = AeMw'z(0) = Mw'z(t);

hence,
w'(A—Az(t) =0.

Since the above holds for any z(t), we must have w'(A — A\I) = 0. Thus, w'A = Aw’. This
implies that \ is an eigenvalue of A with left eigenvector w.
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14.5.2 Uncontrollable eigenvalues and modes
Consider now a system with input u described by
& = Ax + Bu (14.8)

We say that A\ is an uncontrollable eigenvalue of this system or X\ is an uncontrollable eigen-
value of (A, B) if there is a nonzero vector w such that for every input u(-), every solution
x(+) of the system satisfies

w'z(t) = eMw'z(0) (14.9)

To gain further insight into the above concept, introduce the scalar variable £(t) = w'x(t).
Then, as we have shown above, (14.9) is equivalent to the statement that the behavior of £
is governed by '

£=AX¢.
Thus the behavior of ¢ is completely unaffected by the input u. So, the mode e*! is completely
unaffected by the input u. We say that this is an uncontrollable mode.

When system (14.8) has an uncontrollable mode, then the system is not controllable. To
see this choose any initial state z(0) = xy such that w'zg # 0. Then, regardless of the control
input, we have w'z(t) = eMw'zy # 0 for all t. Hence, regardless of the control input, z(t) # 0
for all £. This means that over any time interval [0,7] we cannot obtain a control history
which drives the system from zy to 0. Hence the system is not controllable. In Section
14.5.3, we demonstrate the following result.

If a system is not controllable then, it must have some uncontrollable modes.

14.5.3 Existence of uncontrollable modes*

In this section, we show that if a LTI system is not controllable, then it has uncontrollable
modes. Consider a linear time-invariant input-output system described

= Ax+ Bu
= Cz+ Du (14.10)

where x(t) is an n-vector, u(t) is an m-vector, and y(t) is a p-vector. Suppose (A, B) is
not controllable; then, its controllable subspace X, is not equal to the whole state space.
In the following section, we show that there is a state transformation x = 7' so that the
corresponding transformed system is described by

:tc - Accmc + Acuxu + Bcu
y = Cux.+ Cur,+ Du (14.11)

(%)=
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Figure 14.6: Controllable/uncontrollable decomposition

Also, the pair (A, B.) is controllable.
(Clearly, the state x, of the subsystem

Gy = Ayun (14.12)

is completely unaffected by the input u. Also, if z,(0) = 0 then z,(t) = 0 for all ¢ and the
input-output system in (14.11) can be described by the controllable subsystem:

Te = Aete+ Bou

y = Cux.+ Du (14.13)

Hence, when the initial state x(0) of the input-output system (14.10) is zero, its behavior
can be described by the lower order system (14.13).

Since the matrices A and
121 _ Acc Acu
L0 Au

are similar, they have the same characteristic polynomial. In particular, the characteristic
polynomial of A is given by

det(sI — A) = det(s] — Ag.) det(s] — Ay,

Hence the characteristic polynomial of A is the product of the characteristic polynomials of
A.. and A,,. Thus, the eigenvalues of A are the union of those of A.. and A,,. We now
make the following claim:

The eigenvalues of Ay, are the uncontrollable eigenvalues of A.

Proor. To prove this claim, let A be any eigenvalue of A,,. We will show that A is an
uncontrollable eigenvalue of (A, B). Since A is an eigenvalue of A,, there is a nonzero vector
w, such that for every solution z,(-) of (14.12), we have

w2, (t) = eMw! 2, (0).
Let @' = [0 w!]. Then every solution Z of (14.11) satisfies

W'E(t) = eM'z(0)

With w = T, we now obtain that every solution of (14.10) satisfies w'z(t) = eMw'z(0) .
Thus, A is an uncontrollable eigenvalue of A.
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We now prove the converse, that is, if A is an uncontrollable eigenvalue of (A, B), then
A must be an eigenvalue of A,,. So, suppose that A is an uncontrollable eigenvalue of
(A, B). Then (A, B) is not controllable and there is a state transformation x = Tz}, 2/ |’
such that the system can be represented as in (14.11) with a nontrivial z, and with (A, B.)
controllable. Suppose, on the contrary, that A is not an eigenvalue of A,,. Then A\ must be
an eigenvalue of A.. Let w be such that (14.9) holds and let [w] w'] = T 'w. Then we
must have

Wz (t) +wlw,(t) = eMw.a.(0) + wlz,(0)]

for every input u and every solution Z(+) of (14.11). Considering those solutions with z,(0) =
0, we obtain that z,(t) = 0 for all ¢ and

io = At + Bou. (14.14)

Thus w!z.(t) = eMw'z.(0) for every input and every solution x.(-) of (14.14); hence A is an
uncontrollable eigenvalue of (A, B.). This implies that (A., B.) is not controllable and we
have a contradiction. So, A must be an eigenvalue of A,, [ |

Transfer function considerations. Consider the reduced order controllable subsystem:

T, = A+ Bou
y = Cux.+ Du

One can readily show that the transfer function of this system is exactly the same as that
of the original system, that is

C(sI —A)'B+D=C.(sI —A.) 'B.+ D.
An immediate consequence of this result is that a minimal state space realization of a transfer

function must be controllable.

14.5.4 A nice transformation*

We first show that the controllability subspace X, is an invariant subspace for A, that is, is
x is in X,, then Az is in X,.

Lemma 18 For any pair of matrices A € R™ " and B € R™™, the controllable subspace
X.=R((B AB --- A"'B))

s an tnvariant subspace for A.

ProOOF. Consider any element = of &,. It can be expressed as
x = Bvi + ABvy + -+ + A" ' By,

Hence
Ax = ABv, + A’Buy + -+ -+ A"Bu,
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Since
A" = —&0] - O./lA — = Oén_lAn_l

we obtain
Az = B(—agvy) + AB(vy — aqvy) + -+ A" 1 B(vy_1 — g 1vy)

hence Ax is contained in X.. Since this holds for every element z of X, it follows that X, is
A-invariant. [ ]

A nice transformation. Choose any basis
th e
for the controllable subspace X, of (A, B). Extend it to a basis
th e et

for IR™ and let
T.=(t ¢ ... )

One could do this by choosing T'= U where USV* is a singular value decomposition of the
controllability matrix, that is

USV*=(B AB --- A"'B)

Introduce the state transformation

r=1Tx%

(o)

where z. is a n.-vector and z, is a (n—n.)-vector. Then

Let

xrisin X, if and only if T, =0
The transformed system description is given by

i = A7+ Bu
= Ci+ Du

where

A=T'AT B=T"'B C=CT

Since X, is an invariant subspace of A, the matrix A has the following structure:

1 Acc Acu
(% an)
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where A.. is n. X n.. Since the columns of B are contained in the X, the matrix B has the

following structure
. B.
o-()

where B, is n. x m. If we partition C as
C=(C. C,)

where C. is p X n., then the transformed system is described by

Q'Ec = Accxc_‘_Acuxu—i_Bcu

y=Cex.+ Cy,x, + Du

e The pair (A, B.) is controllable.

Example 186 Consider

I'l = T2 —U
.i’g = 1 tu
Yy = T2

Here,

A:(?é) B:<_1) C=(01) D=0

and the system transfer function is given by

Since the controllability matrix

Q.=(B AB) = (_} _1)

has rank less than two, this system is not controllable. The controllable subspace is spanned

by the vector
-1
(1)
Introducing the state transformation

z =TF x:(x) T:<_
Ty,

we obtain an equivalent system description with

A:<—é§)> B:(é) G=(11) D=0



that is

T, = —T.+tu
Ty = Ty
Y = Tt Xy

The transfer function of the reduced order controllable system

T, = —ZT.+u

Yy = T

is clearly the same as that of the original system.
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14.6 PBH test

14.6.1 PBH test for uncontrollable eigenvalues

The next lemma provides a useful characterization of uncontrollable eigenvalues.

Lemma 19 A complex number X is an uncontrollable eigenvalue of the pair (A, B) if and
only if
rank (A— X B)<n

where n is the number of rows in A.
Proor. When the above rank condition holds, there exists a non-zero n-vector w such that
w (A—=X B)=0,
that is
w' A= ' and wB=0.

So, if z(-) is any solution of the system & = Ax + Bu corresponding to any input u(-), we

obtain that

d /
—(;Utx) = w'Ar + w' Bu = \w'z).

Hence,
w'z(t) = eMw'z(0). (14.15)

So A is an uncontrollable eigenvalue.

To prove the converse, suppose now that A is an uncontrollable eigenvalue of (A, B).
Then, (14.15) holds for any solution z(-) of the system & = Ax 4+ Bu corresponding to any
input u(-). Since (14.15) implies that

w'i(t) = AeMw'z(0) = 'z (t),,

it follows that
w'Ax(t) + w' Bu(t) = Mw'z(t) ;

hence

w (A= B)(Zg;):o

Since x(t) and u(t) can be arbitrary chosen, we must have
wW(A—M B)=0,

Since w is non zero, it follows that the rank of (A — AI  B) is less than n.

ALTERNATE PROOF*. We first show that when the above rank condition holds, the pair
(A, B) is not controllable. When this rank condition holds, there exists a non-zero n vector
x such that

(A=A B)=0
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hence,
A = \r”, r*B=0
It now follows that
2*AB=Xt"B =0
and, by induction, one can readily prove that
t*A*B =0 for k=0,---,n—1
Hence
x*Qc =0

where Q. is the controllability matrix associated with (A, B). This last condition implies
that @, has rank less than n, hence, (A, B) is not controllable.

So, if either (A, B) has an uncontrollable eigenvalue or the above rank condition holds

then, (A, B) is not controllable and there exists a nonsingular matrix 7" such that the matrices
A =T AT, B = T7!'B have the following structure;

1 Acc Acu D Bc
(i) ()
with (Ae, Be) controllable. Noting that

(A—M B)zT‘l(A—)J B)(g ?)

it follows that . .
rank (A .Y B) —rank (A — A B)

Since (A, B.) is controllable,
rank ( A.— M B, ) =N,
where n, is the number of rows of A.; hence

rank (fl — A B) = rank ( A = M A B, )

0 Ay — A0

g ((Aw—A B. Ag,
- ran 0 0 Ay — M

e [ Aw— A B 0
- ran 0 0 Ay, — M

= n.+rank [A,, — \]

It now follows that

rank (A— X B)<n

if and only if
rank [Ay, — M| < ny,

where n, = n —n,. is the number of rows of A,,. This last condition is equivalent to A being
an uncontrollable eigenvalue of (A, B). [

296



14.6.2 PBH controllability test

Since a system is controllable if and only if it has no uncontrollable eigenvalues, the PBH
test for uncontrollable eigenvalues gives us the following test for controllability.

Corollary 3 (PBH controllability test) The pair (A, B) is controllable if and only if
rank (A— X B)=n  forall ANeC

Example 187 Two unattached masses. There,

(A— AT B):(‘é o (1])

The above rank test fails for A = 0.

Example 188 Recall example 186. There

(A— M\ B):(_? _i _}>

The above rank test fails for A =1

Exercise 123 If « is any complex number, prove the following result. The pair (A+ o, B)
is controllable if and only if (A, B) is controllable.

Example 189 (Beavis and Butthead: self-controlled) Recall the system of Example
181.

e N

Q——0 R o
TS T s o

Figure 14.7: B&B: self-controlled

Here
0 0 10 0
0 0 01 0
A= —k/m k/m 0 0 B = —1/m
k/m —k/m 0 0 1/m
So, the PBH controllability matrix for the zero eigenvalue is
0 01 0 0
0 00 1 0

(4 B) = —k/m k/m 0 0 —1/m

k/m —k/m 0 —0 1/m

Since the last two rows of this matrix are not linearly independent, this matrix does not
have the maximum rank of 4; hence zero is an uncontrollable eigenvalue. This eigenvalue
corresponds to the rigid body mode of this system.
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14.7 Other characterizations of controllability*

14.7.1 Infinite time controllability grammian

Suppose A is asymptotically stable, that is all its eigenvalues have negative real parts, and
consider the linear matrix equation

AW, + W.A* + BB* = 0|

This is a Lyapunov equation of the form AS + SA* + @ = 0 with Q = BB*. Since A is
asymptotically stable the above equation has a unique solution for W, and this solution is
given by

Wc:/ e BB e dt .
0

We call this matrix the (infinite-time) controllability grammian associated with (A, B). For
asymptotically stable systems, this matrix provides another controllability test.

Lemma 20 Suppose all the eigenvalues of A have negative real parts. Then (A, B) is con-
trollable if and only if W, >0

ProoOF. When A is asymptotically stable, one can readily generalize Lemma 17 to include

the case T' = oo; hence
R(We) =R(Qc)

Since W, > 0 if and only if it has rank n, the lemma now follows from the main controllability
theorem. [ ]

MATLAB

>> help gram
GRAM Controllability and observability gramians.
GRAM(A,B) returns the controllability gramian:
Gc = integral {exp(tA)BB’exp(tA’)} dt
GRAM(A’,C’) returns the observability gramian:

Go = integral {exp(tA’)C’Cexp(tA)} dt

See also DGRAM, CTRB and OBSV.
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14.8 Controllability, observability, and duality

Recall that for any matrix M, we have rank M* = rank M. It now follows from the main
controllability theorem that a pair (A, B) is controllable if and only if the rank of Q7 is n,

that is,
B*
B*A*

rank
B* A*(n—l)

Note that the above matrix is the observability matrix associated with the pair (B*, A*).
Recalling the main observability theorem, we obtain the following result:

e (A, B) is controllable if and only if (B*, A*) is observable.
The above statement is equivalent to
e (C, A) is observable if and only if (A*, C*) is controllable.

This is what is meant by the duality between controllability and observability.
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14.9 Discrete-time

With one exception, all the results we have developed for continuous time also hold in an
analogous fashion for discrete time. In discrete-time we need to consider time intervals [0, V]
where N is bigger then n, the number state variables. Consider the system described by

x(k+1) = Az(k) + Bu(k) (14.16)

where k € Z is time, x(k) € IR" is the state, and u(k) € R™ is the control input.

Consider any fixed time N > 0. We say that this system is controllable if it can be
‘driven’ from any state to any other state over the time interval [0, N] by appropriate choice
of control input.

DEFN. System (14.16) is controllable over the interval [0, N] if for every pair of states
zo,xy € R", there is a control function u(-) : {0,1..., N} — IR™ such that the solution x(-)
of

z(k +1) = Az(k) + Bu(k) z(0) = xg (14.17)

satisfies ©(N) = xy.

14.9.1 Main controllability theorem

Theorem 22 (Main controllability theorem.) For each , system (14.16) is control-
lable over [0, N| if and only if

mnk(B AB ... A”le):n
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Chapter 15

Stabilizability and state feedback

In this chapter we look at the problem of changing the dynamics of a system using state
feedback. In particular, we look at the problem of stabilization via state feedback.

15.1 Stabilizability and state feedback
Consider a linear time-invariant system with control input described by
&= Ax + Bu. (15.1)

For now, we consider linear static state feedback controllers, that is, at each instant ¢ of time
the current control input u(t) depends linearly on the current state x(t), that is, we consider
the control input to be given by

u(t) = Kx(t) (15.2)

where K is a constant m X n matrix, sometimes called a state feedback gain matrix. When
system (15.1) is subject to such a controller, its behavior is governed by

i = (A+ BK)x (15.3)

We call this the closed loop system resulting from controller (15.2). The following result is

Figure 15.1: State feedback

easily shown using the PBH test for controllability.
Fact 9 The pair (A+ BK, B) is controllable if and only if (A, B) is controllable.
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Suppose the open loop system, that is, the system with zero feedback, or, © = Ax is
unstable or at most marginally stable. A natural question is the following. Can we choose
the gain matrix K so that A + BK is asymptotically stable? If yes, we say that system
(15.1) is stabilizable.

DEFN.[Stabilizability] System (15.1) is stabilizable if there ezists a matriz K such that A+BK
1s asymptotically stable.

We sometimes say that the pair (A, B) is stabilizable if system (15.1) is stabilizable.

The big question is: under what conditions is a given pair (A, B) stabilizable? We shall
see in Section 15.4.2 that controllability is a sufficient condition for stabilizability; that is,
if a system is controllable it is stabilizable. However, controllability is not necessary for
stabilizability, that is, it is possible for a system to be stabilizable but not controllable. To
see this, consider a system with A asymptotically stable and B equal to zero; see also the
next two examples.

Example 190 (Not stabilizable and not controllable)

I"lzl’l

.’tQZ’LL

For any gain matrix K, the matrix

1 0
e (10

has eigenvalues 1 and ks. Hence, A + BK is unstable for all K. So, this system is not
stabilizable.

Example 191 (Stabilizable but not controllable.)

jﬁl = —I

i?gzu

For any gain matrix K, the matrix

-1 0
e (1)

has eigenvalues —1 and ko. Hence, A + BK is asymptotically stable provided ko < 0. So,
this system is stabilizable. However, it is not controllable.

15.2 Eigenvalue placement (pole placement) by state
feedback

Recall the stabilizability problem for the system

T = Az + Bu

304



and suppose A and B are real matrices. Here we consider a more general question: Can
we arbitrarily assign the eigenvalues of A+ BK by choice of the gain matriz K¢ The main
result of this section is that the answer is yes if and only if the pair (A, B) is controllable.
We consider first single input systems.

15.2.1 Single input systems

Here we consider scalar input (m = 1) systems. We first demonstrate that the characteristic
polynomial of A+ BK depends in an affine linear fashion on the gain matrix K. To achieve
this, we need to use the following result whose proof is given in the appendix at the end of
this chapter.

Fact 10 Suppose M and N are any two matrices of dimensions nxm and mxn, respectively.
Then,
det(l + MN) =det(I + NM).

In particular, if m = 1, we have
det(I+ MN)=1+ NM.

Whenever s is not an eigenvalue of A, we have sI—A—BK = (sI—A)(I—(s[—A)"'BK).
Thus, using Fact 10, we obtain that

det(s] — A— BK) = det(s] — A)det(] — (sI — A)"'BK)
= det(sI — A)det(I — K(sI — A)"'B)
= det(s] — A)(1 - K(sI — A)"'B),

that is, the characteristic polynomial of A + BK satisfies
det(s] — A— BK) = det(s — A)(1 — K(s — A)™'B). (15.4)

From this expression, we can make the following statement:

For a single input system, the characteristic polynomial of A + BK depends in an affine
linear fashion on the gain matriz K.

We now show that we can arbitrarily assign the eigenvalues of A + BK by choice of the
gain matrix K if (A, B) is controllable. Consider any bunch of complex numbers A, ..., A,
with the property that if A is in the bunch then so is A and suppose we wish to choose a gain
matrix K such that the eigenvalues of A + BK are precisely these complex numbers. Let

that is, d is the unique monic polynomial whose roots are the desired closed loop eigenvalues,
Aty .-y Ap. We need to show that there is a gain matrix K so that det(s/ — A— BK) = d(s).
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Let d be the characteristic polynomial of A, that is, d(s) = det(s] — A). Then, recalling
(15.4) we need to show that there exists a gain matrix K such that

d(s) = d(s)(1 — K(sI — A)"'B)

that is,
d(s)K (s — A)™'B = d(s) — d(s) . (15.5)
Let

d(s) = ag+as+ -+ ap_15" " +s"

~

d(s) = Go+a1s+- +ay18" " +5".
Recall the power series expansion for (s/ — A)~!:
1 1 1
(sI — A)™* :_]+_2A+...+_kAk—1+...
s s s

Substituting this expression into (15.5) and equating the coefficients of like powers of s we
obtain that (15.5) holds if and only if

80 : alKB + G,QKAB + -4 an,lKA"_QB + KAn—lB = a9 — do

st KB+ +a, 1 KA" 3B+ KA" 2B = a1 —&
s"2 an1 KB+ KAB = Ap—2 — Qp—n
st KB = ap-1— Gy
that is,
(KB KAB -+ KA"'B)Y=(a —ap ay—a1 -+ Gp1—ay1 )  (15.6)
where T is the invertible matrix given by
ap Gz v+ Gp_g Ap_1 1
ag as -+ Ap—1 1 0
as G4 - 1 0O O
T = . . . . . . (15.7)
ap—1 1 -+ 0 0 0
1 0 ... 0 0 0

Let Q. be the controllability matrix associated with (A, B), that is,

Q.=(B AB .- A"1B) .
Then condition (15.6) on K reduces to
KQ.T = ( ag— Qg ap—ap -+ Gp_1 — Gp_y ) .

Because the pair (A, B) is controllable, ). is invertible. This readily implies that the gain
matrix K is uniquely given by

K= ( ag — do a; — &1 e Ap—q — dn—l ) Tingl . (158)

We have just demonstrated the following result.
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Theorem 23 (Pole placement theorem: SI case) Suppose the real matriz pair (A, B)
1s a single input controllable pair with state dimension n and Ay, ..., \, is any bunch of n

complex numbers with the property that if X is in the bunch then so is A\. Then there exists a
real matriz K such that \y, ..., \, are the eigenvalues (multiplicities included) of A+ BK.

MATLAB

>> help acker

ACKER Pole placement gain selection using Ackermann’s formula.
K = ACKER(A,B,P) calculates the feedback gain matrix K such that
the single input system

x = Ax + Bu

with a feedback law of u = -Kx has closed loop poles at the
values specified in vector P, i.e., P = eig(A-B*K).

See also PLACE.

Note: This algorithm uses Ackermann’s formula. This method

is NOT numerically reliable and starts to break down rapidly

for problems of order greater than 10, or for weakly controllable
systems. A warning message is printed if the nonzero closed loop
poles are greater than 109 from the desired locations specified
in P.

Example 192 Consider

a=(55) wa m=(5)

Here the controllability matrix

Q.- (B AB):(§ _‘1))

is full rank; hence (A, B) is controllable. Considering any state feedback gain matrix K =
( ki ko ), we have

(342 —2+2k
A+BK_(4+3I<;1 —3+3k2>

and
det(s] — A — BK) = 5* — (2k; + 3ky)s — 1 + ks .
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Suppose we desire the eigenvalues of A+ BK to be —2 and —3. Then the desired charac-
teristic polynomial d of A + BK is given by

~

d(s)=(s+2)(s+3)=5"+5s+6.

By equating the coefficients of like powers of s, we obtain

—2k1 —3ky =5
Solving these equations yields (uniquely) k3 = —13 and ko = 7. Hence the gain matrix is
given by

K=(-13 7).

Checking our answer in Matlab, we obtain

K
K =
-13 7

-acker(A,B,[-2 -3])

Example 193 (Beavis and Butthead with external control) Considering m =k =

U

Q—@ R g—0—

Tl Frrd r 7707 770 70877

Figure 15.2: B&B: external control

1, a state space description of this system is given by

0 010 0
0 0 01 0
A=l 1 100 and - B=1
1 -1 0 0 1
Here,
det(sI — A) = s* 4 25?
Let

(i(S) = 54 + &353 + &252 + &15 + &0
be the desired characteristic polynomial of A 4+ BK.
Since this is a scalar input system, the coefficients of the characteristic polynomial of
A+ BK depend affinely on K and we can use the following solution approach to find K.

Let
K:(k:l ko ks k4)
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Then

s 0 -1 0
0 s 0 -1
det(sI — A— BK) = det ] 1 o 0

—1—l€1 1—k‘2 —k’g 8—]€4
= 1 kys® (2 — ky)s® — (kg 4 ky)s — (ky + ko).

Note the affine dependence of the coefficients of the above polynomial on K. Letting the
above polynomial equal the desired polynomial d and equating like coefficients results in the
following four linear equations in the four unknowns components of K:

—k4 = dg
2 - k‘g = dQ
—ks—ky = @
—kl — kg = d()
Solving for kq, ..., k, uniquely yields
ky = —2—ag+as
kQ == 2 - &2
kg == —dl + dg
]C4 == —&3

e To illustrate MATLAB, consider desired closed loop eigenvalues: —1, —2 — 3, —4.
>> poles=[-1 -2 -3 -4];
>> poly(poles)

ans =
1 10 35 50 24

Hence
&0:24 d1:50 d2:35 d3:10

and the above expressions for the gain matrix yield

Using MATLAB pole placement commands, we obtain:

>> k= place(a,b,poles)
place: ndigits= 18

k =
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-9.0000 33.0000 40.0000 10.0000

>> k= acker(a,b,poles)

Remembering that MATLAB yields —K, these results agree with our ‘hand’ calculated
results. Lets check to see if we get the desired closed loop eigenvalues.

>> eig(a-bxk)

ans =
-1.0000
-2.0000
-3.0000
-4.0000

YEES!

15.2.2 Multi-input systems

The following theorem (which we do not prove here) states that the eigenvalue placement
result also holds in the general multi-input case.

Theorem 24 (Pole placement theorem ) Suppose the real matriz pair (A, B) is a con-
trollable pair with state dimensionn and Ay, ..., A, is any bunch of n complex numbers with
the property that if X is in the bunch then so is A\. Then there exists a real matriz K such
that A1, ..., \, are the eigenvalues (multiplicities included) of A+ BK.

e It follows from the above theorem that

controllability — stabilizability

MATLAB

>> help place

PLACE X = place(A,B,P) computes the state feedback matrix K such that
the eigenvalues of A-B*¥K are those specified in vector P.
The complex eigenvalues in the vector P must appear in consecu-
tive complex conjugate pairs. No eigenvalue may be placed with
multiplicity greater than the number of inputs.
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The displayed "ndigits" is an estimate of how well the
eigenvalues were placed. The value seems to give an estimate
of how many decimal digits in the eigenvalues of A-B*K match
the specified numbers given in the array P.

A warning message is printed if the nonzero closed loop poles
are greater than 10% from the desired locations specified in P.

See also: LQR and RLOCUS.
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15.3 Uncontrollable eigenvalues (you can’t touch them)

In the previous section, we saw that, if the pair (A, B) is controllable, then one could
arbitrarily place the eigenvalues of A + BK by appropriate choice of the gain matrix K;
hence controllability is a sufficient condition for arbitrary eigenvalue placement. In this
section, we show that controllability is also necessary for arbitrary eigenvalue placement.
In particular, we show that if A is an uncontrollable eigenvalue of (A, B), then A is an
eigenvalue of A + BK for every K. Recall Examples 190 and 191 in which the matrix A
had an eigenvalue A with the property that for every gain matrix K, it is an eigenvalue of
A+ BK. We now demonstrate the following result:

If X is an uncontrollable eigenvalue of (A, B), then X is an eigenvalue of A+ BK for every
gain matriz K.

To see this, recall that A is an uncontrollable eigenvalue of (A, B) if and only if
rank (A—X B)<n (15.9)
where A is n x n. Hence, there exists a nonzero n-vector w such that
w(A-X B)=0.

that is
w(A—X)=0 and wW'B=0

So, for any gain matrix K, we have
w'(A+ BK) = \u'

that is, A\ is an eigenvalue of A + BK with left eigenvector w. So, regardless of the feed-
back gain matrix, A is always an eigenvalue of A + BK. We cannot alter this eigenvalue
by feedback. In particular, if A has a non-negative real part, then the pair (A, B) is not
stabilizable.

Another way to see the above result is to consider the nice transformation introduced

earlier, namely,
Iu

f:fla?—l—éu

z=T% and

ISX

which results in the equivalent system description,

where



and the pair (A, B.) is controllable. If v = Kz, then u = K7 where K = KT. Letting
K = ( K. K, ), we obtain

A _ Bk _ ( Acc +0BCKC AcuchKu )

Since

A+ BK =T '[A+ BK]|T

the eigenvalues of A + BK are exactly the same as those of A + BK which are equal to the
union of the eigenvalues of A..+ B.K. and A,,. From this we see that, regardless of K, the
eigenvalues of A, are always eigenvalues of A+ BK. Now recall that the eigenvalues of A,,
are the uncontrollable eigenvalues of (4, B).

Furthermore, since the pair (A, B.) is controllable, the eigenvalues of A.. + B.K, can
be arbitrarily placed by appropriate choice of K.. Hence, except for the eigenvalues of A,,,
all eigenvalues of A + BK can be arbitrarily placed. In particular, if all the eigenvalues of
Ay have negative real parts, then K can be chosen so that all the eigenvalues of A + BK
have negative real parts. So, we have the following conclusion.

A pair (A, B) is stabilizable if and only if all the uncontrollable eigenvalues of (A, B) have
negative real parts.

Recalling the PBH test for uncontrollable eigenvalues, we now have the following PBH
result on stabilizability.

Theorem 25 (PBH stabilizability theorem) A pair (A, B) is stabilizable if and only

if
rank (A— X B)=n

for every eigenvalue A of A with nonnegative real part.

Example 194

A =
0 -1 0
1 -1 -1
-1 0 0
B =
1
-1
1

rank (ctrb(A,B))
2 %Uncontrollable

eig(A)
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0 + 1.00001
0 - 1.00001
-1.0000

rank ([ A-ixeye(3) B])
3 %Stabilizable

rank ([ A+eye(3) B])
2 %-1 is an uncontrollable eigenvalue

Considering K = ( ki ko ks ) we obtain that
det(s] —A— BK) =8>+ (1 —ky + ky — k3)s* + (1 — 2ky)s + (1 — k1 — ko + k3) .

As expected, we can write this as
det(sI — A— BK) = (s+1) (s* + (—k1 + ko — k3)s + (1 — k1 — ko + k3))

Suppose that the desired eigenvalues of A+ BK are —1 — 2, —3. Then

A

d(s) = (s +1)(s +2)(s +3) = 5> + 652 + 115 +6.
Equating coefficients, we obtain

1—l€1—k’2+k3 - 6
1-2k = 11
1—]€1+/{72—k3 = 0

Solving yields

ky = =5
ko = ks

ks 1is arbitrary

We choose
K=(-500).
eig (A+B+K)
-3.0000
-2.0000 %»Just checking!
-1.0000
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Remark 9 If system (15.1) is not stabilizable via a linear static state controller of the form
u = Kux then, it is not stabilizable with any controller. This can be seen as follows. The
fact that the system is not stabilizable via a linear controller implies that the system has an
uncontrollable eigenvalue A with non-negative real part. Hence there exists a nonzero vector
w such that, regardless of the input u, we have

w'z(t) = eMw'z(0)

for all ¢. Considering any initial state z(0) for which w'xz(0) # 0 (for example, let z(0) be
the real part of w), we see that, regardless of the input u, the resulting solution z(t) does
not go to zero as t goes to infinity.

15.4 Controllable canonical form

Consider a scalar input system of the form & = Ax + Bu where A and B have the following
structure:

0 1 0 0 0 0
0 0 1 0 0 0
A= - ' and B =
0 0 0 ... 0 1 0
—ap —a; —Aa ... —Ap—2 —Apn_—1 1

We say that the pair (A, B) is in controllable canonical form. We saw this structure when we
constructed realizations for scalar transfer functions. Note that £ = Az + Bu looks like:

.i?l = i)
Tpo1 = Tn
T, = —Qpr1+ a1xs+ ...+ ap_1T, +u

Also,
det(S] — A) = qaop +a;s+--- _|_a/n_18'ﬂ—1 + s"

Example 195 (Controlled unattached mass)

jl'lzl’g

[l")gzu

Here,
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Fact 11 If the pair (A, B) is in controllable canonical form, then it is controllable.

To prove the above result, let K = ( ap a1 -+ Qp_q ) Then
010 0 0
0 01 0 0
A+ BK =
0 00 0 1
0 0O 0 0

The controllability matrix Q. for the pair (A + BK, B) is simply given by

0 0 0 1
0 0 10
Qe=1 : 0 0
0 1 0 0
10 0 0

This matrix has rank n; hence (A + BK, B) is controllable. It now follows that (A, B) is
controllable.

15.4.1 Transformation to controllable canonical form*

Here we show that any controllable single-input system
T = Az + Bu

can be transformed via a state transformation to a system which is in controllable canonical
form.

State transformations. Suppose 7' is a nonsingular matrix and consider the state trans-
formation

r="Tx%

Then the evolution of Z is governed by
i = A% + Bu

where A = T"'AT and B =T~ 'B.
Note that controllability is invariant under a state transformation, that is, (A, B) is
controllable if and only if QT”AT, T~'B) is controllable. This can readily seen by noting

the controllability matrix Q. for the pair (T‘1/~1T, T—'B) is given by Q. = T~'Q. where Q.
is the controllability matrix for (A, B); hence Q. and Q. have the same rank.
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Transformation to controllable canonical form. Suppose (A, B) is controllable and
m = 1. Then the following algorithm yields a state transformation which transforms (A, B)
into controllable canonical form.

Algorithm. Let
ap+ ...+ 15" + 5" = det(sI — A)

Recursively define the following sequence of n-vectors:

t" = B
t] = Atj‘H—i—ajB, j:n—l,,l
and let
T=(t ... t") =n

Fact 12 If (A, B) is controllable then, the matriz T is generated by the above algorithm is
nonsingular and the pair (T"*AT, T—'B) is in controllable canonical form.

ProOF. We first need to prove that 7" is nonsingular. By applying the algorithm, we obtain

t" = B
"1 — AB + a,_1B
t"? = A(AB+a,1B)+a, 2B = A’B+a, 1AB+a, 5B

One may readily show by induction that for j =n —1,n—2--- |1, one has

' =A""B+a, A" 'B+---+a;1,AB + a;B (15.10)
From this it should be clear that for any j =n,n—1,---1,
rank ( ol ) = rank ( B AB --- A"IB )
Hence
rank 7" = rank ( trognmlo ¢l ) = rank ( B AB --- A"B ) = rank ).

Since (A, B) is controllable, Q. has rank n. Hence T has rank n and is invertible.
We now show that T-*AT and T~ B have the required structure. It follows from (15.10)
that
t'=A""'B+a, 1A B+ -+ aAB + u, B

Using the Cayley Hamilton Theorem, we obtain
Att = [A™ + ap AV as A% + a1A]B = —ayB,
that is At! = —agt™. Also from the algorithm, we have
Atj:tjfl—aj,lt" for 7=2,3,---,n

Recalling a useful fact on similarity transformations, it follows that 7' AT has the required
structure. Since B = t", it follows that 7! B also has the required structure. [ ]

We can now state the following result.
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Theorem 26 A single input system (A, B) is controllable if and only if there is a nonsingular
matriz T such that (T~*AT, T~'B) is in controllable canonical form.

Example 196 (Beavis and Butthead with external control.) Consider m = k = 1. Then,

0 010 0
0 001 0
A=l 1 100 and - B=1
1 -1 0 0 1
Hence,
det(sI — A) = s* 4 25?
and
t* = B

8 = At'*+a3B = At* =

OO = O

t? = At +ayB = At?+2B =

th = A2+ B = At =

OO ==

N N
= O O

So, the transformation matrix is given by:

1 000
1 010
(4l 42 43 44\
T=(t & & )= 010 0
01 01
>> inv(t)
ans =
1 0 0 0
0 0 1 0
-1 1 0 0
0 0 -1 1
>> inv(t)*xaxt
ans =
0 1 0 0
0 0 1 0
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15.4.2 Eigenvalue placement by state feedback*

Recall that if (A, B) is controllable then, we arbitrarily assign the eigenvalues of A + BK

by choice of the gain matrix K7 We can demonstrate this result for single input systems

using the controllable canonical form. Consider any bunch of complex numbers Ay,..., A,

with the property that if A is in the bunch then so is A and suppose we wish to choose a

gain matrix K such that the eigenvalues of A + BK are precisely these complex numbers.
Let

n

d(s) = " + tn1s" .. Fag = H(S - \i)

=1

that is, the real numbers, ag, ..., a,_1, are the coefficients of the unique monic polynomial d
whose roots are the desired closed loop eigenvalues, Ay,..., A,. If (A, B) is controllable and
m = 1, then there exists a nonsingular matrix 7" such that the pair (A, B) is in controllable
canonical form, where A = T7'AT and B = T~!B, that is,

0 1 0o ... 0 0 0
0 0 ... 0 0 0

N
I
o
Il

—ag —G1 —Qy ... —Qp_9 —Qp_1 1

where
§" 4 ap_15" ...+ ag = det(s] — A).

Considering the 1 x n real gain matrix

K= ( ao—do al—&l an_l—&n_l )
we obtain
0 1 0 0 0
0 0 1 0 0
A+ BK =
0 0 0 0 1
_dO _&1 _d2 _dn—Q _&n—l

Clearly, the matrix A + BK has the desired characteristic polynomial d. Let
K=KT".
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Then

A+ BK = TAT '+ TBKT!
= T[A+ BK|T™

and hence

det(s] — A — BK) = det(s] — A — BK) = d(s)

in other words, the eigenvalues of A+ BK are as desired.

Remark 10 For scalar input systems, the coefficients of the characteristic polynomial of
A + BK depend affinely on K. Since K = KT}, it follows that the coefficients of the
characteristic polynomial of A + BK depend affinely on K.

Example 197 (Beavis and Butthead with external control) Here

and B =

— O O
— =0 O
o O O =
O O = O
_o O O

We have already shown that this system is controllable and it can be transformed to con-
trollable canonical form with the matrix

10 00
1 010
= 01 00
0101
Also,
det(s] — A) = s* + 2s?
Let

]3(8) = 84 + d383 + d282 + &15 + dg
be the desired characteristic polynomial of A + BK. Then

K= -4 —a 2—ay —as)

and
10 00
e . . . . 00 10
K = =KT 1:(—0,0 —Q 2-@2 —CL3) 11 00
00 —-11

— (—2—dao+as 2—ay —iy+ag —ag )

This is the same as the result we previously obtained for this example.
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15.5 Discrete-time systems

Basically, everything we have said in this chapter so far also holds for discrete time systems,
except that in talking about asymptotic stability of discrete-time systems, we need the
eigenvalues to have magnitude strictly less than one.

15.5.1 Dead beat controllers

One cannot drive the state of a LTI continuous-time system to zero in a finite time using a
static linear state-feedback controller. However, this is possible for a controllable discrete-
time system. To see this, consider

x(k+1) = Az(k) + Bu(k)

where z(k) is an n-vector and u(k) is an m-vector and suppose that the pair (A, B) is con-
trollable. Then there exists a gain matrix K so that all the eigenvalues of the corresponding
closed loop system matrix A, := A+ BK are all zero. Hence the characteristic polynomial
of Ay is p(s) = s™. From the Cayley-Hamilton Theorem, we obtain that

n

c —

Since the solutions z(-) of the closed lop system
r(k+1) = Aqx(k)

satisfy x(k) = A%z (0) for all k > 0, we see that

(k) =0 for k>n.

Thus, all solutions go to zero in at most n steps.

Application to continuous-time systems. One could use the above result to obtain a
controller which drives the state of a continuous-time system to zero. Simply, pick a sampling
time T" and discretize the continuous-time system. Now design a deadbeat controller for the
discrete-time system. Using a zero order hold, apply this controller to the continuous-time
system. Note that the resulting controller is not a static controller for the continuous-time
system.
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15.6 Stabilization of nonlinear systems
Consider a nonlinear system described by
&= F(x,u)

and suppose we wish to stabilize this system about some controlled equilibrium state x°.
Let u® be a constant input that achieves the desired controlled equilibrium state z¢, that is,
F(2°u®) = 0. Let

0x = Adx + Bou (15.11)

be the linearization of the nonlinear system about (z¢ u¢). Thus,

oF, ., . _oF, , .
A—%(x,u) and B=—(z°u°).

15.6.1 Continuous-time controllers

If the pair (A, B) is stabilizable, the following procedure yields a controller which stabilizes
the nonlinear system about x°.

Choose a gain matriz K such that all eigenvalues of A+ BK have negative real part and
let

u=u’+ K(z — 2 (15.12)

We now show that the above controller results in the closed loop nonlinear system being
asymptotically about x°. To this end, note that the closed loop system is described by

= f(x) = F(z, Kz + u°— Kzx°)

Note that
f(zf) = F(2%u®) = 0;

hence x¢ is an equilibrium state for the closed loop system. Linearizing the closed loop
system about x¢, we obtain

§i = (A+ BK)éx

Since all the eigenvalues of A+ BK have negative real parts, the closed loop nonlinear system
is asymptotically stable about x°.

15.6.2 Discrete-time controllers

Linearize the continuous time nonlinear system to obtain the LTI continuous-time system
(15.11).

Choose a sample time 7" > 0 and discretize (15.11) to obtain
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If the pair (Aq, By) is stabilizable, choose matrix K so that all the eigenvalues of Aq + ByK
have magnitude less than one.

Let
ug(k) = K(xzq(k) — 2°) + u® = Klz(kT) — 2°] + u®. (15.14)

The continuous control input u is obtained form uy via a zero order hold.

Exercises

Exercise 124 Consider the system with input u, output y, and state variables x1, xs, x3, x4
described by

T = —m

LtQ = T — 2ZE2

3.33 = I — 3.1'3 +u

Ty = X1+ T+ a3+ T4
Yy = I3

(a) Is this system controllable?
(b) Is this system stabilizable using state feedback? Justify your answers.

Exercise 125 (BB in laundromat: external excitation.) Obtain a state space representation
of the following system.

me; —mQ2¢; + §(¢1 —¢2) = 0

m€52 — mQPPpy — §(¢1 —¢2) = u

Show that this system is controllable.
Considering
Q=1,m=1,k=2

obtain a linear state feedback controller which results in a closed loop system with eigenvalues
—-1,-2,-3,—4
Use the following methods.

(a) Method based on computing the transformation matrix which transforms to control-
lable canonical form.

(b) Obtaining an expression for the closed loop characteristic polynomial in terms of the
components of the gain matrix.

(c) acker

(d) place
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Numerically simulate the closed loop system with the same initial conditions you used in to
simulate the open-loop system.

Exercise 126 Consider the system described by

T, = x‘z’+sinx2—1+u

Ty = —e" + (cosxa)u

Obtain a state feedback controller which results in a closed loop system which is asymptoti-
cally stable about the zero state.

Exercise 127 Stabilization of 2-link manipulator with linear state feedback.

[mllcf -+ mgl% -+ Il](jl + [m2l1102 COS(ql — QQ>]QQ -+ m211102 sin(ql — q2)q%

— [maler +moli]gsin(q)) = u

[maliles cos(qr — q2)]G1 + [malcy + Io)da — malileasin(qy — q2)d; — maglessin(gy) = 0
Linearize this system about
QI = q2 = Uu= O

and obtain a state space description.
For rest of exercise, use MATLAB and the following data: Is the linearization control-

my | |l L may | Iy | leg Iy Mpayload
kg |m | m | kgm?| kg | m | m | kg.m? kg
(10]1]05]10/12] 5 [1[05]5/12 ] 0 |

lable? Design a state feedback controller which stabilizes this linearized system . Apply the
controller to the nonlinear system and simulate the nonlinear closed loop system for various
initial conditions.

Exercise 128 Consider the system described by

$1:x2+u

Li'g =2+ U
(a) Is this system stabilizable ?

(b) Does there exist a linear state feedback controller which results in closed loop eigen-
values —1, —27

(b) Does there exist a linear state feedback controller which results in closed loop eigen-
values —2, —37

In parts (b) and (c): If no controller exists, explain why; if one does exist, give an example
of one.

324



Exercise 129 Consider the system described by
jﬁ'l = —XT9 +u
jfg = —I1—U
where all quantities are scalars.

(a) Is this system stabilizable via state feedback?

(b) Does there exist a linear state feedback controller which results is closed loop eigenval-
ues —1, —47

(c) Does there exist a linear state feedback controller which results is closed loop eigenval-
ues —2, —47

In parts (b) and (c): If no controller exists, explain why; if one does exist, give an example
of one.

Exercise 130 Consider the system
il = T2
Ty = —x1+tu

(a) Design a continuous-time linear state feedback controller which stabilizes this system
about the zero state. Illustrate the effectiveness of your controller with a simulation.

(b) For various sampling times, discretize the controller found in part (a) and simulate the
corresponding closed loop. Is the closed loop system stable for any sampling time?

(c) Design a stabilizing discrete-time controller based on a discretization of the system.
Consider sampling times T' = 0.1, 1, 27, 10. Illustrate the effectiveness of your controller
with simulations of the continuous-time system subject to the discrete-time controller.

(d) Design a dead-beat controller based on a discretization of the system. Consider sam-
pling times 7" = 0.1, 1,10. Illustrate the effectiveness of your controller with simula-
tions.

Exercise 131 (BB in laundromat: external excitation.) Obtain a state space representation
of the following system.

mﬁl‘ﬁ —mQ%¢p; + §(¢1 —¢2) = 0

mq;é — mQPpy — §(¢1 —¢2) = u

(a) Show that this system is controllable.
(b) Considering
O=1m=1k=2

obtain a linear state feedback controller which results in a closed loop system with eigenvalues
—-1,-2,-3,—4

Use the following methods.
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(i) Obtain (by hand) an expression for the closed loop characteristic polynomial in terms
of the components of the gain matrix.

(ii) acker
(iii) place
[lustrate the effectiveness of your controllers with numerical simulations.

Exercise 132 (Stabilization of cart pendulum system via state feedback.) Carry out
the following for parameter sets P2 and P4 and equilibriums F1 and E2. Illustrate the ef-
fectiveness of your controllers with numerical simulations.

Using eigenvalue placement techniques, obtain a state feedback controller which stabilizes
the nonlinear system about the equilibrium.

What is the largest value of ¢ (in degrees) for which your controller guarantees conver-
gence of the closed loop system to the equilibrium for initial condition

(y, 017 92, y, 91, 92)(0) = (O, 0?-(5, 9§+6, O, 0, 0)
where 07 and 605 are the equilibrium values of ¢, and 0s.

Exercise 133 (Discrete-time stabilization of cart pendulum system via state feedback.)
Carry out the following for parameter set P4 and equilibriums F1 and E2. Illustrate the
effectiveness of your controllers with numerical simulations.

Using eigenvalue placement techniques, obtain a discrete-time state feedback controller
which stabilizes the nonlinear system about the equilibrium.

What is the largest value of ¢ (in degrees) for which your controller guarantees conver-
gence of the closed loop system to the equilibrium for initial condition

(y, 01, 0o, 7, 01, 02)(0) = (0, 05—0, 05+6, 0, 0, 0)

where 07 and 05 are the equilibrium values of ¢, and 0s.

15.7 Appendix

Proof of Fact 10. We need to prove that for any two matrices M and N of dimensions
m X n and n X m, respectively, we have

det(I + MN) = det(I + NM).

Consider the following matrix equation:

(BNED-( )

Since the matrix on the right of the equality is block diagonal, its determinant is det (/) det(/+
MN) = det(I + MN). Hence the product of the determinants of the two matrices on the
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left of the equation is det(/ + M N). Reversing the order of the two matrices on the left of

(15.15), we obtain
I 0 I M\ (I M
N I -N I ) \O I+NM

From this we can conclude that the product of the determinants of the two matrices on the left
of equation (15.15) is det(/ + N M). Hence we obtain the desired result that det(/ + M N) =
det(I + NM).
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Chapter 16

Detectability and observers

16.1 Observers, state estimators and detectability

Consider the system (we will call it the plant)

z = Ax+ Bu

y — Co+tDu (16.1)

Suppose that at each instant time ¢ we can measure the plant output y(¢) and the plant
input u(t) and we wish to estimate the plant state z(¢). In this section we demonstrate how
to obtain an estimate Z(t) of the plant state z(¢) with the property that as ¢ — oo the state
estimation error z(t) — x(t) goes to zero. We do this by constructing an observer or state
estimator.

Observer or state estimator. An observer or state estimator for a plant is a system
whose inputs consist of the plant input and plant output while its output is an estimate of
the plant state; see Figure 16.1.

OBSERVER

Figure 16.1: Observer

We consider here observers which have the following structure.

— Ai+ Bu+L(j—v)
= Cz+ Du

>

#(0) = & (16.2)

<

where the n-vector Z(t) is the estimated state; the matrix L is called the observer gain matrix
and is yet to be determined. The initial state Z( for the observer is arbitrary. One can regard
To as an initial guess of the initial plant state x;.
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Note that the observer consists of a copy of the plant plus the “correction term,” L(y—1y).

If we rewrite the observer description as
2= (A+LC)i+ (B+ LD)u— Ly,

it should be clear that we can regard the observer as a linear system whose inputs are the
plant input u and plant output y. We can regard the estimated state £ as the observer
output.

To discuss the behavior of the above estimator, we introduce the state estimation error

T:=I—x

Using (16.1) and (16.2) one can readily show that the evolution of the estimation error is
simply governed by

= (A+LO)E

Hence, if one can choose L such that all the eigenvalues of the matrix A + LC' have negative
real parts then, we obtain the desired result that

lim z(t) =0.

t—o00

In other words, the state estimation error goes to zero as t goes to infinity. When this
happens, we call the observer an asymptotic observer. This leads to the next definition.

DEFN. System (16.1) or the pair (C, A) is detectable if there exists a matriz L such that
A+ LC' is asymptotically stable.

Note that the matrix A 4+ LC' is asymptotically stable if and only if the matrix
(A+ LC)Y = A"+ C*"L"

is asymptotically stable. Thus, the problem of choosing a matrix L so that A + LC is
asymptotically stable is equivalent to the stabilizability problem of choosing K so that A* +
C*K is asymptotically stable. If one solves the stabilizability problem for K, then L = K*
solves the original problem.

From the above observations, we obtain the following duality between stabilizability and
detectability.

e (C, A) is detectable if and only if (A*, C*) is stabilizable.
e (A, B) is stabilizable if and only if (B*, A*) is detectable.

e Also, it follows that

observability —= detectability
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16.2 Eigenvalue placement for estimation error dynam-
ics

Suppose (C, A) is a real observable pair. Then (A*, C*) is a real controllable pair. Now
consider any bunch of complex numbers

{/\ly/\Qv"' 7)\71}
with the property that if ) is in the bunch then so is A. Since (A*, C*) is real and controllable,
there is a real gain matrix K such that { A, Ag, -+, A\, } are precisely the eigenvalues of

A* 4+ C*K. Letting L = K* and recalling that a matrix and its transpose have the same
eigenvalues, we obtain that the eigenvalues of A + LC' are precisely { A, Ao, -+, A\, }. We
have just demonstrated the following result.

If (C, A) is observable, one can arbitrarily place the eigenvalues of A+ LC by appropriate
choice of the observer gain matriz L.

Example 198 (The unattached mass with position measurement and an input.)

jfl = XT3
.i?Q = Uu
y =

Here

A:<8 é) C=(10)

Since this system is observable, it is detectable. If

we have

A
e (81

Hence,
det(s] — A — LC) = s* — 15 — I
and A 4+ LC is asymptotically stable if
li <0 lo <0

An asymptotic observer is then given by

9?31 = Ty + L1 —y)

T = u + (2 —y)
and the estimation error £ = & — x satisfies
1 = Ly + @9

To = Ty

331



16.3 Unobservable modes (you can’t see them)

Suppose system (16.1) is unobservable. Then, as we have already seen, this system will have
at least one unobservable eigenvalue A. This means that, when u(t) = 0, the system has a
nonzero solution of the form z%°(t) = e*v which produces zero output, y(t) = 0. Thus one
cannot distinguish this state motion from the zero motion, z(t) = 0. If ®(\) < 0 then z"°(¢)
asymptotically goes to zero. However, if () > 0 then, z“°(¢) does not asymptotically go
to zero. Hence, even using nonlinear observers, there is no way that one can asymptotically
estimate the state of this system. For linear observers, we have the following result.

If X an unobservable eigenvalue of (C, A), then X is an eigenvalue of A+ LC for every
observer gain matriz L .

To see this, recall that A is an unobservable eigenvalue of (C, A) if and only if

rank A=Al <
a c n

where A is n x n. Hence, there is a nonzero n-vector v such that

(AB)\I>U:0

or, equivalently,

Av = v
Cv = 0
Hence, for any matrix L
(A+ LCYv = Mv

Since v # 0, it follows that A is an eigenvalue of A + LC'.
The next result states that a necessary and sufficient condition for stabilizability is that
all unobservable eigenvalues are asymptotically stable.

Theorem 27 (PBH detectability theorem) The pair (C, A) is detectable if and only if

LAY
ran C =N

for every eigenvalue A of A with nonnegative real part.
ProOF. Use duality and the corresponding result for stabilizability.

Example 199 (The unattached mass with velocity measurement.)

jfl = XT3
i’g - O
Yy = T2



Here

A:(8 (1)) c=(01)

Ay _ (7))
o —
The above matrix has rank 1 < n for A = 0; hence A = 0 is an unobservable eigenvalue and

this system in not detectable.
Note that for any observer gain matrix

Hence

we have

A—i—LCz(O 1+l1)

0 I

Hence,
det(sI — A—LC) = s(s — )

So, regardless of choice of L, the matrix A + LC' always has an eigenvalue at 0.

16.4 Observable canonical form*

Suppose A and C have the following structure:

00 - 0 =—a
10 - 0 -a

A= 01 - 0 —a and C=(00 -~ 0 1).
00 --- 1 —Qp—1

Then we say that the pair (C, A) is in observable canonical form. Note that (C,A) is in
observable canonical form if and only if (A*, C*) is in controllable canonical form. If (C, A)
is in observable canonical form, then & = Ax and y = Cz look like

i,’l = —agTy

{l",'Q = —QA1Tp + I
Tpn = —Gp1Tp + Tpq
Yy = Tn

Also,
det(s] — A) = "+ ap_18" "+ +ao.
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If we reverse the ordering of the states, then

Ty = —Qu1T1 + T
Tp1 = —wmxy  + Ty
in = — Qg1

Yy = I

and the corresponding A and C' matrices have the following structure:

—ap—1 1 0 0
—ap9 0 1 -+ 0
A= : : and C:(10~~ 00)
—a; 1 0 1
—ay 0 0 0

16.5 Discrete-time systems

The results for discrete-time systems are basically the same as those for continuous-time
systems. Consider a discrete-time system described by

z(k+1) = Az(k)+ Bu(k) (16.3)
y(k) = Cua(k)+ Du(k) '
Observer or state estimator. Recalling the observer structure in the continuous-time
case, we consider here observers which have the following structure.

#(0) = & (16.4)

where the n-vector (k) is the estimated state; the matrix L is called the observer gain matrix.

Introducing the state estimation error

T:=I—z

and using (16.3) and (16.4) one can readily show that the evolution of the estimation error
is simply governed by

z(k+1) = (A+ LC)z(k)

Hence, if one can choose L such that all the eigenvalues of the matrix A+ LC' have magnitude
less than one then, we obtain the desired result that

lim #(k) = 0.

t—o00
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Dead beat observer. If (C, A) is observable, choose L so that all the eigenvalues of A+LC
are zero. Then, the state estimation error goes to zero in at most n steps.

Exercises

Exercise 134 BB in laundromat: Obtain a state space representation of the following
system.

m(ﬁl —mQP¢y + §(¢1 —¢2) = 0
mgﬁg — mQPhy — %(cbl —¢2) = u

y = ¢

Show that this system is observable. Considering

obtain a state estimator (observer) which results in an estimation error system with eigen-
values

—-1,-2,-3,—4
Use the following methods.

(a) Obtaining an expression for the characteristic polynomial of the error system in terms
of the components of the observer gain matrix.

(b) acker
(c) place

[lustrate the effectiveness of your observer(s) with numerical simulations.

Exercise 135 Consider the system described by

il = —To+u
L‘UQ = —T1—U
Yy = X1 — 22

where all quantities are scalars.
(a) Is this system observable?
(b) Is this system detectable?

(c) Does there exist an asymptotic state estimator for this system? If an estimator does
not exist, explain why; if one does exist, give an example of one.
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Chapter 17

Climax: output feedback controllers

Plant. (The object of your control desires.) Consider a system described by

Tz = Ax+ Bu

. — Co (17.1)

where the state z(t) is an n-vector, the control input u(t) is an m-vector, and the measured
output y(t) is a p-vector. Initially, we consider D = 0 for simplicity of presentation.

17.1 Memoryless (static) output feedback

The simplest type of controller is a memoryless (or static) linear output feedback controller;

this is of the form

where K is a real m X p matrix, sometimes called a gain matrix. This controller results in

the following closed loop system:
t=(A+ BKC)x

If the open loop system & = Ax is not asymptotically stable, a natural question is whether
one can choose K so that the closed loop system is asymptotically stable. For full state
feedback (C' = I), we have seen that it is possible to do this if (A, B) is controllable or, less
restrictively, if (A, B) is stabilizable. If (C, A) is observable or detectable, we might expect
to be able to stabilize the plant with static output feedback. This is not the case as the
following example illustrates.

Example 200 Unattached mass with position measurement.

i’l = XT3
.fil'g = Uu
y = T

This system is both controllable and observable. All linear static output feedback controllers
are given by
u=ky



which results in

l"l = T2
1"2 = k‘l’l

Such a system is never asymptotically stable.
Note that if the plant has some damping in it, that is,

jfl = T2
To = —dxy + u
y = T1

where d > 0, the closed loop system is given by

.Ctlzl'z

I'Q = k’l’l — dIQ
This is asymptotically stable provided k& < 0.

Example 201 Consider

1 = X9
jﬁ'g = 11 +u
Yy = —2x1+ 29

For a SISO system, one could use root locus techniques to determine whether or not
the system is stabilizable via static output feedback. For a general MIMO system, there
are currently are no easily verifiable conditions which are both necessary and sufficient for
stabilizability via static output feedback. It is a topic of current research. So where do we
2o now?

17.2 Dynamic output feedback

A dynamic output feedback controller is a dynamic input-output system whose input is the
measured output of the plant and whose output is the control input to the plant. Thus, a
linear, time-invariant, dynamic, output-feedback controller is described by

:tc = Acxc_’_ch

v — Co+Dy (17.2)
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where the n.-vector z.(t) is called the controller state and n.. is the order of the controller. We
regard a memoryless controller as a controller of order zero.
Using transfer functions, the above controller can be described by

i(s) = Ge(s)i(s)

where

N

Ge(s) = Cu(sl — A)'B. + D,
Closed loop system. Application of the dynamic controller (17.2) to the plant (17.1)

yields the following closed loop system:

t = (A+BD.C)x + BC.z,

. = B.Cx + Az, (17.3)

This is an LTI system whose state is

and whose “A-matrix” is given by

A_ (A+BDC  BC.
~\ B.C A,

So the order of the closed loop system is n + n..

Example 202 Consider a SISO system and recall that a PI (proportional integral) controller
can be described by

t
ult) = ~key(t) ~ ks [ y(r) e
0
Letting
t
ze(t) = / y(T)dt
0
it can readily be seen that this controller is a first order dynamic system described by

ic =Y
u = —krx.— kpy

with initial condition x.(0) = 0.

Exercise 136 Show that the unattached mass with position feedback can be stabilized with
a first order dynamic output feedback controller. What controller parameters place all the
eigenvalues of the closed loop system at —17

We now demonstrate the following result:

If a complex number X is an unobservable eigenvalue of (C, A) then X is an eigenvalue of

A.
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To see this, suppose A is an unobservable eigenvalue of (C, A). Then

rank A=A <
a c n

Since the above matrix has n columns, it must have non-zero nullity; this means there exists

a nonzero n-vector v with
A— NI v =0
o —

or, equivalently,

Av = v
Cv = 0
Letting & be the n + p vector
v
+-(0)
it should be clear that
Ad =\
Since & # 0, it follows that A is an eigenvalue of A [ ]

Exercise 137 Prove the following statement. If A is an uncontrollable eigenvalue of (A, B),
then A is an eigenvalue of A.

We can now state the following intuitively appealing result.

Lemma 21 If either (A, B) is not stabilizable or (C, A) is not detectable, then plant (17.1)
1s not stabilizable by a LTI dynamic output feedback controller of any order.

The last lemma states that stabilizability of (A, B) and and detectability of (C,A) is
necessary for stabilizability via linear dynamic output feedback control. In the next section,
we demonstrate that if these conditions are satisfied then closed loop asymptotic stability
can be achieved with a controller of order no more than the plant order.

17.3 Observer based controllers

Consider a general LTI plant described by

z = Ax+ Bu

y = Cx+ Du (17.4)
An observer based controller has the following structure:
& = A%+ Bu+ L(C% + Du —vy) (175)
u = Kz '
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Note that this controller is completely specified by specifying the gain matrices K and L;
also this controller can be written as

it = [A4 BK + L(C+ DK))i — Ly
= K&

This is a dynamic output feedback controller with state z, = & (hence n. = n, that is, the
controller has same order as plant) and A. = A+ BK + L(C + DK), B. = —L, C. = K,
and D, = 0.

Closed loop system. Combining the plant description (17.1) with the controller description
(17.5), the closed loop system can be described by

:1:3 = Ax + BKzZ
T = —LCx + (A+BK+ LO)x

Let Z be the state estimation error, that is,
T=1—u. (17.6)

Then the closed loop system is described by
t = (A+BK)r+ BKz

o= (A+LO)F (17.7)
This is an LTI system with “A matrix”
A A+ BK  BK
~\ 0 A+ LC
Noting that
det(sI — A) = det(s] — A— BK)det(sI — A— LC) (17.8)

it follows that the set of eigenvalues of the closed loop system are simply the union of those
of A+ BK and those of A+ LC'. So, if both A+ BK and A+ LC' are asymptotically stable,
the closed loop system is asymptotically stable. If (A, B) is stabilizable, one can choose K
so that A 4+ BK is asymptotically stable. If (C, A) is detectable, one can choose L so that
A+ LC' is asymptotically stable. Combining these observations with Lemma 21 leads to the
following result.

Theorem 28 The following statements are equivalent.
(a) (A, B) is stabilizable and (C, A) is detectable.
(b) Plant (17.1) is stabilizable via a LTI dynamic output feedback controller.

(¢) Plant (17.1) is stabilizable via a LTI dynamic output feedback controller whose order
1s less than or equal to that of the plant.
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Example 203 The unattached mass with position measurement

il = X2
jfg = u
y = T

Observer based controllers are given by

T = 29 + L(Z1—y)

T2 = U 12@1 - Z/)
u = kixy + koio
which is the same as )
T = L + 29 - hLy

Ty = (ki+0L)T1 + kedo — ly
The closed loop system is described by

T = @y

jﬁg = /{le’l + kQQZQ + klffl + kgf?z
1;71 = lli'l ‘|‘ 572

ZL‘l = lQi’l

where z; = z; — x;, ¢ = 1,2 are the estimation error state variables. The characteristic
polynomial of the closed loop system is

p(s) = (8% — kos — ky)(s* — l1s — o)

Hence, if
kl? k?) l17 l2 <0

the closed loop system is asymptotically stable.

342



17.4 Discrete-time systems

Basically, everything said above for continuous-time systems also holds for discrete-time
systems. The only differences are the way systems are described are the characterization of
stability, stabilizability, and detectability in terms of eigenvalues.

Plant.

z(k+1) = Ax(k)+ Bu(k) (17.9a)
y(k) = Cux(k) (17.9b)

with state z(k) € R", control input u(k) € R™, and measured output y(k) € R?.

17.4.1 Memoryless output feedback

A memoryless (or static) linear output feedback controller is of the form

u(k) = Ky(k)

where K is a real m X p matrix, sometimes called a gain matriz. This controller results in
the following closed loop system:

z(k+1)=(A+ BKC)x(k)

17.4.2 Dynamic output feedback

In general, a linear dynamic output feedback controller is described by

zo(k+1) = Adx.(k)+ Buy(k) (17.10)
(k) = Curolk) + Dey(k) |
where z.(k) € IR™ is called the controller state; n. is the order of the controller.
Closed loop system.
#(k+1) = (A+BD.C)x(k) + BCu.(k) (17.11)

r.(k+1) = B.Cx(k) + Acx.(k)

This is an 1ti system with state ( N ) and “A-matrix”

[

A_ (A+BDC  BC.
~\ B.C A,
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17.4.3 Observer based controllers

Consider

z(k+1) = Ax(k)+ Bu(k) (17.12a)
y(k) = Cuz(k)+ Du(k) (17.12b)

An observer based controller has the following structure:

#(k+1) = Ai(k)+ Bu+ L[C2(k) + Du(k) — y(k)]

w(k) = Ka(k) (17.13)

Closed loop system. Let & be the estimation error, that is, £ = & — x. Then the closed loop
system is described by

2(k+1) = (A+ BK)z(k)+ BKi(k)

#k+1) = (A+LC)E(k) (17.14)

This is an 1ti system with “A matrix”

A—(A+BK  BE
~\ 0 A+ LC

Dead-beat controllers. Place all eigenvalues of A+ BK and A + LC' at zero.
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Exercises

Exercise 138 Consider the system,

Sﬁl = Totu
jfg = I
y = T

where all quantities are scalar. Obtain an output feedback controller which results in an
asymptotically stable closed loop system.

Exercise 139 Consider the system with input u, output y, and state variables x1, xs, x3, x4

described by

3.?1 = —I

.jfg = T — 25132

11.3’3 = I — 3[L’3 +u

j?4 = X1+ T2+ T3+ T4
y = 3

(a) Is this system observable? (b) Is this system stabilizable using output feedback? Justify

your answers.

Exercise 140 Consider the system,

jfl = I3
Ltg = x1+tu
y =

where all quantities are scalar. Obtain an output feedback controller which results in an
asymptotically stable closed loop system.

Exercise 141 Consider the system

fEl = —I+x3
i’Q = u
.fil'g = T2

Yy = I3

with scalar control input u and scalar measured output .

(a) Obtain an observer-based output feedback controller which results in an asymptotically
stable closed loop system.

(b) Can all the eigenvalues of the closed loop system be arbitrarily placed?
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Exercise 142 Consider the system,

l"l = To+ U
j]g = U3
Yy = 1

where all quantities are scalar. Obtain an output feedback controller which results in an
asymptotically stable closed loop system.

Exercise 143 Stabilization of 2-link manipulator with dynamic output feedback.

[mllcf + mglf + L]G1 + [maliles cos(qn — go)]Ga + maliles sin(gy — q2)q§

— [miler + moli]gsin(q) = w
[malilca cos(qr — )]Gy + [malcs + Io)dy — maliley sin(qr — q2)G7 — maglcasin(ga) = 0
Yy = q

Recall the linearizization of this system about

and recall its state space description.

Use parameter values previously given.

Is the linearization observable? Design a observer based dynamic output feedback con-
troller which asymptotically stabilizes this linearized system. Apply the controller to the
nonlinear system and simulate the nonlinear closed loop system for various initial condi-
tions. (Use zero initial conditions for the observer.)
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Chapter 18

Constant output tracking in the
presence of constant disturbances

18.1 Zeros

Consider a SISO system described by

t = Ax+ Bu (18.1a)
y = Cx+ Du (18.1b)

where u(t) and y(t) are scalars while z(t) is an n-vector. The transfer function § associated
with this system is given by

G(s)=C(sI —A)'B+D. (18.2)
Recall that a scalar A is a zero of g if
g(A) =0.

Since every rational scalar transfer function can be written as § = n/d where n and d
are polynomials with no common zeros, it follows that the zeros of g are the zeros of n while
the poles of g are the zeros of d. Hence, a scalar cannot be simultaneously a pole and a zero
of §g. Also, the eigenvalues of A which are neither uncontrollable nor unobservable are the
poles of g.

18.1.1 A state space characterization of zeros

For each scalar A\ we define T to be the (n+1) x (n+1) matrix given by

T\ = ( ABM g ) : (18.3)

This matrix yields the following state space characterization of zeros.

Theorem 29 Consider a SISO system described by (18.1) and let Ty be the matriz defined
by (18.3). Then det Ty = 0 if and only if at least one of the following conditions hold.
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(a) X is an uncontrollable eigenvalue of (A, B).
(b) X is an unobservable eigenvalue of (C, A).

(c) X\ is a zero of g.

ProOOF. We first demonstrate that if at least one of conditions (a), (b), or (c¢) hold, then
det T\ = 0. When A is an uncontrollable eigenvalue of (A, B), we have

rank(A—)\I B)<n.

This implies that rankT) < n + 1; hence detT)y = 0. In a similar fashion, if A is an
unobservable eigenvalue of (C, A), then

rank A=A <
a c n

From this it also follows that det T\ = 0. Now consider the case in which A is a zero of g but
is neither an uncontrollable eigenvalue of (A, B) nor an unobservable eigenvalue of (C, A).
Since A is a zero of g it follows that A is not a pole of g. Thus A is not an eigenvalue of A.
Hence A\I — A is invertible. Letting zo = (A — A)™' B, we obtain that

(A—)\I)JZO+B:0

and
C’x0+D:C()\I—A)*1B+D:§()\) =0.

A—)N B To \ _g
C D 1)
Hence, det T, = 0.

We now show that if det ) = 0, then at least one of conditions (a), (b), or (¢) must hold.
To this end suppose that det 7y = 0 and (a) and (b) do not hold. Then we need to show
that (c) holds. Since det T) = 0, there is an n-vector xy and a scalar wug, such that

(AEM g)(zg)zo. (18.4)

and ug and xg cannot both be zero. We now claim that ug cannot be zero. If ug = 0, then

o # 0 and
(A—)J)
C JI():O.

This contradicts the assumption that A is not an unobservable eigenvalue of (C, A). Hence
ug is non-zero and, by scaling xq, we can consider ug = 1. It follows from (18.4) that

This implies that

(A=X)zg+B = 0 (18.5a)
Cro+D = 0 (18.5b)

348



Hence, B = —(A — Al)xy, that is B is a linear combination of the columns of A — AI. This
implies that

rank ( A— A B ) =rank(A — \).

Using this conclusion and the fact that A is not an uncontrollable eigenvalue of (A, B), we
obtain that

n=rank ( A— X B ) =rank(4A— ).

Since rank(A — M) = n, it follows that A is not an eigenvalue of A. It now follows from
(18.5a) that zo = (A — A)~'B; hence, using (18.5a), we obtain

0=Cxo+D=CAN —A)'B+D=g()\),

that is, A is a zero of g. [ ]

Corollary 4 Suppose {A, B,C, D} is a minimal realization of a SISO transfer function g.
Then a scalar X is a zero of g if and only if

A—)M B
det( C D):O.

Proor. If {A, B,C, D} is a minimal realization of a SISO transfer function then, (A, B) is
controllable and (C, A) is observable. The result now follows from Theorem 29.

Example 204 Consider the transfer function

s2—1

s241°

9(s) =

The zeros of this transfer function are 1 and —1. A minimal realization of this transfer
function is given by

A:(_?é), B:(i’), c=(-20), D=1.

For this realization,

—A 10
detTA:det(A_OAI g): -1 =X 1 | =X-1
-2 01

Clearly, the zeros of g are given by det Ty = 0.
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Figure 18.1: A block diagram

18.2 Tracking and disturbance rejection with state feed-
back

Consider a system described by

r = Axr + Byw + DBou (18.6)
z = Cx + Dw + Dou '
where the n-vector x(t) is the state; the m-vector w is an unknown, constant, disturbance
input; the mo-vector u(t) is the control input; and the p-vector z(t) is a performance output.
Initially, we assume that the state x and the performance output z can be measured.

The control problem we consider here is the following: Suppose r is any constant reference
output; we wish to design a feedback controller such that for all initial conditions x(0) = z,
we have

lim z(t) =r

t—o0

and the state z(t) is bounded for all ¢ > 0.

Assumptions. We will assume that the pair (A, By) is stabilizable. We will also need the

following condition:
A By \
rank ( C D, ) =n+p (18.7)

that is, the the rank of the above matrix must equal the number of its rows.
For a system with scalar control input u and scalar output z, the above condition is

equivalent to
A By
det ( C D, ) #0.

By Theorem 29, this is equivalent to the requirement that 0 is neither an uncontrollable
eigenvalue of (A, By), an unobservable eigenvalue of (C, A), nor a zero of the transfer function
Tzu(8> = C(S] — A)ilBQ + Ds.

Why do we need the condition in (18.7)7 If it does not hold then, there is a reference
output ro such that one cannot achieve limy_., z(t) = ro with a bounded state history. To
see this, suppose the above condition does not hold. Then there is a nonzero vector

(%)
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with v; € R™ and vy € IR? such that

that is,
viA+v;C =0, viBs + 13Dy =0

Since (A, By) is stabilizable, we must have vy # 0. (Why?) Consider w = 0, premultiply
the first and second equations in the system description by v] and vj, respectively, and add
to obtain

Vit +vy2 =0,

that is,
dvix .
= —vyz
dt 2
Suppose
tlim 2(t) = 1o := —v9
Then J
viT .
S el — (= — ro);

Since vy # 0 and lim;—,o(2(t) — ro) = 0, it follows that there exists a time 7" and a positive
number € such that

[[oa][* = v3(2(t) —r0) 2 € forall ¢t>T

Hence, for t > T,
viz(t) > viz(T) + et —T)

This implies that v{z is unbounded, So, = is unbounded. u

Example 205 Consider

jfl = )
.’tg = —T1 — T2 + u
z = i)
Here
A By 0 1 0
C D = -1 -1 1
2 0 10

Clearly rank condition (18.7) does not hold. It should be clear from the first differential
equation describing this system that, in order to keep z = x5 equal to a nonzero constant,
21 must be unbounded. Note that the transfer function from u to z, given by

S
s24s5+1"

has a zero at 0.
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e Since the rank of a matrix is always less than or equal to the number of its columns, it
follows that if rank condition (18.7) holds then,

p§m2>

that is, the number of performance output variables is less than or equal to the number of
control input variables.

18.2.1 Nonrobust control

Consider first the question of the existence of steady state values of x and u such that z has
a steady state value of r. Letting z(t) = 2°, u(t) = u°, and z(t) = r in system description

(18.6) results in
A B2 z° . —Blw
C D w )\ —=Dyw+r

Since the matrix < é gQ ) has full row rank, there exists a solution (z¢,u®) to the above
2

equation. Consider now the controller
u=u’~+ Klx — 2z
Letting
ox :=x —x°
the closed loop system is described by

0t = [A+ ByK|ox
z = Céox+r

Choosing K so that A+ By K is asymptotically stable results in lim;_,, dx(f) = 0 and, hence,
limy oo 2() = 1.

In addition to requiring knowledge of w, this approach also requires exact knowledge of
the matrices A, By, C, Dy. Inexact knowledge of these matrices yields inexact values of the
required steady values z, and wu.. This results in the steady state value of z being offset from
the desired value r.

18.2.2 Robust controller

Integration of output error. Introduce a new state variable x; given by

Ir=z—r

where z7(0) = x50 and xq is arbitrary. Roughly speaking, this state is the integral of the
output tracking error, z — r; specifically, it is given by

$I(t>:$[0+A(2(7)—T)dT.
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Introducing new state, disturbance input and performance output,

~ X ~ w -
T = , W = , Zi=z—=r,
Tr r

respectively, we obtain the augmented plant,

= A7 + Blw + Bzu
= Ci + Dy + Dsu

- (A0 - (B 0 - [ B,
=(en) me(n ) ()

C':(C O) Dlz(Dl —I) DQZDQ

ISTERSEE

where

We have now the following result.

Lemma 22 The pair (A, B,) is controllable (stabilizable) if and only if
(a) the pair (A, Bs) is controllable (stabilizable), and
(b) rank condition (18.7) holds.

PROOF. The pair (A, By) is controllable (stabilizable) iff
rank( A— X B, ) =n+p
for all complex numbers A (for all complex A with R(\) > 0). Also,

p = (A=X 0 B
(A=A BQ)_( C =X D2>

Considering A = 0, we obtain

rank(fl—)\[ Bg):rank(A 0 B2)zrank(A BZ).

Considering A # 0, we obtain

~ ~ B A— NI By
rank(A—)\I Bz = ( —)J Dg)
ank A— )J Bg 0
-\l

= rank(A A Bg)+p

(18.8)

(18.9)

Since the pair (A, Bs) is controllable (stabilizable) iff rank [ A — A By | = n for all complex
numbers A (for all complex A with $8(A) > 0), the desired result now follows from (18.8) and

(18.9).
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Controller design. Suppose (A, By) is stabilizable and rank condition (18.7) holds. Then
(121, BQ) is also stabilizable. Choose any matrix K such that A+ B, K is asymptotically stable.
Let

u= Kz

If we partition K as )
K=(Kr K )

where Kp is given by the first n columns of K and K is given by the last p columns of K,
then the controller is given by

Iy = z-—r
u = KPZE—f-K].I‘]

Note that this controller can be written as
u:pr—i—KI/(z—r)
This is a generalization of the classical Pl (Proportional Integral) Controller.

Closed loop system. The closed loop system is given by

= [A—FBgK]i + B
[C+ DKz + Dyw

ISIERSIE

Since the matrix A + B,K is asymptotically stable and @ is constant, all solutions Z are
bounded for ¢ > 0. Thus, x(¢) is bounded for all ¢ > 0.
Letting n = Z and noting that w is constant, we obtain that

Since the matrix A + B,K is asymptotically stable, we must have

tlim T = tlim n(t)=0.
In particular, we have
lim z; =0;

t—oo

hence
lim 2(t) = r.

t—o0

Thus, the proposed controller achieves the desired behavior.

Example 206 Consider the constantly disturbed and controlled harmonic oscillator de-
scribed by

Iy = T2
Ty = —r1t+w+tu
zZ = I
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Here

01 0
A:(_l()), Bl:Bz:(l)’ C:(l 0), D1:D2:O

The pair (A, Bs) is controllable and

010
rank(é gz> = rank| -1 0 1 | =3=n+p
2 100
Hence
010 0
A:(ég): -100 |, and B’Q:(g?): 1
100 2
Letting .
K:(krl ko kl)
we obtain
o 0 1 0
A+ B K = —1+k ko kp
1 0 O

The characteristic polynomial p of A + B,K is given by
p(s) = 8% — kps® + (1 — ky)s — kg

Choosing ki, ky, k; so that this polynomial has roots with negative real parts, a controller
yielding constant output tracking, rejecting constant disturbances and yielding bounded
states is given by

Ty = X1 —7

u = klxl + kQIQ + k'[&?[

18.3 Measured Output Feedback Control

Consider a system described by

T = Ar + Byw + Byu
z = leﬂ + D11w + D12U
y = Chr + Dyw

where the n-vector z(t) is the state; the m;-vector w is an unknown, constant, disturbance
input; the ma-vector u(t) is the control input; and the p;-vector z(t) is a performance output.
We will assume z(t) can be measured and that instead of  we can only measure the measured
output y(t) which is a pe-vector.
Suppose the pi-vector r is any constant reference output and we wish to design a controller
such that for any initial condition z(0) = z,
lim z(t) =r

t—o0

and the state z(t) is bounded for all ¢ > 0. To achieve this objective, we need the following
assumptions.
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Assumptions.
(a) The pair (A, Bs) is stabilizable.
(b) The pair (Cy, A) is detectable.
(c)

rank(A B )n—i—
Ci Dy ) P

As before, we introduce a new state variable x; given by
Tyr=z-—r

where x7(0) is arbitrary. Letting

F=( 7 o= " S
T T I T r ’ T ) y_ TI

we obtain the augmented plant
Cli' + Dll’lI] -+ D12U (1810)
== Cgi‘ + D21U~}

S Ree
|

with

~ CQ 0 ~ Dgl 0
CZ = 0 1 D21 = 0 0
0 0 0 I

Consider now any output feedback controller of the form

:tc - Acxc_’_Bcg

v = Coro+ Doj (18.11)
The resulting closed loop system is described by
I A+ B,D.C, ByC, i By 4 ByD.Dyy \ .
: _ 5 = 18.12
< L > ( BCCQ Ac T * DcD21 v ( 8 )

Acl

From the lemma of the previous section, assumptions (a) and (c) imply that the pair (A, B,)
is stabilizable. Also, detectability of the pair (Cy, A) is equivalent to detectability of the pair
(C'Q, fl) Hence, one can always choose matrices A, B., C., D, so that so that the closed loop
system matrix A, is asymptotically stable.
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Controller design. Choose any matrices A., B., C., D. so that the closed loop system
matrix A, in (18.12) is asymptotically stable. Then the controller is given by (18.11).
If we let

B, = (BCP Ber Bcr)
D, = (BCP B.r Bcr)

where the above partitions correspond to the partitions of ¢, we can express this controller
as

Ty = z-—7r
T, = Acxc + Bclxl + Bch + Bcrr
chc + DchI + Dch + DCT‘T

u

Note that A, does not depend on B, and D.,; hence these two matrices can be arbitrarily
chosen.

Closed loop system. The closed loop system is described by (18.12). Since the closed
loop system matrix A, is asymptotically stable and w is constant, it follows that ¥ and =z,

are bounded. Hence z is bounded.
[z
77 - j/'c

Letting
and noting that w is constant, we obtain that
n=Aan
Since the matrix A is asymptotically stable, we must have

i () =t o) =0

t—o0 Te t—o0

In particular, we have
lim z; =0;

t—oo
hence
lim z(t) =r

t—oo

18.3.1 Observer based controllers

As we have seen in a previous chapter, one approach to the design of stabilizing output
feedback controllers is to combine an asymptotic state estimator with a stabilizing state
feedback gain matrix. Since there is no need to estimate the state z; of the augmented plant
(18.10), we design the observer to estimate only x. This yields the following design.

e Choose gain matrix K so that the A + B,K is asymptotically stable and let
K=(Kp Ki)
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where Kp is given by the first n columns of K and K7 is given by the last p; columns of K.
e Choose observer gain matrix L so that A + LC5 is asymptotically stable.

e An observer based controller is given by

Ty = Z—7T integrator
Z. = Ax.+ Bou+ L(Coz. —y) observer
v = Kpx.+ Krxg control input

where z.(0) and z;(0) are arbitrary.

If we let
€ =T.— X

the closed loop system due to this controller is described by
Zi‘ . A + BQK * T * ~
<e>( 0 A+L02)(e)+(*)w
Since the eigenvalues of the closed loop system matrix

A+ BK *
0 A+ LCy

are the union of those of A+ ByK and A+ LC,, it follows that this matrix is asympotically
stable. Hence, this controller yields the desired behavior.

Exercises
Exercise 144 Consider a system described by
2(s) = Tow(s)w(s) + Tou(s)u(s)

with . 5
S —
27 and T.u(s) = 27

where Z, w, and 4 are the Laplace transforms of the performance output z, disturbance
input w, and control input u, respectively. Let r be a desired constant output and assume
the disturbance input w is an unknown constant. Design an output (z) feedback controller
which guarantees that for all » and w,

T.(s) =

tlim z(t) =r

and all signals are bounded. Illustrate your results with simulations.
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Exercise 145 Consider a system described by

t = Ar + Byw + Byu
y = Cx + Diw + Dsu

where x(t), u(t), and w, and y(t) € IR? are as above. Suppose that we can only measure the
control input u and the measured output y. It is desired to obtain an asymptotic observer
for x and w; that is, we wish to design an observer producing estimates 2 and w of x and w
with the property that for any initial value zy of x and any w, one has

lim [Z(t) —x(t)] =0, lim [w(t) —w] =0

t—o00 t—o0

(a) State the least restrictive conditions on the system which allows one to construct an
asymptotic estimator.

(b) Give a procedure for constructing an asymptotic estimator.

(c) Hlustrate your results with example(s) and simulation results.
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Chapter 19

Lyapunov revisited™

19.1 Stability, observability, and controllability

Recall the damped linear oscillator described by

i‘l = X2
by — —%301—%@ (19.1)
with m, d and k positive. This system is asymptotically stable. The energy of this system is
given by

k
V(z) = Exf + %x% =" Px
where i
5 0
pP—
0 3
Along any solution, the rate of change of the energy is given by
av
where
C=1[0 do |

From this it should be clear that

P >0
PA+A*"P+C*C = 0

The matrix Q = C*C' is hermitian positive semi-definite, but it is not positive definite.
Hence, using this P matrix, our existing Lyapunov results only guarantee that the system is
stable; they do not guarantee asymptotic stability. Noting that the pair (C, A) is observable,
we present a result in this section which allows us to use the above P matrix to guarantee
asymptotic stability of (19.1).
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Consider a system described by
= Ax (19.2)

where z(t) is an n-vector and A is a constant n X n matrix. We have the following result.

Lemma 23 Suppose there is a hermitian matriz P satisfying

0
; (19.3)

P >
PA+A*P+C*C <

where (C, A) is observable. Then system (19.2) is asymptotically stable.

PROOF. Suppose there exists a hermitian matrix P which satisfies inequalities (19.3). Con-
sider any eigenvalue A of A; we will show that ®(A) < 0. Let v # 0 be an eigenvector
corresponding to A, that is,

Av = lv. (19.4)

Hence,
v*PAv = A" Pu ;

and taking the complex conjugate transpose of both sides of this last equation yields
v*A* Py = \v* Pu
Pre- and post-multiplying the second inequality in (19.3) by v* and v, respectively, yields
v PAv + 0 APv +v*C*Cv <0
which implies
M Pv + M*Pu + ||Co|[> <0

that is,
2R(AN)v* Pv < —||Cv]]?.

Since P > 0, we must have v*Pv > 0.
We now show that we must also have ||Cv|| > 0. Suppose ||Cv|| = 0. Then Cv = 0.
Recalling (19.4) results in
{ A=) } B
v=20

C

Since (C, A) is observable, the above matrix has rank n, and hence v = 0; this contradicts
v # 0. So, we must have [|Cv|| > 0.
Hence,

R(\) = —||C|[?/2v* Py < 0

Since R(N) < 0 for every eigenvalue \ of A, system (19.2) is asymptotically stable. [ |
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Example 207 Returning to the damped linear oscillator, we see that inequalities (19.3) are
satisfied by

ko .
P=lfg] c=lo @]

Since the oscillator is described by (19.2) with

we have

C 0 dz
CA | = | a2k _ a2

m m
Since this observability matrix is invertible, (C| A) is observable. Using Lemma 23, one can
use the above matrix P to guarantee asymptotic stability of the damped oscillator.

Exercise 146 Prove the following result. Suppose there is a hermitian matrix P satisfying

P >0
PA+A*P+C*C < 0

where (C, A) is detectable. Then the system (19.2) is asymptotically stable.

Recalling that controllability of (A, B) is equivalent to observability of (B*, A*), and that
asymptotic stability of A and A* are equivalent, we obtain the following result

Lemma 24 Suppose there is a hermitian matriz S satisfying

S > 0

AS + SA*+ BB* < 0 (19.5)

where (A, B) is controllable. Then system (19.2) is asymptotically stable

Exercise 147 Suppose there is a hermitian matrix S satisfying

S >0
AS+SA*+BB* < 0

where (A, B) is stabilizable. Then system (19.2) is asymptotically stable

Suppose system (19.2) is asymptotically stable, Then for any matrix C' (of appropriate
dimensions) the Lyapunov equation

PA+A"P+C"C =0 (19.6)
has the unique solution

P = / eAtO* e dt
0

Recall that this is the infinite time observability grammian associated with (C| A), that is,
P = W,; it is always hermitian and positive semidefinite. In addition, as we have seen
earlier, W, is positive definite if and only if (C, A) is observable. These observations and
Lemma 23 lead to the following result.

363



Theorem 30 The following statements are equivalent.
(a) The system & = Az is asymptotically stable.

(b) There exist a positive definite hermitian matriz P and a matriz C with (C, A) observ-
able which satisfy the Lyapunov equation

[ PA+A'P+C*C=0] (19.7)

(¢) Forevery matriz C with (C, A) observable, the Lyapunov equation (19.7) has a unique
solution for P and this solution is hermitian positive-definite.

Recall the original Lyapunov equation
PA+A"P+Q =0

If @) is hermitian positive semi-definite, it can always be expressed as () = C*C' by appropriate
choice of C' and one can readily show that (Q, A) is observable iff (C, A) is observable. Also
rank C' = n if and only if @ is positive definite. If C' has rank n, the pair (C, A) is observable
for any A. So, if ) is positive definite hermitian, the original Lyapunov equation is of the
form (19.7) with (C, A) observable.

Recalling that controllability of (A, B) is equivalent to observability of (B*, A*), and that
asymptotic stability of A and A* are equivalent, we can obtain the following result.

Theorem 31 The following statements are equivalent.
(a) The system & = Az is asymptotically stable.

(b) There exist a positive definite hermitian matriz S and a matriz B with (A, B) control-
lable which satisfy the Lyapunov equation

|AS +SA* + BB* =0 (19.8)

(¢) Forevery matriz B with (A, B) controllable, the Lyapunov equation (19.8) has a unique
solution for S and this solution is hermitian positive-definite.

Note that if A is asymptotically stable, the solution S to Lyapunov equation (19.8) is
the infinite-time controllability grammian associated with (A, B), that is S = W,. Also,

S:/ eMBB* et dt
0
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19.2 A simple stabilizing controller
Consider a linear time-invariant system described by
T = Azx + Bu

where z(t) is an n-vector and w(t) is an m-vector. Consider any positive 7" > 0 and let

0
W =W.(-T):= / eMBB* et dt

=T

The above matrix can be regarded as the finite time controllability grammian (over the
interval [—T',0]) associated with (A, B). If (A, B) is controllable, W is invertible.
We now show that the controller

’u = —B*Wﬁlx‘

yields an asymptotically stable closed loop system.

Using the following properties of eA?,

de”t . deA™
AeAt — . AT Ax —
¢ a € dt

we obtain

0
AW + WA* = / [Ae** BB e’ + e BB e A*] dt

=T

0 At A*t
d . d
- / ¢ BB Mt 4 MBR Y |

|t dt

0 g (eAtBB*eA*t) o
L=

= BB*—e4TBB*e AT,

that is,
AW + WA* — BB* = —e ATBB*e AT

Considering the closed loop system
i=(A—-BBW hHz
we have

(A= BB*W YW + W(A—-BB*W™* = AW + WA* - 2BB*
— —BB*— e ATBB* e AT
—BB*,

IN
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that is,
(A= BB*W YW + W(A - BB*W™1* + BB* < 0.

Controllability of (A, B) implies controllability of (A — BB*W ™!, B). This fact, along
with W > 0 and the previous inequality imply that the closed-loop system is asymptotically
stable. [ ]

So, the above yields another proof of

controllability — stabilizability
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Chapter 20

Performance®

20.1 The L; norm

20.1.1 The rms value of a signal

Consider any scalar signal s which is defined for 0 < ¢ < co. One measure of the size of the
signal is given by the rms value of the signal; we denote this by ||s||2 and define it by

It ( |s<t>|2dt>$

This is also called the L, norm of the signal. One can readily show that the three required
properties of a norm are satisfied. This norm is simply the generalization of the usual
Euclidean norm for n-vectors to signals or functions. Clearly, a signal has a finite Ly norm
if and only if it is square integrable.

Example 208 Consider the exponential signal s(t) = e* where A = —a + jw and a and w
are both real with a > 0. For any 7" > 0,

g 2 g 2at 1 2aT
HPdt= [ e tdt = ——(e%T —1).
| isopa= [ (T )
Thus,

0 T
1
2 3 _ 1 2 3, _ 1 —2aT _ 1\ _
/0 sl dt_zlgﬂo/g (s dt = Jim — (e V=9
Hence |[|s|l2 = 1/v2a.

Consider now a signal s where s(t) is an n-vector for 0 <t < oco. We define the Ly norm

of the signal s by
1
Islla = ( / |s<t>r2dt>

where ||s(t)]| is the usual Euclidean norm of the n-vector s(¢) as given by
Is@II* = [s1(®)* + [s2()* + - + [ (D)

One can readily show that the three required properties of a norm are satisfied.
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20.1.2 The L; norm of a time-varying matrix

Consider now a function G defined on [0,00) where G(t) is a matrix for 0 < ¢t < co. We
define the Ly norm of G' by

1G> = (/ trace (G*(H)G(¢)) dt) |
0
Suppose G(t) is m xn and the m-vectors g;(t), g2(t), - - - , gn(t) are the columns of G(t). Then

trace (G(1)°G(1)) = 91(1)"g1(t) + g2(t)"ga(t) + - - + gn(1) "gn(t)
= a®IF + g1+ + lgn(®)]*-

So we conclude that . .
IG5 =3 [ o2 at = 3l (20.1)
i=1 i=1

where the g; is the i-th column of G.

20.2 The H; norm of an LTI system

Consider an input-output system with disturbance input w and performance output z de-
scribed by
T = Axr+ Bw
z = Cu

and suppose A is asymptotically stable. Recall that zero initial condition input-output
behavior of this system can be completely characterized by its impulse response

(20.2)

G(t) = Ce™B. (20.3)

Consider first a SISO system with impulse response g. When A is asymptotically stable,
it follows that g is square integrable and the Ly norm ||g||2 of ¢ is finite where

nmh:(lmwMPﬁ)é. (20.4)

We refer to ||g]|2 as the Hy norm of the system. Thus the Hs norm of an asymptotically stable
SISO system is the rms value of its impulse response. This norm is a a performance measure
for the system; it can be regarded as a measure of the ability of the system to mitigate the
effect of the disturbance w on the performance output z.

Consider now a general linear time-invariant system described by (20.2) with inpulse
response given by (20.3). When A is asymptotically stable, if follows that each element of
G is square integrable, and we define the Ly norm of the impulse response by

I1G]|s = (/OOO trace(G*(t)G(t))dt)% . (20.5)
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We refer to ||G||2 as the Hy norm of the system.

We now obtain a frequency domain interpretation of ||G|lz. Recall that the transfer
function of this system is given by G (s) = C(sI — A)"'B. When A is asymptotically stable,
we define the 2-norm of the transfer function by

6= (5 traee(aow*aow»dwf | (206)

2 J_

For a SISO system with transfer function g, we have

1 [
~112 ~ 2
S W12 dw .
g1l = 3 / 19(3w)]

Since G is the Laplace transform of G, it follows from Parseval’s Theorem that
1Gll2 = G2, (20.7)

that is, the 2-norm of the transfer function equals the Ly norm of the impulse response.

20.3 Computation of the H; norm

We now show how the Hy-norm can be computed using Lyapunov equations. Suppose A is
asymptotically stable and let T, be the observability grammian associated with (C, A), that

o0

is, W, = [~ e?'C*Ce? dt. Recall that W, is the unique solution to the Lyapunov equation
WA+ AW, +C"C =0.

We now obtain that
/ G*(H)G(t)dt = / B*e'C*CeMBdt = B / eMte*Ce dt B = B*W,B,
0 0 0
that is,
/ G*(1)G(t) dt = B'W,B. (20.8)
0

Using the linearity of the trace operation, it now follows that

IG()|3 = /000 trace (G*(t)G(t)) dt = trace (/000 G*(t)G(t) dt) = trace (B*W,B) ;

hence

|G||3 = trace (B*W,B)|. (20.9)

We can also compute the Ho-norm using the controllability grammian. Since
trace (G*(t)G(t)) = trace (G(t)G*(t)) ;
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it follows that the Hy-norm is also given by

1G> = (/OOO trace(G(t)G*(t))dt)2 | (20.10)

Let W, be the controllability grammian associated with (A, B), that is, W, = fooo eM*BB*eA dt.
Recall that W, is the unique solution to the Lyapunov equation

AW, + W,A* + BB* = 0.
Hence,
/ G)G(t) dt = / CeMBB* e 'Crdt = C / BB At C = CW.CT,
0 0 0

that is,
/ Gt)G*(t)dt = CW.C* . (20.11)
0

Using the linearity of the trace operation, it now follows that

G2 = /0 " trace (G(1)G(1)) dt = trace ( /0 et dt) — trace (CW,C)

hence
GI3 = trace (CW.C7)|. (20.12)
Example 209 Consider the scalar system described by
T = —ar—+u
y = T
with o > 0. This system has transfer function g(s) = . Hence,
1 [~ 1 [~ 1 1 >~ 1
~112 ~12
9 = o5 [ lPdv=g5 [ g [ s =/
1
— o0 t -1
3o [T tan™ (1)
1
2

The impulse response for this system is given by g(¢) = e~**. Hence

0o 0o 1
2 2 —2at o) —2at
g2 /0 9(t) /0 2 10 “ont

1
200
This clearly illustrates the fact that ||§|]2 = ||g||2 and the Hs norm of this system is (1/2a)z.
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The observability grammian W, is given by the solution to the Lyapunov equation

—Wo,ao—aW,+1=0.

This yields W, = 1/2a. Since B = 1, we readily see that the Hs norm is given by
trace (B*WOB)%. The controllability grammian W, is given by the solution to the Lyapunov

equation
—aW,—W.,a+1=0.

This yields W, = 1/2a. Since C' = 1, we readily see that the Hy norm is given by

trace (CW,C*)z.

MATLAB

>> help normh2

NORMH2 Continuous H2 norm.

[NMH2] = NORMH2(A,B,C,D) or

[NMH2] = NORMH2(SS_) computes the H2 norm of the given state-space
realization. If the system not strictly proper, INF is returned.
Otherwise, the H2 norm is computed as

NMH2 = trace[CPC’]"0.5 = trace[B’QB]"0.5
where P is the controllability grammian, and Q is the observability
grammian.
>> help norm2
nh2 = norm2(sys)
Computes the H2 norm of a stable and strictly proper LTI
system
-1

SYS = C (sE-A) B

This norm is given by

V Trace(C*PxC’)
where P solves the Lyapunov equation: A*P+PxA’+B*B’ = 0.
See also LTISYS.

371



Exercises
Exercise 148 Consider the system described by

Ty = @
.fil'g = —21’1 — 333'2 +w
y = 4dxy+ 22
Obtain the Hy norm of this system using the following methods.

(a) The definition in (20.4).
(b) Equation (20.9).
(c) Equation (20.11).
(d) MATLAB.

Exercise 149 Without carrying out any integration, obtain the Hy norm of the system
whose impulse response ¢ is given by

gt) =e e,
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Chapter 21

Linear quadratic regulators (LQR)

21.1 The linear quadratic optimal control problem

In this chapter we learn another method of designing stabilizing state feedback controllers.
These controllers result from solving the linear quadratic (LQ) optimal control problem and
are called linear quadratic regulators (LQR). This problem is characterized by a linear system
and a quadratic cost.

Consider a linear time-invariant system (plant)

|# = Az + Bu| (21.1)

with initial condition
z(0) = xg (21.2)

where the real scalar ¢ is the time variable, the n-vector z(t) is the plant state, and the
m-vector u(t) is the control input. When we refer to a control history, control signal, or
open loop control we will mean a continuous control input function u(-) which is defined for
0<t<o0.

Suppose ) and R are hermitian matrices with

R>0 and Q>0

We call them weighting matrices. For each initial state zy and each control history u(-), we
define the corresponding quadratic cost by

J(zg,u(")) == /000 ()" Qu(t) + u(t)*Ru(t) dt

where z(-) is the unique solution of (21.1) with initial condition (21.2). We wish to minimize
this cost by appropriate choice of the control history. Although the above cost can be infinite,
it follows from the assumptions on () and R that it is always non-negative, that is,

0 < J(zo,u(+)) <oo.
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In addition to minimizing the above cost, we will demand that the control input drives
the state to zero, that is, we require that
lim z(t) = 0.

t—o00
So, for a fixed initial state x, we say that a control history u(-) is admissible at z if it results
in lim; o, z(t) = 0. We say that a control history u?"(-) is optimal at x if it is admissible
at o and
J (o, u™ () < J (o, u(-)) (21.3)
for every admissible control history u(-). We refer to
JP (o) := J(z0, u(+))

as the optimal cost at z.

In general, the optimal control history and the optimal cost depend on the initial state.
Also, for a fixed initial state, the optimal cost is unique whereas the optimal control history
need not be. In some cases an optimal control history might not exist. Since the cost is
bounded below by zero, there is always an infimal cost J™/ (). That is, one cannot achieve
better than this cost but can come arbitrarily close to it; more precisely, for every admissible
control history u(-), one has

J™ (o) < J (0, ul"))

and for every € > 0 there is an admissible control history u¢(-) such that
J(wo,u(+)) < J™ (20) + €
When an optimal control history exists, we must have J™/ (zy) = J!(z). If there exists at
least one admissible control history yielding a bounded cost, then J"/ (z,) < oo.
Example 210 Consider the scalar integrator plant described by
T=u

with initial condition 2(0) = 1. Suppose we wish to drive the state of this plant to zero while

minimizing the cost
o
/ u(t)*dt .
0

u(t) = —6e .

Then, the resulting state history, z(¢) = =%, has the desired behavior and the corresponding

cost 1s -
/ 526—2515 dt — ’ooie—m% — é
0 0 _2 2’

By choosing § > 0 arbitrarily small, we can make the cost arbitrarily close to zero. Since
the cost is bounded below by zero, it follows that the infimal cost is zero. However, we
cannot make the cost zero. If the cost is zero, that is fooo u(t)?dt = 0, then we must have
u(t) = 0; hence x(t) = 1. This control history does not drive the state to zero and, hence,
is not admissible. So there is no optimal control history for this problem. Note that in this
problem, (@, A) = (0,0) has an imaginary axis unobservable eigenvalue.

Consider any positive ¢ > 0 and let
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Optimal feedback controllers. Suppose one has a feedback controller C with the prop-
erty that for any initial state xy the control histories generated by the controller are admissi-
ble. We say that C is an optimal feedback controller if for each initial state xy the corresponding
control histories generated by C are optimal at 5. We will shortly demonstrate the following
fact for linear quadratic optimal control problems:

If there is an optimal control history for every initial state then, for every initial state, the
optimal control history is unique and is given by a linear memoryless state feedback controller.

Since we are going to look controllers which minimize the cost and result in

lim z(t) =0

t—o0

we need to make the following assumption for the rest of the chapter:

e The pair (A, B) is stabilizable.

21.2 The algebraic Riccati equation (ARE)

We will see that, when an optimal feedback controller exists, its determination involves the
following matrix equation which is known as the Algebraic Riccati Equation (ARE):

PA+ A*P — PBRT'B*P +Q =0 (21.4)

The matrices A, B, , R are determined by the LQR problem data. Solving the LQR problem
involves solving the ARE for a hermitian matrix P. Since the ARE depends quadratically
on P, it is a nonlinear matrix equation and, in general, has more than one solution.

A solution P is said to be a stabilizing solution if the matrix A — BR™'B*P is Hurwitz,
that is, all its eigenvalues have negative real parts. This is the solution we will be looking
for. The significance of this property is that the linear state feedback controller

u=—R'B*Pzx
results in the asymptotically stable closed loop system:
i=(A— BR'B*P)x

It shown in Section 21.4 that if there is an optimal control history for every initial state
then, the ARE must have a stabilizing solution. Hence, if the ARE does not have a stabilizing
solution then, there is not an optimal control history for every initial state.

It is also shown in Section 21.4 that if the pair (Q, A) has no imaginary unobservable
eigenvalues then, the ARE must have a stabilizing solution.

Section 21.4 also shows that a stabilizing solution is maximal in the sense that if P is a
stabilizing and P is any other solution then, P > P. Hence there can only be one stabilizing
solution.
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21.3 Linear state feedback controllers

Suppose
u(t) = Kx(t)

where K is a constant state feedback gain matrix. The resulting closed loop system is
described by
t=(A+ BK)z

and for each initial state xy the controller results in the cost
T, ul)) = Jao. K) i= [ (e [K°RE + Qa(t) d
0

This feedback controller is an optimal feedback controller if and only if it is a stabilizing
controller (that is, A + BK is asymptotically stable) and for each initial state zo we have

A

J(wo, K) < J(x0,u("))

for every admissible control history wu(-).
If K is stabilizing then, recalling a result from Lyapunov theory,

J (o, K) = x} Py (21.5)
where P is the unique solution to the following Lyapunov equation

P(A+BK)+ (A+BK)'P+ K'RK+Q =0 (21.6)

Since A + BK is asymptotically stable and K*RK + @ is hermitian positive semi-definite,
we have P* = P > 0.

Example 211 Consider the simple real scalar system

Tr=oar+u

/OOO u(t)® dt

If we do not require lim;_,, z(t) = 0 then regardless of initial state z, this cost is uniquely
minimized by

with cost

u(t) =0

and the resulting controlled system is described by
T =qQu

This system is not asymptotically stable for & > 0. So, in looking for an optimal control we
restrict consideration to control inputs that result in lim;_., z(t) = 0
Now consider any linear controller v = kx. This generates a closed loop system

= (a+k)z
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which is asymptotically stable if and only if a + & < 0. Utilizing (21.5), (21.6), the cost
corresponding to a stabilizing linear controller is Pz2 where

]{72

b= —2(a+ k)

If « =0, P =—k/2. Since we require asymptotic stability of the closed loop system, this
cost can be made arbitrarily small but nonzero. So for o = 0, we have an infimum cost (that
is, zero) but no minimum cost. The infimum cannot be achieved by controls which drive
the state to zero. Note that in this case, (Q, A) = (0,0) has an imaginary axis unobservable
eigenvalue.

21.4 Infimal cost*

21.4.1 Reduced cost stabilizing controllers.

Suppose one has a stabilizing gain matrix K and wishes to obtain another stabilizing gain
matrix which results in reduced cost. We will show that this is achieved by the gain matrix

K=-R'B*'P (21.7)
where P solves the Lyapunov equation (21.6).

Fact 13 Suppose A + BK is asymptotically stable and K is given by (21.7) and (21.6).
Then,

(i) the matriz A+ BK is asymptotically stable;
(ii) for every initial state xy, A . A
J(xo, K) < J(20, K)

ProOOF. The Appendix contains a proof. [ |

21.4.2 Cost reducing algorithm

The above result suggests the following algorithm to iteratively reduce the cost.

Jack Benny algorithm.
(0) Choose any gain matrix Ky so that A + BKj is asymptotically stable.
(1) For k=0,1,2,---, let P be the unique solution to the Lyapunov equation
Pu(A+ BKy)+ (A4 BKy)"P, + K;RK, +Q =0 (21.8)
and let
Ky = -R'B*P, (21.9)
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Fact 14 Suppose (A, B) is stabilizable, R* = R > 0 and Q* = @ > 0. Consider any
sequence of matrices { P} generated by the Jack Benny algorithm. Then this sequence has a
limit P, that is,

k—o0

Furthermore, P has the following properties.

(a)
PP=P>0

(b) P = P solves

PA+ A*P — PBR'B*P+Q =0 (21.10)

(c) Every eigenvalue of the matriv A — BR™'B*P has real part less than or equal to zero.

(d) If (Q, A) has no imaginary azis unobservable eigenvalues, then every eigenvalue of the
matric A — BR™'B*P has negative real part.

PROOF. (a) Since Py solves (21.8) we have P, > 0. From consequence (ii) of fact 13, we
have that Py, < P;. Hence,
0< P <P

From this one can show that there is a matrix P such that

k—o0

and P > 0.
(b) In the limit, and using (21.9),

K := lim K, = Jim Ky = —~R'B*P

k—o0
hence, it follows from (21.8) that
P(A+BK)+ (A+ BK)'P+K*RK+Q =0 (21.11)
Substituting
K =—-R'B*P

results in (21.10).

(c) For each k, R(\) < 0 for all eigenvalues A of A+ BK. Since K = limy_.,, K; and
the eigenvalues of a matrix depend continuously on its coefficients, we must have (\) < 0
for all eigenvalues \ of A+ BK.

(d) Now suppose A+ BK has an eigenvalue A with R()\) = 0. Letting v be an eigenvector
0 to A and pre- and post-multiplying (21.11) by v* and v yields

V'K*RKv+v*"Qu =0
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Hence,

and B
A= (A+ BK)v = Av

A— )\
( 0 )v:()

that is, A is an unobservable eigenvalue of (@, A). So, if (Q, A) has no imaginary axis
unobservable eigenvalues, A+ BK has no imaginary axis eigenvalues. So all the eigenvalues
of A+ BK have negative real parts. [ |

So,

Example 212 Recall first example. Here the algorithm yields:

K2

P _ k
, —2(a + Ky)

Ky = —F
Hence,

P2
P, "k
k+1 2<—O[+Pk)

1. (@ <0): Here P = limj_,oo P, =0 and A — BR™'B*P = a < 0.
2. (a>0): Here P =limy_o P, = 2a and A — BR™!B*P = —a < 0.

3. (a=0): Here Pyy1 = P,/2 for all k. Hence, P = limy_, P, = 0 and
A— BR™'B*P = 0.
Note that this is the only case in which (@, A) has an imaginary axis unobservable
eigenvalue.

Remark 11 The matrix equation (21.10) is called an algebraic Riccati equation (ARE). Since
it depends quadratically on P, it is a nonlinear matrix equation and, in general, has more
than one solution.

Remark 12 We say that a hermitian matrix P is a stabilizing solution to ARE (21.10) if all
the eigenvalues of the matrix A — BR™!B*P have negative real parts. The significance of
this is that the controller

u=—R'B*Px

results in the asymptotically stable closed loop system:

#=(A—- BR'B*P)x
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21.4.3 Infimal cost

The following result provides a lower bound on the infimal cost J"/ () in terms of a specific
solution to the ARE.

Fact 15 (Completion of squares lemma.) Suppose R* = R > 0 and P is any hermitian
solution to ARE (21.10). Then for every initial condition xo and every continuous control
input history u(-) which guarantees

tlim z(t) =0
we have
zoPro < J(wo, u(+)) ;
hence

x5 Py < J™ (20).

PROOF. Suppose P is any hermitian solution P to the ARE (21.10), let zy be any initial
state, and consider any control history w(-) which results in lim;_., z(t) = 0. Consider the
function V' (z(-)) given by

Vi(x(t)) = 2*(t) Pu(t)

Its derivative is given by

dV(x(t))

S = 2()Pi(Y)

= 22°(t)PAz + 227 (t) PBu(t)

Utilizing the ARE (21.10) we obtain

20" PAx = x"(PA+ A"P)x
= 2*PBR'B*Pz — 2*Qux

Hence (omitting the argument ¢ for clarity),

d t
w = 2*PBR 'B*Px +22*PBu — 2*Qx
= 2*PBR 'B*Px +22*PBu+ v*Ru — 2*Qx — u*Ru

= (u+R'B*Pz)*R(u+ R'B*Pz) — 2*Qz — u*Ru

Hence

d
T*Qr + utRu = — ‘;ix) + (u+ R™'B*Px)*R(u+ R~ 'B*Px)

Considering any ¢ > 0 and integrating over the interval [0, ¢] yields

/Ot (x*Qz + u"Ru)dt = =V (z(t)) + V(x(0)) + /Ot (u+ R™'B*Px)*R(u+ R™'B*Px)dt
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Recall V(x) = 2*Px, £(0) = x¢, and lim;_,, 2(t) = 0; so, considering the limit as ¢ — oo
and recalling the definition of the cost, we have

J(zo,u(+)) = x5 Pxo + / (u+ R 'B*Px)*R(u+ R~ 'B*Px)dt (21.12)
0

Since R > 0, we immediately have
J(xo,u(:)) > x5 Pxg (21.13)

|
The next result states that for any initial state zo, the infimal cost is fPzy where P is
the limit of any sequence { Py} generated by Jack Benny algorithm.

Lemma 25 (Infimal cost lemma.) Suppose (A, B) is stabilizable, R* = R > 0 and Q* = Q >
0. Consider any sequence of matrices {P:}32, generated by the Jack Benny algorithm. Then
this sequence has a limit P, that s,

k—o0
and P has the following properties.
(a) If P is any hermitian solution to ARE (21.10), then

P>P

(b) For every initial state xy,

J" (z0) = x5 Py

(c) If there exists an optimal control history for every initial state xo then P is a stabilizing
solution to ARE (21.10).

Proor. Consider any sequence of matrices {Pk_} generated by the Jack Benny algorithm.
Then, from fact (14), this sequence has a limit P, that is,

klim P, =P
and it satisfies ARE (21.10).
Consider any initial state ¢ and any k = 1,2, .... The control history given by

uk(t) = —Rle*Pk,lx(t)

results in the cost
J(zo, ur(+)) = x5 Pro
Hence .
J (10) < a3 Prrg
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Since P is a solution to the ARE, it follows from the completion of squares lemma that
zi Py < JM(x0)

Hence
x5 Py < JM(x0) < i Peg

Considering the limit as k — oo we must have
x5 Py < J™(20) < 2Py ;

S0 ' )
J" (10) = af Py

If P is any hermitian solution to ARE (21.10), we must have
xyPro < J(xo, uk(-)) = x§Prxo
Taking the limit as k — oo, we obtain
x5 Prg < x5 Py

Since this is true for all z; we have P < P.
Suppose an optimal control history u°* exists for every zy. Then

J (g, u") = JP(x0) = Jinf(:vo) = xépxo

Recalling the proof of the completion of squares lemma, we have

J(xo,u (")) = ajPxo+ / (u' + R'B*Pz)*R(u" + R™'B*Pz) dt
0
Hence o
/ (u?' + R™'B*Pz)* R(u” + R™'B*Px) dt =0
0
Since R > 0 we must have B
u? = —R7'B*Px

Since u’'(-) is admissable, it results in lim; . Since the above is true for any initial state

xo, it follows that the system
i=(A-BR'B)x

must be asymptotically stable. Hence P is a stabilizing solution to ARE. [ ]

Remark 13 A solution to the ARE which satisfies condition (a) above is called the maximal
solution to the ARE. Clearly, it must be unique.
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21.5 Optimal stabilizing controllers

The solution to the LQR problem is based on the following matrix equation which is known
as the Algebraic Riccati Equation:

PA+ A*P — PBR'B'P+Q =0 (21.14)

Since this is a nonlinear equation in P it can have more that one solution. We will be
interested in a stabilizing solution which is defined as a hermitian matrix P with the property
that all the eigenvalues of the matrix A — BR™!B*P have negative real parts.

Theorem 32 Suppose R* = R > 0 and the ARE (21.14) has a stabilizing solution P. Then
for every initial state xq, there is a unique optimal control history u®P; it is given by

u?t(t) = —R™'B*Px(t)

and the optimal cost is
JP(z0) = x4 Prg .

PROOF. Let zy be any initial state, and consider any control history u(-) which results in
lim; . 2(t) = 0. Define the function V' given by

V(t) = z*(t)Px(t)
The derivative of V' is given by

av

= = 2 ()Pi)

= 22" (t)PAx(t) + 22" (t) PBu(t)

Utilizing the ARE (21.14) we obtain

20" PAx = xz"(PA+ A"P)x
= 2*PBR 'B*Px — 2*Qx

Hence (omitting the argument ¢ for clarity),

av

- = v*PBR'B*Pzx + 20" PBu — 2*Qx
= 2*PBR'B*Px +22*PBu+ v*Ru — 2*Qx — u*Ru

= (u+ R 'B*Px)*R(u+ R'B*Pz) — 2*Qx — u*Ru
Hence o
r*Qr + v Ru = -t (u+ R'B*Px)*R(u + R~ 'B*Px)
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Considering any ¢ > 0 and integrating over the interval [0, ] yields
t t
/ (*Qz + u*Ru)dt = =V (t) + V(0) + / (u+ R'B*Px)*R(u+ R~ 'B*Px)dt
0 0

Recall V(t) = a*(t)Px(t), x(0) = x¢, and lim; . () = 0; so, considering the limit as
t — oo and recalling the definition of the cost, we have

J (o, u(-)) =z Pxo + / (u+ R'B*Px)*R(u+ R™'B*Px)dt (21.15)
0

Since P is a stabilizing solution to ARE (21.10) the control history given by u(t) =
a(t) := —R™'B*Px(t) results in lim; .., z(t) = 0; hence

J(zg,0(+)) = x5 Pxo
Consider any other admissible control history u(-). Since R > 0, we have
J(xg,u(:)) > x5 Pxg

This implies that @ is optimal at zy and the optimal cost is z{Pxy.
Also, (21.15) implies that if any other control @ yields the optimal cost zjPxg, then the
u(t) = —R™'B*Px(t); hence u(t) = a(t). So, @ is a unique optimal control history. u

Example 213 Returning to Example 211 we have A=«a, B=1, Q =0, and R = 1. Hence
the ARE is
20P — P* =0

This has two solutions
P=P =0 P =P =2«

Hence
A— BR'B*P, = « A— BR'B*P, = —«

We have three cases.

Case 1. (aw < 0): P, =0 is the stabilizing solution and optimal controller is v = 0.

Case 2. (> 0): P, = 2« is the stabilizing solution and optimal controller is u = —2az.
Case 3. (a = 0): No stabilizing solution.

Remark 14 If P is a stabilizing solution to ARE (21.10) then, it can be shown that P must
be the maximal solution P. This follows from

xiPro = JP (10) = J™ () = af Py .

Hence there can be at most one stabilizing solution.
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21.5.1 Existence of stabilizing solutions to the ARE
Lemma 26 Suppose (A, B) is stabilizable, R* = R > 0 and Q* = Q). Then ARE (21.10) has

a stabilizing solution if and only if (Q, A) has no imaginary axis unobservable eigenvalues.

PROOF. From Fact 14 it follows that if (@, A) has no imaginary unobservable eigenvalues
then the ARE has a stabilizing solution.

We now prove the converse by contradiction. Suppose P is a stabilizing solution to ARE
and A is an imaginary unobservable eigenvalue of (@), A). Then, there is a nonzero vector v
such that

Av = )v and Qu=20

Pre- and postmultiplying the ARE by v* and v yields
2R(\)v*Pv —v*PBR'B*Pv =0
Hence, R~'B*Pv = 0 and

(A-BR'B*Pv = Av— BR 'B*Pv
= \v

that is, \ is an eigenvalue of the matrix A — BR™'B*P. This contradicts the asymptotic
stability of this matrix. [ ]

Lemma 27 Suppose (A, B) is stabilizable, R* = R > 0 and Q* = Q > 0. If (Q,A) is
detectable, then

(a) The ARE has a stabilizing solution.

(b) P is a stabilizing solution if and only if P >0

PRrROOF. Part (a) follows from previous lemma.

(b) We have already seen that if P is stabilizing then P > 0. So, all we have to show is
that if P solves the ARE and P > 0 then P must be stabilizing. To prove this we write the
ARE as

P(A+ BK)+ (A+ BK)*P+ K*RK +Q =0

where K = —R™'B*P. Hence,
P(A+BK)+ (A+BK)'P+Q <0

Since P > 0 and (Q, A) is detectable, it follows from a previous Lyapunov result that A+ BK
is asymptotically stable; hence P is stabilizing. [ ]
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21.6 Summary

The main results of this chapter are summarized in the following theorem.

Theorem 33 Suppose (A, B) is stabilizable, R* = R > 0 and Q* = @ > 0. Then the
following statements are equivalent.

(a) For every initial state xq, there is an optimal control history.
(b) (Q,A) has no imaginary azis unobservable eigenvalues.
(¢) ARE (21.10) has a stabilizing solution.

(d) ARE (21.10) has a unique stabilizing solution P; also P is positive semi-definite and
15 the mazimal solution.

Suppose any of conditions (a)-(d) hold. Then for every initial state xq, the optimal control
history is unique and is generated by the linear state feedback controller

u(t) = —R™'B*Px(t)

where P is the stabilizing solution to ARE (21.10). Also, the optimal cost is given by

JP(z0) = x} Py

Example 214 Consider the problem of finding an optimal stabilizing controller in the prob-
lem of minimizing the cost,
/ r2 +udt
0

(@1 = ary+ T2

for the system,

jfg = U
This is an LQR (linear quadratic regulator) problem with

(38) () a1 e

The pair (@, A) has a single unobservable eigenvalue o. Hence an optimal stabilizing
controller exists if and only if a # 0.

Considering
p— ( P11 P12 )
P12 D22
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(we are looking for a symmetric P) the ARE yields the following three scalar equations

20p11 — p%g =0
P11+ apia — PiaPa2a =
2p12 — P + 1 =20

)

(21.16)

We consider three cases:

Case 1 (a < 0.) The first equation in (21.16) yields p;; = p3y/a. Since we require p;; > 0
we must have

pi1=pi2=0
The second equation in (21.16) is now automatically satisfied and (requiring pss > 0) the
third equation yields
pe=1

~(59)

is the only positive semi-definite solution to the ARE; it must be the stabilizing one. The
fact that it is stabilizing is evident from

Since

_ _ —1 px* o « 1
Aqy=A-BR BP_(O _1)

So, the optimal stabilizing controller for this case is given by

U= —T2

Case 2 (o« > 0.) We obtain three positive semi-definite solutions:

o @2/204 Bi
b= ( B (1+2p)

[

> b1 =2ala+1), [r=2ala—1), pP3=0

Since (P1)11 > (Py)11, (P3)11, and the stabilizing solution is maximal, the matrix P, must

be the stabilizing solution. Let us check that P; is indeed a stabilizing solution. The
corresponding closed loop matrix,

1
Ay=A— BR'B*P, = ( _Oél (1126} )

has characteristic polynomial
q(s) = s* + a15 + ag

with

ay = (1—1-251)%—& (4a2+4a+1)%—0z
a = A—a(l+26): = 2a(a+1)—ada®+4a+1)2

vV VvV
o o
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Since all coefficients of this second order polynomial are positive, all roots of this polynomial
have negative real part; hence A, is asymptotically stable. So, the optimal stabilizing
controller for this case is given by

N

u=—2a(a+ 1)z, — (40® + da + 1)22,

Case 3 (w = 0.) We already know that there is no optimal stabilizing controller for this case.
However, to see this explicitly note that the only positive semi-definite solution to the ARE

1S
00
(07

_ _ —1 px* . 0 1
Ay = A— BR BP—(O _1>,

Since

this solution is not stabilizing; hence there there is no stabilizing solution and no optimal
stabilizing controller.
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21.7 MATLAB

>> help 1lqr

LQR Linear quadratic regulator design for continuous systems.
[K,S,E] = LQR(A,B,Q,R) calculates the optimal feedback gain
matrix K such that the feedback law u = -Kx minimizes the cost
function:

J = Integral {x’Qx + u’Ru} dt
subject to the constraint equation:
% = Ax + Bu
Also returned is S, the steady-state solution to the associated
algebraic Riccati equation and the closed loop eigenvalues E:
-1
0 =SA+A’S - SBR B’S +Q E = EIG(A-B*K)

[K,S,E] = LQR(A,B,Q,R,N) includes the cross-term N that relates
u to x in the cost function.

J = Integral {x’Qx + u’Ru + 2*x’Nu}
The controller can be formed with REG.

See also: LQRY, LQR2, and REG.
>> help 1qr2

LQR2 Linear-quadratic regulator design for continuous-time systems.

[K,S] = LQR2(A,B,Q,R) calculates the optimal feedback gain matrix
K such that the feedback law u = -Kx minimizes the cost function

J = Integral {x’Qx + u’Ru} dt
subject to the constraint equation: x = Ax + Bu
Also returned is S, the steady-state solution to the associated
algebraic Riccati equation:

-1
0 =9SA+A’S - SBR B’S +Q

[K,S] = LQR2(A,B,Q,R,N) includes the cross-term 2x’Nu that
relates u to x in the cost functional.
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The controller can be formed with REG.

LQR2 uses the SCHUR algorithm of [1] and is more numerically
reliable than LQR, which uses eigenvector decomposition.

See also: ARE, LQR, and LQE2.
>> help are

ARE Algebraic Riccati Equation solution.
X = ARE(A, B, C) returns the stablizing solution (if it
exists) to the continuous-time Riccati equation:

A’*X + X*A - X«B*X + C = 0

assuming B is symmetric and nonnegative definite and C is
symmetric.

See also: RIC.

21.8 Minimum energy controllers

Suppose we are interested in stabilizing a system with the minimum amount of control effort.
Then, we might consider the problem of minimizing

/0 )P e

& = Az + Bu and  z(0) = zg and lim z(t) = 0. (21.17)

t—o0

subject to

This is an LQR problem with ) = 0 and R = I. The corresponding ARE is
PA+ A*P -~ PBR'B*P =0. (21.18)

Since @) = 0, it follows from our main LQR result that that an optimal stabilizing controller
exists if and only if A has no imaginary eigenvalues.

The optimal controllers for this problem result in a closed loop system having the following
interesting property.

If X is an eigenvalue of A := A+ BK = A — BR™'B*P, then either \ or —\ is an
eigenvalue of A.

To demonstrate the above property, rewrite ARE as
PA4+ AP =0.
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Suppose A is an eigenvalue of A. Then there is a nonzero vector v such that Av = M.
Post-multiplying the ARE by v yields

ANPv+ A"Pv =0

If Pv # 0, then Pv is an eigenvector of A* with eigenvalue —A. Hence , — )\ is an eigenvalue
of A. If Pv =0, then Av = Av — BB*Pv = Av; hence Av = Av and ) is an eigenvalue of A.

Example 215 Suppose we wish to obtain a stabilizing state feedback controller which al-
ways minimizes [ u(t)? dt for the scalar system

Tr=ar+u.

Here

A=a, B=1, R=1, Q=0.

So the problem has a solution provided a is not on the imaginary axis. The ARE corre-
sponding to this problem,
(a+a)P—P*=0,

has two solutions
P=0 and P=a-+a.

The two corresponding values of A := A — BR™!B*P are
a and —a

respectively.

From this we can explicitly that, when a is on the imaginary axis, there is no stabilizing
P.

When a has negative real part, P = 0 is stabilizing, the optimal controller is zero and
A=A

When a has positive real part, P = a + a is stabilizing, the optimal controller is uv =
—(a+a)z and A = —a.
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21.9 H, optimal controllers*
Consider a system described by

T = Ax+ Byw+ Bsyu
= Cz+ Du

where the my-vector w(t) is a disturbance input; the mo-vector u(t) is a control input; and
the p-vector z performance output. We assume that

(i) rankD = ms.
(ii) D*C = 0.

With the above assumptions, the energy ||z||2 associated with the output is given by

]2 = / )P de = / "\ Cx(t) + Du()|? d = / " (2t Qu(t) + u(t) Ru(t)) dt
with
O=C*C and R=D'D.

Since D has full column rank, it follows that R is positive definite.
A linear state feedback controller

u= Kz
results in the closed loop system
& = (A+ ByK)x + Byw (21.19a)
= (C+ DK)x (21.19b)

Suppose that A + By K is asymptotically stable and recall the definition of the Hs-norm of
a linear system. If Gk is the impulse response matrix from w to z then the Hy norm of the

above system is given by [|Gkll2 = (trace ([} G (t)Gk(t) dt))%. Noting that
(C+ DK)"(C+DK)=C"C+ K*'D*DK

it follows that
|G k|3 = trace B} Px B,

where Py is the unique solution to
Px(A+ BoK) 4+ (A+ BoK) P+ K*D*DK + C*C = 0.
From this one can readily show that if one considers the LQ problem with
B =B, R=D"D, Q=0CC

then an optimal LQ controller minimizes the Hy norm of the closed loop system.
The observability condition on (@, A) is equivalent to:
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e The pair (C, A) has no imaginary axis unobservable eigenvalues.
So provided this condition holds the controller which minimizes |Gk ||2 is given by
u=—(D*D)'B;P
where P is the stabilizing solution to

PA+ A*P — PB(D*D)"'BiP + C*C =0

o If A+ ByK is asymptotically stable, it follows from an identity in Lyapunov revisited that
|Gkl3 = trace (C + DK)*X(C + DK)
where X is the unique solution to
(A+ BoK)X + X(A+ BoK) 4+ BB =0

The hermitian positive semi-definite matrix X is sometimes referred to as the state covariance
matrix associated with the above system.
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21.10 Exercises

Exercise 150 Consider the system
T = 2x+u,

where x and u are real scalars. Obtain an optimal stabilizing feedback controller which mini-

mizes -
/ u(t)*dt .
0

1 = —T1+ T2

Exercise 151 Consider the system

.fi,'g = ill'z—l-u,

where x1, 29 and u are real scalars. Obtain an optimal stabilizing feedback controller which

minimizes
x
/ u(t)*dt .
0

Ztl = —X2+Uu

Exercise 152 Consider the system

jfg = —I1—U

where all quantities are scalar. Obtain a optimal stabilizing feedback controller which mini-

mizes ~
/ u(t)?dt.
0

jﬁl = ar1+ T2

Exercise 153 For the system

ig = —Zo+u

Obtain a optimal feedback controller which minimizes

/OOO u(t)® dt

You may have to distinguish between different cases of «.

Exercise 154 2-link manipulator Recall the two link manipulator with measured output
y = qo. Recall the linearization of this system about

and recall its state space description.

Obtain an LQG controller for this linearized system. Apply the controller to the nonlinear
system and simulate the nonlinear closed loop system for various initial conditions. (Use zero
initial conditions for the observer.)
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21.11 Appendix

21.11.1 Proof of fact 1
Asymptotic Stability

P(A+BK)+ (A+BK)'P = P(A—BR 'B*P)+(A— BR'B*P)*P
= PA+ A*P -2PBR'B*P
— —PBK — K*B*P — K*RK —2PBR™'B*P — Q
= —PBR'B*P—-Q— (K - K)*R(K — K)

Hence
P(A+ BK)+ (A+BK)'"P+PBR'B'P+Q+ (K- K)R(K-K)=0  (21.20)
Consider any eigenvalue X of A+ BK and let v # 0 be a corresponding eigenvector. Then
2R\ v*Pv+v* (K — K)*R(K — K)v <0

First note that if
V(K —K)'R(K — K)v=20

we must have .
Kv=Kv

and hence 3
(A+ BK)v = (A+ BK)v

that is, A is an eigenvalue of A + BK. Since K is stabilizing, $(\) < 0. So suppose
v (K — K)R(K — K)v > 0. Then

2R(N)v*Pv <0

Since v*Pv > 0 we must have $(A) < 0. Since R(A) < 0 for every eigenvalue \ of A + BK,
we have asymptotic stability of A + BK.

Reduced cost: The cost associated with K is given by
J(xo, K) = x}Pxy
where P is the unique solution to
P(A+BK)+ (A+BEK)"P+ K"RK +Q =0
Substition for K yields
P(A+BK)+ (A+BK)*"P+PBR'B'P+Q =0 (21.21)
Combining (21.21) and (21.20) yields
(P~ P)(A+ BK)+ (A+ BK)(P—-P) <0
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In other words, for some hermitian positive semi-definite matrix AQ),
(P — P)(A+ BK)+ (A+BEK)(P—-P)+AQ =0

Since A + BK is asymptotically stable,

P_p— /Oo 6(A+Bf()*tAQ€(A+Bf{)t dt

0

Hence P — P > 0, or .
P<P
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Chapter 22

LQG controllers

In the previous chapter, we saw how to obtain stabilizing state feedback gain matrices K
by solving a Ricatti equation. Anytime one has a technique for obtaining stabilizing state
feedback gain matrices, one also has a technique for obtaining stabilizing observer gain
matrices L. This simply follows from the fact the A + LC is asymptotically stable if and
only if the same is true for A*+ C*K with L = K*. In this chapter, we use the results of the
last chapter to obtain an observer design method which is based on a Ricatti equation which
we call the observer Ricatti equation. We then combine these results with the results of
the previous chapter to obtain a methodolology for the design of stabilizing output feedback
controllers via the solution of two uncoupled Ricatti equations.

22.1 LQ observer

e Plant

Tz = Ax+ Bu
= Cz

where ¢ is the time variable, the n-vector z(t) is the plant state, the m-vector u(t) is the
control input and the p-vector y(t) is the measured output.

e Observer

Z. = Az.+ Bu+ L(Czx.—y)

e Error dynamics : T =z, —
= (A+LC)7
In what follows V is a p X p matrix and W is a n X n matrix.

Lemma 28 Suppose (C, A) is detectable, V* =V > 0, and W* = W > 0. Then the
following are equivalent.
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(i) The pair (A, W) has no imaginary axis uncontrollable eigenvalues.

(i) The Riccati equation

|AS + 84" — SCVICS+ W =0 (22.1)
has a hermitian solution S with A — SC*V~1C asymptotically stable.

Proor. By duality. [ ]
e We will refer to ARE (22.1) as an observer Riccati equation associated with the plant.

e We say that S is a stabilizing solution to (22.1) if A — SC*V~1(C' is asymptotically stable.
The significance of this is that if one chooses the observer gain L as

L=-SC'v (22.2)
then the error dynamics are described by the asymptotically stable system
= (A-SCV0)z

22.2 LQG controllers

Plant

z = Ax+ Bu
y = Crx

Basically we combine an LQR regulator with an L(Q observer.

So suppose the the plant satisfies the following minimal requirements for stabilization via
output feedback:

(i) (A, B) is stabilizable.
(ii) (C,A) is detectable.

Choose weighting matrices
Q R W V

(of appropriate dimensions) which satisfy the following conditions:
(i) R* = R > 0and Q* = @ > 0, and (@, A) has no imaginary axis unobservable
eigenvalues.
(ii)) V* =V > 0and W* =W > 0, and (A, W) has no imaginary axis uncontrollable
eigenvalues.

Let P and S be the stabilizing solutions to the Riccati equations
PA+ A*P —PBR'B*P+Q = 0

AS + SA* - SC*VTICS+W = 0
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LQG Controller The corresponding LQG controller is given by

i. = (A—BR'B*P)x.— SC*V~(Ca. —y)
u = —R'B*Pz,

Note that this can be written as

i. = (A—BR™'B*P— SC*V~'C)z, + SC*V~ly

v = —R'B*Pzx,

Letting # = x, — x, the closed loop system is described by

i = (A—BR'B*P)x — BR'B*Pi
i = (A-SCVIO)E

As we have seen before the eigenvalues of this closed loop system are simply the union of
those of the asymptotically matrices A — BR™'B*P and A — SC*V~'C. Hence, the closed
loop system is asymptotically stable.

22.3 H; Optimal controllers®

22.3.1 LQ observers

Consider

Tz = Ax+ Byw+ Bsyu
= Cz+ Dw

where the measurement vector y(t) is a p-vector. We assume that
(i) rankD =p
(i) DB: =0

With an observer
.= Az, + Bou + L(Cx. —vy),

the corresponding observer error dynamics are described by
&= (A+LC)z+ (B, — LD)w.

Note that
(B1 — LD)(B, — LD)" = BiBy + LDD*L*

Consider any “performance variable”



Suppose A + LC' is asymptotically stable and G, is the impulse response matrix from w to
Z. Then, the Hy norm of GG, is given by

[terlE: :/ trace (G*(t)G(t)) dt = MS,M*
0

where Sy, uniquely solves
(A+ LC)S, + SL(A+ LC)" + LDD*L*+ BBy =0

With
V =DD" W = BBy
the corresponding L) observer minimizes the Hy norm of Gy.
The controllability condition on (A, W) is equivalent to:

e The pair (A, B;) has no imaginary axis uncontrollable eigenvalues.

So provided this condition holds the observer gain which minimizes the Hy norm of G,
is given by
L=-SC*(DD*)™*

where S is the stabilizing solution to

AS + SA* — SC*(DD*)"'C'S + BiB; = 0

22.3.2 LQG controllers

Consider
Tz = Ax + Blw + BQU

le + Dlgu
y = Cox + Dyw

w
I
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Chapter 23

Systems with inputs and outputs: IT*

Recall

Tz = Ax+ Bu
o S (23.1)

23.1 Minimal realizations

Recall that (A, B,C, D) is a realization of a transfer matrix G if
G(s)=C(sI — A)~'B+D.

e A realization is minimal if the dimension of its state-space is less than or equal to the state
space dimension of any other realization.

SISO systems. Consider a SISO system described by
RN UC)
G(s) = a0s)

where n and d are polynomials. If n and d are coprime (i.e., they have no common zeros),
then the order of a minimal realization is simply the degree of d.

Equivalent systems. System
t = Ar+ Bu
y = Cx+ Du
is equivalent to system . ) )
T = AT+ Bu
y = CT+ Du
if there is a nonsingular matrix 7" such that
= T'AT B = T'B
cT D = D

Qs
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Theorem 34

(i) (A, B,C, D) is a minimal realization of G(s) iff (A, B) is controllable and (C,A) is
observable.

(i1) All minimal realizations are equivalent.

23.2 Exercises

Exercise 155 Obtain a state space realization of the transfer function,

1 1
R s—1 s—1
G(s) =
1 1
s+1 s+1

Is your realization minimal?

Exercise 156 Obtain a state space realization of the transfer function,

G(s):{ s ]

s—1 s+1

Is your realization minimal?

Problem 2 Obtain a minimal state space realization of the transfer function

A s2—3s+2
G(s) = ————.
(5) s24+s5—2
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Chapter 24

Time-varying systems*

24.1 Linear time-varying systems (LTVs)

Here we are concerned with linear time-varying systems (LTVs) systems described by

i(t) = A®)z(t) + Bt)u(t)

y(t) = C(H)x(t) + D(t)u(t) (24.1)

where ¢ is the time variable, the state x(t) is an n-vector, the input u(t) is an m-vector while
the output y(t) is a p-vector. We suppose that the time-varying matrices A(t), B(t), C(t), D(t)
depend continuously on .

24.1.1 Linearization about time-varying trajectories

Consider a nonlinear system described by

T = F(z,u) (24.2a)
= H(z,u). (24.2Db)

Suppose u(-) is a specific time-varying input history to the nonlinear system and z(-) is any
corresponding state trajectory. Then

2(t) = F(2(t),u(t)) .
Let y(-) be the corresponding output history, that is,
y(t) = F(y(t),u(t)) .
Then, introducing the perturbed variables
ox=x—r and du=u—u and dy=y—1,
the linearization of system (24.2) about (z, u) is defined by
d& = A(t)ox + B(t)ou (24.3a)
dy = C(t)dx + D(t)ou (24.3b)
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where
A = S0 a0) and BE) = (), a(r)

) = 2lam.am) mad o) = D)),

Note that, although the original nonlinear system is time-invariant, its linearization about a
time-varying trajectory can be time-varying.

24.2 The state transition matrix

Consider a linear time-varying system described by

&= A(t)z (24.4)

where t is the time variable, z(t) is an n-vector and the time-varying matrix A(t) depends
continuously on t.

Fact 16 We have existence and uniqueness of solutions, that s, for each initial condition,
l’(to) =Xy, (245)

there is a unique solution to the differential equation (24.4) which satisfies the initial condi-
tion. Also, this solution is defined for all time.

Fact 17 Solutions depend linearly on initial state. More specifically, for each pair of times
t,to, there is a matriz ®(t,tg) such that for every initial state xq, the solution x(t) at time t
due to initial condition (24.5) is given by

[E(t) = CI)(t, to)ZL‘O

The matrix ®(¢,%o) is called the state transition matrix associated with system (24.4).
Note that it is uniquely defined by

O(tg, tg) = 1
0P
—(t,t = A(t)®(t,t
at(a 0) () (7 0)
LTI systems
T = Ax

B(t, ty) = 1)
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Scalar systems. Consider any scalar system described by
T =a(t)x

where z(t) and a(t) are scalars. The solution to this system corresponding to initial condition
x(tg) = o is given by
't
2(t) = el Mg
Hence,
't
Dt ty) = e‘jio a(r)dr

Some properties of the state transition matrix

(a)
Cb(t27 tl)(P(tl, to) = @(tg, to)

(b) ®(t,t0) is invertible and
D(tg,t) = B(t, o) "

(c)

0P

8_t0(t’t0) = —®(t,t9) A(to)
(d)

det[®(1, to)] = exp /t ' trace [A()] dr

Computation of the state transition matrix. Let X be the solution of

X(t) = ABDX() (24.6a)
X(0) = I (24.6b)

where [ is the n x n identity matrix. Then X (¢) = ®(¢,0). Hence, using property (b) above,
X (to)~t = ®(0,ty) Now use property (a) to obtain

O(t,tg) = X (1) X (to) " (24.7)

24.3 Stability

Recall that when A is a constant matrix, system (24.4) is asymptotically stable if and only
if all the eigenvalues of A have negative real parts. This leads to the following natural
conjecture: system (24.4) is asymptotically stable if the eigenvalues of A(t) have negative
real parts for all time ¢. This conjecture is, in general, false. This is demonstrated by the
following example. Actually, in this example, the eigenvalues of A(t) are the same for all ¢
and have negative real parts. However, the system has unbounded solutions and is unstable.
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Example 216 (Markus and Yamabe, 1960.) This is an example of an unstable second
order system whose time-varying A matrix has constant eigenvalues with negative real parts.
Consider ,
—1+acos*t 1 —asintcost
1 —asintcost 1+ asin“t
with 1 < a < 2. Here,

6(afl)t

a—1)t

el sint e tcost

O(t,0) = { B

Since a > 1, the system corresponding to this A(#) matrix has unbounded solutions. However,
for all ¢, the characteristic polynomial of A(t) is given by

cost e lsint }

p(s) =5+ (2—a)s+2

Since 2 — a > 0, the eigenvalues of A(t) have negative real parts.

24.4 Systems with inputs and outputs

e The solution to (24.8) is uniquely given by

z(t) = O(t,t9)xo +/ O(t, 7)B(T)u(r) dr

to

Impulse response matrix

y(t) = C()B(t, to)ao + / t C)D(t, 7)B(r)u(r) dt + D(t)u(t)

to

Hence, for z(ty) =0,

y(t):/t G(t, T)u(r)dr

where
G(t,7):=Ct)®(t,7)B(1) + D(1)d(7)
24.5 DT
z(k) = (K, ko) To
——

state transition matrix

406



Fact 18

(b)

(¢)

LTI

O(ko, ko) = I
O (kg k1 )®(ky, ko) = D(ka, ko)
Ok + 1, ko) = A(k)D(k, ko)

(k) = A*
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Chapter 25

Appendix A: Complex stuff

25.1 Complex numbers

Think about ordered pairs (o, 3) of real numbers «, § and suppose we define addition oper-
ation and a multiplication operation by

(o, 8) + (7,6) = (a+~,8+9)
(o, B)(7,0) = (ay — 85,6 + B)

respectively. It can readily be shown that these two operations satisfy the ‘usual’ rules of
addition and multiplication for real numbers.

Consider now any two ordered pairs of the form (a,0) and (v,0). Using the above
definitions of addition and multiplication we obtain

(@, 0) + (7,0) = (@ +7,0)

and
(a,0)(8,0) = (B, 0)

(check it out) So we can identify each ordered pair of the form (o, 0) with the real number
a and the above definitions of addition and multiplication reduce to the usual ones for real
numbers.

Now consider j := (0, 1). Using the above definition of multiplication, we obtain

7% =(0,1)(0,1) = (-1,0)
In other words (identifying (—1,0) with the real number —1),
jP=-1
We also note that for any real number (3,
38 =(0,1)(8,0) = (0,5)
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hence,

(Oé,ﬁ) = (Oé,O)—I-(O,ﬁ) =a+jp

If we regard the set C of complex numbers as the set of ordered pairs of real numbers
for which an addition and multiplication are as defined above, we arrive at the following
representation of complex nubers.

e A complex number A\ can be written as

A=oa+78

where o, 3 are real numbers and j2 = —1. The real numbers o and 3 are called the real part
and imaginary part of A and are denoted by

respectively.
Note
(a+jB) + (v+jo) =a+y+j(B+9)

and

(a+iB)(v+j6) = ay+jad+ jBy+ 5266
= (ay—p30)+ j(ad + Bv)

In other words, we recovered our original definitions of complex addition and multiplication.

o If \ = a + 3, its complex conjugate X is defined by

Ai=a— 0
Some properties:
1 _
1 _
S — —(\—
SN = (=)

e The absolute value of X:

A = VA
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e Suppose p is an n-th order polynomial, i.e.,
p(s) =apg+ais+ ...+ a,s"

where each coefficient a; is a complex number and a,, # 0. A complex number A is a root or
zero of p if

p(A) =0
Each p has at least one root and at most n distinct roots. Suppose p has [ distinct roots,

)\17 )\2, ey )\l; then
l

p(s) = ay, H(s — )™

=1

The integer m; is called the algebraic multiplicity of \;.

Suppose
p(s) =ao+ais+ ...+ aps"

and define
p(s) =ap+ais+ ...+ aps"
Then ) is a root of p iff X is a root of p. To see this note that p(\) = p(A), hence

pA=0 iff  p(N) =0
Real coefficients. If the coefficients a; of p are real, then the roots occur in complex

conjugate pairs, i.e., if A is a root then so is \.

25.1.1 Complex functions

The exponential function

e D R

n!

It satisfies:
de*

dz

:ez

and

Atn) A

Can define cos(\) and sin(A). They satisfy
cos(A)? +sin(\)? =1

Also, for any complex A

e’ = cos(A) + 7sin(\)
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Hence, for any real number [,
e = cos(8) + ysin(9)

and

@ = \/cos(B) +sm(B)? = 1

Also,
elatiB) — gapiB _ oo cos 3+ je“sin 3

Hence,
e8| = |e?| || = e~
25.2 Complex vectors and C"

Read all the material on real vectors and replace the word real with the word complex and

R with C.
If z € C", the complex conjugate of x:

Some properties:

e = AT
Rr) = ga+)
() = %(x—x)

25.3 Complex matrices and C"""

Read all the material on real matrices and replace the word real with the word complex and

R with C
If Ae ™", the complex conjugate of A:

Am1 Qma - - Qmp



Some properties:

s
=E
o x| O
Il |
RRIPTIRS
U:J::N_Fl

o

A* - AT
a1 a1 .. Qi
12 A29 ... Gma
A1y Aoy .. Qmp

Some properties:

(A+B)" = A"+ B"

(NA)* = AA*
(AB)* = B*A”
DEFN. A is hermitian if
A = A

413



414



Chapter 26

Appendix B: Norms

26.1 The Euclidean norm

What is the size or magnitude of a vector? Meet norm.

e Consider any complex n vector x.
The Fuclidean norm or 2-norm of x is the nonegative real number given by

1
o] := (Jza* + ..+ |2af*)?

Note that

lzl| = (Zia1+ ...+ Zpwn)?

1
= (x*l‘) 2
If x is real, these expressions become

lz|| = (22+...+22):

>> norm([3; 4])
ans = 5
>> mnorm([1; j1)

ans = 1.4142

Note that in the last example 272 = 0, but z*z = 2.

Properties of || - ||. The Euclidean norm has the following properties.
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(i) For every vector z,
||| =0

and
llz|]| =0 iff  x=0

(ii) (Triangle Inequality.) For every pair of fectors x, y,

[z +yll < [l + 1]yl

(ili) For every vector x and every scalar A.

Azl = A[l]]

Any real valued function on a vector space which has the above three properties is defined
to be a norm. Two other commonly encountered norms on the space of n-vectors are the
1-norm:

[lly := faa] 4+ ]

and the co-norm:
lalloo := max |z

As a example of a norm on the set of m x n matrices A, consider
m n %
1
|A| = Tr(A’A)2 = (ZZ \Aij|2>
i=1 j=1

where Tr(M) denotes the trace of a square matrix M, that is the sum of its diagonal elements.
This norm is called the Frobenius norm and is the matrix analog of the Euclidean norm for
n-vectors. We will meet other matrix norms later.
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Chapter 27

Appendix C: Some linear algebra

All the definitions and results of this section are stated for real scalars. However, they also
hold for complex scalars; to get the results for complex scalars, simply replace ‘real” with
‘complex’ and IR with C.

27.1 Linear equations

Many problems in linear algebra can be reduced to that of solving a bunch of linear equa-
tions in a bunch of unknowns. Consider the following m linear scalar equations in n scalar
unknowns 1, xs, ..., T,:

a1171 + a1y + -+ apx, = by

9171 + AooXoy + -+ + agnx, = by
(27.1)

Am1T1 + Qa2 + - - - + App®y, = bm

Given the scalars a;; and b;, a basic problem is that of determining whether or not the
above system of linear equations has a solution for xy,xs, -+ ,x, and, if a solution exists,
determining all solutions.

One approach to solving the above problem is to carry out a sequence of elementary
operations on the above equations to reduce them to a much simpler system of equations
which have the same solutions as the original system. There are three elementary operations:

1) Interchanging two equations.
2) Multiplication of an equation by a nonzero scalar.
3) Addition of a multiple of one equation to another different equation.

Each of the above operations are reversible and do not change the set of solutions.

The above approach is usually implemented by expressing the above equations in matrix
form and carrying out the above elementary operations via elementary matrix row operations.
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Introducing

by 11 Q12 - Qip X1
by Q21 Q22 -  Q2p X2

b= . ) A= : : , and T = ,
bm Am1 Qm2 - Amn Tp

the above system of scalar equations can written in matrix form as:
Ax =10 (27.2)

where x is an n-vector, b is an m-vector and A is an m X n matrix.

Elementary row operations. The above elementary operations on the original scalar
equations are respectively equivalent to the following elementary row operations on the aug-
mented matrix:

(A D)
associated with the scalar equations.

1) Interchanging two rows.
2) Multiplication of a row by a nonzero scalar.
3) Addition of a multiple of one row to another different row.

The reduced row echelon form of a matrix. Consider any matrix M. For each non-
zero row, the leading element of that row is the first non-zero element of the row. The
matrix M is said to be in reduced row echelon form if its structure satisfies the following four
conditions.

1) All zero rows come after the nonzero rows.

2) All leading elements are equal to one.

3) The leading elements have a staircase pattern.

4) If a column contains a leading element of some row, then all other elements of the column
are zero.

This is illustrated with the following matrix.

0o --- 0 * 0O *« -+ 0 -+ =
0 -~ 0 0 0 N T
T (21.3)
0 00 0 -+ 0 0 0 0
0 0 0 0 - 0 0 0

So, the matrices

w
w

ooH

OHO
]
OOH

S O N
OHO
HOO
=~

o O O
DO

OOOH

o O O O

OOHO
S O W N
OHOO



are in reduced row echelon form, whereas the following matrices are not in reduced row
echelon form.

2 0 3 (1] o o0 3
00 0 0 0 [2] 0 0
0 0 4 0 0 [1] 4

The above matrices respectively violate conditions 1, 2, 3, 4 above.

0 [1] 1] 2 0 o0
2 0
0

2 3
5 0
0 0

=[=]
oo
oo
<[]

Fact 19 FEvery matriz can be transformed into reduced row echelon form by a sequence of el-
ementary row operations. Although the sequence of row operations is not unique, the resulting
row echelon form matriz is unique.

We will denote the row echelon form of a matrix M by rref (M). The following example
illustrates how to obtain the reduced row echelon form of a matrix.

Example 217

0 2 2 4 =2
M=|12 3 4 -1
2020 2

=

We reduce M to its reduced row echelon form as follows:

0 2 2 4 -2

1 2 3 4 -1

020 2
Interchange Rows 1 and 2.

1 2 3 4 -1

0 2 2 4 -2

Add multiples of row 1 to all suceeding rows.

)
o
B

-2

Multiply row 2 by 1/2.

1 2 3 4 -1
0 1 1 2 -1
0 4 -4 -8 4

Add multiples of row 2 to all succeeding rows.

o O =
)
S = W
SN
oL L

Add multiples of row 2 to all preceeding rows.

—_
—_
o
—_

o O
O =
[
O N
o L

Sometimes the leading elements of a reduced row echelon matrix are called pivots.
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Gauss-Jordan procedure for solving systems of linear equations. Recall the prob-
lem of solving the system of scalar linear equations (27.1) or their vector/matrix counterpart
(27.2). The Gauss-Jordan procedure is a systematic method for solving such equations. One
simply uses elementary row operations to transform the augmented matrix [Ab] into its re-
duced row echelon form which we denote by [A b]. Since [A b] is obtained from [A b] by
elementary row operations, the set of vectors x which satisfy Az = b is exactly the same as
the set which satisfy Az = b. However, since [A b] is in reduced row echelon form, it can
be simply determined whether or not the equation Az = b has a solution for x, and, if a
solution exists, to determine all solutions.

Example 218 Determine whether or not the following system of linear equations has a
solution. If a solution exists, determine whether or not it is unique; if not unique, obtain an
expression for all solutions and give two solutions.

y—22z = 4

r—y = 1
3r—3y+4z = -9
—2y+ 10z = —-26

Here the augmented matrix is given by

0 1 -2 4
1 -1 0 1
3 -3 4 -9
0 -2 10 —26

(A b):

Carrying our elementary row operations, we obtain

0 1 -2 4 1] -1 0o 1 1] -1 0o 1
1 -1 0 1 0 1 -2 4 0 [1] -2 4 0
— —
3 -3 4 -9 3 -3 4 -9 0 0 4 -12 0
0 —2 10 —26 0 —2 10 —26 0 —2 10 —26 0
1 1] -1 1

0 [1] -3 0

0 6 —18 0

1] -1 0o 1 1] -1 0 0
0 [1] =2 4 |__ [ o [1] =2 4 0 0
0 0 [1] -3 0 0 [1] -3 0
0 0 0 0 0 0

The reduced row echelon form of [A b] (the last matrix above) tells us that the original
equations are equivalent to:

r = —1
= =2
z = =3
Thus, the original equations have a unique solution given by x = —1, y = —2 and z = —3.
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—1

[=lo

0
0

0
-2
4
6

0
0

1
4
—12
—18

-1
-2

1] -3

0

0



From the above procedure we see that there are three possibilities when it comes to
solving linear equations:

1) A unique solution.
2) Infinite number of solutions.

3) No solution.
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MATLAB.

help rref

RREF

Reduced row echelon form.

R = RREF(A) produces the reduced row echelon form of A.

[R,jb] = RREF(A) also returns a vector, jb, so that:
r = length(jb) is this algorithm’s idea of the rank of A,

x(jb) are the bound variables in a linear system, Ax =

A(:,jb) is a basis for the range of A,
R(1:r,jb) is the r-by-r identity matrix.

b,

[R,jb] = RREF(A,TOL) uses the given tolerance in the rank tests.

Roundoff errors may cause this algorithm to compute a different
value for the rank than RANK, ORTH and NULL.

See also RREFMOVIE, RANK, ORTH, NULL, QR, SVD.

Overloaded methods
help sym/rref.m

Exercises

Exercise 157 Determine whether or not the following system of linear equations has a

solution.

obtain an expression for all solutions.

rT —
rT —
—2331 +
21’1 —

T2
T2
2552
233'2

—|— 2[[‘3
+ 3

+

+

Ly

2%4
3:13'4

If a solution exists, determine whether or not it is unique, and if not unique,

Exercise 158 Determine whether or not the following system of linear equations has a
solution. If a solution exists, determine whether or not it
expression for all solutions and given two solutions.

T
2%1
T
T

_|_

21’2
3.7?2

X2

+
+

4.1'3
533‘3
21‘3
T3

Exercise 159 Determine whether or not the following
solution. If a solution exists, determine whether or not it
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-1
-1
1
2

system of linear equations has a
is unique; if not unique, obtain an



expression for all solutions and give two solutions.

r1 — 2?[72 r3 — 21’4 = -1
—3ZE1 + 71’2 - 31’3 + 71’4 = 4
21}1 — To + 21’3 — T4 = 2

Exercise 160 Determine whether or not the following system of linear equations has a
solution. If a solution exists, determine whether or not it is unique; if not unique, obtain an
expression for all solutions and give two solutions.

T2 + x4 = 2
2$1 + 3952 + 21‘3 + 333'4 = 8
1 + X9y + x3 + x4 = 3

Exercise 161 Determine whether or not the following system of linear equations has a
solution. If a solution exists, determine whether or not it is unique; if not unique, obtain an
expression for all solutions and given two solutions.

Ty — 229 — 4dx3 = -1
2%‘1 - 3(132 - 51‘3 = —1
T —|— 21E3 = 1
T + ) + 5l‘3 = 2

Exercise 162 Determine whether or not the following system of linear equations has a
solution. If a solution exists, determine whether or not it is unique; if not unique, obtain an
expression for all solutions and given two solutions.

y—22z = 4

rT—y = 1
3r—3y+4z = -9
—2y+ 10z = —-26

Exercise 163 We consider here systems of linear equations of the form

Axr =10
1
with T = T9
x3

For each of the following cases, we present the reduced row echelon form of the augmented
matrix [Ab]. Determine whether or not the corresponding system of linear equations has a
solution. If a solution exists, determine whether or not it is unique; if not unique, obtain an
expression for all solutions and given two solutions.

1500 1 206 P o
@loo1o] m[lo 01 4] (o (d)

000 1 0 00 0 0 0 01 0010

0 00O 0 0 01
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27.2 Subspaces

Recall that a vector space is a set equipped with two operations, vector addition and mul-
tiplication by a scalar, and these operations must satisfy certain properties. The following
concept generalizes the notion of a line or a plane which passes through the origin.

A non-empty subset S of a vector space is a subspace if for every pair of elements x,y in
S and every pair of scalars «, 3, the vector ax + [y is contained in S.

In other words, a subset of a vector space is a subspace if it is closed under the operations
of addition and multiplication by a scalar. Note that a subspace can be considered a vector
space (Why?). An immediate consequence of the above definition is that a subspace must
contain the zero vector; to see this consider v and 3 to be zero.

Example 219 Consider the set of real 2-vectors x which satisfy
1 — T = 0

This set is a subspace of IR?. Note that the set of vectors satisfying

Figure 27.1: A simple subspace

Ty — Ty — 1=0
is not a subspace.

Example 220 Consider any real m x n matrix A and consider the set of real n-vectors x
which satisfy
Az =0

This set is a subspace of R".

Example 221 The set of real matrices of the form

(57)

is a subspace of the space of real 2 x 2 matrices.

Example 222 As a more abstract example of a subspace space, let V be the set of con-
tinuous real-valued functions which are defined on the interval [0, co)and let addition and
scalar multiplication be as defined earlier Suppose W be the subset of V which consists of
the differentiable functions V. Then W is a subspace of V.
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27.3 Basis

27.3.1 Span (not Spam)

Consider a bunch X of vectors. A linear combination of these vectors is a vector which can
be expressed as
arxt + apr? 4+ .+ apa™

where each 2’ is in the bunch and each «; is a scalar.

The span of a bunch X of vectors is the set of all vectors of the form
a1zl + a4+ .+ ™

where each x° is in the bunch and each oy is a scalar; it is denoted by span X .

In other words, the span of a bunch of vectors is the set of all linear combinations of
vectors from the bunch.

Exercise 164 Show that span X is a subspace.

w{(5) (1))

To see this, note that any element z of IR? can be expressed as

T o 1 + 0
) . 0 2 1
Example 224
10 0 1 0 0 0 0  2x2
we{(o0)-(00)-(10)(50)}-x

To see this, note that any element A of IR**? can be expressed as:
ailr ai2 — 10 +a 0 1 t+a 0 0 +a 0 0
az1 azx ) L0 0 2lo0 0 10 2 01

Fact 20 Consider a bunch X of vectors. The following ‘experiences’ do not affect span.

Example 223

(a) Multiplication of one of the vectors by a nonzero scalar.

(b) Replacing a vector by the sum of itself and a scalar multiple of another (different)
vector in the bunch.

(¢c) Removal of a vector which is a linear combination of other vectors in the bunch.

(d) Inclusion of a vector which is in the span of the original bunch.
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Span and rref. One can use rref to solve the following problem. Given a bunch of n-

vectors x',x?,- -+, x™ and another n-vector b, determine whether or not b is in the span of
the bunch. To solve this problem, consider any linear combination a; !4 ex®+. . .+, 2™ of
the vectors o', 22, - -+, 2™. Let A be the matrix whose columns are the vectors 2!, 22, --- | 2™,
that is,

A:(xl 2 ... xm)
and let o be the m-vector whose components are aq, - - - , a,,, that is,

a=[a; ay - an]’.

Then the above linear combination can be expressed as
g
1 2 m 1,2 m @2
a1 4 a4+ ...+ T :(x x© - x ) ) = A«a.
Qm
Thus, b is in the span of the bunch if and only if the equation
Aa=1b

has a solution for a. One can determine whether or not a solution exists by considering
M = rref(M) where
M=[Ab=(a' 2* -~ 2™ b).

Example 225 Suppose we wish to determine whether or not the vector (1,1, —1) is a linear
combination of the vectors

2 0 -1
1], 3], 1
1 1 0
Since
2 0 —1 1 1 0 =05 0
rref 1 3 1 1 =101 050 ],
11 0 =2 00 0 1

it follows that the first vector is not a linear combination of the remaining three.

27.3.2 Linear independence

m

A bunch of vectors, ', x2,... ™ is linearly dependent if there exist scalars oy, o, ..., Qy,

not all zero, such that
' + o + .+ ™ =0 (27.4)

The bunch is linearly independent if it is not linearly dependent, that is, the bunch is linearly
independent if and only if (27.4) implies that

a1, Q9, ..., 0, =0
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If the bunch consists of a single vector, then it is linearly independent if and only if that
vector is not the zero vector. If a bunch consists of more than one vector, then it is linearly
dependent if and only if one of the vectors can be expressed as a linear combination of the
preceding vectors in the bunch, that is for some j,

o=t + Bt + ..+ ﬁj_lxj_l

for some scalars (.

Example 226 The following bunches of vectors are linearly dependent.

1 7 3
21,16 |, 2
3 5 1

(09)(32)

Example 227 The following bunches of vectors are linearly independent.

(a)

1 7
2 |, 6
3 5



0 0 0
1 0 0
2 5 0
3 ’ 6 ’ 0
4 4 203
494 74 11
To see this:
0 0 0 0
1 0 0 0
q 2 + g o + as 0 _ |9
3 6 0 0
4 4 203 0
494 74 11 0
implies
(03] =0
20&1 + 5@2 =0

40&1 + 40&2 + 2030&3 =0

The first equation implies a; = 0; combining this with the second equation yields
as = 0; combining these results with the last equation produces a3 = 0. So, no
nontrivial linear combination of this bunch equals zero; hence the bunch is linearly

independent.
10 01 0 0 0 0
00/ 00/)”\10)”\01

Exercise 165 Useful generalization of example 227 (d)
Consider a bunch of m vectors in IR" (m < n) which have the following structure.

0 0 0
0
1
X
n ) 0 ) )
. 2
an O
. m
./L'nm
1 2 m
Ty s Tyyo oo Ty # 0

In words, the first n;—1 components of the i-th vector are zero; its n; component is nonzero;
and n; <ng < ...<ny,, .
Prove that this bunch is linearly independent.
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e Consider a bunch

R
of vectors. It can readily be shown that:
Fact 21 The following ‘experiences’ do not affect linear independence status.

(a) Multiplication of one of the vectors by a nonzero scalar.

(b) Replacing a vector by the sum of itself and a scalar multiple of another (different)
vector in the bunch.

(¢c) Removal of a vector from the bunch.

(d) Inclusion of a vector which is not in the span of the original bunch.

Using rref to determine linear independence. Suppose we want to determine whether

or not a bunch of n-vectors, x!, 2%, --- 2™, are linearly independent. We can achieve this
using rref. To see this, consider any linear combination a;z! +as2?+. . . +ay, 2™ of the vectors
at 2% .- 2™ Let A be the n x m matrix whose columns are the vectors z!, 22, --- , 2™,
that is,

A= (ot 2* - am™),
and let o be the m-vector whose components are aq, - - - , «,,, that is,

T
a=[o ay - ay | .

Then the above linear combination of vectors can be expressed as

a

&%)
oz’ 4+ ape™ = (2t 2? - 2™ , = Ao

Om

Thus the linear combination is zero if and only if Aa = 0. Letting A be the reduced row
echelon form of A, it follows that « satisfies Ao = 0 if and only if Aa = 0. So, the columns
of A are linearly independent if and only if the columns of A are linearly independent. More-
over, a column of A is a linear combination of the preceding columns of A if and only if the
corresponding column of A is the same linear combination of the preceding columns of A.
From the above observations, we can obtain the following results where A is the reduced row
echelon form of A.

(a) The vectors are linear independent if and only if every column of A contains a leading
element, that is, the number of leading elements of A is the same as the number of vectors.

(b) If A has a zero column, then the corresponding z-vector is zero; hence the vectors are
linearly dependent.
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(c) If a non-zero column of A does not contain a leading element, then the corresponding
vector can be written as a linear combination of the preceding vectors, hence the vectors are
linearly dependent.

Example 228 Show that the vectors,

1 1 1
1 1 1
1171 -1 |’ 3 |7
—1 0 -2
are linear dependent.
Solution:
1 1 1 10 2
rrof 1 1 1 _ 01 —1
1 -1 3 00 O
-1 0 =2 00 O

The vectors are linearly dependent. The third vector is the twice the first vector minus the
second vector.

Example 229 Are the vectors

1 1 1
1 ) -1 ’ 1 )
2 0 -1
linearly independent?
Solution:

1 1 1 100

rref 1 -1 1 =1010
2 0 -1 0 01

The vectors are linearly independent.
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27.3.3 DBasis

A basis for a vector space is a bunch of linearly independent vectors whose span is the space.

A vector space is called finite dimensional if it has a finite basis; otherwise it is infinite
dimensional.

For a finite dimensional vector space V, it can be shown that the number of vectors in
every basis is the same; this number is called the dimension of the space and is denoted
dim V. We refer to a vector space with dimension n as an n-dimensional space. In an
n-dimensional space, every bunch of more than n vectors space must be linearly dependent,
and every bunch of n linearly independent vectors must be a basis.

Example 230 The following vectors constitute a basis for IR* (Why?) :

(o) (1)

Hence IR? is a 2-dimensional space (Big surprise!).

Example 231 The following vectors constitute a basis for IR**? (Why?) :

10 01 0 0 0 0
00 )’ 0 o0 )’ 10 )° 0 1
Hence IR**? is a 4-dimensional space.

Example 232 The following vectors constitute a basis for the subspace of example 221.

10 0 1 00

00 )’ 10 ) 0 1
Exercise 166 Give an example of a basis for IR* and for IR?**. What are the dimensions
of these spaces?

Coordinates. If e!,e?,...,e" is a basis for an n-dimensional vector space, then every
vector x in the space has a unique representation of the form:

r=&e + &P+ &t

The scalars &, &, -+ ,&, are called the coordinates of & wrt the basis e',e?,...,e". Thus
there is a one-to-one correspondence between any real n-dimensional vector space and IR".

&1

— &

T : .
&n
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Any linear map from a real n-dimensional V space to a real m-dimensional space W can
be ‘uniquely’ represented by a real m xn matrix; that is, there is a one-to-one correspondence
between the set of linear maps from V to W and IR™*". This is achieved by choosing bases
for ¥V and W.

27.4 Range and null space of a matrix

27.4.1 Null space
Consider any real m x n matrix A.

The null space of A, denoted by N (A), is the set of real n-vectors x which satisfy
Arx =0

that is,
N(A) ={zr eR": Az =0}

e N(A) is a subspace of R". (Exercise)
e The nullity of A is the dimension of its null space, that is,
nullity A := dim N (A)

Determining the null space of a matrix A simply amounts to solving the homogeneous
equation Az = 0. This we can do by obtaining rref (A).

Example 233 A null space calculation
Let’s compute a basis for the null space of the following matrix.

0 2 2 4 =2
A=1(1 2 3 4 -1
2020 2

We saw in Example 217 that the reduced row echelon form of A is given by

R 1 010 1
A=|1011 2 -1
000O0 O
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Hence, the vectors in the null space of A are those vectors x which satisfy Az = 0, that is,

T+ 23 +T5 = 0
To+x3+204—25 = 0

these equations are equivalent to
ry = —X3— Tj
Ty = —T3— 2wy + 5

Hence, we can consider x3, x4, x5 arbitrary and for any given x3, x4, 5, the remaining com-
ponents x; and x9 are uniquely determined; hence, all vectors in the null space must be of

—XT3 — I5 -1 0 —1
—x3 — 21’4 + T -1 —2 1
x3 = T3 1 + x4 0 + 5 0

T4 0 1 0

Ty 0 0 1

where x3, x4, x5 are arbitrary. Thus the null space of A is the subspace spanned by the three
vectors:

-1 0 —1
-1 -2 1
1 0 0
0 1 0
0 0 1

Since the three vectors are linearly independent, they form a basis for the null space of A;
hence the nullity of A is 3.

Example 234 Consider any non-zero (angular velocity) matrix of the form:

0 —Wws (o)
A= w3 0 —Ww1
—W2 w1 0

The null space of A is the set of vectors x which satisfy:

—W3T2 + wox3 = 0
W3x1 — wixg = 0
—Wol1 + w19 =0

Every solution to these equations is a scalar multiple of

w1
r = W2
w3

Hence, the null space of A is the 1-dimensional subspace of IR* spanned by this vector.

e The set of equilibrium states of a continuous LTI system & = Ax is the null space of A.

e The set of equilibrium states of a discrete LTI system x(k+1) = Ax(k) is the null space of
A—1.
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27.4.2 Range

Consider a real m X n matrix A.

The range of A, denoted by R(A), is the set of m-vectors of the form Ax where x is an
n-vector, that 1s,
R(A) :={Az:z € R"}

Thus, the range of A is the set of vectors b for which the equation Az = b has a least one
solution for z.

e R(A) is a subspace of IR™. (Exercise)
The rank of A is the dimension of its range space, that is,

rank A == dim R(A)

Since
Az(al as ... an)
where aq,as, ..., a, are the columns of A, it should be clear that
I
T2
A:c:(al as ... an) ) =z1a; +Toa2+ ...+ x50,
T

Hence, the range of a matrix is the set of all linear combinations of its columns. Thus the
rank of A equals the maximum number of linearly independent columns of A.

From Fact 20 it should be clear that if a matrix A is obtained from a matrix A by a
sequence of the following operations then A and A have the same range.

(a) Interchanging two columns.
(b) Mutiplication of one of the columns by a nonzero scalar.

(c¢) Replacing a column by the sum of itself and a scalar multiple of another (different)
column in the bunch.

(d) Removal of a column which is a linear combination of other columns in the bunch.

(e) Inclusion of a column which is a linear combination of other columns in the bunch.

Calculation of range basis and rank with rref

Here, we present two ways to calculate a basis for the range of a matrix using rref.
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Method one: rref(A) A basis for the range of A is given by the columns of A corre-
sponding to the columns of rref(A) which contain leading elements. Thus the rank of A is
the number of leading elements in rref(A). This method yields a basis whose members are
columns from A.

Method two: rref(A”) Let B be the reduced row echelon form of AT, that is

~

B = rref(A”) .

Then the nonzero columns of BY form a basis for the range of A. Thus the rank of A is the
number of leading elements in rref(AT).

From the above considerations, it follows that, for any matrix A,

rank AT = rank A

hence,

rank A = maximum number of linearly independent columns of A

= maximum number of linearly independent rows of A

Example 235 (A range calculation) Let’s compute a basis for the range of the matrix,

11 2
A=1|1 2 3 4
020

Using Method one, we compute

rref(A) = | 0

-y
e e
[eoll \V N an]

Since the leading elements of rref(A) occur in columns 1 and 2, a basis for the range of A is
given by columns 1 and 2 of A, that is

0 1

11, 2

2 0

Also, the rank of A is two.
Using Method two, we compute

1 0 —4
n | 01 2
rref(A") = 00 0
00 O
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Hence,

1
rref(AT)T = 0
—4

N = O
o O O
o O O

Since columns 1 and 2 are the non-zero columns of rref(AT)” | a basis for the range of A is
given by columns 1 and 2 of rref(AT)T, that is

1 0
0], 1
—4 2

Again we obtain that the rank of A is two.

Fact 22 If A is an m X n matriz,

dim R(A) + dim N(A) =n

Fact 23 If A and B are two matrices which have the same numbers of columns, then
N(A) =N(B)  ifand onlyif  R(A") = R(B")

Exercise 167 Picturize the range and the null space of the following matrices.
2 1 1 -1
21 1 -1

(a) Find a basis for the null space of the matrix,

Exercise 168

1 2 3 4
A=12 3 45
3 45 6
(b) What is the nullity of A7
Check your answer using MATLAB.
Exercise 169
(a) Find a basis for the range of the matrix,
1 2 3 4
A=12 3 45
3 45 6

(b) What is the rank of A?
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Check your answer using MATLAB.

Exercise 170 Obtain a basis for the range of each of the following matrices. Also, what is
the rank and nullity of each matrix?

41 -1 010 1 23 45
3 2 =3 000 2 3 41 2
13 0 001 34500

Check your answers using MATLAB.

Exercise 171 Obtain a basis for the the null space of each of the matrices in exercise 170.
Check your answers using MATLAB

27.4.3 Solving linear equations revisited

Recall the problem of solving the following m scalar equations for n scalar unknowns xy, xs, . . ., z,:
1121 + 12T + ... + ATy = b1
A91X1 + Q22T2 + ... + QonTy, = bg
Am1T1 + ApmaZ2 + ..o+ Gpp®Tp = bm

These equations can be written in matrix form as:
Axr=b
where x isn x 1, bism x 1 and A is m X n.

e This matrix equation has at least one solution for z if and only if b is in the range of A.

This is equivalent to
rank (A b) =rank A

The matrix equation has at least one solution for every b if and only if the range of A is
R™, that is, the rank of A is m, or equivalently, the nullity of A is n — m; hence n > m.

e If z* is any particular solution of Az = b, then all other solutions have the form
x+e

where e is in the null space of A.
To see this:

Hence, a solution is unique if and only if the nullity of A is zero or equivalently, the rank
of A is n; hence n < m.

e [t follows from the above that A is invertible if and only if its rank is m and its nullity is
0; since rank A + nullity A = n, we must have m = n, that is A must be square.
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MATLAB A solution (if one exists) to the equation Az = b can be solved by
x= A\b

>> help orth

ORTH Orthogonalization.
Q = orth(A) is an orthonormal basis for the range of A.
Q’*Q = I, the columns of Q span the same space as the columns
of A and the number of columns of Q is the rank of A.

See also SVD, ORTH, RANK.
>> help rank

RANK  Number of linearly independent rows or columns.
K = RANK(X) is the number of singular values of X
that are larger than MAX(SIZE(X)) * NORM(X) * EPS.
K = RANK(X,tol) is the number of singular values of X that
are larger than tol.

>> help null

NULL  Null space.
Z = null(A) is an orthonormal basis for the null space of A.
Z2’xZ = I, AxZ has negligible elements, and the number of columns

of Z is the nullity of A.

See also SVD, ORTH, RANK.

Exercise 172 Using MATLAB, compute the rank of the matrix
10
0 9o

§=1,1072, 1071 1071, 10716

for

Any comments?

Range and null space of linear maps

Suppose A is a linear map from an n-dimensional space V to an m-dimensional space W.
Then the above definitions and results for matrices can be generalized as follows.

Range of A
R(A) :={Az: 2z €V}
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e R(A) is a subspace of W.
rank A := dim R(A)
Null space of A
N(A) ={zeV: Az =0}
e N(A) is a subspace of V.
nullity of A := dim N'(A)

Fact 24
dim R(A) + dim N (A) =n

e Suppose W = V. Then A is invertible if and only if rank A = n.
Suppose b is given vector in WW and consider the equation.
Ax =10

This equation has a solution for z if and only if b is in the range of A. If z* is any
particular solution of Az = b, then all other solutions have the form

¥ +e

where e is in the null space of A.........
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27.5 Coordinate transformations

Suppose we have n scalar variables z1, x», . . ., ,, and we implicitly define new scalar variables

517627"'7571 by
r=U¢

where U is an n X n invertible matrix. Then, £ is explicitly given by
E=U"12

We can obtain a geometric interpretation of this change of variables as follows. First,
observe that

sl 1 0 0
T 0 1 0
= o : + 29 : S R el

Ty, 0 0 1

x el 2 e"
that is the scalars x1,xo, ..., x, are the coordinates of the vector x wrt the standard basis
el,e?, ... e" or, x is the coordinate vector of itself wrt the standard basis. Suppose

U=(u' ... W ... u)

that is, u’ is the j-th column of U. Since U is invertible, its columns u!,u?, ..., u™ are

linearly independent; hence they form a basis for IR". Since z = U& can be written as
r=&ut +&uEt L+ Eu

we see that &, &, ..., &, are the coordinates of o wrt to the new basis u!, u?,--- ,u™ and the
vector ¢ is the coordinate vector of the vector z wrt this new basis. So x = U¢ defines a
coordinate transformation.

27.5.1 Coordinate transformations and linear maps

Suppose we have a linear map from IR" into IR™ defined by
y = Ax
where A is an m X n matrix. Suppose we introduce coordinate transformations
r="U¢, y="Vn
where U and V' are invertible matrices. Then the map is described by
n=Ag

where

A=VTAU
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Recalling that the columns u!, u?, ..., u™ of U form a basis for IR", and the columns v!,v?,...,v™
of V form a basis for IR™, we have now the following very useful result.

e Useful result: Suppose
Auj = 041]‘1)1 + Oégjv2 + ...+ ozmjvm

Then the matrix A = V~YAU is uniquely given by

Aij = o
that is A;; is the i-th coordinate of the vector Au?/ wrt the basis v',v?,..., 0™, or, the j-th
column of A is the coordinate vector of Au’/ wrt the basis v!, v?, ... v™.

Example 236 Suppose A is a 2 x 2 matrix and there are two linearly independent vectors
u! and u? which satisfy:

Au' = 2u} and Au? = ut + 202

Letting U = ( ul u? ), we can use the above useful result to obtain that

e (21
=7

Example 237 Suppose A is a 3 x 2 matrix while U = ( ul u? ) and V = ( vt 0?2 ? )
are invertible 3 x 3 and 2 x 2 matrices, respectively, which satisfy

Aut = vy + 203 Aug = 209 + v

Then, applying the above useful result, we obtain

VAU =

N O =
=N O

Proof of useful result. Premultiply A = V"1AU by V to get:

VA =AU

On the right we have

AU = A(u1 T A u”):(Aul AW L Au”)



And on the left,

A Ay A1y,
Aoy Ayj Ay,
VA = (vl v vm) :
| P Ve
. <A11U1+"'—|—Am1’0m5 ...... EAlj’Ul—l—...—FAmj’UmE ...... EAln’Ul—l—...
J-th column

Comparing the expressions for the j-th columns of AU and VA yields

Aljvl + . F AT = Al = ozljvl + . gy v™

Since the {v',...,v™} is a basis we must have A;; = a;. ]

27.5.2 The structure of a linear map

Consider again a linear map from IR" into IR™ defined by
y = Ax

where A is an m X n matrix. Suppose the rank of A is . Then the dimension of the null
space of A is n —r. Choose any basis

for the range of A and extend it to a basis
R L

for IR™. Choose any basis
{u™t "}

for the null space of A and extend it to a basis
{u', u?, ... u"}

for IR".
If we introduce the coordinate transformations

y="Vn, r=U¢§

where



the original linear map is described by

n=Ag
where
A=V1AU .
Recall the useful result on coordinate transformations. Since the vectors v/, j =r+1,...,n

are in the null space of A we have
Al =0 for j=r+1,...,n

Hence, the last r columns of A are zero. For j = 1,...,r the vector A/ is in the range of A.
Hence it can be expressed as a linear combination of the vectors v!,...,v". Consequently,
the last m — r rows of A are zero and A has the following structure:

. A11 0
(% 0)
where Aj; € IR™". Since the rank of A equals rank A which equals rank Ay, the matrix Ay

must be invertible.
If we decompose £ and 7 as

_ &1 (™
§ - ( 52 ) n= 7]2
where & € R", & € R"", mp € R", o € IR™7", then the linear map is described by

m = An&
n = 0

where Aq; is invertible.
Also, we have shown that any matrix any m x n matrix A can be decomposed as

— An 0 -1
a-v (e

where U, V', and A are square invertible matrices of dimensions n x n, m x m, and r X r,
respectively, and r is the rank of A.

443



444



Chapter 28

Appendix D: Inner products

28.1 The usual scalar product on IR" and C"

Consider any pair z,y of real n-vectors. The scalar product (inner product) of x and y is
the real number given by

(y,x) = wnmx1+ ...+ Ynp.
Regarding x and y as real column matrices, we have
(y,2) =y"a.
Suppose = and y are complex n-vectors. If we use the above definition as the definition
of inner product, we won’t have the property that (x,z) > 0. To see this, note that x = )

results in 22 = —1. So we define the scalar product (inner product) of z and y to be the
complex number given by

<y,[E> =YX+ . YnTn

When = and y are real this definition yields the usual scalar product on IR". Regarding z
and y as column matrices, we have

(y,z) =y'x

where y* is the complex conjugate transpose of y.
We can obtain the usual Euclidean norm from the usual scalar product by noting that

(x,x) = Tix1+...+ Tpx,
= |22+ |z + ..+ |

==

Hence
1
2] = (z, =)z .
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Properties of (-,-). The usual scalar product on IR" or C" has the following properties.

(i) For every pair of vectors x and y,

(z,y) = {y, )
(i) For every vector y, every pair of vectors 2!, 22, and every pair of scalars ay, as,

(y, a1z’ + aex®) = ai(y,z') + sy, %)

(iii) For every vector z,
(z,2) >0
and

(x,z) =0 ifand only if 2 =0

For real vectors, property (i) reduces to (z,y) = (y,z). By utilizing properties (i) and
(i), we obtain that for every vector x, every pair of vectors y!, 3%, and every pair of scalars
aq, O,

<O[1y1 + O[2y2, [E) = (I_1<y17 $> + Oé_2<y2, l’>

Any scalar valued function on a real (or complex) vector space which has the above three
properties is defined to be an inner product. A vector space equipped with an inner product
is called an inner product space. For example, suppose V is the vector space of all real valued
continuous functions defined on the interval [0, 1]. For any two functions f and g in V, let

(f.9) = /0 f(t)g(t)dt.

One may readily show that properties (i)-(iii) above hold.

28.2 Orthogonality

Suppose V is a real (or complex) vector space which is equipped with an inner product (-, ).

A wector y is said to be orthogonal to a vector x if

(y,r) =0

For example, in IR? the vector (1, 1) is orthogonal to vector (1, —1).
If y is orthogonal to x, then (using property (ii) above) x is orthogonal to y; so, we
usually just say x and y are orthogonal.
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Figure 28.1: Orthogonality

28.2.1 Orthonormal basis

Suppose V is finite dimensional and
bbb
is a basis for V. Then this basis is an orthonormal basis if for every 1, j,

(o', ")
(b0 = 0 when @ #j

that is each basis vector has magnitude 1 and is orthogonal to all the other basis vectors.

Unitary coordinate transformations

Suppose b, b%, ... b" is an orthonormal basis for C" and consider the transformation matrix
T=(b b ... )

Then
bl*
b2*

T = . (1)1 b2 .. b”)

pr
bt bp? .. b 10 . 0
bZbt b .. b 01 . 0
bt b L bt 00 ... 1

that is, T#T = 1.

A square complex matriz T is said to be unitary if

T°T=1.

If T is unitary, then
T'=T".
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Example 238 The following matrix is unitary for any 6.

cosf) —sind
= ( sinf  cos@ )

Consider a unitary coordinate transformation
x="T¢
with T unitary. Then for any two n vectors ¢! and €2,
(T¢', 1% = (T¢')'T¢?
— é&l*T*Téﬂ
— £1*£2
(€,¢%
hence, (T¢Y, TE?) = (£, €%); that is, unitary transformations preserve the scalar product
and, hence, the Euclidean norm.
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28.3 Hermitian matrices

In this section, the square (n x n) complex matrix P is hermitian, that is
P =P

If P is real, then hermitian is equivalent to symmetric, that is, PT = P.

e For any complex n-vector x, the scalar x*Px is real:

r*Pr = (2"Px)”
= Pz
= 2*Px

Since x*Px = x* Pz, the scalar x* Pz is real. [ |

e Fvery eigenvalue A of P real. Since X is an eigenvalue of P, there is a nonzero vector v
such that
Pv =X\

Hence
v Pv = \v*v = M v |?

Since v* Pv is real and ||v||? is nonzero real, A must be real. u

e Suppose vy and vy are eigenvectors corresponding to different eigenvalues of P. Then vy
and vy are orthogonal:

PUl = )\1’111

implies
’UZ*P/U]_ = )\1?}2*?)1

Similarly,
Ul*P’UQ = )\2’01*’02

Taking the complex conjugate transpose of both sides of this last expression and using
P* = P and Ay = \; yields

vy Pv; = A" 1
Equating the two expressions for vy* Py yields
AU 0] = Avy Uy
Since A1 # Ao, we must have vy*v; = 0, that is, vy is orthogonal to v;. [ |

Actually, the following more general result is true.

Fact 25 FEvery hermitian matriz has an orthonormal basis of eigenvectors.
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It now follows that every hermitian matrix P can be expressed as

where T is a unitary matrix and A is a real diagonal matrix whose diagonal elements are
the eigenvalues of P and the number of times an eigenvalue appears equals its algebraic
multiplicity.

28.4 Positive and negative (semi)definite matrices

28.4.1 Quadratic forms

For any square n X n matrix P we can define an associated quadratic form:

n n
©*Pr = Z Zpij:cfa:j :

i=1 j=1
Quadratic forms arise naturally is mechanics. For example, suppose one considers a rigid
body and chooses an orthogonal coordinate system with origin at the body mass center. If
w is a real 3-vector consisting of the components of the angular velocity vector of the body
and [ is the 3 x 3 symmetric inertia matrix of the body, then the rotational kinetic energy
of the body is given by tw’Tw.

If P is hermitian (P* = P) then, as we have already shown, the scalar z* Pz is real for

all z € C". The following result provides useful upper and lower bounds on z*Px .

e If P is a hermitian n X n matriz, then for all x € C"

Amin(P)2][? < 2P < Apaa(P)] ]2

where Amin(P) and Apax(P) denote the minimum and mazimum eigenvalues of P respectively.

PROOF. Letting & = T*x, we have
r*Pr = 2"TANT"x
AL
= M&&GHF .+ AEE
= MG+ G

Since, \; < Amax(P) for i = 1,...,n we have \;|&|* < Amax(P)|&|?; hence
2" Pr < Amax(P) (|1 + - - + [€al?) = Anaa(P)[IE];
hence * Pr < Apaa (P)||€]]2. Also ||€]| = ||z||; hence,
*Pr < Apae(P)||7)?
In an analogous fashion one can show that

*Px > /\mm(P)||ac||2
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28.4.2 Definite matrices

DEFN. A hermitian matrix P is positive definite (pd) if
x*Px >0 for all nonzero = in C"

We denote this by P > 0.

The matrix P is negative definite (nd) if —P is positive definite; we denote this by P < 0.

r=( )

we have (note the completion of squares trick)

Example 239 For

k * * * *
r'Pr = z]r] —2]T9 — 2521 + 22579
* *
(l’l — .%'2) (.7)1 - ZL’Q) + Lol

= |z — 2o|* + |22]?

Clearly, z*Px > 0 for all x. If 2*Px = 0, then 21 — 2o = 0 and x5 = 0; hence x = 0. So,
P> 0.

Fact 26 The following statements are equivalent for any hermitian matriz P.
(a) P is positive definite.
(b) All the eigenvalues of P are positive.
(c) All the leading principal minors of P are positive; that is,
pu > 0

det(pll p12> -~ 0
P21 P22

det(P) > 0

(1)

Since p;; = 1 > 0 and det(P) =1 > 0, we must have P > 0.

Example 240 Consider

>> eig(P)

ans =
0.3820
2.6180

Note the positive eigenvalues.
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28.4.3 Semi-definite matrices

DEFN. A hermitian matrix P is positive semi-definite (psd) if
z*Px >0 for all z in C"
We denote this by P > 0

The matrix P is negative semi-definite (nsd) if —P is positive semi-definite; we denote this
by P <0

Fact 27 The following statements are equivalent for any hermitian matriz P.

(a) P is positive semi-definite.
(b) All the eigenvalues of P are non-negative.

(c) All the principal minors of P are non-negative.

Example 241 This example illustrates that non-negativity of only the leading principal
minors of P is not sufficient for P > 0. One needs non-negativity of all the principal minors.

(0 )
We have p;; = 0 and det(P) = 0. However,
¥ Pr = —|19)?
hence, P is not psd. Actually, P is nsd.
Fact 28 Consider any m x n complex matriz M and let P = M*M. Then
(a) P is hermitian and P > 0
(b) P >0 if and only if rank M = n.
Example 242

Since

and
rank(l 1):1
P >0 but P is not pd.

Exercise 173 (Optional)
Suppose P is hermitian and 7' is invertible. Show that P > 0 if and only if 7*PT > 0.

Exercise 174 (Optional)

Suppose P and () are two hermitian matrices with P > 0. Show that P + ¢@) > 0 for
all real e sufficiently small; that is, there exists € > 0 such that whenever |e| < € one has
P+e@ > 0.
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28.5 Singular value decomposition

In this section we introduce a matrix decomposition which is very useful for reliable numerical
computations in linear algebra. First, some notation.
The diagonal elements of an m x n matrix A are

Ajp, Asay oL Ay where p = min{m,n}

We say that A is diagonal if all its nondiagonal elements are zero, that is, A;; = 0 for 7 # j.
Examples are:

0 1 00

( é g ) , 2 | 020

0 0 000

Theorem 35 (Singular value decomposition) If A is a complex m x n matriz, then
there exist unitary matrices U € C™™ and V € C"*" such that

where X3 is a diagonal matriz of the same dimension as A and with real nonnegative diagonal
elements:

O =

o OO
N
O =
~~_

0'120'2>

If A is real, then U and V are real.

.>0,>0  p=min{m,n}

So, if A is square (m = n), then

01 0 0
s 0 09 0
0 0 --- o,
When A is “fat” (m < n), we have
o 0 0 0 0
0 o 0 0 0
Y= .
0 0 -+ a7, 0 - 0
Finally, a “tall” matrix (m > n) yields
01 0 0
0 (o) 0
Y= 0 0 On
0 0 0
0 0 0



The scalar o; is called the ¢-th singular value of A. Let o, be the smallest nonzero singular
value of A. Then r is smaller than both m and n. Moreover, ¥ can be expressed as

([ Sh 0
== 0)

where X1 is the square diagonal invertible matrix given by

o1 0 0
09 0

Y1 =
11 0 . :
0O 0 ... o,

If
Z:11 0 *
U ( 0 0 ) V
is a singular value decomposition of A, then

* o E%] O *
AA_V( : O)v

Hence, the nonzero singular values of A are uniquely given by

Ui:\/)\_’i

where Aq,..., )\, are the nonzero eigenvalues of the hermitian positive semidefinite matrix
A*A.

Example 243 The matrix

Ao (12 064 —0.48
—\ 1.6 048 0.36

has the following singular value decomposition

0 0
06 08Y)(/2 00
A:(o.g —O.6)<0 1 0) 0 08 06
S

(. AN

~
U

Useful facts

e The maximum (or largest) singular value of a matrix satisfies the properties of a norm.
Thus, if we consider the set of m x n matrices A and define

HAH = UmaX<A)
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where o, (A) denotes the largest singular of A, then the following properties hold:
(a) ||A||>0 and ||A]|=0 ifandonlyif A=0
(b) [[AA[l = [A[]|A]
(e) [[A+ Bl <[Al+B].

In addition to the above usual norm properties, this norm also satisfies

A
14] = sup 1221
el

where the above vector norms are the usual euclidean vector norms. Thus,
[ Az < [[Allf|]]
for all z.

e Using the above norm, we can define the distance between two matrices A and B of the
same dimensions as ||[A — B

e The rank of A equals the number of its nonzero singular values.

e Suppose k is a nonegative integer strictly less than the rank r of A. Then in a certain
sense (which can be made precise), a matrix of rank & which is “closest” to A is given by

A =UXV*
where Y is the diagonal matrix with diagonal elements

01,092, ..., Ok, O,...,O
——

p—k zeros

that is, the first k£ diagonal elements of >, are the same as those of ¥ and the remaining
diagonal elements are zero. Also, the “distance” between A and A is oj1. So, the smallest
nonzero singular value o, of A is a measure of the distance between A and the closest matrix
of rank r—1.

e Suppose A has rank r and
U=(u" «* ... um), V=_(v" v® ... o)

Then the vectors

form an orthonormal basis for the null space of A
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>> help svd

SVD

Singular value decomposition.

[U,S,V] = SVD(X) produces a diagonal matrix S, of the same
dimension as X and with nonnegative diagonal elements in
decreasing order, and unitary matrices U and V so that

X = UxS*V’ .

By itself, SVD(X) returns a vector containing diag(S).
[U,S,V] = SVD(X,0) produces the "economy size"

decomposition. If X is m-by-n with m > n, then only the
first n columns of U are computed and S is n-by-n.
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Example 244

A =
1 1 1
1 -1 0
1 1 1
1 1 1
[u s vl = svd(A)

0.5774 -0.0000 -0.8165 -0.0000
-0.0000 -1.0000 -0.0000 -0.0000
0.5774 -0.0000 0.4082 -0.7071
0.5774 -0.0000 0.4082 0.7071

3.0000 0 0
0 1.4142 0
0 0 0
0 0 0

0.5774 -0.7071 0.4082
0.5774 0.7071 0.4082
0.5774 0.0000 -0.8165

So A has rank 2 and a basis for its range is given by

0.5774 0

0 -1
0.5774 |’ 0
0.5774 0

A basis for the null space of A is given by

0.4082
0.4082
—0.8165

457



458



Bibliography

[1] Chen, C.T., Linear System Theory and Design, 3rd Ed., Oxford University Press, 1998.

[2] T. Kailath, T., Linear Systems, Prentice-Hall Information and Systems Science Series,
1979.

[3] Khalil, H., Nonlinear Systems, 3rd Ed., Prentice-Hall, 2002.

[4] Vidasagar, M., Nonlinear Systems Analysis, 2nd Ed., Prentice-Hall, 1993.

459



