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Abstract

We consider a single-server first-in-first-out queue fed by a finite number of distinct sources
of jobs. For a large class of short-range dependent and light-tailed distributed job processes,
using functional large deviation techniques we prove a large deviation principle and logarithmic
asymptotics for the joint waiting time and queue lengths distribution. We identify the paths that
are most likely to lead to the rare events of large waiting times and long queue lengths. A number
of examples are presented to illustrate salient features of the results.

1 Introduction

Consider a single-server processing system with infinite waiting space that employs the first-in-first-
out (FIFO) processing policy. The server processes at a fixed rate C' and there are a finite number
d € N of, possibly dependent, distinguishable sources of jobs. Each source of jobs is described by their
own stationary job size and inter-arrival time sequences. We assume that the server has been running
for an infinite period of time and select an arbitrary instant, which for convenience we call time zero.

What concerns us in this paper is the likelihood that the period of time a job would have to wait
before being processed is long and/or the number of jobs from each source awaiting processing is large.
This is of practical interest when storage space for jobs awaiting processing is segregated based on job
source.

We prove logarithmic asymptotics for the likelihood of this rare event and determine most likely
paths. By comparison with simulation, we demonstrate that these asymptotic results can make good
predictions, even in an arguably non-asymptotic regime.
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1.1 Notation and quantities of interest

For each source k € {1,...,d}, let 7F > 0 denote the most recent time prior to 0 that a job from

source k arrived. Label that job as —1 and those prior to it sequentially. For each n > 2, let 7% > 0
denote the time between the arrival of jobs —n and —n + 1 and let £¥ > 0 denote the size of job —n;
that is the processor will take time £¥/C to process job —n.

Define the sum of job sizes from —n to —1 from source k € {1,...,d} and the vector of the summed
job sizes by:

B*(n) = ng and B(n) := (B*(n),..., B%n)).

Define the total time that passes between the arrival of jobs —n and time 0 for source k € {1,...,d}
and the vector of times by

Tk (n) := Z 7F and T(n) := (T'(n),...,T%n)).

Define the number of jobs that have arrived from source k in the interval of length ¢ > 0 prior to time
0, the corresponding vector, and the total number of jobs across all sources, by

U

N¥(t) :=sup{n : T"(n) < t}, N(t) := (N'(t),...,NU(t)) and N(t) = Y N¥(t).
k=1

The total amount of work that source k brings in the interval [—t,0) is
AF(t) := BF(N*(t)), with A(t) := (A'(¢), ..., A%(1)).

In the stochastic process nomenclature, {A*(t)} is a (pure, zero-delayed) cumulative process. The
total amount of work brought by the sum of all d sources is

The waiting time of a job is the time between its arrival and the initiation of service upon it. The
waiting time w of a virtual job (a job of zero size) inserted into the queue at time 0 can be determined
from Lindley’s recursion (see Loynes [14]) to be

A(t) >
w=sup|—=—-t]. 1
>0 < ¢ @
As we assume the server employees the FIFO queueing discipline, the waiting time is the same for a

virtual job from any source.

We define source k’s queue length to be the number of jobs from source & whose processing has not
completed by the time the tagged job arrives. We are interested in the queue length, n*, for a virtual
job (a job of zero size) of type k that arrives at time 0. This is given by

n* = N¥ (sup {s: A(s) < Cw}). (2)



This is, perhaps, easiest to see by first considering the total queue length, n = 22:1 nk. Tt is given
by the number of recently arrived jobs that would explain the waiting time:

n = N(sup{s: A(s) < Cw}).

In this paper we are interested in asymptotics for the likelihood of long waiting times and large queue
lengths. We are also interested in the most likely paths that lead to these rare events.

1.2 A brief introduction to existing work

A clear introduction to the application of large deviation methods in queueing theory can be found
in Ganesh, O’Connell and Wischik [10]. The asymptotic considered here is called the “large buffer”
or “long waiting time” asymptotic.

For a single source, when job sizes and inter-arrival times are independent sequences of i.i.d. random
variables, an example work that proves strong asymptotic results for the tail of the joint distribution
of {(w,n')} is Asmussen and Collamore [2], which strengthens results of Aspandiiarov and Pechersky
[3]. In many practical problems, however, it is natural to assume there is some dependence in the
job size and inter-arrival time processes. In the absence of heavy-tailed distributions and long range
dependence, with a single source logarithmic asymptotics have been proved under varying degrees of
generality:

1
lim —logP(w > n) = —du; (3)
n—oo n
1
and lim —logP(n' > n) = —§,, (4)
n—oo N

so that we have the approximations P(w > n) &~ exp(—nd,,) and P(n' > n) ~ exp(—nd,;) for large n.

For example, Glynn and Whitt [12] prove (3) under general large deviation assumptions. They also
treat (4) when inter-arrival times form a stationary sequence that are independent of i.i.d. job sizes.
Duffy and Sullivan [9] have since extended this result to the case where job sizes form an stationary
sequence. Related work in the multiple server setting can be found in Sadowsky and Szpankowski [19)
and Sadowsky [18]. Proving more than equation (3), the Large Deviation Principle (LDP) for {w/n}
has been established by Ganesh and O’Connell [11] using functional techniques.

In the presence of heavy-tailed distributions or long range dependence, the dominant behavior of the
tails of the waiting time and queue length distributions is no longer exponential in n. In this case,
an example work treating the equivalent of equation (3) is Duffy, Lewis and Sullivan [6]. That paper
does not treat the case where the appropriate scale is log(n), where an example work is Mikosch and
Nagaev [15].

1.3 This work’s contribution

We treat a FIFO single-server queue fed by several (possibly dependent) sources of jobs. We consider
the joint distribution of the overall waiting time and the queue length of each source. We make
general large deviation assumptions on job-size and inter-arrival time processes. These assumptions
hold, for example, for sources with Markovian dependencies. Our assumptions exclude heavy tailed
distributions and long range dependence.



The main contributions of this paper are the following.

e Theorems 7 and 8 prove that {w/n,n'/n,...,n%/n} satisfies the large deviation principle for a
large collection of sources of jobs.

e We deduce logarithmic asymptotics for the likelihood there is a large waiting time and a large
number of jobs from each source queued at the server. In particular, for sources whose job-sizes
and job inter-arrival times may consist of non-i.i.d. random variables and may be correlated
processes, but with sources being independent of each other, Corollary 9 proves that

1 1 d
lim —1og11”(%>w,%>q1,---,%>qd>—— inf K(w', qi,...,q5), (5)

n—oo n w'>w,q1>q1,.-,95 >k

where K is a convex rate function that is linear on rays, which is written in terms of the rate
functions for the sources. This is illustrated with an example of sources whose job size and
inter-arrival times are correlated and are jointly driven by a Markov chain.

e Using a methodology based on functional large deviation techniques, we also determine the
most likely paths to this large waiting time and these large queue lengths. The paths are more
intricate than those conditioned solely on a large waiting time, with two different piece-wise
linear behaviors leading to the rare event; see Corollary 10, and equations (15) and (16) that
follow it.

e We demonstrate how our theorems recover known results under simplifying assumptions. We
demonstrate their novelty by treating an example where sources have Markovian dependencies.
We compare the theory’s predictions, including most likely paths, with output from simulation.

1.4 A practical motivation

In modern packet-switched networks, such as the Internet, data packets (i.e. jobs) are of variable size,
described by a number of bytes. Link speeds are given in bytes per second and, therefore, the time
taken to transmit a packet across a link is a function of its size. As the devices routing these packets
can have multiple input and output ports, they contain buffering to deal with temporary backlogs of
packets. Packets that arrive when a buffer is full are lost. An interesting and fundamental peculiarity
of engineering design is that these buffers are typically determined as a number of packets, not a
number of bytes. Thus the remaining storage space at any instant is not determined by the total
number of bytes that remain to be processed, but how many packets are awaiting processing. That
is, the remaining storage space is determined by the number of back-logged jobs, not how long it will
take to process the back-logged work.

For example, on standard Ethernet (such as the wired connection on most PCs) there is a Maximum
Transmission Unit (MTU) [largest job size] of 1500 bytes, while on IEEE 802.11 (the wireless connec-
tion used on most laptops) the MTU is 2356 bytes. Buffers in switches and routers are determined
by a number of “pigeon holes” each capable of holding a single packet of any size up to this MTU.
When a packet arrives and is placed in a pigeon hole, it fully occupies the space, no matter how few
bytes it contains.

For some of these buffered devices, particularly high end routers, the overall buffering capability is
fixed. A network engineer can then decide how to divide buffer space between input ports (i.e. between



sources of jobs) to ensure that the likelihood losses occur (i.e. the buffers overflow) is minimized. A
naive approach to this question would be based on the average mix of traffic that is transported through
the device. However, assuming that network capacity is well provisioned so that large backlogs are
rare events, this approach may be far from optimal. We use the model to consider this question in
Section 4.3.

1.5 Organization

The rest of this paper is organized as follows. In section 2 we remind the reader of basic results from
large deviation theory and introduce the function space we will use. In section 3 we introduce the
functional quantities of interest and state our main results; all proofs are deferred to appendix A. In
section 4 we show that the main theorem generalizes known results and present a number of examples
that illustrate salient features.

2 The large deviation principle and our functional setup

For convenience we recall the basic facts of the Large Deviation Principle (LDP), which can be found
in a standard text such as Dembo and Zeitouni [5], and introduce the function space we will use.
Let X be a Hausdorff space with Borel o-algebra B and let {u,,n € N} be a sequence of probability
measures on (X, B). We say that {p,,n € N} satisfies the LDP with rate function I : X — [0, +o0] if
I is lower semi-continuous,

1 1
— inf I(z) < liminf — log |G d li —log un[F] < — inf I
Inf I(z) < liminf ~logi,[G]  an imsup - log i [F] < — inf I(z)
for all open G and all closed F. Furthermore, as in Varadhan’s original definition [20], we will assume
that the level sets of I, {z : I(z) < a}, are compact for all & > 0. Rate functions with this property
are sometimes referred to as being “good”, but all our rate functions will have this property.

We say that a process {X,,} satisfies the LDP if X,, is a realization of u, for each n. Two sequences
of random elements {X,,} and {Y,,} taking values in a metric space with metric d are defined to be
exponentially equivalent if limsup,, . n~ log P(d(X,,, Y,) > §) = —oo for all § > 0. If two processes
are exponentially equivalent, then one process satisfies the LDP with rate function I if and only if the
other process also does.

The Contraction Principle (e.g. Theorem 4.2.16 of [5]) states that if {X,,} satisfies the LDP in X
with good rate function I and f : X — Y is continuous, where X and Y are Hausdorff, then {f(X,)}
satisfies the LDP in ) with good rate function given by J(y) := inf{I(x) : f(x) = y}. Moreover, if
{X,} and {Y,,} are exponentially equivalent, then {f(Y,,)} also satisfies the LDP with rate function
J.

Let C?[0, 00) denote the collection of R%-valued continuous functions on [0, 00). Let .A%[0, 00) denote
the subset of functions on [0, c0) that are absolutely continuous on [0,x] for all z < oo. Letting ¢;
denote the j™ component of ¢, define the space

lim

V= {(b €C’0,00) : Jim (t)t exists in R? and ¢(0) = 6}



and equip it with the topology induced by the norm

(1) ‘

= max su '
19l = max sup) 3=

Define

i(t
yf = {qS e Y% : ¢ component-wise strictly increasing and ) Hllin dlirn (f]_f_z > O}
J=1,..,

and, for each i = (pu1,...,pq) € R, define

d._ a. o Gilt)
Treat y# and yg as metric subspaces of Y%. Products of these spaces are equipped with the product
topology.

The motivation for the value of these spaces in the consideration of the LDP is as follows. Given an
R?-valued stochastic process {X,,n € N} and defining X := 0, the usual sample paths of its partial
sums process {Y ., X;,n € N} defined by

[nt]

ZXi’ for t € [0, 00),
i=0

A 1
Sn(t) == —

(1) ==
are not continuous functions. They are right-continuous with left-hand limits (CADLAG functions).
However their polygonal approximations,

[nt

]
1 t
Sn(t) = ﬁ g X+ (t — [n—n]> X[nt]+1; fort e [O,OO)7
i=0

are continuous. We shall call S,, a sample path.

Restricting S, to [0, 1], Dembo and Zajic [4] generalize Mogulskii’s theorem [16] by providing broad
conditions under which {S,,n € N} satisfies the LDP with good rate function in the space of contin-
uous functions on [0, 1] equipped with the sup norm. Under their assumptions, the rate function is
given by
1(0) = { Sy A (C(dt if ¢ e A%0, 1],
+00

otherwise,

where A9]0, 1] denotes the absolutely continuous functions on [0, 1] with ¢(0) = 0, A* is the Legendre
transform of the scaled cumulant generating function

1
A(0) := lim —1ogE[e"(9vSn(1)>]

n—oo N,
and (-, -) is the usual inner product.

Theorem 1 of Ganesh and O’Connell [11] establishes that if Dembo and Zajic’s conditions are met and
A is differentiable at the origin, then {S,,n € N} also satisfies the LDP in ) with good rate function

1o (0) = { {Bi:ok*(i(t))dt if ¢ € A%0,00) N Y, ©)

otherwise.



Thus the sample paths of many partial sums processes satisfy the LDP in the function space ),
which is indexed by the positive real line. Rate functions of the sort in equation (6) are particularly
interesting. We refer to them as of integral form with integrand A\*.

3 Functional quantities of interest and statement main results

In this section we state our main results; proofs are deferred to appendix A. We begin with the
sample paths of job sizes and inter arrival times, {B(n),T(n)}. These are sample paths of partial
sums processes, so it is known that a large class satisfy the functional LDP. We construct the sample
paths for {A(t), N(t)} and relate them to the sample paths of {B(n),T(n)}. These are no longer
sample paths of partial sums processes, but their functional large deviation behavior can be deduced
from that for {B(n), T(n)}. We then introduce a functional queue length map. When applied to
sample paths it does not exactly match the system queue length, but we prove that the discrepancy
is insignificant on the scale of large deviations. We prove this map is continuous, which enables us
to deduce our main result. We then specialize this result to independent sources and give an explicit
form for the paths leading to large queue lengths and long waiting times.

Define by {Bn(-) = (BL(),...,B%(-))} and {T,(-) = (TL(-),..., T%()} the (polygonal approxima-
tions to the usual) sample paths of {(¢1,...,¢)} and {(7},..., n)} As 78 > 0 for all k and n, for
each k € {1,...,d} TF(-) is strictly increasing and continuous. For each n we define the function

NE(-) to be the inverse of T*(:): NF(TF(t)) = TF(NF(t)) = t. It can be explicitly determined to be
the polygonal approximation to the function ¢ +— N¥(nt)/n = sup{m : T*(m) < nt}/n:

1 N*(nt) 1
NE@) = =N¥(nt) + [t - = | —.
n n ; TNE(nt)+1
This is a polygonal approximation as
N*(nt)

1 & TNk (nt)+1
b LTSN o, T

n ; T n

and on this interval this difference is linear in ¢. For each n > 0, we define N,,(-) = (N(-), ..., N4(-)).

We also define A, (-) = (BL(NL(-),..., BLN%(-))), the sample paths of the total arrivals. Noting
that [nN¥(t)] = N¥(nt), it can be readily verified that

N (nt) N*(nt) gjk\;[k( -
Ak(t) = BE(NE(1) Z§+ t—— Y |
i=0 TNk(nt)-‘rl

The function A, (-) is the polygonal approximation to the sample paths of ¢ — A(tn)/n. Here the
polygonal part is in [0,§J’i,k(m)+1/n).

Assumption 1 (LDP) The sample paths {B,,(-), To(-)} satisfy the LDP in Y xyg with rate function
I of integral form with mtegmnd 1, so that

N s Gaa())ds if S = (61,...., 6aa) € AX[0,00)

otherwise.



Assumption 1 is that the sample paths of the partial sums processes of job sizes and inter-arrival
times satisfy the LDP. As they are partial sums, they fall within the remit of Ganesh and O’Connell’s
Theorem 1 in [11] and so the assumption holds for a large class of processes. The assumption enables
us to deduce the LDP for the total arrivals up to a given time and the number of jobs from each
source which have arrived by this time. As these are not partial sums processes, we could not have
invoked Theorem 1 in [11] to justify the LDP for them directly.

Theorem 1 (Cumulative and counting processes sample path LDP) Under assumption 1, the
sample paths {A,(-), Nn ()} satisfy the LDP with rate function

Joo(¢17" 'agbdela' "7¢d) == Im(¢1(1/)fl)a .. ad)d(/l/}d_l)a/l/ﬁ_lv-- -7¢;1)-

We will define functions that takes sample paths to the waiting time and to estimates of the queue
lengths. They require knowledge of the sample path for the total arrival rate (summed across all
sources) and the job number sample paths for each source. However, the sum of the polygonal sample
paths of total arrivals

d
An(t) = ALt
k=1

is not quite the same as the polygonal sample path, A,(-), to the arrivals interlaced across all sources,
which we now define. The interlaced arrival times are given by

T*(0) := 0 and T*(n) := min inf1 {T*(m) : T*(m) > T*(n— 1)} for eachn > 1.

k=1,....d m>

Define N*(t) = sup{n : T*(n) < t}. Let & denote the job size corresponding to the arrival at time
T*(n) and 7 = T*(n) — T*(n — 1) the interlaced inter arrival times. If jobs from two or more sources
arrive simultaneously, we combine the job sizes and treat them as a single arrival at that time; this
causes no extra difficulty. We then define the (polygonal) sample paths to the interlaced arrivals by:

N*(nt)

A(nt 1 3
An(t) ::ﬂJr t—— Z oo J;f( H+1
" (i TN* (nt)+1

The cumulative arrival rate to the processor is A, (-) not fln(), but the latter has a more convenient
representation. We overcome the discrepancy between them with an assumption that ensures that
the processes {A,(-)} and {A,(-)} are exponentially equivalent.

Assumption 2 (Exponential equivalence) For every k € {1,...,d}

1 k
ligljolip - logP <sgp Hgnil“izzrn) > n) = —00.

If job sizes are i.i.d, then a sufficient condition for this assumption to hold (irrespective of the nature
of job inter-arrival times), is that the tail of the job size distribution decays faster than exponentially
(e.g. Weibull with parameter o > 1). Note that regardless of correlation structure, if job sizes are
bounded this assumption is trivially satisfied. If job sizes are i.i.d and independent of job inter-arrival
times, then exponential job sizes will not satisfy this criterion.



Lemma 2 (Exp. equivalence of interlaced and summed sample paths) Under assumption 2,
the processes {An(-)} and {A, ()} are exponentially equivalent.

The functional representation for the waiting time is the well known map W : Y! — R, defined
by W(¢) = sup;so{¢(t)/C — t}. The following lemma is known, but as we cannot find an explicit
reference for it, we include it for completeness. It will also help to illustrate an additional difficulty
that arises with the queue lengths.

Lemma 3 (Equivalence of waiting time and functional representation) For every m > 0,
W (A () = w/m.

Ganesh and O’Connell prove that W is a continuous representation, so long as the queue is stable:

Lemma 4 (Ganesh and O’Connell [11]) If u < C, then the map W is continuous on the space
.

We wish to consider a similar construction for a function representation of the queue length. Define
the map Q% : V! x JJ? — R by:

Q"(,4) ==t (sup {s : ¢(s) < CW(9)}). (7)

When applied to (A, (-), N (+)), the map Q¥ is a functional analogue of 5* in equation (2) but, unlike
the waiting time, it is not exact when applied to sample paths. That is, Q* (A4, (-), Nn()) ~ n*/n, but
they are not necessarily equal. This discrepancy is caused by our use of polygonal approximation to
the usual CADLAG sample paths. The following lemma proves that as far as the LDP is concerned
the discrepancy is insignificant.

Lemma 5 (Exp. equivalence of queue lengths and the functional representation) The se-
quence {Q¥(A, ("), Nn(+)),n € N} is exponentially equivalent to the sequence {n*/n,n € N}.

In order to deduce the LDP for {n*/n,n € N} from the LDP for {A,(-), N,(-),n € N} it suffices to
show that Q is continuous and apply the contraction principle. For the map Q* to be continuous,
the queueing system must be stable. That is, the long term average job inter-arrival time divided by
the service rate must be greater than the average job size.

Lemma 6 (Continuity of the queue length functional) Let p € R be such that u < C, then
QF, defined in equation (7), is continuous on N de) x Yd.

The assumption in Lemma 6 is a restriction on the long run average of the cumulative arrivals process.
The following assumption translates this into one on job sizes and inter-arrival times.

Assumption 3 (LDP plus stability) The sample paths {B,(-), T, (-)} satisfy the LDP with rate
function I, of integral form with integrand I in (yg N y#) x (Y4 n ygl), where i = (pi1,- .., 1d),
v=(n,...,vq) and
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Define the map Q : V' x JJ? — R by:

Q(6,%) = (Q (1), ..., QU ¥)), (8)

where QF is defined in equation (7). The map @ describes the queue length for every source at time
0. The following is our main general result.

Theorem 7 (Main result for dependent sources) If assumptions 2 and 3 are satisfied, then the
process {(w/n,nt/n,...,n%/n)} satisfies the LDP with rate function

K (w,) = inf { Joo(.6) s W(0) =w,Q0,) = . §€ (Y1), e 0¥}, )
where §ERY, ¢ = 22:1 bk, R = (u1/v1,. .. paf/va) and 771 = (1/ve,. .., 1/va).

The formula (9) holds in broad generality and is qualitatively informative. However, to get a more
tractable quantitative handle we assume that sources are independent of each other. Note that this
does not require us to assume that jobs sizes are independent of inter-arrival times within a given
source. This enables us to obtain a refined form as each process can be time-changed independently.

Assumption 4 (Independent sources) For each pair j,k € {1,...,d} with j # k, the processes
{(&,7)} and {(€F,7F)} are independent.

R RE]

Note that under assumptions 1 and 4, we have

o[ d
400 otherwise,

where I}, is the integrand in the rate function for {(B(-), T%(-))}.

Theorem 8 (Main result for independent sources) In addition to assumptions 2 and 3, assume
that assumption 4 holds and each Iy, in equation (10) is convex. Define Ji(x,y) := yIx (x/y,1/y) for
each k € {1,...,d}. Then:

o {w/n} satisfies the LDP with the linear rate function
K,(w) = wd, = wC ir>1% 2L(C+1/z), (11)

where

d
L(z) == inf {Z (y1kn>f0 Jk(a:k,yk)> } (12)

(Il »»»»» xd):Zizl Tp=T k=1
is the rate function for {A,(1)};
o and, with §= (q1,...,qa), {(w/n,n'/n,...,n?/n)} satisfies the LDP with convex rate function
d
K(w,q) = inf inf xJy (%, q—k) + b, ¢, (13)
20473 ww=Cuw} |4 z =z

where K is linear on rays; that is, for any a > 0, K(aw, ad) = aK(w,q).



11

Comment (K linear on rays): note that K has to be linear on rays as for any « € (0, 00)

1
lim —logP ((w7 nt,...on?) > (anw,ang, . . ., anqd))

n—oo n

1
= lim —log]P’((w,nl,...,nd) > (nw,nql,...,nqd)),

n—oo N,
by change of variable.

A natural corollary to this LDP is the following logarithmic asymptotic for the tail of joint waiting
time and queue lengths distribution.

Corollary 9 (Logarithmic asymptotics for independent sources) If

3 / ! ! . / / !
inf KW, ¢,...,q)) = inf KW, q,...,q)), (14)
7 / /7 7 / ’
w’' >w,q1>q1,-,93>9d w' >w,q1 >q1,-,93>9d

(a sufficient condition for which is that (w,q1,...,qq4) is in the effective domain of K ) then

. 1 .
lim —1og]P’((w,771,...,77d)>(nw,nq1,...,nqd)):— inf KW, d\,....q)).
n—oo N w'>w,q1>q1,..,45>qa

Comment (finite waiting space): Taking an infimum over w in equation (14) results in the logarithmic
asymptotic for the likelihood of dropped jobs when there is waiting space gin for each source k: the
lower bound is automatic, as the queue lengths with infinite waiting space path-wise dominate those
with finite waiting space; the upper bounds follow as paths in a small neighborhood around those
identified in Theorem 8 would cause overflow when there is finite waiting space and they have the
correct asymptotic likelihood.

The following corollary on the most likely paths that lead to this rare event is in the spirit of Anan-
tharam [1], who treats paths to a large waiting time over a finite time horizon for the queue with
i.i.d. job size process that is independent of an i.i.d. inter-arrival time process. Note that, when
constraining only on waiting time, the most likely paths are simpler.

Corollary 10 (Most likely paths for independent sources) Assume the that infima for K(q) in

equations (13) and (12) are obtained at unique (x*,y5,...,y%, 2*) € (0,00)*% and (af,...,a%,b%,...,b}) €
(0,00)2?, where ZZ:1 ap = C(z* +a*)/z*, so we have that

K() = zd: (a:*Jk <gyc—’f z—’“>) e (;: Jk(a};,b,’;)> .

k=1
Define the following piecewise linear functions for each k € {1,...,d}:
R yit/x* ift <a*
o) =< yi+ (t—a)aj ife* <t<az*4z*
Y+ 2+ (t—a* — ) ift > a4 2*
and
R qit/x* ift < x*
Yp(t) =< g+ (t —z*)b} ife* <t<ax*+2*

qr + 052"+ (t—a* — 2Ny ift >t 2
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where (g, Vi) is the unique pair such that Ji(pk,vi) = 0. Then, for any ¢ > 0,

lim P((zéfn,ﬁn) € B. ((lgl,.--,édﬂ&lp-wi&d) |

n—oo

W(An) > w7Q1(An7Nn) > qi, - . de(AnuNn) > Qd) = 1a

where BE(QZA)l, .

L ba i, .. ,1/3(1) is the ball of radius € around (giA)l, o bay U, 1/;(1) in Y?¢. That is,
these (f1, .. .

y Pds 1, ..., q) are the most likely paths that lead to the rare event.

This corollary implies that given we observe a long waiting time and large queue lengths [i.e. (w >
wn,nt > q@n,...,n% > gqn)], that when n is large, with p := 3 ux /v, the most likely path to this
event for the waiting time satisfies:

0 if t < —n(a*+ 2%),
n(z* 4+ (x* +¢/n)x*/z*) i —n(ax* +2*) <t < —nx*,

w(t) =< wn+t(w/z* —1) if —nz*<t<0, (15)
wn — t(C — p) if0<t<wn/(C - p),
0 ift > wn/(C - p),

while for each queue, the path will satisfy

0 ift < —n(a*+2%),
nz*by + ta* by /(a* + 2*) if —n(z*+2*) <t < —na*,
Nt (t) = ng +t(ge/z* — 205 /(a4 2%)) if —na* <t <0 (16)

qgxn — t(C' — p)qr/w if0<t<wn/(C - p),

0 ift >wn/(C - p),
These paths have five piecewise linear parts, with the waiting time and queue lengths all switching
modes at the same time. In the first there part is no queue build up until ¢t = —n(z* — z*). From
t = —n(z* + 2*) to t = —na™* the sources combine to generate sufficient volume of arrivals so that
at t = —na™* the workload will take until ¢ = 0 for the server to process, allowing the queue lengths

and waiting time to build up from t = —nz* to t = 0. Between t = 0 to ¢t = wn/(C — p), the server
processes the backlog of work and from then on the queues are empty. We will demonstrate these
distinct regimes in the Section 4.

4 Examples

4.1 Simplification of the rate function, K(w, ), under additional assump-
tions

We consider the form of the rate function K(w,q) in equation (13) under a series of simplifying
assumptions to demonstrate that Theorems 7 and 8 generalize existing results.
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1. If we only concern ourselves with the waiting time, then

i%fK(w7®:1Hf {leank( ,qk)—i—xéw}

20 {"J Ek 1 Y= C’w}
= inf {xL (C—> —i—:véw}
x>0 T
= wd,,.
For example, this formula could be deduced from results in [12].

2. If we restrict our interest to considering the tail of the queue length distribution of a single
source k € {1,...,d}, then, with = (q1,...,qa), rate function for the {n*/n} is:

Ki(q) := inf{K(w,q) : qx = q}
= q;g% {Hﬁf I (y,x) + xéw}
=: QO (17)

where ¢, defined in equation (11) is the exponent in the tail of the waiting time distribution.
Thus the large deviation lower and upper bounds tell us that the tail of the queue length
distribution of any individual source satisfies:

1
lim —logP(n* > n) = —dy.

n—oo N,
That is, for large n, P(n* > n) ~ exp(—ndy). For example, related result appear in [19][18].

3. Finally, if there is only one source of jobs present, the service rate C' is set to one and job sizes
for this source are independent of inter-arrival times, so that I1(x,y) = I¢(z) + I (y) (with I, I
convex), then

Ki(g) = qh
= qinf inf inf {ZI£ (ﬂ) +zI; (u> +IT(a)}
y>0a<y z>0 z z
Y Y
oing i 1ot (4) + o ()

where the last equality comes at a = y/(z+1) as I, is convex. Thus, with a single source formed
of a job size process that is independent of a job inter-arrival time process,

nlingo - 1og]P’(17 >n) = ;g%;rzl% {zlg (%) +(z+1I; (ﬁ)} .

This recovers a result of Duffy and Sullivan [9], which was proved using arguments based directly
on distributions. That result is itself a generalization of a theorem of Glynn and Whitt [12].
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4.2 Specific processes

Even for partial sums processes whose rate functions are known, one cannot expect to get explicit
solutions for equations (13) and (12). However, because of convexity, simple and efficient numerical
techniques can be employed to determine the infima.

1. Bernoulli job sizes and independent exponential service times. To calculate the rate function,
for many stochastic processes {X,} whose averages {} ;_, n~'X;} satisfy the LDP it can be
easiest to first calculate their scaled cumulant generating function (sSCGF):

1 n
A(#) = lim —logE 0>y X; .
(0) = lim_—log (@m(l; ))
Their rate function I is then given by the Legendre-Fenchel transform of A:

I(x) = sgp(@:c — A(0)). (18)

For example, if X, is i.i.d., clearly A(f) = logE(exp(6X7)). We use this with Bernoulli and
exponentially distributed random variables.

Assume that {¢¥} forms a Bernoulli sequence such that P(¢f = Ay) = 1 — py, and P(¢F = By) =
Pk, where Ay, < By. Then p, = (1 — pr)Ax + prBr and

A(0) = log E(eef’f) = log ((1 — pr) exp(0Ay) + pr exp(0By)) ,

using equation (18) it can readily be shown that

(Bu—a) (By—a) (2= Ax) (a-A0) )
ng (Qj) = { Bkk_Ak log ((l_pk)?Bk_Ak)) + Bk_Akk log (Pk(Bk—)j“k)) ifz € [Ak’Bk]

+00 otherwise.

If job inter-arrival times for source k € {1,...,d} are i.i.d. and exponentially distributed with
rate 1/vy then their rate function is readily calculated from the sCGF

A(8) = log E(exp(671)) = log (1 —10uk)

to be

Ie(x) = S| —log (3) .
Vi Vi
Thus Ji(z,y) = ylex(x/y) + yI1+(1/y) equals

Bry— Bry— —A —A
B:zAz log ((17Pk)k(yka*Ak)) + gk*Zi log (Pkg(chka))

+5- —y +ylog(yw) if 2/y € [Ay, By
400 otherwise.
Consider this system with two sources, parameterized as follows: A; = 0.1,B; = 1.1,p; =

0.5,v1 = 1.2 and A = 0.1, By = 0.2,p2 = 0.7, = 0.4. This gives p = 0.925 and we set C = 1,
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Figure 1: Bernoulli job sizes and exponential job inter-arrival times. Rate functions for the likelihood
one queuelength is x times the other: inf,, K (w,z,1) and inf,, K(w, 1,z) against .
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Figure 2: Bernoulli job sizes and exponential job inter-arrival times. Predicted paths for w(t), n'(t)
and n?(t) from equations (15) and (16) are overlaid with large excursions observed in simulation.

so the system is stable. Numerically solving equation (13) gives: §; = 0.25,02 = 0.9,4,, = 0.236,
where these quantities are defined in equations (17) and (11). Note that these values are quite
different to each other, despite the inter-dependency that comes about by sharing a common
FIFO processor.

Figure 1 plots inf,, K(w,z,1) and inf,, K(w, 1, z) against x. This captures the likelihood that
given one queue length is long, the other is x times as long (without conditioning on the waiting
time). This plot illustrates the asymmetry in the likelihood of these rare events. Note that
arginf{x : inf,, K (w,z,1)} determines the most likely ratio of n'/n? given that n? is large.

We simulated this queueing system, processing of 2 million jobs from each source. Figure 2 plots
the time history around the largest n? excursion observed. For this excursion we overlay the
most likely paths as predicted by theory in equations (15) and (16). These are matched solely
by setting n to the largest value of n?; everything else is predicted by theory. The parameters for
the n!(t) path are taken from the most likely ratio of n'/n? given that n? is large. Similarly, for
the w(t) path we choose parameters determined by the most likely path given that 12 is n. Both
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the predicted times at which queue length and waiting time behavior change and the heights
achieved at those times match well with the observed path. We have seen this for a large range
of source statistics.

. An example with correlated job sizes and inter-arrival times. To calculate the rate function for
certain partial sums processes {n~! 3" | X} it can be easiest to first calculate the rate function
for the empirical laws {n=!' """  dx,} (where §, is the probability measure with mass 1 at
and zero elsewhere) in the weak topology on the space of probability measures. If the random
variables X,, are bounded, then the rate function for {n=' Y | X;} can be determined by the
contraction principle.

In [7], Duffy and Metcalfe calculate the empirical law rate function for the two state Markov
chain {X,,,n > 1} with transition matrix:

( 1;04 s ),Wherea,ﬁe(o,l).

Let {0,1} denote the two states, then the empirical law rate function H is infinite unless the
measure has the form Y = (1 — ¢)dp + ¢d1, in which case

—(1-c)log(l1—a+aK)—clog(l—p+3/K) ifce(0,1),
H(Y)=H(c) =< —log(l—p) ife=1,
—log(1 — ) if ¢ =0,

where

—af(1 —2¢) ++/(af(l —2¢))2 + 4dafBc(l — a)(1 — B)(1 —¢)
2a(1— B)(1—¢)

From this we can calculate the rate function for the partial sums process {n='>""" | f(X;)} by
the contraction principle. For source k, when the Markov chain is in state 0 a job of size 7r§
is generated with an inter-arrival time to the next job of v§ and when the chain is in state 1
a job of size 7§ is generated with an inter-arrival time of vf, with 7§ > 7%. That is the state
of the Markov chain completely determines both the job inter-arrival time and size, making the
cumulative arrival process highly correlated. Then:

K =

(2D o0 g o, ofy = U= =

Ji(z,y) = (mh — k) (vk —ok) vk —of ’
400 otherwise,
and

CEEOET) )iMEW@WﬁL

+00 otherwise.

[ (e ) - 2
inf Jj (y, ;) =

y>0

Consider this system with two sources having parameters: o' = 3/16, 3 = 1/16,v{ = 0.00001, v3 =
0.5, 75 = 0.0072, 73 = 0.27 and o? = 3/16, 3% = 1/16,v7 = 0.00008,v3 = 0.7, 71 = 0.16, 73 =
0.22. These parameters make job arrivals very bursty. We have p = 0.978 and set C' = 1.

Figure 3 is the analogue of Figure 1, capturing the likelihood that given one queue length is

long, the other is x times as long. Despite the strong correlation structure in the sources here,
the results display the same features.
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Figure 3: Markov driven job sizes and inter-arrival times.Rate functions for the likelihood one queue-
length is = times the other: inf,, K(w,z,1) and inf,, K(w, 1, ) against x.
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Figure 4: Markov driven job sizes and inter-arrival times. Plot of —zinf, <1 ¢,5a K(q1,¢2), which the

theory says should be approximately log P(n! > z,1n? > ax), and observed empirical frequencies from
simulation.
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Figure 5: Markov driven job sizes and inter-arrival times. Predicted most likely paths to rare events.

Again we simulated this system with 2 million jobs from each source. We empirically observed
the frequency with which {n! > x,7% > ax} for a range of values of z and a € {1,2,3}. Corollary
9 predicts that logfreq {n' > x,n? > az} should be approximately —zinfy, >1 4,50 K (g1, q2) for
large z. Figure 4 demonstrates the accuracy of this approximation by plotting these frequencies.
Note that for large values of x, the tail of the empirically observed curves drop suddenly. This
is due to a finite amount of data from simulation. Running the simulations for longer results in
a similar drop off, but for larger = values. Again, we have observed similar output for a range
of process statistics.

Figure 5 demonstrates the variability in the nature of the predicted most likely paths for the
queue lengths and waiting time, as a function of the conditioning event. Here, for large n, we
condition on ' /n exceeding q; and 1?/n exceeding g2. Note the predicted sharp changes at the
time x*, which can result in either an increase or decrease.

4.3 An application

We return to the question in section 1.4: how can one divide input buffer space between sources to
ensure that the likelihood losses occur (any buffer overflows) is minimized?

Consider the case where we have a buffer that can store a maximum of N MTU sized packets. One
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must divide up this storage space, where the divided space is allocated on a per-source basis. In other
words, we wish to choose {a, k € {1,...,d}} so that source k can buffer o, N packets, subject to the
constraint that 1 = ZZ:l Q.

Two naive rules for splitting the buffer space would be based on: (1) ratios of the mean arrival rates of
the sources; or (2) ratios of the mean inter-arrival times. Rule (1) gives ay = (u;c/yk)/(z;l:l (5 /vi))s
while rule (2) gives oy = (1/Vk)/(2?:1(1/yj)), where pj, and v, are defined in assumption 3.

From the large deviations analysis and the comment on finite waiting space after Corollary 9, we know
that for each source k, we have

1
lim —logP(n* > n) = —dy,
n—oo n

where J, is defined in equation (17). By the principle of the largest term (Lemma 1.2.15 [5]),

n—oo n

lim l logP ({771 > aln} U...u {nd > adn}) = — k_rrllin dOék5k-

Thus, from a large deviation approach, we wish to identify the collection of non-negative real numbers
ay, that maximizes the minimum of «ydy, as this would ensure that for large N the likelihood any
source is experiencing loss is minimized.

Lemma 11 We have that

d d -1
. 1
max{k_rltll}.r.%)dakék 1= E ak} = ( E a) ,

where this maximum s obtained with

k=1

For the two Markov sources in section 4.2 we chose N = 100 and ran simulations for the buffer divided
as (a1 N, (1 — a1)N), for a range of ay and observed the percentage of dropped packets (lost jobs)
over the course of the simulation. The same traffic traces were used in every simulation. Figure
6 plots these empirically observed values as a function of «1/(1 — «y). The vertical lines show the
a1/(1 — ay) values suggested by the two naive rules and the large deviation rule. Rule (1) is furthest
from minimizing the probability of job loss due to lack of storage space. Rule (2), based on mean
inter-arrival times, is better. However the value suggested by the large deviation analysis does best.
We have seen similar outcomes for a range of source statistics.

A Proofs

Proof of Theorem 1: cumulative and counting processes sample path LDP.

Proor: Lemma 3 of Duffy and Rodgers-Lee [8] proves that f : P! x JJTl — Y x yTl, f(o,0) =

(¢(yp=1),4~1), is continuous. As f(BF, TF) = (Ak NF), the result follows from an application of the
contraction principle, using the fact that ¢ — ¢~ is one to one in ;.
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Figure 6: Markov driven job sizes and inter-arrival times. Loss rates for given buffer division ratio.

Proof of Lemma 2: exponential equivalence of interlaced and summed sample paths.

Proor: We have that

140() = AuO)ll < sup = | Au(t) -

As

(3

t>0 1 +1

<su
t>181+t

m+1
Zsup 1+Tl (m) >5n>

m>1

A(

nt)
n

Zfzvl )41 = Z SUP 1

< max P

yer

.d <m>1

1
= sup ——
t>gl+tz

m+1
T+ Ti(m)

sup

1+ TYm)

(m)

l
m—+1

)
>-n],

d

gé\fl(nt)-ﬁ—l

]
TN (nt)+1

exponential equivalence then follows from assumption 2 and the principle of the largest term (Lemma

1.2.15 [5)).

Proof of Lemma 3: equivalence of waiting time and functional representation.

Proor: Let m > 0 be given and consider:

su
t>0

C

(2 -

sup (
t>0

A(mt)

Cm
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The supreumum over ¢t must be attained at interlaced arrival times, as the polygonal approximation
less service process is linear between job arrivals. Thus recalling the definition of the waiting time, w,

from (1), y
sup (ﬁ — t> = ﬁ
t>0 C m

|
Proof of Lemma 5: exponential equivalence of queue lengths and the functional representation.
Proor: We know that W(A,,(:)) = w/m. Define o := sup{s: A(s) < Cw} and consider
C
Om = sup{s tAm(s) < _w}
m
1 N*(S) g}k\,* L
= —supis:A(s)+|s— Z T *(ing
m i=0 TN*(s)+1
As NE (+) is non-decreasing and Nk () € [N (mt)/m, (N (mt) +1)/m),
k NN () — NF k(O _ L k(O N*(o) =1 N*(o) +1
QA 5 = Ni(om) € N8 (2) = 28 (£)) < |2 2D
Thus
F(Am (), N, U
Q ( m(')J m()) - E = Ev
and {Q*(A,(-), Nu(-)} and {n*/n} are exponentially equivalent.
|

Proof of Lemma 6: continuity of the queue length functional.

PROOF: Assume that (¢n,1n) — (¢,4) in (V) NY;) x Y'. Define the positive real valued function
o(¢) :=sup{s: ¢(s) < CW(¢p)}. We have that

|o(6n) — ()] < [sup{s : ¢n(s) < CW(dn)} —sup{s : ¢(s) < CW(¢n)}|
+ [sup{s : ¢(s) < CW(¢n)} —sup{s : ¢(s) < CW(¢)}|
= |¢n  (CW(dn)) = 67 (CW (9n)| + |67 (CW (¢n)) — o (CW ()],

where ¢, (¢n(t)) = on(0," (1) = 071 (6(1) = 6o~ (t) =t. As ¢ — ¢ in YNV, ¢ — ¢~ in
yll /0 y#. In particular, =1 is continuous and ¢,,! converges to ¢~! uniformly on compact sets. As

W(¢pn) — W(@), o is continuous. It remains to show that 1, (c(¢d,)) — ¥ (o (9)), but as o(dn) — (@)
and 1,, — v uniformly on compact sets, this follows immediately. Thus Q* is continuous.
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Proof of Theorem 7: main result for dependent sources.

Proor: Theorem 1, Lemma 2, Lemma 4 and Lemma 6 show that the map

-,

(8,9) = (o1 (7)o da(g )t oY)
d
(quk ,...,¢;1>
k=1

d
— lw <Z ask(w,:l)) ,Q <Z ¢k(w,;1>,wfl,...,w;1>]
k=1 k=1

is continuous. Thus an application of the contraction principle, using and the exponential equivalence
in Lemma 2 and Lemma 5, gives

d d
K<w,q->=mf{ G w (zmwk ) (z -1)=q}
k=1 k=1

—

where ¢ = 22:1 b, B = (u1/vi,...,pa/ve) and 771 = (1 /vy, ..., 1/vy).

Proof of Theorem 8: main result for independent sources.

Proor: Starting from the result in Theorem 7, we first show under assumptions 3 and 4 that J is
of integral form with integrand

d
J(x1,. . Tq, M1, Ng) = ZJk(xk,nk),
k=1

where J (2k, yr) = yrlr (2k/yk, 1/yr). Consider (¢1,. .., ¢a, 1, ..., %q) such that J(d1, ..., ¢q, %1, .., 0q) <
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oo. Then using equation (10)

Joo (D1, a1, a) = T (Sr (7). da(hy D), 00", 0y Y)
P
o b (s) 1 i
/0 [21 (w—ws»’ wkw—l(s)))]
- > (g ls) 1 .
-2 / . (mwws))’ u&kw%s))) ! ]
_ () N
-2 / i (ﬂsk(s)’ ¢k<s>> ol )d]
d r roco .
_ kz;: /0 i ((bk(s),wk(s)) ds}
o [ d .
- / [ZJk (m(s),ujk(s))] ds,
k=1

where Ji(z,y) =yl (x/y,1/y) and we used the substitutions s — ¥y (s).

Moreover, if Ij is convex, then Jj is convex. This can be seen by considering, for a € [0, 1],

(e, + (1 — o)z, ayr + (1 — a)ye) = (ay1 + (1 — @)y2) I (awl + (1 — a)zy 1 ) '

ayr+ (L= a)y2 " ayr + (1 — a)ys
Set v = ay1/(ay1 + (1 — @)y2), note that v € [0,1] as y1,y2 > 0, and thus

X i) 1 1 1
L 1= and —— T f(1—)—.
T (1=7) Y2 ot (- v = Y2

azry + (1 — a)xs
ayr + (1 = a)ys

Hence, using the convexity of Iy(zx,y),

1 1 T2 1
Jelazy + (L= a)zz,apn + (1 —a)y2) < oyl (—1, —) + (1 —a)yoIy (—2, —)
Y1 Y1 Y2 Y2

= aJi(z1,11) + (1 — a)Jk(22,92)-

as required. It is also the case that inf, Ji(x,y) is a convex function (e.g Theorem 5.3 of [17]) and as
L is defined as an inf-convolution of convex functions, it too is convex (e.g. Theorem 5.4 of [17]).

We will see that K(q) breaks into two parts. Firstly we have the “cost” of having the cumulative
arrivals over an interval of length ¢ — s consume the service available over an interval of length ¢. The
second part is the “cost” of having source k produce g jobs in an interval of length s while all the
sources combine to generate a waiting time w. The rate function identifies the most likely ¢ and s for
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which this will happen. For (E € V¢ define ¢ = 22:1 ¢k, then
K(w,@) = inf {Jo(,9): W) = w,Q (6.8 = 1, -, QU6 %) = 4a |
(#,9)
= inf {Joo(@,¥) : sup(6(t)/C — 1) =
(#,%) t
bi(supis : ¢(s) < Cw}) = qu, .., Ya(supis : §(s) < Cw}) = qa}
= inf inf {Joo((g, ) :sup(¢(t) — Ct) = Cw, d(z) = Cw, Y1 (z) = q1, ..., Ya(z) = Qd}

t
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anr}
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z) = Ct,¢(z) = Cw,Y1(x) = q1, ..., Ya(x) = Qd}
d
> inf inf inf { Z

¢
inf jnf inf 13 ( xJk((J.ﬁk(s),z/}k(s))ds) + / ' (gf)(s)) ds :
o(t) — d(x) = Ct, () = Cw,1(x) = qu, ..., Ya(z) = qa}
;g% t1121£ .ﬁizg:ilnifk:Cw {Z ol (yk Qk> (t= x)L (tﬁtx> } (19)

= inf B inf {ijk (yk qk) + Hgf(’)zL <@)}

220 {534 yp=Cw}

v

where we are using Jensen’s inequality to get (19).

To show the lower bound is obtained we construct a collection of absolutely continuous functions

(élu oo 7¢Ed71&17 v 71&(1) with (]; = ZZ:I éli th?“t are HAl the set {((b?/lE) : Q1(¢;’J;) =dq1,--- 7Qd(¢7d—;) =
qa}- Moreover, by construction I(¢1 ..., ¢q,¥1,...,%4) will be arbitrarily close to the lower bound.
Thus K(§) has the form given in equation (13).

As all the functions in the infimum are convex and convex functions are continuous on the inte-
rior of where they're finite, given € > 0 we can select a points (z*,y5,...,y5,2%) € (0,00)%*2 and

(a%,. .. a5, b%, ..., b%) € (0,00)2 with Y2¢_, af = C(z* + 2*)/z* and Y0, yi = Cw, such that

d d
5 (5:2)) o (S
=1 k=1
is no greater than

inf inf Z:EJ (yk Qk> inf zL (M> + €.
m>0{u Zk L Y= Cw} z>0 z

Let (ug,vy) be such that J(ug,vx) = 0 for each k € {1 ., d}. Set ¢(t) = Zzzl 1 (t) and for each
ke {1,...,d} define the functions (gbl, G, ,1/)(1) through their derivatives

yp/a* ift <zt

—or(t) =< aj ife* <t <a*+42*

Lok ift>a*+ 2*
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and
d - qr/z* it <ot
Ezbk(t) =< b ife* <t<ax*+2*
Vg, ift > a* + z*.

We have (qgla .. '7¢Ed71&17 oo 7¢d) S (ygmyg) X (ygmyg)a W(EZ:I q;k) = Cw7 Qk(éﬂz/;h .. '722]11) =gk
for every k € {1,...,d} and Joo(@1,...,dd,U1,...,%q) is within e of our lower bound. Thus it is
possible to arbitrarily well approximate the lower bound, and the result follows.

To see that K (w, ¢) is linear on rays, consider the expression in equation (13) for K (aw, aq) and make
the substitution 2’ = z/«a to get aK(q).

To get the result for {w/n}, one contracts out by projection to get K, (w) = infz K (w, §).

Proof of Corollary 9: logarithmic asymptotics for independent sources.

Proor: As K is convex, it is continuous on the interior of the set where it is finite. Thus the result
follows applying the large deviation lower bound to {(w,n',...,n%) > (nw,nqi,...,nqqs)} and large
deviation upper bound to {(w,7n",...,n%) > (nw,nqi,...,nqa)}.

|
Proof of Corollary 10: most likely paths for independent sources.

Proor: We appeal to a sub-result of Theorem 3.1 (b) of Lewis, Pfister and Sullivan [13]. This states
that if {X,,} satisfies the LDP with rate function I and the closed set D is such that

1
lim —logP(X, € D) =— inijI(x) > —o0, then lim P(X, € Gp | X, € D) =1,
rE

n—oo n n—oo
where Gp is any neighborhood of {x € D : I(z) = inf,ep I(y)}.

For (5 = (¢1,...,¢aq), define ¢ := ZZ:l ¢k- In order to deduce the corollary, it suffices to show that

Sy = {((Eu

equals

-, -,

)€Y W(0) 2 w,Q (6.0) 2 a1, .., Q (6.9) 2 qa and Juo(6,8) = K(@) |

-

Sy := {((5, P) € Y* . (¢,4) = (¢, 1) apart from on a set of Lebesgue measure O} .
S

-,

Clearly Sy C S1. Assume (d;, ) € 51 Let E be such that

(Q.Sla' "71j)d) (S) # <%Q§la' "7%1[}d> (S) for s € E.

—
-, S

However Joo (¢, 1) = Joo(¢, 1) and therefore

oo d . d A
/m*_,’_Z* J (£¢1 (8)7 ceey El/]d(s)) ds =0,
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as J(x1,...,24,y1,...,ya) = 0 if and only if (z1,...,y4) = (@1, .-, f4d, V1, .-, Vd), it must be the case
that fam[ ds = 0, as otherwise

z*+x*,00)

[ o [ (B L)

which would violate equation (19). Thus = C [0, z* 4+ 2™*].

As the minimizing points (z*,y7,...,y5,2%) € (0,00)%*2 and (af,...,a},b5,...,b;) € (0,00)%¢ are
unique, by Jensen’s inequality it must be the case that

Or(x™) = yi, dr(a™ +27) =yp + 2%ak, Yr(x™) = qr, and P (z* +27) = qi + 27by.

—
-, -, ~

Again by Jensen’s inequality, given this constraint, J((;,w) = K(q) only if ((E, ¥) = (¢,1)) almost
everywhere, so that S; = Ss.
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