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Abstract During an adaptive immune response,lymphocytes proliferate for v eto twenty cell divi-
sions, then stop and die over a period of weeks.The cyton model for regulation of lymphocyte prolif-
eration and survival was introduced by Hawkins et al. [17]to provide a framework for understanding
this responseand its regulation. The model assumesstochastic valuesfor division and survival times
for ead cell in a responding population. Experimental evidenceindicates that the choice of times
is drawn from a skewed distribution such as the lognormal, with the fate of individual cells being
potentially highly variable. For this reasonwe calculate the higher momerts of the model sothat the
expected variabilit y can be determined. To do this we formulate a new analytic framework for the
cyton model by introducing a generalizationto the Bellman-Harris branching process.

We usethis framework to introduce two distinct approadesto predicting variabilit y in the immune
responseto a mitogenic signal. The rst method enablesexplicit calculations for certain distributions
and qualitativ ely exhibits the full range of obsened immune responses.The secondapproach doesnot
facilitate analytic solutions, but allows simple numerical schemesfor distributions for which there is
little prospect of analytic formulae.

We comparethe predictions derived from the secondmethod to experimentally obsened lymphocyte
population sizesfrom in vivo and in vitro experiments. The model predictions for both data setsare
remarkably accurate. The important biological conclusionis that there is limited variation around
the expected value of the population sizeirrespective of whether the responseis mediated by small
numbers of cells undergoing many divisions or for many cells pursuing a small number of divisions.
Therefore, we concludethe immune responseis robust and predictable despite the potential for great
variabilit y in the experienceof ead individual cell.
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1 Intro duction

When T and B lymphocytes are exposedto a stimulus such asan antigen, they respond by increasing
their population size through a seriesof cell divisions. Typically this expansion does not proceed
inde nitely and oncethe responseis complete, the population sizedecreaseshrough apoptosiswith a
small proportion of the maximum cell number retained asa memory population [4][18]. Understanding
and predicting the strength of this responseand its regulation by extrinsic signalsis a key goal in
immunology.

Advancesin ow cytometry and the introduction of techniques for following cell division by labeling
with the uorescent dye carboxy uorescein succinimidyl ester (CFSE) have enabledthe collection of
detailed experimental data on the kinetics of lymphocyte division progressionand cell survival that
form the basisfor developing quantitativ e models. For example,a seriesof recen papers[15][29][11][17]
hasreported on extensive in vitro experiments on the behavior of puri ed nasve lymphocytes exposed
to a mitogenic stimulus. These studies indicate that the time taken for the rst cell division is typ-
ically longer than subsequen divisions and varies considerably between cells within a homogeneous
population. As a consequenceof this variabilit y, asyncrony in division progressiondevelops within
the population. The appropriate distribution for erntry to division closelyfollows a lognormal for both
T and B lymphocyte stimulation [11][29][17].Subsequen divisions are typically lessvariable in time,
although this also varies with stimulation conditions. Strongly stimulated T cell proliferation con-
tributes little additional variation to the population structure and can be modeled as a deterministic
division time [15]. Howewer, stimulation with lower concerrations of growth supporting cytokines
reveals the variance in time of passagethrough subsequeh divisions increasesand now cortributes
signi cantly to the developing division asyncrony of the population [11].

Regulation of cell death is also a feature of lymphocyte responses.When cells are placedin culture,
in the absenceof a mitogenic stimulus, they gradually die by apoptosis [15][11][17]. The addition of
a mitogenic stimulus doesnot prevert cellsdying in this mannerin the time period prior to entry to
division [15][11][17].Once cells are dividing the survival properties of cells remain regulable. T cells
receiving strong stimulus divide with little death, whereasweaker levels of growth stimulus lead to
progressiwely more cellsbeing lost with ead generation[11][13][19].Finally, it is clearthat the number
of divisions cellsundergocan be regulated. In vivo studiesfollowing T cell responsesto a viral infection
suggestat least fteen to twenty divisions, following which cells die by apoptosis [10]. This behavior
on a smaller scalecan be obsenedin vitro by removing the stimulus. When the stimulus is removed,
somecells cortinue to divide for a period of time, but then ultimately all cells die by apoptosis [17].
Thus, the challengefor modeling theseapparertly complexprocessessto nd appropriate descriptions
for the simultaneous operation of cell death and cell division, the inheritance of division and death
parametersand the cessationof proliferation and subsequeh death of the population.

A number of recert papers propose mathematical models for lymphocyte proliferation that capture
some of the above features and include a generational structure to enable tting to CFSE division
tracking data. A common approad is to use Ordinary Di erential Equations (ODEs) for eat gen-
eration incorporating exponertial waiting times for part of the cell cycle as the source of divisional
variation. These models have also included simultaneous death rates modeled with ODEs, therefore
leading to exponertial cell lossfunctions [31][14][9].

An alternativ e to the simple ODE approach was proposedby Leon et al. [22] who provide a general
framework for calculating the mean population per generation as a function of time, assuming a
stochastic time to cell division. The analysis suggestsusing skewed distributions for time betweencell
divisions. This framework, however, doesnot incorporate terms for cell death.



The stochastic Cyton Model intro duced by Hawkins et al. [17] addresseghe requiremert for random-
nessin ead division by postulating independert cortrol of times to divide and die in ead cell. The
combination of the two time-based cortrollers in ead cell was called the cyton. With this structure
the actual distribution for division and death times can be varied and, in particular, parameter values
obtained from experiments can be used. They also introduced the concept of \division destiny" to
the modeling framework. A cell's destiny is consideredas the number of times it will divide before
stopping. In [17] the cyton model is used to predict the average lymphocyte population size as a
function of time, basedon a small number of measuredparameters. They demonstrate the validity of
their model hypothesesthrough its ability to match experimental obsenations for cell growth both in
vitro and in vivo.

The question of variabilit y in the overall immune responseis an important outstanding issuefor the
stochastic cyton model that was not addressedby Hawkins et al. [17]. Here we provide an advanced
mathematical analysis of the cyton model. For example, our new results enable the calculation of
higher momerts that provide a re nement to the law of large numbers and yield strong prediction
regarding variability in the immune response. Our important biological conclusion is that despite
the large number of di erent experiencesof individual cells, the immune responseis predicted to be
strongly concerrated around the averagebehavior.

2 Overview

As the lymphocyte population ultimately dies out becauseof division destiny, we are interested in
studying the transient behavior of the population size rather than its behavior at large times. We
provide two new methodologiesfor studying the cyton model. The rst is basedon a modi cation

of traditional branching processtechniques, while the latter is a hybrid of those techniques and a
generation-basedapproac. For an intro duction to branching processesseeone of the standard texts,
e.g. [16][5][21]. Both methods are basedon the deduction of the probability generating function for
the population sizeasa function of time. As well asbeing able to determine the mean population size
at any giventime, we determine the higher momerts, such asvariance, of the population distribution.

Oncethe probability generatingfunction is known, the population distribution can be recoveredusing
numerical inversion techniques suc as those described in [2][3][8][20]and Section 1.2.4 of [1].

Our reasonsfor presering two approaches are that the rst allows an exact solution for certain
distributions. This givesexpressionsrom which the range of qualitativ e behaviors can be obsened in
an explicit fashion. The secondapproac lendsitself to simple numerics for generaldistributions, but
is unlikely to lead to explicit expressionsin particular, this is the casefor the lognormal distributions
that provide an excellet t to available time to division data for T and B lymphocytes [11][29][17].
For numerical solutions the secondapproad is particularly well suited to the setting where there is
a minimum time between cell divisions or division destiny ensuresa bounded number of divisions,
as a seriesof integrals in the framework corvergesafter a nite number of iterations. A minimum
time between cell divisions has been reported since the 1960sand '70s [26][24][28].1t is thought to
correspond to the minimum time cellstaketo progressthrough the Sand G,/M phasesof the cell cycle.
We provide an example that treats these distributions using the secondmethodology and compare
them with data taken from in vitro and in vivo experimernts.

The rest of this paper is organizedasfollows. In Section 3 we intro duce the assumptionsof the cyton
model and the mathematical framework to study it. In Section 4 we introduce an analysis based
on total cell population, where division destiny is treated as a random time. We analyseit using a
modi cation of the traditional branching processespproach. In Section5 we presen an examplefor



which the mean and variance of the population size can be determined explicitly and illustrate its
features. In Section 6 we give a secondanalysis basedon the number of cellsthat are presert which
are the product of a given number of divisions. Division destiny here is treated as a random number
of divisions. We analyse this system using an iterative scheme. In Section 7 we use the proposed
numerical scheme for lognormal distributions. We match the model to in vitro experimental data
preseried herefor the rst time and in vivo data taken from [18], preserting a new contribution made
possibleby our approac: we show that, despite the nature of the lognormal distribution, standard
deviation error bars are small. That is, despitethe inherent variabilit y of an individual cell's behavior,
the overall immune responseis highly predictable.

3 The Cyton Mo del

Experimental obsenations of immune responsehave culminated in an article by Hawkins et al. [17]
that draws conclusionsabout the nature of the medcanismsat work. Here we summarize someof their
deductions.

{ Each cell hasa personaltime to die and eac mitogenic stimulus activatesthe cellsand imposesa
time to divide (Hawkins emphetal. proposethe word cyton for this unit; a word we adopt). These
times vary from cell to cell within the population. It appearsthat the two timed processewwithin
ead cell are unaware of eact other and whichever outcome is reached rst determinesthe fate of
that cell.

{ The cytons in distinct cells operate independenly.

{ The cyton in ead initial cell hasdierent distributions for time to die and time to division than
their progery. After the rst division, cells have the samecyton parameters.

{ There is no evidencefor a signi cant inheritance of division times [7][12][27].

{ Each initial cell has a division destiny. It will divide at most a given number of times (or until a
given time)[30], after which its progerny can no longer divide. This division destiny can dier for
ead initial cell.

Basedon these obsenations Hawkins et al. suggestthe following working hypothesesfor a stochastic
model of the behavior of a lymphocyte population exposedto a mitogenic stimulus.

{ Each cell's cyton is stochastically independen.

{ The operation of the regulable cyton controlling division and survival, seenleading up to the rst
division, is repeated through subsequen divisions.

{ Individual cellswill, upon division, \erase" the valuesof their parents time to divide and time to
die, and adopt new valuesdrawn from the appropriate distributions.

{ There is a division destiny for ead initial cell in the starting population that is drawn from a
stochastic distribution.

For the purposeof the modeling in this paper, we abstract the cyton mechanism as two stochastic
clocks. Notionally, a clock is a timer that once started will trigger after a random time. We are not
suggestingthat there is necessarilyequivalert time sensingmachinery operating within the cell.

Matching the hypotheseswe assumethat every cell setstwo stochastically independert clocks: a time
to division clock represerted by the random variable Tg and a time to death clock represeried by
the random variable Tp . Each cell exists until the minimum of Tg and Tp . If the time to death clock
expires rst, the cell diesand doesnot divide. If the time to division clock expires rst, then the cell
dies, but progery are born. Mathematically, we canreadily treat a generaldistribution for the number



of progery, but asthis is not relevant for cell division we restrict cellsto either two progery or none.
We assumethat progery set independert clocks at the time of their division and follow the same
process,albeit with potentially dierent distributions. If both clocks take the samevalue, Tg = Tp,
we assumethat death occurs. To avoid pathologies, throughout we assumeP (Tg = 0) = 0.

In terms familiar to the literature in continuous time Branching processes;Ig and Tp de ne a pair
of random variables

o i 2if Tg < Tp
L = min(Tg;Tp) and 0if Ts  To:
wherelL is the life-time and is the number of o spring. For this to leadto a Bellman-Harris process,
L and should be independert. However, apart from exceptional cases,independenceof Tg and Tp
does not lead to independenceof L and . For example, assumethat Tg is uniformly distributed
on [0;2] and that Tp is uniformly distributed on [0;1]. Then P( = 2) = P(Tg < Tp) = 1=4,
P( =0 =P(To Tg)=34andP(L t)=1 P(Tg>tTp >t)=1 P(Ts >F£)P(TD >
t)y=1 (1 t)2 t)fort2]0;1]. However,P( = 2;L t)=P(Tg < Tp;Tg t)= SP(TD >
NdP(Tg = r) = 1=2 t?=46 P( = 2)P(L t). That is, L and are not independert. Thus the
cyton model leadsto a generalization of the Bellman-Harris processin which life-time and number of
progery are not necessarilyindependert.

Let Z(t) denote the total number of cells alive at time t. We consider the probability generating
function F(s;t) := E(s?(V) and its generation basedequivalerts. If, for givent, this is nite for s in
any interval (s ;s*) that contains 1, then F(s;t) completely speci es the distribution of Z(t) (e.g.,
pg. 278 of [6]). Once F (s;t) is known, the moments of Z (t) canthen be determined by taking partial
derivativesof F (s;t) with respect to s. For example,the mean population sizeat time t is

mw = e@w = TEU
and, de ning
o=@y eem = 2EEY

the variance of the population sizeat time t is
var(t) := E(Z(t)?) E(Z()?= v(t) + m(t) m(t)%

Our rst approach will determine F(s;t). We de ne 0 to be the generation of the initial cells. For
any k > 0, we de ne the k" generationto be cellsthat appear asa consequencef division from the
(k 1) generation. The secondapproad involves rst determining the equivalent of F (s;t) for the
number of cellsalive in eat generation as a function of time.

Assume that initially there are d cells, Z(0) = d. Let X;(t) denote the number of descendets of
cell i that are alive at time t. The number of cells alive in the populatio&,is the sum of the number
of progery alive from ead of the i = f1;:::;dg initial cells: Z(t) = id:1 Xi(t). As we assume
probabiIistibindependencein the clock times of ead cell, the probability generating function satis es
E(s?M) = L E(s*'®). Moreover, asthe clocks areidentically distributed for di erent initial cells,
E(s?®) = E(sX:)d, Thus we need only to consider the probability generating function for the
progery of an individual cell, asthe probability generating function for an ensenble of d cellsis just
its d" power. With an iniB'aI population of d cells, the mean number of cells at time t is dm(t) and
the standard deviation is = dvar(t).



4 An analytical framew ork for the cyton model

For certain clock distributions the following analytic framework allows us to explicitly determine the
mean and variance of the number of lymphocytes alive as a function of time. This enablesus to
understand the contribution of ead part of the cyton model mechanism and qualitativ ely determine
the range of possibleimmune responses.However, it is not possibleto give explicit expressiongor the
lognormal distributions that appear experimentally and therefore we do not have an analytic formula
to compare with obsenations. In Section 6 we will introduce a numerical framework that can deal
with any classof distributions, and in particular lognormal distributions. It enablescomparisonwith
experiment, but the contribution of ead part of the cyton mechanism is not as transparert.

We set up and solve the model successiely in three steps, eat re ning the previous one. In Section
4.1 we assumethat the time to division random variable is independert and identically distributed
for each cell and that the time to death clock is independert and identically distributed for ead cell.
Furthermore, we assumethere is no division destiny. This enablesus to deducethe behavior of the
cells from the rst generation after the initial cells until the division destiny is reached. In Section
4.2 we then show how to take into accourt the obsenation that the initial batch of cells appear to
have di erent clock distributions. Finally, in Section 4.3 we include division destiny. We do this by
assumingthat ead initial cell has a random time after which its progery can no longer divide. At
this time, ead living descenden of a given initial cell picks a new random time to die. Selectingthis
nal time to die from yet another distribution causesno extra mathematical di cult .

4.1 Homogeneougclock distributions, from the rst generationto division destiny

We usethe superscript H to indicate we are assuminghomogeneousclock distributions. Consider a
singlecell at time 0 whosetime to division, T}, and time to death, T, clocks have just beeninitiated.
In generalwe usethe following integral equation to specify the generating function of the population
sizedistribution:

Zt
Fls)=sP(T > T >0+ P(TY T8 15+  FR(sit n2dP(Ty > T8 = 1)
0
(1)
Zt
=sP(TE > )P(TE > 0+ P(TH ¢ TE  THH)+  F(sit r)?P(T > rdP(T =r);
0
)

where the secondline follows from independenceof birth and death clocks. This arisesfrom three
parts:

1. if the rst cell livesat time t (which happensif both Tf' and T/ are greaterthan t) then Z(t) = 1
and cortribution to the expectation E(s2() is s;

2. if the rst cell diesat or beforet (which happensif T}  tand TS  T/'), then Z(t) = 0 and
cortribution to the expectation is 1;

3. nally, if the rst celldividesat time r in [0; t], then we have two cellsfor whom the samecalculation
needsto be performedfor the remainderoftime t r. Due to probabilistic independenceof progery
and the identical distributions of their clocks, we getthe F" (s;t  r)? term.



It is most natural to write equation (2) as a nonlinear Volterra equation (see,for example, Polyanin
and Manzhirov [25]):

FH(s;t) = sP(Ti'j >HP(TH > v+ P(TY T8 T
tFH(s;r)ZP(T,'; >t nNdP(TH =t r): (3)
0

We will return to the solution of equation (3) for F" (s;t) in Section5.

Comment: note that evento determine the averagenumber of cellsalive at time t, we would also have
to solve an equation of the sameform as equation (3):

Zt
mH (t) = gFH(s;t)jszl =P(TY >0P(Ty >t) 2 mt@EPT@y >t ndP(T =t r):
0

An integral equation with similar structure holds for any higher momert.

4.2 Adding di erent distributions for initial cells

If the initial cell has dierent random variables (distributions) for time to division T} and time to
death TY to later cells (whose random variables are T£' and Tf'), then we rst solve equation (3)
to determine F" (s;t). The probability generating function F™ (s;t) for the total population at time
t, without division destiny, is then determined by the following integral equation, which follows the
samelogic as equation (2):

FM (s:t) = sP(TigA >HP(TY >0+ P(TY Ty T
t
FR(sn)?2P(MY >t ndP(TY =t r): (4)
0

Having determined FH (s;t), then FM (s;t) is determined by an integral. Let m™ (t) and varM (t) de-
note the meanand variance of the cell population whenthe initial cellshavethis di erent distribution.
We also have the following direct integral represenations for the mean

Z
mM @)= P(TY > )P(TY >t) 2 tm”(r)P(T,g” >t nNdP(TY¥ =t ) (5)
0

and for the variance

Z
vaM () = mM (1) mM@)? 2 t(varH ry mit@E)+2mt))PTY >t nNdP(TY =t r):
0

(6)



4.3 Incorporating division destiny

The nal complication we must consideris division destiny. As this varies within the population of
initial cells, we model it asa stochastic quartit y. At the random time T we hypothesizethat all cells
in the population that are descendeh from a giveninitial cell draw a new time of death from a given
distribution T independertly of what hashappenedto them in the past; their newtime to division
is setto be+1 . After T , they canonly die.

In this case,FM (s;t) obeysthe integral equation (4) for all t T . As the death clocks are drawn
independertly from a newdistribution at time T , we havethat, conditonedonT =t ,forallt t:

E SOT =t =E E Z0jz@t ;T =t

E (sP(Tg® >t t)+P(T™ t t)20)T =1t
Thus conditionedon T =t , we have

M . H .
Z()iT = FY (s;t) ift t;
E sTHT =t FM(SP(TS® >t t)+P(T t t)t)ift t:
To get the probability generating function F (s;t) for the total population alive at time t (including
stimulus removal and division destiny), we must take the expectation over the distribution of T
values:

Zl
F(s;t) = E s2OjT =t dP(T =1)
2,
= FM(sit)ey ¢ g dP(T =t )
°© z
1

+  FM sP(Tg™ >t t)+P(T®  t t)it Ly gdP(T =t):
0

That is, the probability generating function for the population size (including division destiny) is

F(S;t)=FM(ZS;t)P(T t)
+ tFM 1+ (s DP(T® >t t);t dP(T =t): 7)
0

Taking partial derivativeswith respect to s one getsthat the averagenumber of cells alive at time t
is also given by an integral equation:

z
m(t) = mM@OP(T  t)+ th tP(TI® >t t)dP(T =t) (8)
0

and the variance at time t is

var(t) = m(t) (1 m(t))

+ S/ar'\" @ mMoa mM@O)PT  t)
+ t(varM ) mM@aE)ya mM@E))P(TE® >t t)2dP(T =t): (9)
0



4.4 Analytic cyton model framework summary

At time t = 0 we have d cells whosetime to division and time to die random variables are T}' and
T . For ead initial cell a random division destiny time is selectedaccordingto the random variable
T . After T any living progery of the cell cannot further divide; they selectnew time to die T .
Any cells alive after the initial batch and before T have clocks distributed as T} and TE'.

The probability generating function for the total population is E (s?(V) = F(s;t)9, where F(s;t) is
determined by rst solving equation (3) for F (s;t), then the integral (4) for FM (s;t) prior to T
and nally the integral (7).

5 Analytic example

We considera particular example of the modeling approadc in Section4 whereexplicit calculations are
possible.As described in the framework, we tackle the exampleby rst consideringthe homogeneous
population, then adding the e ect of di erent clock distributions for the initial cellsand nally adding
division destiny.

The nal analytic equationsare (18), (19) and (20) in section5.3.

5.1 The homogeneougpopulation; solving equation (3)

Assumethat the time to division is exponertially distributed, P(TS' > t) = e &', and the time to
death is exponertially distributed P(TL > t) = e ©!.In this caseead cell'slife time random variable
L, the time to whichever of division or death occurs rst, hasdistribution P(L t)=1 P(T} >
tTY >t) =1 exp( ( 8+ p)t). The number of children at the end of its lifetime satis es
P( :RO): D:( B + D) and P( = 2): B:( B + D)- As P( =0;L t) = P(T['," < TH;Ttl;|
)= GPTE >nNdP(Tg == o=(s+ o)1 exp( (s+ o)) =P( =0P(L 1), the
random variables and L are independen. Thus this forms a classicBellman-Harris processand the
homogeneougart of the population falls within the standard branching processmethodology.

We havethat P(TS'  tTH TH)= p=(s+ p)d e (e* o))yandP(TH < t;TH > TH) =
ge=( g+ p)d e (&* 0)) Thusequation (3) becomesthe following nonlinear integral equation
Z t
FH(S;t): s D e (s+ D)t+ D + 5 FH(S;r)Ze (p+ Bt r)dr: (10)
Bt b Bt D 0
For xed s, equation (10) is of the form
Z t
y(t) = g(t) e Of (r;y(r))dr:
0

It is known (e.g. [25]) that its solution is given by the solution of the following rst-order ODE:

%: %+f(t;y(t)) y (t)+ g (t):
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Here the equation that results is
dy(t
O = Fs0= =5 Mooy o)yw 1)
Solving this di erential equation givesus F" (s;t) = y(t). If g 6 p, then the generating function

in equation (3) is

p(s 1ele o)t sg+

FH(s;t) = ;
(59 (s lele o)t spg+ p

(11)

From this we can deducethat in the absenceof division destiny, the mean population as a function
of time is

mH () = el & o)t (12)
and that the variance of the of the population at time t is
varf (1) = e e o)t gl o)t 28(s ) 2) 1 (13)
(8 b)

When g > p, sothat on averagethe division clock expires before the death clock, there is expo-
nential growth in both the averagepopulation size and the variance in population size as a function
of time.

When g < p, the mean population decays exponertially, but there can be transient behavior in
the variancewhereit rst increasesbefore decreasing.

In experimerts, it is typically the casethat there is an initial growth in the population size followed
by population decay through cell death. This initial behavior correspondsto the mean division time
being smaller than the mean death time, but in the absenceof a mechanism such as division destiny,
this would lead to an undamped exponertial growth in the population size.

When g = p, sothat the time to divide and time to death clocks have the samestatistics, equation
(3) gives
F(st)=1 = S . (14)
' 1 s) gt+ 1’

the mean population is m" (t) = 1, but the variance grows asvar™ (t) = 2 gt.

5.2 Adding di erent initial distributions; integrating equation (4)

In [17]it is reported that a proportion of cellsin the initial culture do not respond to the stimulus.
This can be explained as a consequenceof trauma incurred in their harvesting and/or intrinsic in-
sensitivities to the stimulus. Hawkins et al. intro ducea factor pFg that represerts the fraction of initial
cellsthat do respond to the stimulus.

Here we assumethat independertly with probability 1 p 2 [0;1] eadh cell in the initial culture
cannot divide. Thus our parameter p correspondsto pFg. For cellsthat can divide, their probability
generating function is FH (s;t) prior to division destiny. This de ned in equation (11) if g 6 p and
in equation (14) if g = p.
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Henceif g 6 p the meanis
m“ ()= (1 pe °'+pd> o)t (15)
and the varianceis

ot 28(e  b)
(8 0)?

+pd s ot p2?le o)ti(1 pe ot 1 (1 pe ot 2pee ot (16)

vaM ()= p el e o)t gl

If 8= p,thenmM(t)=(1 p)exp( pt)+pandvar™(t)=2p gt+ mM () mM(1)°.

5.3 Including division destiny time; solving equation (7)

We considertwo division time distributions: (i) exponertial, P(T > t) = exp( t); and (i) Weibull,
P(T >t)= exp( t?). With the former, we will show that for certain parameterizationsit is possible
that division destiny and apoptosis cannot cortrol the rate of cell division. Indeed it is possible, for
example, that the mean population grows to in nit y or that the meantendsto a constart while the
variance tends to in nit y. Neither of theseis obsened experimentally. This suggestsusing a division
destiny distribution whosetail decays faster than exponertially. Based on experiments it has been
suggestedthat division destiny is similar to the Normal distribution [17]. We will use a Weibull
distribution that hasthe sametail behavior asthe Normal distribution, but yields elegan formulae.
In this case,the population distribution is well behaved astime becomedarge for all parameterizations
of the division and death clocks, with division destiny ultimately ensuringthe population dies.

Exponentially distributed division destiny. Let T be exponertially distributed with rate 6 g and
assumethat T2 is equalin distribution to TS'. Equation (7) gives

Zt
F(s;t)=p FM(site '+  FH (s 1e ot )+ 1:t e U dt
0
+(1 p) 1+(s De °f;

but the secondterm cannot be explicitly integrated. However, using equations(8) and (9) in conjunc-
tion with equations (15) and (16) we can determine the mean, m(t), and variance, var(t), explicitly.

For g 6 p,

( t

m(t) - (1 P)e ot 4 % Be( B "t |f B 6 : (17)
e o1+ pt) if g=":

At large times one of three things happens: (i) if + p > g, then a combination of natural deaths
and division destiny cortrols the averagepopulation which decreasedo zero ast becomeslarge; (ii)
if + p = g, thereis perfect balance,on average,betweendivision, death and division destiny so
that the averagepopulation tends to a constart m(t) ! p g=( s ); and (i) if + p < g,
death and division destiny doesnot control the division rate and on averagethe population grows to
innity, m(t)! 1.
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Fig. 1 One thousand lympho cytes in initial culture, with rst cell survival probability p = 0:7, homogeneous
clocks and exponertial division destiny parameters g = 1, p = 0:1and = 1:81. Analytic predictions.

When g 6 p the varianceis:

var(t) = m(t) (X m(t))

(2 )t (8+ )t
+pce t ez( B bt e( B p)t +pce 2 pt 1 e<s 1 el s D

2B B D ’
where m(t) is de ned in equation (17),
28(8 D)
C=z ————*~:
(s D)2
To determinevar(t) when2 g = or g+ p = ,it suces to takelimits.

The variance'srealmsof divergenceare di erent to thosefor m(t). Again, one of three things happens:
() if +2 p > 2 g, then the combination of death and division destiny cortrols the variance which
tendsOast! 1 ;(i)if +2p=2pg,var(t)! pC;and (i) if + 2 p < 2 g, then the variance
divergesin time var(t) ! 1 . Thusasm(t) tendsto a constart when + p = g, the varianceis
diverging to in nit y for this parameterization.

Figure 1 plots dm(t) dvar(t) for a set of parameters such that there is an initial explosionin
the averagepopulation, but division destiny ultimately cortrols growth and the population ultimately
dies out.

When division and death ratesare balanced, g = p, with exponenrtially distributed division destiny,
we have

Bt ( B )t
m@=pe '+ @ pe (e pu e e o+ P2 IE T

andif 6 2 g

P et@a )t Dre?

var(t) = m(t)(d m(t)) + 2p ge 2 ®'+ R
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Forany 2 (0;1 ), regardlessof the valuesof g, both m(t) and var(t) tend to 0 ast becomedarge,
asdivision and death are already balancedwithout division destiny.

Weibull distributed destiny division time. As an exponertially distributed division destiny cannot
guarantee control of the average population size at large times for all clock parameterizations, we
considera division destiny whosetail decays faster than exponertial; this is obsened experimentally.

If T is distributed asP(T > t) = exp( t?), which is a Weibull distribution, then again it is not
possibleto give a closedform for F(s;t), but for any value of g and p we can use equations (8)
and (9) to determine the mean and variance:

=4 BP— B B

erf — ef — t (18)

mh= (L pe °t+pe °t+pe oles 2 2

whereerf is the error function. Here, irrespective of the value of g, division destiny controls the mean
population sizesothat m(t) ! 0. When g 6 [ the varianceis

> (o 8) "

var(t) = m(t)(1 m(t)) +e > (29)
( D B)
) 2
sed(erf( g) erf( g 1) B DelEEE gf BT Dy BT Doy
2 2 2
andwhen g = p
var() = m(t)1 m()+2p se’ 1 e el+ ge 281 e 28l (20)

+pee?et@r 3P e g)e erf( s 1)

With an initial population of d = 10; 000 lymphocytes, Figure 2 shonvs dm(t) and dm(t) P dvar(t)
with p= 0.7, g = 4and p = 0:2. The shape showvn here is qualitativ ely closeto that obsened
experimentally [15][29][11][17]including the dramatic initial ramp-up in population size,followed by
a smooth transition to apoptosis for all cells. Using equations (19) and (20) it can be seenhow the
stochastic componerts of death, division and destiny combine to e ect the predicted immune response.

6 A numerical framew ork for the cyton model

The framework in Section 4 is a time-driv en view of the overall lymphocyte population distribution
and is capable of giving closedform solutions for certain classesof distributions. We now dewelop an
alternate view that emphasizesthe cortribution of dierent generations. The framework presered
here is designedfor numerical methods. We will use the model in Section 7 with lognormal clock
distributions that have been proposed as providing an excellert t to obsenations [11][29][17],for
which there is little prospect of obtaining analytic formulae.

The framework is particularly well suited to the setting where division destiny ensuresthere can only
be a nite number of generationsor when the time to division distribution is bounded from below.
This time is usually takento be the time all cells must take to traversethe Sand G,/M phasesof the
cell cycle [26][24][28].1t is not yet known if there is a minimum time spert in the earlier G1 phase.If
this minimum time is known, it can be usedas a model input.

In this framework we allow di erent division and death clock distributions from generationto gener-
ation. As in the analytic model, we rst considerthe model without division destiny and then add
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Fig. 2 Ten thousand lymphocytes in initial culture, with rst cell survival probability p = 0:7. Weibull
division destiny. Analytic predictions.

it. In Section 6.2 we show how in principle FH (s;t) in Section4.1 can be recovered from the method
preseried here. In Section 6.3 we present an alternate method for deriving the equations preseried
in [17] that govern the mean population size evolution. In Section 6.4 we take into accourt division
destiny. We do this by assumingthat ead initial cell's division destiny is speci ed asa random number
of generations;its progery reach at most a given (random) generationand then cannot divide further.
After the nal division is readhed, the living descendenh picks a new random time to die.

6.1 The model

Let ZX(t) denote the number of cells of the k" generationalive at time t, wherek takesvaluesin the
non-negative integers. As the clocks from generation to generation are independen, we considerthe
population generatedby one cell of the k™ generation. We de ne the probability generating function
over all of the generationsfrom k to | at time t starting out with just onecell of the k™ generation at
time O:

P i
Fl(s;t):= E s =«2'jzk@©) = 1; Z™(0) = Ofor all m & k

P _
If k > I, then wede ne F/(s;t) := 1.In the model of Section4 we wereinterestedin Z (t) = i1:0 Z'(t),
whereZ%(0) := 1. Thus F" (s;t) = Fg (s;t) under the assumption of homogeneoudlistributions. We
will return to this point in the next section.
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Let (TX;TX) denote the time to death and time to division random variables for the k™" generation.
We have the following relationships

Fla(sit) =1
Fl(s;t) = sP(T) > )P(TE > t)+ 1 P(TLH > t)P(TL > t)
Fl i(s;t) = §P(T,'3 L>opmyt> )+ P(Ty Y 6T Te)
t

£ 1+(s DP(TL>t nTLi>t o r) PP(TL > ndP(TL t=1)
0

Fla(si)=1 (21)
Fe(sit) = §P(T.§ >OP(TE > )+ P(T TS T¥)
t
+ Flast r) 2P > ndP(TE = 1): (22)
0

This is explained as follows:

1. if the k™" generation cell livesat time t, then the cortribution is s;

2. if the k™ generation cell dies at or beforetime t, then the cortribution is 1;

3. and if the k" generation cell divides into 2 cells of the (k + 1) generationat sometime r 2 [0; ],
then we considerthe cortribution of the populations generatedby these 2 cellsin the remaining

timet r;
4. we do not count cortributions from any generation beyond I.

6.2 Recovering FH (s;t)

When the clock distributions are the samefor all generations,the iterativ e procedure in equations
(21){(22) givesan alternate method to calculate F " (s;t) in equation (3): F" (s;t) = limys  F&(s;t).
Using this characterization we can reversethe labeling to write a simpler procedure for computing
FH(s;t) in this homogeneouscase. To calculate F" (s;t), it is sucient to execute the following

iteration scheme:

Fi(sit)=1

Fo(sit)= 1+ (s 1)P(TS > )P(TL > 1) .
t

Fi(s;t) = sP(TH > )P(TH > )+ P(TS TS TH)+ F2 ((s;t n)P(TH > ndP(TE =r1);
0

wherek 1. Then FH(s;t) = limg1  Fi(s;t).



16

6.3 An alternate mean population size analysis

De ne mi(t) to be the mean size of the population encompassinggenerationsk to | descendedrom
one cell of the ki generation starting at time 0:

mUD=§RGMky

Taking partial derivativesin s and then setting s = 1 in (21){(22) the iterativ e procedure for the

M.y (Sit) = 0 ,
t

m(t) = P(TE > OP(TE > 1)+ 2 mly, (t r)P(TE > nNdP(TE = 1);
0

where m}(t) := 0 if k > I. Using the fact that we start out at time O with only one cell of the
0" generation we have that the mean number of generation | cells alive at time t is E(Z'(t)) =
mp(t) m'0 1(t). This givesan alternate formulation of the direct mean-basedprocedurein [17].

6.4 Incorporating division destiny

It remainsdebatablewhether the limits set on division number are controlled by internal time sensing
or through division courting [30]. In the framework of Section 4, division destiny for the progery
of a given cell is determined by a random time T after which the cells can no longer divide. Here,
instead, we follow Hawkins et al. [17] and hypothesizethat a given cell's division destiny is basedon
generations. The cell has a random generationnumber K 2 f0;1; 2;:::g after which its progery can
no longer divide. Taking an expectation over the distribution of K givesthe probability generating
function for the total population with division destiny distributed asK :

s
F(s;t) = FE(s;t)P(K = k): (23)
k=0

It is well known that there exists a minimum time between cell divisions [28], so there exists some
b> 0sud that TY > band T' > b Thus for a given time t at most members of the rst [t=b] (the
greatestinteger smaller than t/b) generationscan be presen. Let K i, = minfk : P(K = k) > Og.
Then

(
Fsn= o (8K = Fgm (sik) it ft=b  Komin’
e % FSSIHP(K = k) + FEI(s P (K > [t=hl); if [t=h] > Kmin :

This greatly simpli es numerical technigues, as our iterativ e schemeterminates after a nite number
of iterations. Alternativ ely, if K has bounded support (supfk : P(K =k ) > 0g< 1), this also
su ces to ensurethe schemeterminates after a nite number of iterations.
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6.5 Numerical cyton model framework summary

At time t = 0 we have d cells whosetime to division and time to die random variables are T} and
TY . Foreaci 2 f1;:::;dg arandom division destiny generationis selectedaccordingto the random
variable K . After generationK any living progery of cell i cannot further divide, but can only die.
Any cells alive after the initial batch and beforeK have clocks distributed as TS and TY' .

The probability generating function for the total population is E (s?(V) = F(s;t)9, where F(s;t) is
determined by rst solving the integral recursions (21){(22) for fF/(s;t)g and nally evaluating the
weighted sum in equation (23).

7 Numerical model examples compared with experimen tal data

We expound on the methodology of Section6 by rst giving an algorithmic description of its implemen-
tation. In Section 7.3, we comparethe models predictions to data taken from an in vitro experiment
and an in vivo experiment. The in vitro data is showvn here for the rst time. Details of the exper-
imental setup can be found in [30]. The in vivo data is taken from Homann, Teyton and Oldstone
[18]. Lognormal distributions have been proposed as appropriate for clock distributions [17], so we
presert numerical results for that case.We cometo the signi cant biological conclusionthat despite
the high degreeof variability in the experience of any individual cell and its progery, the overall
immune responseis highly predictable.

We give the initial cell a division destiny number k in the support of the distribution of K . We
can think of cellsin the rst generation (immediate descendets of the initial cell) as having division
destiny k 1 and their descendets as having division destiny k 2, and soforth. For example, if
the initial cell hask = 3, then any of its descendets born into the third generation cannot divide
any further. Ultimately we will sum over the likelihood that the division destiny K takesthe value
k to determine the overall ensenble's probabilistic behavior.

With xed K = k , we augmen our de nition of the probability generating functions to de ne
P i
Fo (si)= E s -x2'Wjzk©0) = 1, Z™(0) = Ofor all m 6 k;K = k

If I < k, then we de ne Flfk (s;t) := Llirrespective of k . If k> k , then we de ne Fll;k (s;t) = 1 for
every |. A key point that follows from the de nition of k is that

FX (sit)y= FE X (sit) foralll k:
We will usethis when constructing an algorithmic realization.

Matching with our initial hypotheses,we assumehomogeneiy. Every cell with a non-zero division
destiny counter has the same set of distributions for time to division and time to death. We allow
the initial cell and the nal generation cellsto have di erent distributions. For the boundary caseof
k = 0,i.e., if the initial generationis the nal generation,we choosethe nal generationdistribution
for all the parameters.

For the initial cell we de ne: the distribution of time to live, gy (t) := Fé(TS" > t)P(TY > t); the
probability of dying beforedividing, hy (t) :== P(TM tTY TM)= SP(TE';V' rdP(TY = r);

and the probability density function of division before death, fy (t) := P(TM > t)dP(TY > t)=dt.
For the nal de nition we assumethat a density exists, at least using generalizedfunctions such as
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the Dirac delta function. For intermediate generationswith random clocks T} and TS' we have the
analogousde nitions of gy (t); hy (t) and f 4 (t). For the nal generationwith T nal and Tg@ |, we use
the subscript F.

Assuming that for the nal generation there is no possibility of cell division, we set TS"@ to be +1 ;
algorithmically, we needonly set Tg"® to beatime beyond the period of our interestin the population.
Thus for the nal generationwe have ge (t) = P(Tg® >1t), he(t)=1 ge(t) andfe(t) = 0.

The homogeneiy assumptionimposesfurther constraints on the set of functions Fk' (s;t) fork 1:
Fe<(sit) = Feay ™ " (sit):

Let b> 0bealower bound on the time betweencell divisions. That is0= P(TM < b) = P(T{' < b). A
lower bound of this sort is often seenexperimentally and immensely simpli es numerical calculations:
at time t 0 one can have up to [t=b] generationspresert. This discretenessmposesconstraints on

the set of functions F\ (s;t):
Fo(siy= FP (st 810 [t=hl:

Theseconstraints are in addition to the machinery of the integral equations (21) and (22).

If we are interestedin predicting the populations behavior up to a time Tnax, then we (numerically)
perform the following iterations (Schema A) up to K max = [Tmax =H.

1. SetFo(s;t) := 1+ (s 1)gr (t) and F’ (s t) = Fo(s;t).

2. Calculate Fi(s;t) := sgu (1) + hu (t) + o Fk 1(sit r)2fu(r)dr for 1k Kmax. Note that the
integration operation is, in fact, a convol jon.

3. Calculate F& (s;t) := sgu (t) + hu () + o Fk a(sit r)2fm(r)dr for 1k Kiax + 1.

The intermediate term Fi(s;t) calculatesthe probability generatingfunction of a population for which
all generationsincluding the initial generation have the samedistribution for the time to divide and
the time to die clocks and the division destiny variable K = k.

De ne Knin 2 f0;1;:::g bethe greatestlower bound on K that haspositive probability, i.e., K nin =
minfk : P(K = k ) > 0g. Incorporating these constraints, we have

8
E F(;< min ;K min (s;t) if [t=b] < K min ;
fey= K | -
(0= 5 P(K = k)F$ ¥ (si)+ P(K > [ R I (si)  otherwise:
' k= K min

Having determined the probability generating function, the complete distribution can be recovered
using numerical inversiontechniquessuch asthose developed by queueingtheorists. See,for example,
[2][3][8][20]and Section 1.2.4 of [1].

7.1 Explicit iteration schemesfor meansand variances

If we ewvaluate F(s;t) numerically and wish to determine the mean and variance of Z(t), we must
numerically take derivatives. Alternativ ely, if we are only interestedin a nite collection of momerts
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of the distribution of Z(t), then we can designan explicit iterativ e schemefor them directly basedon
the sameideasas for F(s;t) by taking derivatives of the iteration schemegiven above. We illustrate
this here, giving new direct iteration schemesfor the mean and variance.

It will only be necessaryto considerdivision destiny K equalto our dummy variable k. De ne the
following quartities.

. KK e
Mg (t) = _@ﬁkg’t) 5:1; m'é?k (t) = @O@fsit) 5:1;
. KK (.
e (t) = 7@%25’0 ., and vk () = 7@':0@2(5’0 o

By taking derivativesof the F (s;t) scheme,we have the following explicit iteration scheme(Schema
B) to determine meansand variances.

1. Setro(t) = g (1), mYO(t) = mo(t) and ¥o(t) = vIo(t) = O.
2. Calculate
Z t
my(t) = gq(t)+2 g 1(t r)fy(r)dr; and
7 0
W (t) = 2 t O a(t r) g gt 1) fu(ndr) 1k
0

K max :

3. Calculate
Zt
mgkt)y = gu(t)+2 My o(s;t r)fy (r)dr; and
Z, 0
ViR =2 1t )+ m2 ot 1) fu()dr) 1k Kpa + L
0

As in schema A, the intermediate terms i (t) and ¥« (t) compute the contributions of a population
for which all generationsincluding the initial generation have the samedistribution for the time to
divide and the time to die clocks and the division destiny variable K is k.

Finally we get:

C o Ko .
my= Bo” "0 it [t=b] < Kmin
0 P(K = k)ymg(t) + P(K > [t=b)) m{ 1 (1) otherwise
= BT f [t=5] < K
% P(K = k) vg () + P(K > [i=b]) vi™ I (1) otherwise

and var(t) = v(t) + m(t)(2 m(t)).
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7.2 Isolating ead generation's contribution

With a little additional e ort we can isolate how the mean of every generation changeswith time.
The extra e ort is necessaryto accourt for cells that have not reached their division destiny. This
approad, however, doesnot generalizeto higher momerts asthe population sizesacrossgenerations
are not stochastically independert.

We are interested in the probability generating function de ned by

KK X Py zk : .
FeK (sit) = P(K =k)E s =2 ® 7%0)=1;770)=0foralli LK =k ;
k =0
where (with an abuse of notation) we wish to explicitly follow the progressof the population up to
generation k while accourting for K . Using the earlier de ned quartities we write

k; Xt ki
Fo (si)= P(K =j)F¢(sit)
j=0
min §¢=b1ik) ’ | |
- P(K = )R (sit) + P(K > min([t=b]; k) g (PO EEH0 (g1
j=0
8 Ty (reh
A G i min((t=b] ) < K i
— min ([t=b];k) _ B
> i=km DK =])F (S N otherwise. (24)
- P(K > mln([t—b] k)) F(;mn(t b];k);min ([t=b];k)+1 (S't)
From this it directly follows that the mean of the sum of up to k generationsis
2 IBmm ([t=b];k);min ([t=b];k)+1 (t) if min([t=b]; k) < Kmin :
“m=_ TRk =Hmy ) o (25)
. +P(K > min([t=b]; k) mT™ (EPHOmN QDL+ otherwise.
Thereafter, we usethe linearity of the meanto assertthat
1K lifk> 0;

P(K =k)E@EZ K =k)=mg" (1) Lresogms
k =0

(t); wherelio5 = Hit o

To ewaluate (24) and (25) we needto determine F¢* (s;t), me* (t), FE**™ (s;t) and mE** (t) for
di erent valuesof k. Thesecorrespond to the casewhen K = k and K > Kk, respectlvely Following
schema A and schema B we have already obtained F ' (s;t) and mé;k (t). Thus we only need to

specify a procedureto compute Fk k+l (s;t) and mk d (t). For this purposewe have the following
explicit iteration scheme (Schema C).

1. Setmo(t) := gy (1), Fo(s;t) := 1+ (s 1)gu (1), md(t) := gu (t) and F¥(s;t) := Fo(s;t).
2. Calculate .
t

M) =gu(t)+2  me ot r)fu(r)dr
0 Zt
Fr(s;t) = sgu (t) + hy (t) + F 1(s;t 02 u(n)dr 1k Kpax:
0
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3. Calculate
Z t
me(t) =gu(t)+2 mg ao(s;t r)fm (r)dr
0 7 .
Fi(si)=sgu () + hw () +  Fe w(sit D2fu()dr 1k Kmax
0

The intermediate terms my (t) and Fi(s;t) compute the mean and probability generating function of
the population encompassinggenerationsO to k, where all generationsincluding the initial generation
follow the samedistributions for the time to divide and time to die clocks, and where K = +1 ,

i.e., division destiny never setsin. The terms my(t) and Fi(s;t) compute the mean and probability
generating function of the total population from generation 0 to k under the assumption that the
initial generationis di erent from the rest of the generations,but onceagain with no division destiny.

As we only accourt for generations0 through k, it is clear that
FOk 1 (sit) = F&(sit)  and  mE*™ (1) = my(t);

eventhough on the right side of both equationsthere is no division destiny. Thus all terms are available
to substitute into equations (24) and (25).

This procedureyields the higher momerts of the population up to generationk, but the inability to
isolate higher momerts of a speci ¢ generationnow becomesclear due to inter-generational dependen-
cies.Exact valuesof momerts other than the mean cannot be calculated, neverthelessit is possibleto
bound them using quartities that canbe calculated. We demonstratethis with a bound on the variance

. P . i 2
of any given generation.For| Oandk | dene var:<’K (t) = E }:k Z (1) m:“K (1)

The bound we useis dewveloped as follows:

0 1, o 1, o 1 o 1,

X W1 K1 K1
@ zZiwA =zKW)?2+ @ ZIA +2zKk0) @ zZiA zk)?+ @  zi@h)A
=1 j=1 i=1 =1

For all k |+ 1. Using the above relation and
0o 1 2l

X
ER@ ZImA X = vark® 1)+ m* (1)?
i=1

we have
varlf (1) + mi ()2 vard™® () + m* ()2 + vark TN (1) + m PR (02
After a little rearrangemen, this yields
vark® (t)  vark® (t) varf B () + 2m (mf T (1): (26)
In terms of calculable quartities, the bound in equation (26) gives
vark® (1) varg® (t) varg B (0 + 2mff ©ml (1)

forallk 1. As beforethe iterations to obtain var('§;K (t) canbe derived from (24) after di eren tiating
twice.
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Generation Number 0 1 2 3 4 5 6 7 8
Probabilit y 0.0200 | 0.0308 | 0.1342 | 0.2894 | 0.3103 | 0.1655 | 0.0438 | 0.0057 | 0.0004

Table 1 In vitro division destiny probabilit y massfunction.

7.3 Comparison of the numerical model's predictions and experimertal data

In this section we compare the secondmodel's predictions with obsenations from two sets of data.
Firstly with in vitro experimental data that follows B lymphocytes stimulated by 3 M CpG DNA.
This method of stimulating B lymphocytes induces limited division rounds and cells follow closely
the rules underlying the cyton model [30] with proliferation, cessationand death completedwithin 10
days. Note this systemprovidesan excellert evaluation of variation ascellsare not disrupted to remaove
stimulation aswasnecessaryto explore division destiny in Hawkins et al. [17]. Cyton parameter values
for the CpG data set were calculated as previously described [17]. Secondly we compare the model
predictions with data from an in vivo experiment reported on in [18], with cyton parameterization
givenin [17].

The in vitro experiment hastwo parts. Firstly, approximately fteen thousand CFSE-labeled puri ed

B-cells were exposedto the mitogenic stimulus. Roughly 10% of the initial cellsdo not respond to the
stimulus. The overall cell population size,and the per-generationcell population, were recordedfrom
the intro duction of the stimulus to beyond division destiny by o w cytometric analysis[17]. This gives
data with which to compare model predictions.

Secondly it is reported that in independent experimerts, the empirical clock distributions appear to
be well matched by members of the family of lognormal distributions [11][17].For example, P(Tp >
t) P(N(; ?)> logt), whereN(; ?2)isaNormally distributed random variable with mean and
variance 2. They t the meanand variance for the lognormal distributions of the random clocks T},
T, T and TS to the experimental obsenations. With this information it is possibleto run the
model and make predictions that can be comparedwith the data.

Cyton model parameters were determined using the methodology described in [17], mildly modi ed
to introduce a minimum time of 1 hour between cell division while leaving the mean and variance
unchanged. No minimum value is introduced for the time to death random variables. The division
destiny, K , hasthe probability massfunction given in Table 1. The division destiny distribution is
such that a maximum of 8 generationscan occur. The complete list of clock parametersare:

{ Time to division of initial cells: mean34:86 hours (including 1 hour minimum); standard deviation
4:9 hours. Time to death of initial cells: mean 151:27 hours; standard deviation 19:75 hours.

{ Time to division of cellsin eat subsequeh generation: mean 7:22 hours (including 1 hour mini-
mum); standard deviation 1:31 hour. Time to death of cellsin eat subsequeh generation: mean
82:25 hours; standard deviation 111:28 hours.

With this parameterization, we make predictions regarding the mean and standard deviation of the
population sizeas a function of time. We comparethis with the experimentally obsened values.

Figure 3 reports the model predicted mean and mean plus/minus v e standard deviations. Thus,
with extremely high likelihood, the immune response will progresswithin these bounds. There is
also a scatter plot of obsened data. The model predicts that despite the high degreeof variabilit y
experiencedby individual cells, the overall immune responseis highly predictable; that is, there are
small error bars around mean behavior. This is signi cant asit suggeststhat even though ead cell
is responding independertly to the mitogenic stimulus and with a large amount of variation, the
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Fig. 3 Total cell population size vs. time. Comparison of model and in vitro experimental data. Resting
B cells puried from spleensof C57BL mice were stimulated in 200 | culture with 3 M CpG (sequence-
5'-TCCATGA CGTTCCTGA TGCT-3'). Triplicate cultures were harvested at each time point.

Generation 12 13 14 15 16 17 18 19 20 21 22

Probability | 0.0001 | 0.0017 | 0.0165 | 0.0826 | 0.2206 | 0.3151 | 0.2408 | 0.0984 | 0.0215 | 0.0025 | 0.0002

Table 2 In vivo division destiny probabilit y mass function.

overall behavior is predictable. Mathematically, the existenceof this robustnessin the overall immune
system comesabout as a \law of large numbers". That is, the vast majority of likely microscopic
states (governedby ead individual cell's death/division experience)give rise to the samemacroscopic
immune response.

The predictions match well with the experimental obsenations, but with a few outliers. Due to the
complexity involved in the experimertation, outliers are expected. Clearly the bulk of the variation
obsened in the data derivesfrom experimental errors.

Figure 4 reports on the time ewolution of meansfor ead generation, from the initial cells to those
that are the consequenceof eight divisions. For ead individual generation we cannot determine its
variance explicitly . However, we provide an upper bound on the standard deviation using the methods
described in Section 7.2. As even these bounds predict little variability in the overall response, it is
clear that the number of cells of eadh generationthat are alive at ead time is highly predictable. The
shapes obsened for eath generation are qualitativ ely similar, but quantitativ ely quite di erent. The
model matchesexcellertly with the obsenations.

In the in vivo experiment, from Homann, Teyton and Oldstone [18], CD8+ T lymphocytes speci ¢ to
a single peptide/MHC epitope were followed after infection with lymphocytic choriomeningitis virus.
The overall cell population size was recorded from the introduction of the virus to beyond division
destiny and on to the period where remaining cell numbers are retained at a homeostatic level. For a
detailed description of the experimental setup and methodology, we refer the readerto [18]. The true
starting cell number is unknown, although it is estimated to be approximately onehundred [10][17].It
should be noted too that the starting value of one hundred is a minimal estimate for a virus response,
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Fig. 4 Population of 0" through 7% generations as a function of time. Model bounds from Section 7.2.
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Fig. 5 Total cell population size vs. time (normal and log-scale). Comparison of model and in vivo experi-
mental data. Data shows population responseto viral epitope NP64.

asit represers a single epitope and is represenativ e of similar data that could be collectedon at least
four other epitopes, bringing the population responseto an initial number over v e hundred [18][10].

We adopted the Hawkins et al. [17] parameterization, but again mildly modi ed to introduce a mini-
mum time of 1 hour betweencell division while leaving the meanand varianceunchanged.No minimum
value is introduced for the time to death random variables. Division destiny, K , hasthe probability
massfunction given in Table 2. The division destiny distribution is such that a minimum of 12 and
maximum of 22 generationscan occur. The completelist of clock parametersare:

{ Time to division of initial cells:mean40:44 hours (including 1 hour minimum); standard deviation
7:55 hours. Time to death of initial cells: mean 40050 hours; standard deviation 20:04 hours.

{ Time to division of cellsin eat subsequeh division: mean9:17 hours (including 1 hour minimum);
standard deviation 0:73 hour. Time to death cellsin eath subsequeh division: mean 70:23 hours;
standard deviation 62:31 hours.

Figure 5 reports on the mean derived from the cyton model plus/min us two standard deviations and
is overlaid with the obsened data. Despite the small number of initial cells, it can be seenthat the
immune responseis highly predictable.

8 Discussion

Based on cell-level stochastic assumptions on the dynamics of immune response that were driven
by experimental obsenations, we have intro duced two distinct approacesto predicting the immune
responseto a mitogenic signal. One method enablesexplicit calculations for certain distributions and
qualitativ ely exhibits the full range of obsenedimmune responses.The secondapproad allows simple
numerical schemesfor distributions for which there is little prospect of analytic results. We compared
the predictions of the secondmethod to experimentally obsened lymphocyte population changesover
time. The model predictions are remarkably accurate, but the important advance over the previous
calculation method [17] is that the higher momerts can now be calculated.

The calculation of higher momerts is interesting for a number of important reasonsrelating to features
of the immune response.First, the cyton model highlights the randomnessassaiated with stimulation
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Fig. 6 Coe cien t of variation for the progeny of a single cell as a function of time. In vitro parameterization
on the left and in vivo parameterization on the right.

and progressionof proliferating cells as a feature of the adaptive immune response. This inherert
randomnessensuresthat, in e ect, every participating cell will follow a dierent courseover time.
Thus, there is potential for responsessimply not to occur due to stochastic e ects, or occasionallyto
proceedso weakly that the individual would not be protected. However, we demonstrate here that
these scenariosare highly unlikely.

As the cyton model treats ead cell as being stochastically independent, we can readily deducethe
impact of initial cell number onthe variabilit y in immune response.The usual measureof the dispersion
of a probability distribution is the coe cien t of variation: the standard deviation divided by the
mean. For a given cyton parameterization, let m(t) denote the mean number of progery of a single
cell at time t ang var(t) denote its variance. Then with d initial cells, the coe cien t of variation
is  var(t)=(m(t)" d). Thus, once the coe cien t of variation is known for a single cell, it can be
gnmediately determined for the ensenble. For example, Figure 6 plots the coe cien t of variation,

var(t)=m(t), for a single cell with the parameterizationsof both the in vivo and in vitro experiments
reported on in Section7.3. The coe cien t of variation increasesat two distinct time-scales:the time of
rst division; and during division destiny. The largestobsened coe cien t of variation is approximately
1.3 and 1.6 respectively. With one hundred initial cells, the coe cien t of variation is one tenth of
these numbers and with ten thousand initial cells, it is one hundredth, making the dispersionin the
distribution extremely small.

The method developed here o ers an alternativ e way to calculate the expected variation attributed to

the selectionand stochastic variation in cell division and death lifetimes to that usedby Milutino vic
and De Boer [23]. Theseauthors referredto this sourceof variation as\pro cessvariation" to distinguish
it from that contributed by experimental error. They assumea triphasic model where the immune
responsebreaksinto three distinct phases:(1) an initial period of non-proliferation; (2) an exponertial

increasedue to cell division; and (3) after sometime, an exponertial cell lossdue to cell death. Their

aim is to identify ordinary di erential equation (ODE) parametersthat match experimental data, but

- in an advanceon ODE parameter tting - they take into accourt the stochastic nature of the data
through a Gaussianapproximation. Their approach assumesthat the immune responsewill be of a
givenform, while the cyton model predicts this form from lower-level stochastic dynamical hypotheses.
We also note that their assumptionthat the coe cien t of variation doesnot changewith time clashes
with the cyton model prediction. They conclude that this processerror is signi cant and therefore
di erences in response of individual mice (or humans) need not re ect parameter di erences in the
underlying response.For the parameter valueswe analyzed, our analysis also provides a method for
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calculating the expected variance betweenanimals, and suggeststhat in generalthe di erences would
be small.

It is important to note that not all immune responsesare as strong as that obsened against a virus.
It is conceiable that somestimuli will react with lessthan one hundred starting cells and initiate
suboptimal stimulation conditions that lead to greater variation in times to divide and die, as occurs
for wealker stimulation protocolsin vitro [11][13][19].Under these conditions the expected variation
between otherwise identical individuals could be signi cant.

Our approach here has beento formulate the mecdanical and kinetic axioms of the cyton model in
terms of the time-evolution of a probabilit y generatingfunction, adapting branching processdeas.This
allows the higher momerts to be calculated. A distinct branching processmodel to help describe the
underlying asyndrony in CFSE data is reported by Yateset al. [32]. They proposea cell population size
model basedon a discrete time approximation to a continuoustime branching process,which enables
them to accourt for the minimum time between cell division, and focus on parameter estimation
issues.In their Appendix 1, they commert that a more general approach would involve continuous
time models where lifetimes are not restricted to be exponertial, but that these processesre harder
to analyse.Our secondmethod treats this more generalanalysis and thus our approadc to the cyton
model can serwe as alternativ e platform for CFSE analysis performed by Yates et al.

We have analysedthe model proposedin [17], but the approach taken here can also treat alternate
hypotheses.For example,if new experimental data suggestghat birth and death random variablesare
not independert, then if the joint distribution of birth and death clocks is known, a similar analysis
can be performed (in both approaces) starting from equation (1). In addition, if new experimental
obsenations suggestan alternativ e hypothesisfor inheritance of parametersfrom generationto gen-
eration, then this can be incorporated into the analysis by including conditional information at the
time of cell birth.

In summary, we expect the method preserted hereshould prove usefulfor calculating expectedvariance
for immune responsesat many di erent initial conditions dictated by such variables as starting cell
number, receptor a nit y and availabilit y of costimulatory and growth factor signals.
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