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Abstract—We investigate the use of a nonlinear control marine craft and aircraft. Control allocation for autometi
allocation scheme for automotive vehicles. Such a scheme isvehicles have previously been used by [12], [13]. In [12]
useful in e.g. yaw or roll stabilization of the vehicle. The control real-time nonlinear optimization was used to distribute th

allocation allows a modularization of the control task, such desired f d t the tire f In 1131 th
that a higher level control system specifies a desired moment esired force and moment among the tire forces. In [13] the

to work on the vehicle, while the control allocation distributes ~ authors used real-time quadratic programming accompanied
this moment among the individual wheels by commanding with a linear quadratic regulator to track a desired yaw rate
appropriate wheel slips. The control allocation problem is trajectory while minimizing sideslip. Differential braig

defined as a nonlinear optimization problem, to which an  qrce at the rear and front tires and the steering angle of
explicit piecewise linear approximate solution function is com- the front ti d trol i t

pu.te.d off-line..Such a solut!on func@ion can computationally ¢ r(?n Ires _Were used as COF_1 ro .lnpu S. _

efficiently be implemented in real time with at most a few By introducing control allocation into vehicle control, a

hundred arithmetic operations per sample. Yaw stabilization large degree of modularization of the different levels of
of the vehicle yaw dynamics is used as an example of use of control is obtained. The control allocation routine reesiv
the _cpntrol aIIocat!on. Slmulatlons show that the controller a commanded generalized force to work on the vehicle
stap|l|zes the vehlc_:le in an extreme manoeuvre where the f higher | | trol ¢ tabilizati
vehicle yaw dynamics otherwise becomes unstable. rom a higher level contro SYS em, e.g_. a yaw stabilization
system. The control allocation does in turn command a
. INTRODUCTION desired wheel slip, to an underlying wheel slip controller.
general, also the steering wheel and active suspensiod coul
&e included, by extending the control allocation problem.

was commercially introduced more than 30 years ago. AB his would, however, also increase the complexity of the so-

controllers maintain high longitudinal braking efficiency.uuon' Salving the conirol allocation aptimization premts

and improve yaw stability of the vehicle during braking maln real-time using optimization software is not a technique

noeuvres. These systems were followed by traction contr Ppllcable fo_r practical |rr_1plementat.|on in a real vehicle,
ue to the high computational requirements, and complex

systems, which improve the lateral stability and maximiz cal softw hich i I ¢ ded i
friction during acceleration of the vehicle. A natural con-numerical software, which Is generaily not recommended in

tinuation of this development was to introduce automati?if.ety'cnﬁ'cal apptllﬁatlé)ns. A k?’] rlequwemelnt I'ts mpf;kam
control of the yaw motion during critical situations to rieta ation on low-cost hardware with low compiexily software,

steerability of the vehicle over a wider operating envelopéNh'Ch allows verification of reliability and correctnesseW

See e.g. [1], [2], [3], [4], [5] for concepts to influence theaddress this problem by designing an approximation to

: : : 0 : . the optimal solution based on multiparametric nonlinear
yaw dynamics by active steering, while differential brakin . . . . .
was used for controlling the yaw motion in e.g [6], mlprogrammlng (mp-NLP) [14]. This is a technique in which

Such control systems became commercially available in tlﬁ;_ arbitrarily close approximation to the solution of an

90's, with the Electronic Stability Program (ESP) [8]. Ir] [9 P can be found off-line as an explicit, piecewise linear

it is shown that knowledge of the friction coefficient offers(PWL) fupctlon 9f the state. This gives a solu'non whph
an readily be implemented and verified on inexpensive

significant improvement of the vehicle response durin aﬁ/ . . L . X
ragtle control b P gy ardware with high software reliability. Multiparametric
: ox?rogramming have previously been used in automotive ap-

The main objective of this paper is to present a controf "= . . . .
allocation scheme for automotive vehicles. A high IeveI-conp“cat'ons’.See [15], [16]. Morepver, in [17] muItllparamet
rogramming was used to design a lateral vehicle controller

troller provides a vector of commanded forces and momen{s L . . .
ased on explicit nonlinear receding horizon control. A

(generalized forces) which should work on the vehicle. The. ™. : . .

. . s : : similar control allocation scheme based on multiparametri
control allocation task is to distribute this generalizeccé uadratic programming (mp-QP) was suggested for linear
to the individual tyres, in an optimal manner, see [10]q prog g (Mmp-Q 99

[11]. Control allocation is a well known technique used inactuator systems in [18], and experimentally tested in ship

One of the first contributions within the field of stabiliz-
ing control of automotive vehicles was ABS brakes, whic

control.
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TABLE |

NOMENCLATURE equipped with an ABS system with a wheel slip controller

which can apply commanded longitudinal wheel slip values

Speed (absolute value of velocity vector at individually [21], [22]. From Newton’s law one can derive

centre of gravity (COG))

Vehicle side slip angle

Yaw rate

Friction force on wheel in longitudinal

wheel directiong € {1,2,3,4}

Friction force on wheel in lateral wheel

direction,i € {1,2,3,4} 07

Vertical force on ground from each wheel,

ie€{1,2,3,4} 06

Steering angle; € {1,2,3,4}

Total yaw moment working on vehicle 05

Desired yaw moment to work on vehicle

Vehicle mass 0.4

Vehicle moment of inertia about vertical axis

at COG 0.31

wH Maximum tyre-road friction coefficient

Qa; Wheel side slip angle (angle between 0.2~
velocity vector at centre of wheel and wheel
direction),i € {1,2, 3,4} 0.1f

Hyi Lateral friction coefficient; € {1,2,3,4}

Ui Longitudinal friction coefficient; € {1, 2, 3,4}

z,y,z Longitudinal, lateral and vertical axes
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Fig. 1. Vehicle geometry and coordinate definitions

01 = 0o = 0, anddsz = d, = 0. We will assume that the
driver controls the front wheel steering angleby using
the steering wheel, while the controller can use the fot
longitudinal wheel slips\,; for stabilizing the yaw motion.

The longitudinal wheel slip during braking is defined by 0 01 02 03 04 ;’\-5 06 07 08 09 1
Xi
v — wir
Api = ——— (1)
v Fig. 3. Longitudinal friction coefficient as a function ofetiongitudinal

and describes the normalized difference between the eehi¢theel slip

speedv and the speed of the wheel perimeten. We

assume that only brakes are available as control inputs, so B

that only negative force$’,; can be generated. The wheel {’U _ [0} + T(v,p) [fz} 4)
forces are given by the friction coefficients, which are give (i m fyl’

by nonlinear functions (friction curves) [20]:

where
Fa:i - — ziMmi(AmiaaivﬂH) (2) -f:v 4 D(s le 5
For simplicity we have assumeH,; = 2. Fig. 2 shows Similarl  bal .
typical friction curves for lateral forces for some values imiiarly, @ moment balance gives
of «;, while Fig. 3 shows a typical friction curve for . M

longitudinal forces for; = 0. The vehicle is assumed to be Y = A (6)



where sense), which fulfills the first goal. Besides the obvious
4 requirement to use the brakes for steering purposes only
M = Z g-T(hi 6;)D(6;) {F “] ) (7) when absolutely necessary, a reason for this secondary goal
. 7 I F i . .
i=1 Y is that the maximal lateral force from a wheel decreases
with an increasing longitudinal wheel sliyp,;, and keeping

Here, . _ L
. a high maximal lateral force counteracts lateral skidding.
T(v,f) = 1 {U C{)Sﬁ USIH/B] >0 @8) The following optimization formulation may be used to
’ v |—sinf cosf |’ ’ generate a vector of braking wheel slips, to obtain a
—sin 6, desired moment to work on the vehicle:
gi(hivei) = l: COSQ'1:| 12 (9) 1 9
’ min 7b(Md7 (M ()\m,(;,()é,,LLH) 7M(0757anuH))) +
cosd; —sind; Ae 2
D(&) = | & e (10) 1
sind; cosd; ZaxT (11)
. 2 e
Let the state vectorbe = [ v 3 ¢ |T. Wewantto st X, >0, forie {1,2,3,4} (12)

use feedback from the system state in the controller and NS . i funct . by the fri
control allocation, and thus need measurements/estimaltlgs( L ’O"“H)d'S? non(;’]eard L;)nc lon glvetn ty e.tﬁr)'C_
of this. The vehicle speed can be estimated from the lon curves an (7), an an are constants, wi
wheel speeds and other sensafscan be measured and typlc_a_lly chosen_ to be relatively large comparfedal;oto
an observer can be designed to obtain the vehicle side s joritize the primary goal. Both: and b are included

angle 5 [23]. We also need an estimate of the maximum the formglation _to avoid r_numerical problems in the
friction coefficient,.s;, which we assume is available from|mplementat|on. This formulation sees to that the brakes

the ABS system (see e.g. [21], [19]) or a separate systeWi" not be activated for steering purposes whenevgr =

such as [24]. Moreover, the wheel side slip anglgsare 0, smclej\tﬂol, 0,0, upr) is the moment caused by driver
needed in the control allocation. These can be computé'aanua steering.
from the stater and the steering angle IV. YAW STABILIZATION

The main goal of using brake actuators to control the
yaw motion, is to be able to maintain steerability of the
vehicle in critical driving situations in which the driveran

For the lateral motion of an automotive vehicle it ishave difficulties or will be unable to do so by using the
natural to consider the motion in the horizontal plane onlygteering wheel alone. We will use the same strategy for
thus the relevant generalized forces to be considered are faintaining vehicle steerability as suggested in [19],olthi
lateral and longitudinal forces on the vehiclg, and f,, s py constraining the vehicle side slip angleand yaw

and the yaw moment/ around thez-axis. However, when rate to be within upper/lower bounds. The yaw rates
the objective is to retain stability of the vehicle, the mostonstrained by [19]

important entity is the yaw momem/. Therefore we will _ )

define as the primary goal of the control allocation, to abtai M < Ymax (v, 0, )
a desired momeni/; using the four brakes. Introducing

further constraints or objectives related to the roll momerVhereay, .. is the maximum lateral acceleration, given by
is conceptually straightforward, but requires an extemsio ay,.. = fy,.. - 8m/s%, (14)
th?l’k?;ogglr;trol allocation scheme will be a static mappingd/¥..... i the maximum lateral friction coefficient, which
between the commanded momentf,, and the control in turn |§ a fgncUop of the maX|maI frlctlopH. Moreqver,
inputs, without considering the dynamics of the vehicle. AN€ vehicle side slip anglg is constrained by a function of
higher level control system takes care of these dynamicd1® SPeed, that is [19]

This means that the higher level control system may be a v
yaw stabilization controglJIer that commanﬂé:, but it m;y B < B (v) = 107 =7 (40m/s)* )

as well be some other advanced vehicle control system, sugh. .. o <imulations indicated that (15) is generally sat-

as(;olhsmn avmdancg. d braki At f th isfied whenever (13) is enforced, we chose to leave (15)
hi h|ve? al comtm?n et r?hmg _mome dl ][(:Ln et ilmplicit in the design to reduce the complexity. Since the
Igher level control system, the primary goal ot the con r0yaw dynamics (6) from yaw momemt/ to yaw ratey is

;:Iocanon mothIeh'S ;[0 l_obt'cth Qjthdtrt])y fcommrz]indllngo a pure integrator a simple P-controller is used as the high
€ appropriate whee! Slips 1o each of the four Wheels. IN&q| ateral stabilization controller in the simulatior&ne

obwously has extrg degrges of freedom with this prOblerﬁesired yaw momeni/, = Ke,;, with K, = 150, and
formulation. In particular, it makes sense to apply as sma

wheel slips as possible, so we also have a secondary goal - _J0 if (13). is satisfie
which is to find the smallest vector of wheel slips (in some “p = Ymax — ¥, Otherwisg ’

Il. YAW MOMENT CONTROL ALLOCATION
OBJECTIVES

_ O — 0 sin 8

v cos 3 ’ (13)

2

(16)
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as seen in Fig. 4. This means that the controller is activates * 2
only when the constraint (13) is violated. An alternative & s
to the proposed strategy of generating the desired momeé .
M, from the violation of constraints in the yaw rate, one s
may instead consider control allocation combined with g
strategy as in e.g. [2], where the goal is to follow a desire * -

Vehicle yaw rate [/s]
o

le b

-5

yaw rate. Such a yaw rate can be generated by a prefilt ~ ° R 0 g
from the steering wheel input and the velocity [5]. Even if . _ . _ _ _
this is a relatively drastic change in control objectivése t Fig. 5. Simulation of vehicle with no control action

modularization offered by the control allocation would to a

large extent simplify the design of such a controller. .
9 plify 9 allocation used a commony on all four wheels, to

V. CONTROL ALLOCATION SOLUTION reduce complexity.

The steering angl@ is in the control allocation es-
timated as the difference between- and ar. This
approximation does in effect disregard Coriolis effects
when computing). Actually, the wheel side slip angles
ap and ar actually are obtained from the steering
angle. However, as bothr andag are needed in the
control allocation to compute the friction forces, we
chose to leavé out to limit the number of parameters.

The optimization problem (11)—-(12) can be considered *
an mp-NLP (see Appendix), of the form (18)—(20), with
z = U being the variable to be optimized artl =
Mg pr arF ag]? being time-varying parameters to
the problemar andag are the front and rear wheel side
slip angles, respectively. The explicit solution of the ttoh
allocation problem was computed in the hypercube given by

0kNm My 125kNm « The vertical force on each wheel is computedras=

0.1 < | mE | 1 (17) mg/4, which means that effects from roll and pitch
=57 | = | ar | — 5.7° is disregarded. If such effects should be accounted for,
—5.7° QR 5.7° this might increase the number of parameters, and thus

" . . the solution complexity.
Only positive M, are considered, as the symmetry inherent plextity

in the problem can be utilized to compute the solution for VI. SIMULATIONS

negative M;. An explicit piecewise linear approximation \ve have considered a simulation example, in which the
to the solution of (11)—(12) was generated using the alriver must carry out an evasive manoeuvre at high speed,
gorithm [14]. The resulting partition contairid 227 poly-  ith 4 = 0.8, corresponding to a dry asphalt surface. The
hedral regions. By using a binary tree representation [2%river controls the steering angle, and the controller khou
of this partition, real-time evaluation of the control allo apply an appropriate distribution of braking forces, tofkee
cation can in the worst case be accomplished by usifge vehicle stable.
58 arithmetic operations. The tree can be stored in real- The control objective is to keep the state within the non-
time computer memory using a total 845362 numbers. |inear constraints. Fig. 5 shows the uncontrolled behavior
The maximal error when generating the piecewise lineajf the system. The vehicle is obviously unable to follow the
approximation, was specified as\;; = 0.02. By using qrivers command. The yaw rate increases in the left turn,
a Monte Carlo simulation with 100.000 random parametesyt the vehicle does not respond when the driver makes
values within the hybercube 17, the mean approximatafle right turn. The dotted lines in thé and +-plots are
error wasA ), = 0.003. As expected, the mean error is anthe constraints (13), (15). Fig. 6 shows a simulation of the
order of magnitude less than the maximal error. The worgfehicle with the controller applied. In the first turn the
case approximated error found was27 (see Appendix). controller applies a braking force to both right wheels to

A few approximations were made in the design of thgeep the yaw rate within its bounds. A production ESP
control allocation routine, to reduce the number of paramgqntroller might in such situations apply a force to the fron
ters in the mp-NLP, and thus the complexity of the solutionyheel only. This is due to the fact that,; decreases when

« Even if the friction coefficienj.; in general is differ- a wheel is braking (see Fig. 2), and one wants to keep a

ent on the individual wheels, we have in the controhigh maximal lateral force on the rear wheels. However, the
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on a case in which the vehicle loses steerability under
manual control with steering wheel only, but with the
controller applied, the manoeuvre remains stable. A simple
P-controller was used for keeping constraints on the yaw
rate, providing stabilization of the yaw motion. However,
the modularization offered by the control allocation alkow
the control objective to be changed into e.g. following a
yaw rate reference, without altering the control allogatio
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optimal (in the sense of the previously defined optimizatiof-3!
problem) control action is to apply a small force to the rear
wheel also. Since only a small wheel slip is requested on the
rear wheels, most of the lateral forég; is retained, while [14]
the longitudinal forceF,; contributes to keeping control

of the yaw dynamics. In the second turn, a similar braking
torque is applied to the left wheels. As can be seen in Fig.[#!
the control allocation does in this case let the momeht

track the desired momenmt/,; relatively accurately. [16]

VII. CONCLUSIONS
[17]

We have presented a scheme for automotive control
allocation, based on solving nonlinear optimization prob-
lems. An explicit approximate solution to the optimization[ls]
problems was computed, giving a solution with favorable
properties for real-time implementation in a vehicle. (19]

The control allocation function was applied in a Iat-[zo]
eral stabilization controller. Simulations have been made

Z 5 routine.
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APPENDIX. APPROXIMATE EXPLICIT SOLUTIONS TO
THE MULTIPARAMETRIC NONLINEAR PROGRAMMING
PROBLEMS

min J(z, 0) (18) problem. Such a representation allow us to apriori state the
z worst number of arithmetic operations needed to evaluate
G(z,0) = 0 (19) the control law. Moreover, the calculation is non-recugsiv
H(z,0) < 0, (20)  and fixed-point arithmetic is sufficient.

h R™ | ¢ ¢ decisi iabl hil The complexity of the explicit solution, in terms of
\év ereRi < ¢ bls a ve_(;,jor g ecision ¥arla ets, V,E/ 'tireal-time computational and memory requirements, does
< IS to be considered a parameter vector 1o thg, o high degree depend on the number of parameters

optimization problem. (18)—(20) are to be considered a nd constraints in the mp-NLP. The choice of parameters
mp-NLP, which means that the optimal solution is to bef

tound f ; £ th ; | Wi %therefore an important decision in the design process.
ound for a given range of the parameter values. We Seqk,, g4 tion complexity does also depend upon the chosen
to find an explicit approximate representation of the sohuti

funci £ th i A | alaorith trnaximal error in the solution, cost function and constiint
as g function of these parameters. A general aigonthm 10 \5ie  {hat larger errors in the explicit solution than

give an exact solution on explicit form for this problemS ecified may appear for the following reasons:

does not exist, however, an approximate solution can bg X '

ound by using h algrim o (4 i does hisby [0 DESTEc8 Ione vier Son e 7
partitioning the parameter space into a set of hypercubes, ments/%bserver errors in the corres zndin arameter
and giving a quadratic approximation of the NLP in each furth o f the h ponding pe '
hypercube. Each of these approximations can be treated as r:gugg Zgﬁjcz;\él:lggmopletxﬁy ypercubes is avoided, to

a multiparametric quadratic program (mp-QP) which can ) ) .
b 9 prog (mp-QP) o The "maximal” errors in step 5 may be incorrect for

be solved exactly off-line, giving the solution as an explic bl q th .
PWL function of its time-varying parameters [26]. A brief nonconvex problems, an there may ex ISt parameters
for which the error is larger than specified.

summary of the method for solving mp-NLPs follows (see ] P
Due to the non-convexity of the optimization problems,

[14] for details). . Lot the alopal em
1) Let © be a hypercube of parametetsn which the care m_ust be t_a en to ensure that the g'oba opt|m|_z¢r
. is obtained. This is another reason for using an explicit
mp-NLP is to be solved. Le®, = O. . S - .
solution approach, as this gives the possibility of oftlin

2) Selectf as the centre point 8. verification of the solution. The off-line nonlinear optirat
3) Solve the NLP (18)—(20) witld = 6, by using an tion problems were solved tYPSOL [28].

NLP solver to obtain the solution* ().



